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A comparison of asymptotically-free-quark-model predictions and e+e annihilation data can be made by

using a dispersion relation to continue the data into the spacelike region. We make this comparison for several

models, including when appropriate the effect of heavy-quark masses. We conclude that the "old" theory with

no charm is excluded, the standard model with charm is acceptable if heavy leptons are produced, and six-

quark models are viable if no heavy leptons are produced.

I. INTRODUCTION

Asymptotically free non-Abelian gauge models
of the strong interactions' provide a partial ex-
planation in the context of quantum field theory
for the scaling phenomena observed at spacelike
momentum transfers in inclusive electroproduction
and neutrino scattering. They also predict loga-
rithmic deviations from scaling. "' Scaling vio-
lation has been seen recently in deep-inelastic
muon scattering from iron. ' The data agree
qualitatively with the expectations from asymp-
totic freedom and suggest that deviations from
scaling in other reactions will be large enough
to be measurable.

In the timelike regime, the high S' data on the
total cross section for e'e" annihilation are often
advertized not only as a test of simple scaling
ideas but, with charming naivete, even as a mea-
sure of the number of fundamental fermions
(guarks or extra leptons) and their charges. Alas,
this test of the underlying theory does not lie on
such firm ground as its spacelike counterparts.
It ignores the difficult problems associated with
the breakdown of perturbation theory near thres-
holds and bound states, and it sweeps under the
rug the open question of whether Kinoshita's theo-
rem is valid for non-Abelian theories. ' Theoret-
ical expectations for e'e annihilation are general-
ly obtained (via a dispersion relation for the vac-
uum polarization tensor) from problem-free pre-
dictions in the unphysical spacelike domain. ' For-
tunately, the logic is invertible: The data can be
used to construct, via the inverse dispersion re-
lation, the spacelike quantities that may be direct-
ly compared with firm theoretical predictions.
This comparison and a quantitative test of asymp-
totically free gauge models are the purpose of
this paper. The present analysis is made possible
by the recent accurate data on the total cross
section for e'e" annihilations in the region of the
new resonances' (W-2 to 5 GeV) and above'
(W-5 to V.8 GeV).

The paper is organized as follows: In Sec. II
we discuss the conversion of e'e data into infor-
mation on the photon propagator in the spacelike
domain; in Sec. III we present the theoretical
expectations; in Sqc. IV we compare predictions
and experiments and we draw our main conclusions
on the viability of different models; in Sec. V we
study inclusive lepton scattering; and in Sec. VI
we discuss the hadronic width of J (g).

II. STUDY OF THE PHOTON PROPAGATOR
IN THE SPACELIKE DOMAIN

We first convert the e'e data into information
about the photon's renormalized hadronic vacuum
polarization tensor II in the spacelike domain.
We follow Adler' in defining

d W2R(W)
2 (Q'+ W')' '

,dll (W')
& (known factors), (la)

(tl "--Q )

R =o(e'e -,"adxons)/o(e'e - p, '. p, ). (lb)

In Eg. (la) an unsubtracted dispersion relation
has been used for the derivative of II. We evaluate
Das a sum:

D = gD, +D(background)+D(asym).

The index i runs over the vector-meson states.
For e, &f&, J, and g' we use the narrow-resonance
approximation

~2D 9vQ2M F/(Q2+ M 2)2

where M,. are masses and I,. widths into e'e . For
the broader p we borrow from Adler' a more ela-
borate analysis based on a Gounaris-SaIwrai" fit
to the pion form factor with an w-2m interference
term.

D(background) is estimated by numerical inte-
gration. Below 8'=2 GeV we use a fit of Silves-
trini"; from S'=2 to 7.8 GeV we use an eyeball
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where g(Q) is the effective coupling constant

g(Q)' 12m 1
4v 33-2n In(Q'/A')

(4)

(5)

In (4) and (5), q,. are the quark charges and A is
the single parameter which characterizes the ef-

Q (GeV)

FIG. 3. "Experimental" results for D(Q) in the six-
flavor model with and without heavy leptons. Theoretical
predictions are also shown, A and m are in GeV.

fective coupling. This prediction is not very use-
ful for comparison with existing data because it
ignores the mass of the heavy quark (or quarks)
responsible (we believe) for the excitement be-
tween S'=3.0 and 4.5 GeV. Indeed, the most
striking feature of the "data" in Figs. 1, 2, and
3, more or less independent of asymptotic de-
tails and heavy-lepton subtractions, is its fast
rise from Q=3 to 6 GeV. This is a clear signal
that the heavy-quark masses cannot be ignored
in this region. Fortunately, it is not difficult to
include the effects of quark masses in the calcula-
tion.

