
PHYSICAL BEUIEW 0 VOLUME 13, NUMBER 5 1 MARCH 1976

Mass mixing and the Cabibbo angle*
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Spontaneous symmetry breaking does not always induce the Cabibbo form of weak currents. The latter with
the renormalizability argument in general constrains the Cabibbo angle. An example is given which gives
tan8 = (Q3 —1)/(+3+ 1), in agreement with experiment.

It is by now well known that weak interactions
can be effectively described by current-current
coupling with the (charged) hadronic currents sat-
isfying the Cabibbo structure. This fact has been
interpreted as the rotation of the weak-symmetry-
breaking axis from the strong-symmetry-breaking
axis known as the Cabibbo rotation. However,
group theoretica11y no a priori reason has been
found which enables one to determine the Cabibbo
angle. In gauge theories, the arguments of renor-
malizability are often very restrictive. If the Ca-
bibbo structure of weak currents is obtained by
Cabibbo rotation in addition to spontaneous sym-
metry breaking, the Cabibbo angle remains as an
unpredicted parameter of the theory. On the other
hand, if the weak-current structure is induced by
spontaneous symmetry breaking, the theory is not
always renormalizable and at the same time main-
taining the Cabibbo form except for some specific
values of the Cabibbo angle consistent with the
minimum of the potential. The theory might shed
some light on probing the dynamics behind the
weak interactions. The purpose of this note is to
give an example in a unified gauge modeL

When the symmetry is spontaneously broken,
one often finds natural zeroth-order relations'
consistent with the minimum of the potential (such
as isospin symmetry). If the Cabibbo structure of
weak currents should be induced by spontaneous
symmetry breaking, it would in general require a
relation between the vacuum expectation values
(VEV's). Unless this relation is also obtained nat-
urally, it would be violated by renormalization.
The example in this note makes use of additional
global symmetry in order to satisfy the Cabibbo
structure and not violate renormalizability. The
above condition already constrains the Cabibbo an-
gle.

We shall adopt the M model of Bars, Halpern,
and Yoshimura. ' The quarks and the leptons are
gauged separately with separate commuting groups.
The semileptonic decays occur when the strong
gauge gluons interacting with the quarks get con-
taminated with the weak gauge gluons interacting
with the leptons. In other words, the physical

(diagonal) gluons are mixtures of strong gluons
and weak gluons. The strangeness-changing neu-
tral strong gluons are not mixed with anything else
in order to forbid bS t0, hQ= 0 weak currents.
Several aspects are different from the model of
Bars et al. First of all, we believe in hadron-lep-
ton symmetry. We shall assume a three-triplets
model for both hadrons and leptons as follows:

quarks: q' q' q'

q-1 qO qO

9' 0p

antileptons: l' e' p,
'

I Vq VII

L- Zo mo.

We also assume that /' has a light mass (&1 GeV),
E has mass of a few GeV, and L is heavier. E

(and l') are probably already produced in e'e
annihilation as observed in the e'p, ' events at
SLAC. ' Note that l (L ) decays dominantly semilep-
tonically by / - I'+ hadrons uith V+A interaction
(which should be the signature for testing experi-
mentally). ' Thus, in e'e annihilation it is con-
tributing to the hadronic final states. This model
gives B=(e'e -h draso)n/(e+e p. 'p, )=5 and 6
at energies below and above L'L production. The
crucial test of the lepton spectrum lies in the
search for E' and M' in neutrino scattering' and
L in e+e annihilation. We conjecture that M'
might already be produced besides the heavy me-
son in the dimuon events. ' Secondly, we note that
when the Higgs scalars responsible for contaminat-
ing the strong and weak gluons carry a representa-
tion higher than 3 with respect to strong SU(3)
symmetry, the Cabibbo weak currents cannot in
general be obtained by Cabibbo rotation and rather
have to be induced by spontaneous symmetry
breaking. We encounter no difficulty with strange-
ness-changing neutral currents even for triplets
of leptons. Thirdly, we shall maintain left-right
symmetry of strong interaction as a natural sym-
metry such that parity violation is calculable and
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small.
Denoting the quark and lepton columns respec-

tively as%" and g' triplets, i =1, 2, 3, we write the

following gauge-invariant Lagrangian':

—Q +iwp [sj if—(2~ ' Vg p ) —ig'y;&p]@g

—++i'&p[ep if(-»&'Vs )-ig'y & ]+'

