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Cross-section limits are presented for proton-antiproton annihilation into all possible four-kaon final states in

the region from threshold to 1.1 GeU/c lab momentum. Comparisons are made with cross sections for other

four-body final states. It is shown that, based on phase-space considerations, the four-neutral-kaon final state

manifests an anomalously high relative rate, suggesting the possible influence of a threshold ecihancement.

I. INTRODUCTION

No other low-energy elementary-particle colli-
sion process is as rich in allowed final states and
as varied in possible observable phenomena as
proton-antiproton annihilation. Although the pres-
ent ability of particle theory to explain these pheno-
mena leaves much to be desired, it is neverthe-
less of considerable potential theoretical interest
and a substantial experimental challenge to explore
the full range of allowed reactions. This paper
reports results of a search for some very rare
processes, the annihilation into four kaons, in the
energy region just above threshold for these final
states. In particular the reactions sought are

PP K+K K+K

PP -K+K-KOKO,

PP KKKK ~

(1)

(2)

(3)

II. DATA ANALYSIS

The results reported here are based on a study
of 220000 pictures of antiprotons incident on the
BNL 30-in. hydrogen bubble chamber at six dis-
tinct beam momenta; interactions span the labora-
tory momentum range from approximately 0.67
to 1.12 GeV/c, corresponding to center-of-mass
energy from 1.98 to 2.12 GeV. [The thresholds
for reactions (1)-(3) range from E, =1.975 to
1.991 GeV. ] Events were analyzed with the pro-

We know of only one other experimental observa-
tion of the four-kaon final states. ' Although our
search yielded only four events [all in final states
corresponding to reaction (3)] some interesting
cross-section limits can be assigned to these pro-
cesses, as discussed below. In fact, despite the
limited statistics, it appears possible to draw the
conclusion that a threshold enhancement may be
contributing significantly to the rate for the all-
neutral final state. It is conceivable that this
phenomenon is related to the S* enhancement in
the K~KS system, which has been reported sever-
al times. '

grams TVGP and SQUA%. A detailed study of
scanning-processing efficiencies for various topo-
logies was made, and a beam track count was used
to normalize cross sections. The approximate
sensitivity for the entire exposure was -0.81
pb/event for the 4-prong events, and -0.60
pb/event for events with V's.

The reactions (1}-(3}may be manifested in a
wide variety of topologies, including 4-prong,
2-prong plus 1 or 2 V's, and 0-prong plus 1, 2,
3, or 4 V's. All these topologies were examined
in accumulation of data for this report.

A. K'K K'K

In approximately 100000 4-prong events analyzed,
no events were found to fit the above charged kaon
hypothesis with confidence level &10~. This per-
mits assignment of an upper limit on the average
cross section over the region from threshold to
-1.1 GeV/c, o(K'K K'K ) & 1.9 p, b (90% confidence
level). This result is listed in Table I, together
with results from other channels discussed below.

B. K'KK K

In 2958 and 380 events containing 2 prongs plus
1 and 2 V's, respectively, we found no events fit-
ting this hypothesis. This yields individual limits
on the cross sections for K'K K&K~ and K'K K&K&,
as well as on the total K'K KK' cross section, as
given in Table l. (These results contain correc-
tions for missing neutral decays, as well as the
assumption of invariance of strong processes
under interchange of Kz and K~.)

KOKo KOKo

The exposure yielded 449 and 142 events con-
taining 0 prongs plus 1 and 2 V's, respectively.
A previous analysis of these events, resulting in
data on the K'K' final state, has already been pub-
lished. ' An examination of the missing mass in
the 1V events reveals several possible candidates
for the four-neutral-kaon hypothesis [in particu-
lar, the events with missing mass &3mlt at the
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TABLE I. Cross-section limits for various final states. All limits are 90% confidence
level.

Final state
Average cross section (in pb)

from threshold to E,~ = 2.12 GeV

K+K KK
E+E 1V

K+K 2V

E E KsKs
K+K KsEI
K+E KOX~ (all modes)

0 prongs+ 2V

0 prongs+ 3V

0 prongs+4V

KsEsKsEs

KsKsKsEz,

EsKsEJEI,
4EO (all modes)

&1.9

&1.4

&1.4

&1.5

&2.0

&4.3

&1.0, &4.0

&0.3, &2.3

&1.4

&0.1, &2.8

&0.3, &4.1

&0.5, &6.5

&5.4, &14.7

4KO (all modes, if uncorrelated)

4KO (all modes, if pure C=+1)

4EO (all modes, if pure C=-1)

4E (all charges)

&3.4, &11.2

&4.1, &11.9

&3.8, &12.5

&5.4, &18.3

upper end of the histogram in Fig. 1(a}of Ref. 3].
However, since it is not possible to resolve the
identification of the final state with any degree of
confidence, we exclude the 1V events from further
consideration.

