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The two-photon decays of the pseudoscalar mesons are studied in terms of the fundamental quark-antiquark
annihilation amplitude. The similarity of the pseudoscalars to parapositronium is stressed. In particular, it is
shown that the atomic physics result for the decay width of parapositronium, modified in certain cases to
accommodate strong-binding effects, is applicable to these hadrons and leads to values for their two-photon

widths which are in accord with experimental results.

Among all of the successes of the quark model,!
perhaps its most outstanding dynamical (as opposed
to spectroscopic) predictions are those concerning
the electromagnetic properties of the hadrons.
Correctly predicted by this simple model are,
among other things, the magnetic moments of the
baryon octet,? the radiative widths for processes
H*- Hvy,? and the leptonic decay rates of the neu-
tral vector mesons.* Absent from this list of tri-
umphs of the quark model are the two-photon de-
cays of the pseudoscalar mesons, which have been
studied* only in a hybrid scheme of the quark model
and the Gell-Mann-Sharp-Wagner model.* The
main new result of this article will be to show that
the two-photon decays may be understood in terms
of the fundamental quark-antiquark annihilation
amplitude of Fig. 1.

Our approach is very similar to the treatment of
parapositronium.® One can easily show by elemen-
tary means that the decay rate of parapositronium
(P,) into two photons is
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where yp (7) is the wave function of the relative
coordinate of the electron-positron system. From
the Schrodinger equation we know that ¢ (0) = (wa®)~1/2
where g=!' ={ma; it follows that I'(P,—~yy)=0.8
x10'° sec~! as is observed. Two essential assump-
tions, both of which are undoubtedly justified for
positronium, are required in the derivation of this
result: (1) A nonrelativistic representation of the
bound state is applicable, and (2) the binding ener-
gy and kinetic energy are sufficiently small that
they may be neglected. The second of these as-
sumptions calls for elaboration: The binding must
be weak so its effects on the free-particle annihila-
tion amplitude will be small. In particular, only if
the binding energy is small will the free-particle
photon energy m, c® be approximately equal to
sMp c®.

Of the known two-photon decays 7°~yy, n=1vy,
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and n’ = yy, the decay n—yy comes closest to sat-
isfying the analogy with parapositronium. In par-
ticular, 3M, is sufficiently close to m, (see Refs.
1 and 7) that we may expect
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where the new term simply reflects the fact that

the quarks have charges different from the electron
(a,is the amplitude for the n to be a quark-anti-
quark pair of type i). Of course in this case we
have no Schr'édinger equation for ¢(0), but a phe-
nomenological analysis of meson wave functions
based on the processes 7~1lv, K—~1lv, p°~1*1-,
w=1*1", ¢=1*1", and y~1*1~, is sufficient to
convincingly determine |1,b(0)| to within about 15%
(see the Appendix). In this way one finds that

T'(n=vy)=(0.6%0.2)(cos6 - 2V2 sing)* keV, (3)

where 6 is the n-n’ mixing angle, and the quoted
theoretical error reflects the estimated uncertain-
ty in |p(0)]. For 6=-10°, the quadratic mixing an-
gle, one finds

I'(n=1yy)=1.4%0.5 keV. 4)

Although we shall consider refinements of this pre-
diction in what follows, the simple result (2) is
already in good agreement with the tabulated width

q q
FIG. 1. The quark-antiquark annihilation amplitude.

129



130

of 1.0+0.2 keV.?

One’s immediate inclination is to apply this same
method to 7°~yy and 9’ ~yy. It is easy to see,
however, that it is hopeless to use the positronium
approximation for the 7° decay: The photons being
created in this process have energies of less than
70 MeV while the photons from quark-antiquark
annihilation at rest have 340 MeV.! For ¢’ ~vy
the situation is not as bad, although somewhat
worse than for n—yy; the real photons have ener-
gies of 480 MeV, which represents a mismatch by
a factor of 1.4 instead of a factor of 5. The 7’
would therefore seem to be a reasonably favorable
case and we can tentatively predict, subject to the
refinements to be considered shortly, that
T(n’ =vyy)~5[cosé + (1/2V2)sinb)® keV, which gives
a two-photon width of ~ 4 keV for §=- 10°. Exper-
imentally, T'(n’—~yy)< 15 keV at the 95% confidence
level.

It is amusing to note that if the (3105) should
prove to be a J° =1-- bound state of a charm-
anticharm quark pair, then a 0=* bound state,
which we can call 5,, must be nearby. If we make
the natural assumption that the charm-anticharm
binding is similar to the binding of other quark-
antiquark systems, then we can expect m,, the
charmed-quark effective mass, to be around 1.5
GeV. The 5, would therefore be an even better
candidate for the parapositronium analogy than the
1 and one predicts that if M"c ~2.8 GeV,

T'(n.~7yy)=17£5 keV. 5)

If the n, has a width comparable to the y(3105),° a
significant fraction of its decays will be via the
two-photon channel.