Assume for simplicity that those quarks in the
color SU(3) gauge theory whose effects are acces-
sible below Q=6 GeV (see Ref. 13) are of only two
kinds: light quarks, with masses sufficiently small
that they can be taken to be zero with negligible error
for Q &3 GeV; and heavy quarks which are approx-
imately degenerate and characterized by a mass
m. Our renormalization prescription is as fol-
lows'. We make all wave-function and coupling-
constant renormalizations at a Euclidean momen-
tum P = -M'; but we renormalize the heavy-quark
masses so that m is the position of the pole in
heavy-quark propagators. This makes sense to
any finite order in perturbation theory, even if
"free" quarks do not exist. The coupling constant
defined by our prescription depends on the renor-
malization point M. If we change M, we can find
a new gauge coupling constant g and a suitable re-
scaling of the fields such that the theory is the
same with the same value of m. Thus, we expect
the Green's functions I' of the theory to satisfy a
Callan-Symanzik equation of the form

8 8
M +P(g, m/M) —+ Py, (g, m/M) r =O.

Bg

Here, in contrast to the situation with only mass-
less qua, rks, the functions P and y, depend not only
on g, but on the dimensionless quantity m/M.

The function D of Eq. (1a) satisfies a Callan-
Symanzik equation with y = 0:

8 8
+P(g, m/M) D(Q/M, m/M, g) =0

Bg

It is easy to see that (6) is satisfied for

8 8 8—Q —m +P(g, m/M) —D(Q/M, m/M, g).Bm ' Bg (6)

D(Q/M, m/M, g) =D(l, m/Q, g(Q/M, m/M, g)), (»)
where

8
Q S g=P(g, m/Q) and g(1,m/M, g)=g. (Vb)



13 COUNTING QUARKS IN e'e ANNIH I LAT ION 1299

If g is small for some Q of interest, we can calculate D(l, m/Q, g) and P(g, m/Q) to some order in pertur-
bation theory and use (7b) to find g and therefore D for all Q for which g is small.

We quote here the following results:

D(1 /q g) - Z q
~

ll + ~ +O(g')I +~ P q + E +O(g ) .g(q)', I (/, ) m' g(q)'
light ( heavy

quark s q"ar"s

The function E, is

12x' (1+4x)'/'+ 1
E,( 2)(=1 —6x+

( ), /, In (,/,

(6)

The function I'2 has been calculated by Kallen" and is rather complicated. Here we use an approximate
form obtained via the dispersion relation from Schwinger's approximation" to the second-order contribu-
tion to R in the timelike region. It is

F(x)—=
(&

— e)y(~)+ 2
+ &+( e

—1)x—
&

~+x e
—I—4x( e

—I) ~ln(1+
& ). (10)

(12)

The integration in (12) can be done explicitly, but
it is easier and adequate for our purposes to in-
tegrate the approximate form

rn' Q'
1 q2 q2 5 2'

which is accurate to within a few percent. We
then obtain

(13)

4m'

+ (11—2n~) ln—, ——', n„ ln
M +5m

12r
Q' Q'+5m2 '

(33 —2nz) ln, —2nH ln
(14)

where A (which is a function of g and M) is the
single parameter which determines the effective
coupling constant. The form (14) for the effective
coupling constant is a bit more complicated than
the analogous form in a fully massless theory, but
the meaning should be clear For A, Q. «m, the
term involving nH drops out. The heavy quarks
are irrelevant, as we would expect from the Appel-
quist- Ca,razzone theorem. " It is only for Q» m

The P function is
—3 2

p(g, m/Q) =—,11—,nt, —,nHE—, 2
—+O(g'),

(11)

where n~ (n„) is the number of light (heavy) quarks
triplets [again we assume a color SU(3) gauge
group]. Ignoring the terms of O(g '), we can in-
tegrate (71) to obtain

1 1, Q' o dz m'=, =—,+, (11——2'n~) ln, —,'n„—E, —

I

that we see the full effect of the heavy-quark con-
tribution to P and g.

IV. COMPARISON OF MODELS AND EXPERIMENT

We have two free continuous parameters (m and
A) and a discrete parameter (the number N of
produced heavy leptons) to vary in an attempt to
make a model agree with the data. For definite-
ness, we call a fit "reasonable" if %~2, 1 GeV
—m ~ 3 GeV and A ~ 1 GeV. The last condition
is necessary to explain the early onset of scaling
in electroproduction within the same class of
models (see discussion below).

In Fig. 2, theoretical curves for A=1, 2, and 3
GeV are given and compared with the data (with
N= 0, 1, or 2) in the "old" charmless model in
which n~ =3, n„=0. The theoretical curves reach
their asymptotic values logarithmically from above
[as in Eq. (4) with no quark-mass dependence]. No
fit is possible for reasonable values of the para-
meters. Models with fe~er than four flavors are
excluded svhethex ox not heavy lePtons a~e being
P xoduced.