—g Are['u ig-( k~-*'lVu) -' g'yPu10i'

where we have gauged fully the strong SU&(3) SU„(3)
symmetry and only locally the SU~J.'~(3) and U(1)
symmetries. The latter can be imbedded in larger
groups such as SU&~', ~(3)@SU~„'~(3) and SU'.""(3). y,
are the corresponding weak hypercharges deter-
mined by charge assignment. Since we are here
interested only in processes involving observed
leptons, we shall denote the gluons coupling to ob-
served leptons by W, W', . . . , whereas the strong
gluons will be labeled by their SU(3) indices as V~,
V„*,. . . . The coupling constants of the effective
current-current interaction for leptonic, AS= 0,
and ~S = 1 semileptonic decays are then given as
follows:

leptonic: ~w
1Ã gf

~S = 0 semileptonic: » 4m&~'
~ . gf 1 2 1 Gw ~pw f

8 ' ' ' 2 'g

AS = 1 semileptonic: gf 1,1 Gw Amr~w'f

mw Pl'Eg BSw PIE

(2)

where ssp slpk denote the masses of V~&~, V~~+~ and ~&~', ~„+&'denote the mass-mixing terms be-
tween V~~~, V~~~~, and W'. The Cabibbo structure of weak currents requires

(3)

The Cabibbo angle is given by where

8 ™K+w p (4)

We introduce Higgs scalars which transform only
nontrivially under SU~~~~(3) to give the weak gluons
heavy masses, e.g. triplet representations. The
Higgs scalars which give the strong gluons masses
and simultaneously contaminate the strong and

weak gluons need to be discussed in detail. Let
these be called Q's and have representation (8,I)
under SU~(3) and SU~~~(2). [We shall localize our
attention to SU~~~~(2) for mixing of W" with the V~'s. ]
The gauge-invariant Lagrangian for Q is given by

Fry» =—(E,+iF,),1

1
F„*o(»*o)= ~(F,a iF7),

F„„=-,'(F, —v 3F,),

——Q Tr ) spp' ig(T W-~)Q I„=,'(WgF, + F,) . —

if/'(A V~„)-—ig'yB&P'
~

'+ potential,

where (A,.)» if,,» and th—-e T's are the well-known
isospin representations. ' We shall label the SU(3)
states by definite charge (and U spin) states:

P= (p+, p, u„,K*',K*,K~', K*', u, ),

Q' is a (2I+ 1, 8)-dimensional matrix with indices
labeled by Q,&*, where s =I, I —1, . . . , -I, and the
row index is always complex conjugated. In the
new basis, the SU(3) matrix representation can be
obtained by rotation from the adjoint representa-
tion or be expressed analytically as A 8+VS, where
(A 8*)„z*=if8* „z*,fs* „z satisfies
[F„,Fz] =if8* „&Fs. From $~(if„»V, )g»
= Q„~(AS*VS)„&*/&one finds
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The above explicit representation is presented for the convenience of the reader.
After spontaneous symmetry breaking, (5) gives the following masses for the strong gluons:

2

m, '=—g P g (if,*,„y(y,',.*& (',
s n&)'

where P= p', K*, K '(K*o), etc. Note that only the following members have the same charges:
Q, p+, Q, «~+; P, , ~

«o*, P, , «o*, P, , „,Q, , ~ „„, P, , p -, P, , ~
«*-. In order not to break the electromag-

netic gauge invariance, only those with charge zero can have nonvanishing VEV (by the charge assignment,
we know in advance the photon field). Assuming nonvanishing real VEV for (P, p+&, (P, «++&;

(P, , „&(P, , „), (5) gives the following mass-mixing terms:

~ . ..'=2
2 P([(T,-iT.)... ,&e.

' „.,&l[(e.', .&if.. .—..l*

= —,b. Q[f, ,-.,(y: „.,&. f,

and

~~«*-~+ = ~2bo Z ['f«*+
~ «*-o.&&'-~. o &+'f«*+

~ «*-o,&&'-~".&]&&~.«*+& ~

where b, is the matrix element of T, aiT, (note:
[T,viT, ], &=0 except forj =i +1).' In order for
the strong gluons V~~o*, V~ED* to remain unmixed,
we cannot assign all (Q&'s to one (irreducible) rep-
resentation; a choice is given by the following non-
vanishing VEV's:

there is an interesting case: When we impose a
global symmetry on the Lagrangian as discussed
below, we find that the potential has a minimum
consistent with all the VEV's (10) being equal (de-
noted as o). One finds'

Mp & —Ply+& —my+0 —DO J2 2

&0! „«*o&; &&! „«*&

(10)

So far, the theory has a lot of freedom. One
thing should be obvious: With arbitrary VEV's
allowed by the potential, (3) is not satisfied and
will be violated by renormalization. However,

(12)
f«*+

~
«*

~ o, +f«"+, «*-,M„~3
tan8=

fp+ p o +fp+ p o &3+ 1

tane is independent of the SU '~(2) representation
of P. Now one notices that (3) becomes b,
=[(I+s)(f—s+1)]' '=2, which is satisfied wor l=2,
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with s = 2 or -1. In other words, the Cabibbo
structure is obtained naturally for the angle given
by (12) and obviously is not if we shift the VEV's
around this solution.