There are two good reasons for turning back at

this point to consider the decay 7°~ yy. One is that
J
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with ¢(p) the momentum wave function of the
quarks. So long as ¢(p) is a rapidly decreasing
function of p we need not assume a particular form
for it; for our purposes it will be sufficient to
make the approximation

(FON e FUD) o7

If we take the hadrons to have a spatial extension
of the order of 0.8 F as indicated by the elasfic

(10)
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although we can appreciate why it is a difficult pro-
cess with which to contend, it is nevertheless in-
teresting. The second is that if we can make pro-
gress in understanding the 7° we can simulta-
neously get some idea of the reliability of the pre-
dictions make above for , »’, and 5,. We pro-
pose, in this vein, to explore the idea that the ma-
jor flaw in the positronium analogy for the 7° is the
mismatch between the real photon energies and the
energies of the photons from quark-antiquark an-
nihilation.

The S -matrix element for the process 0-(K)
~¥(g,7,)7 (g2;) may be cast into the form

S(0=(K)=v(g:1,) v (g:2,)) = @m)*6*(q, +q, -K)
ey (g1 )ey (g02) 1w
X 1(2;7) TI-‘ ,

6)
with

Tliu=fd4z e((al-cg)(z/z)<0'T[jﬂ <§> jv<_ %)] ‘0_(K)>,
(7)
and where j* is the electromagnetic current. The
factor 6*(q, +¢, — K) conserves energy and momen-
tum and ensures that w, =w, = M- in the rest
frame. The amplitude (7)is, however, defined even
when q, +q,#K. We shall assume that in the
strong -binding realm the relevant amplitude is the
one for a quark-antiquark pair with the wave func-
tion of the bound state, but with the binding turned
off, to annihilate into two photons of energy 3M,-.
This is clearly the simplest and most obviously
necessary correction we can make to the naive
positronium analogy. One then finds that

[P )) | ®

r

form factors, then we may expect (p®) ,,'/2= 250
+£100 MeV/c.

As a consequence of these considerations, the
two-photon width of the 7% which would have been
off by three orders of magnitude had we used an
unmodified positronium-like formula, becomes

T(7°=yy)=13£7 eV. (1)
This result is in good agreement with the experi-
mental value of 7.8+ 0.9 eV.!° This drastic im-
provement in the 7° rate leads us to reevaluate the
1, 7', and . rates with the results (for §=-10°)
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I (q—7yy)=0.7+0.4 keV, (12)
T'(n'=vyy)=6x2 keV, (13)
I'(n,—~vy)=15+5 keV. (14)

The estimated uncertainty in the 7° rate is almost
entirely due to its sensitivity to (p®) ., /?; the
uncertainties in the n and 5’ rates arise in about
equal measure from |y(0)| and ( p%) /2, while
the uncertainty for n. is due as before to both M,
and |p(0)]. The fact that this procedure effects
such a miraculous solution to the 7° problem while
leaving the other decay rates substantially unaffect-
ed [the results (12), (13), and (14) are all consis-
tent, within the theoretical uncertainties, with
their naive “positronium” values quoted earlier]

is very encouraging, and probably indicates that
our approach has merit. From any point of view,
however, the favorable case of n—yy is sufficient-
ly close to its observed value that the preceding
calculation must be considered another impressive
confirmation of the atomic structure of the hadrons
envisaged in the quark model.

APPENDIX

In the quark model, the processes r—=1lv, K = lv,
p°=1U', w=1*1", ¢~1*1", and y = 1*1~ all depend
on |p(0)|, the wave function of the quarks at zero
separation.* It is a simple matter to show that if
we define the dimensionless parameters f by

; B
(oOlat, Ol =g, A1)
; M
(0lA,,, sO|K-K)) =’—{g"ﬁ)§§-, (A2)
M
uHven) =S fymy, (a3)

where V=p° w, ¢, or y, the A} are the octet of
axial-vector currents, and j* is the electromag-
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FIG. 2. The quark-antiquark wave function of mesons.

netic current, then the quark model indicates that'’

Iy O] = 37 my® 2, (a4)
wa (O)I =§fxmx3/2, (A5)
ly, ©)] =‘,i§f,,m,,3/ 2 (AB)
10, O = 7 fum, ', @am
l¢¢(0)| = %fcbmdas/z, (A8)
|II)¢ )| =%f¢mw3/2, (A9)

if we interpret the y as a charm-anticharm bound
state. Since the constants fmay be extracted from
the experimental decay widths, the wave functions
|(0)| can be determined. The results are dis-
played in Fig. 2; a straight line has been supplied
to guide the eye. It is clear that one can with some
confidence estimate [y, (0)] = (0.06+ 0.01) GeVv¥?,
|y, (0)] = 0.11£0.01) GeV*/?, and |y, (0)] = (0.33
+0.04) GeV*/2. These are the values used in the
text.

*Work supported in part by the National Resaarch
Council of Canada.
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There is one ambiguity here regarding the axial-vector
coupling constant Gj of the quarks. If the quarks are
pointlike, as we have assumed, then G;=1. This

would then seem to imply that G , for the nucleons is § .
We have taken the view advocated by, among others,

the Dubna group [N. N. Bogoliubov, V. A. Matveyev, and
A. N. Tavkhelidze, Nuovo Cimento 48, 132 (1967)] that
§- —1.25 due to relativistic corrections. One can, on
the other hand, show that these same corrections do not
apply to f, and f x so that one may legitimately use

G, =1. This interpretation results in a linear rise in

¥ (0) versus M as opposed to the behavior postulated

in Ref. 4.