Back to Fig. 1, we compare the data with the
"standard" model (n~ =3, nH =1). Marginally rea-
sonable fits are obtained for N=1, A-1.1 GeV
and a mass of the charmed quark m-1.7 GeV.
Here we see the logarithmic dependence of g at
small Q s 5 GeV competing with the "threshold
effect" of the heavy-quark mass to give a pre-
diction which is flatter than the data. However,
since with this value of A, g(3 GeV)2/4it =P.6,
perturbation theory may be misleading in this
region. "Reasonable" fits are also obtained for
%=2, A-0.01 GeV, and m-1.55 GeV. The
standard model with (only one kind ofl charm
is acceptable provided one to two types of heavy
lePtons a~e being produced at Present energies.
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Recent work by many authors points toward the
theoretical appeal of a class of models with six
quark flavors. " The three "extra" quarks have
charges 3 3 and -3. In Fig. 3 we compare the
data with these six- quark models, assuming that
the three heavy-quark types all have mass-m
and are being excited at present energies. "Rea-
sonable" fits are possible only if no heavy leptons
are being produced. They occur in the range of
parameters m =1.5 to 1.8 GeV for rather small
A =60 to 100 MeV. Six-quark models axe accept-
able provided no heavy leptons axe being pro-
duced at present energies.

Besides the four-quark and six-quark models
we have discussed, there are various intermed-
iate possibilities which yield reasonable fits.
Addition or deletion of a heavy quark with charge
-3 makes only small changes in the parameters
of the best fit. For example, adding such a quark
to the "standard" model, we obtain a five-quark
model with heavy-quark charges —,'and -&. This
model gives a good fit with m=1.55 GeV, A=0.45
GeV, and N =1. Similarly, we can delete a charge
-3 quark from the six-quarks to obtain a different
five-quark model which fits the data for N =0."

It is easy to generalize our results [Eqs. (7)-(14)]
to models in which there are several quark-mass
scales. We will not discuss this further except
to note the obvious fact that very heavy quarks,
m» a few GeV, have a negligible effect for Q «m,
so we can ignore possible heavy quarks too heavy

for their effects to be observable below Q = 8 GeV.

V INCLUSIVE ELECTRON AND NEUTRINO

DEEP-INELASTIC SCATTERING

For each model which "fits" the e'e" data we
determine an allowed range of values of the scale
parameter A. With A determined, we can predict,
for each model, the deviations from scaling in any
of the combinations of electroproduction structure
functions F2(eP) —F2(en), and the neutrino scatter-
ing structure functions F,(v) —F,(v) or xE,(v or v)
on any target. ' This is done in terms of the func-
tion at some fixed Q' around which the data, ap-
proximately scale. We refer to the above struc-
ture functions or differences of structure func-
tions generically as F(e, Q'), where m is the con-
ventionally defined scaling variable ru =2v/Q'.
Unfortunately, we do not have the theoretical
tools to predict quantitatively the deviations from
scaling in any other structure function, say for
muon scattering on an iron target. Qualitatively,
however, the scaling violations for any structure
function should be similar, in magnitude and di-
rection, to those for F(~, Q') (except at large ~).

As an example of scaling violations in deep-in-
elastic scattering, we study the "standard" four-
flavor model assuming one type of heavy lepton
is being produced at SLAC. We borrow from pre-
vious work' the predictions for F(&u, Q')/
F(u&, Q'=5 GeV') at different values of A. Fig-
ures 4(a)-4(b) show this ratio for A =1 and 0.32
GeV. The Q' dependence for A=1 GeV is much
stronger than the Q' dependence (of a, different

(b)

F (cu, Q )

F (o,5) A =1GeV

A =.32GeV

-1.5 -1.5

I I I I IIII
2 5 10

I I I I I I I II
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I IIIII
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FIG. 4. Predicted fractional deviations from scaling in the four-flavor model for m= 1.55 Qep.
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structure function) observed in the p, -iron scat-
tering. The Q' dependence for A =0.32 GeV a-
grees qualitatively with the p, -iron data. On the
other hand we see in Fig. 1, that A =0.32 GeV
gives a prediction for B(Q) in e'e annihilation
which is systematically one standard deviation
below the "data." If the standard model with one
heavy lepton is correct, the actual A is probably
somewhere between 1 and 0.32 GeV.

VI WIDTH OF J{3.095)

The knowledge of the heavy-quark masses and
the scale parameter A of the underlying quark
and gluon field theory are not enough, at present,
to predict the hadronic width I' of 4 in a rigourous
fashion. But a naive nonrelativistic bound- state
picture exists where the decay occurs via the
short-distance annihilation of the charmed quark
pair into three gluons. " Assuming that the rele-
vant quark-gluon coupling constant for this pro-

cess is n,(W=M(J))=g(M(J))'/4w, this naive ap-
proach predicts the ratio of hadronic and leptonic
widths to be

I'(J -hadrons) 5(m' —9)o,,'(J)
I"(J-e'e ) Ism'

In the conventional four-flavor theory with
A =0.32 GeV and m =1.55 GeV, we predict y =42,
to be compared with y(exp) = 12 a 3. Thus, in this
model, we "understand" the narrow width of J'(g)
to within a factor of 3. For A =1 GeV, perturba-
tion theory would not make sense at these energies
and we lose all predictive power. In the six-quark
model with A=0.1 GeV, and rn =1.55 GeV we would
predict y =13, a surprising coincidence.
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