Let us write the Higgs scalar in a supermatrix
fol m:

yT (ylT y2T y3T y4T yBT y6r)

Then (5) can also be written as

-~ Tr(aqua —ig(T@ 1) 'WqQ —if/(A V~) igy-Bqp ('

where T are matrices in the 2I+ 1 Hilbert space
and 1 is a unit matrix in the U(6) space for i = 1,
2, . . . , 6. The gauge derivative term is also in-
variant under the global transformation Q- (I R)Q, where 8 is an SU(6) transformation
Imposing SU(6) global invariance, the potential
has the following form:

P(Q)=a Tr($ QQ P)+b[Tr(Q P)]'+ c Tr(P Q).

With the nonvanishing VEV's in (10) all equal (to e),
one has

It is then straightforward to check that the condi-
tion of zero slope determines v' and P(%f&+ &/&)
—P(&Q&) ~ 0. Several comments are in order:

(1) SUz, (3) [as well as SUa(3) discussed belowj is
a natural symmetry of the strong interaction in
this model. In general there seems to be no a
Priori reason to expect SU(3) or SU~(3) 8 SU„(3}
to be a good symmetry unless it is also a natural
symmetry of the strong interaction.

(2) There are presumably other minima of the
potential which also give the Cabibbo structure of
weak currents naturally. Through our search, we
seem to find no other nontrivial solution besides
(12) and 8= 45', which is also consistent with a
natural SU(3) symmetry.

(3) It is generally known that SU(n) (n& 2) cannot
be fully broken with one irreducible low represen-
tation of Higgs scalar and that SU(n) is a natural
symmetry only when the VEV's of the different
representations of the Higgs scalars are con-
strained (by imposing additional global symmetry
on the Lagrangian). But since the global symme-
try is also broken spontaneously, the theory has
Goldstone bosons which are not always absorbed

away. In the present case, there will be Goldstone
bosons associated with the broken SU(6) symmetry.
These Goldstone bosons are neutral and belong to
the Hilbert space projected out by the (neutral)
SU(6) generators 1 0', where 8 is a matrix in
SU(6) space. The gluons W' by gauge invariance
only couple to Higgs scalars in T'(31 space and
have no direct coupling with the SU(6} Goldstone
bosons. The fermions, being SU(6) singlets, also
do not couple to the Goldstone bosons directly; the
quarks do not couple to P by SU~(3) representation.
Thus the effect of the Goldstone bosons is to re-
normalize Higgs scalars masses and coupling con-
stants without modifying ordinary weak interac-
tions (to order G~'). The Goldstone bosons can
only be produced by self-interaction with the mas-
sive Higgs scalars which could couple to gluons
and then couple to quarks —the effective coupling
is of higher order in G~' and can be arbitrarily
small. Being neutral, the Goldstone bosons are
very difficult to detect anyway. The presence of
such Goldstone bosons is not ruled out by experi-
ments, and we note that they only play a very min-
imal role in this model.

To break the SUa(3) symmetry spontaneously,
we introduce the SU+(3) partner of Q which trans-
forms under SU+(3) and SU~~~(2) as (8, I) also (de-
noted as Q'). We shall impose left-right reflection
symmetry for the strong SU~(3) and SU„(3) sym-
metry in addition to the global symmetry men-
tioned above. The only difference is that the VEV's
of Q' do not contaminate the p', K"', and K"'(I7*')
as do SUa(3) gluons with the weak gluons. This
can be accomplished by the following nonvanishing
VEV's:

Note that V 2 is fixed by left-right symmetry.
The model has finite and small parity violation

essentially because parity is a natural symmetry
of the strong interactions (because of the left-
right symmetry) and all the parity violations come
from the mixing of the strong gluons with the weak
gluons induced by the Higgs scalars. " The physi-
cal gluons are mixture of the strong gluons and
the weak gluons, but they are sufficiently pure
with the mixing of the order" ~„~'/ ~'m- 'm/ ~'m

-10 . This aspect is similar to the Pati-Salam
model, " and as pointed out in Ref. 13 the parity
violation due to such mixing is finite and small (of
the order 10 '). We have gauged chiral symmetry
for the strong interaction, but we note that the
additional parity violation due to chiralty is also
finite and of the order"'" (m„' —m„')/m„'
-bm„~'/m~'-10 ' (because of the left-right sym-
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metry). For example, the radiative correction to
the difference of the gauge coupling constants
f~ f„w-ill be ot' the order n(m„' —m„')/m„'
-@10 '.
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