In the 2V events, an examination of the missing
mass and of the mass recoiling against each V

yields three possible candidates for a four-kaon
final state. [These can be seen as the three clus-
tered events in the upper right-hand corner of
the scatter plot in Fig. 1(b} of Ref. 3.] Again an

unambiguous identification of the final state can-
not be made, but the following analysis provides
virtually conclusive evidence that these events
indeed contain four kaons.

After elimination of events fitting g g and

K g'm' we are left with 50 unidentified 2V events.
In Fig. 1 we plot for these events the sum of the
squares of the missing mass and the masses re-
coiling against each V. For a four-kaon event
this quantity, M, must be &22m+'. clearly,
events involving a pair of kaons and several neu-
tral pions may also satisfy this condition. Hence
we fit this distribution to that expected, accord-
ing to phase space, from the channels: 4K, and
RK plus 3, 3, 4, 5, 5, and 'f v'. (Except for our

tlat

R
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M /m K

I

20 25

FIG. 1, Histogram of the sum of the squares of the
missing mass and the mass recoiling against each V, in
0-prong plus 2V events. Events fitting 2E and 2K ~
have been eliminated. The dashed histogram shows re-
sult of a 6-parameter fit, based on phase space, to the
channels 4KO and 2KO plus 2, 3, 4, 5, 6, and 7 ~~, as
described in the text.

two highest momenta, we are below threshold for
em'. Furthermore, the minimum allowed value of
M' for this configuration exceeds the observed
values by several times the error in the quantity. )
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The number of events in each channel is left free
(subject to the constraint of the total number of
events) to be determined by the fit. Table II gives
the fitted number of events for a 6-parameter fit.
We find that the resultant number of events in the
2Z'Vm' channel is effectively zero. Whether or not

this channel is included (i.e., whether we fit to 6

or 5 free parameters) the fitted result for the 4K'
channel is 3.0+ 1.9 events. These three events are
clearly seen at the very end of the spectrum. The
obvious advantage of plotting this unusual combina-
tion of masses is to achieve maximum separation
of these events from the background continuum.
We note, for example, that there is a fourth event
in this plot with M'&22m~' which is not in the end
cluster. The fit does not clearly recognize this
as a four-kaon event and it is not accepted as
such.

The dashed histogram in Fig. 1 shows the re-
sult of the fit and exhibits a small high-mass
bump of area -3 events, corresponding to the 4K'
contribution, which, however, does not coincide
closely with the actual observed events. This is
because the phase-space distribution used in the
calculation was weighted according to flux at each
of the beam momenta of the exposure, whereas
all the observed 4K' events occurred only at the
higher momenta (E, ~ 2.06 GeV) with correspond-
ingly higher upper limit for the quantity M'.

One SV event was found (at E, =2.12 GeV)
which fit the four-kaon hypothesis with a confi-
dence level &10%. (It should be noted that this
identification is unambiguous in any case, since
there is insufficient energy to produce an addition-
al pion. ) No 4V events were detected. Considera-
tion of the contributions of different possible final
states to the various topologies results in the val-
ues given in Table I. The statistical method used
involved construction of a multidimensional likeli-
hood function of the parameters, i.e., cross sec-
tions, to be estimated, and then integration of

this function to yield marginal distributions in

each of the relevant cross sections. The confi-
dence limits were obtained from the latter dis-
tributions. Although this technique is not without

ambiguity (particularly with regard to the a priori
probabilities, or "noninformative priors", chos-
en), it was felt to be sufficient and adequate for
the present case. Results presented here, based
on a uniform prior distribution, are essentially
unaffected by use of other rules, as discussed,
for example, in Ref. 4.

Owing to the variety of possible neutral final
states, the limits obtained are relatively loose.
It might be expected that more stringent limits
can be obtained if special hypotheses are made
concerning these final states. Three such ex-
amples are given in Table I. The first assumes
all neutral kaons are uncorrelated, i.e., each has
a 50% probability of being Kz or K~. The second
and third cases assume annihilation proceeds
through pure C =+1 and —1 channels, respective-
ly. It is observed that the resulting limits are
relatively unaffected by these hypotheses.

III. DISCUSSION OF RESULTS

It mey be expected that the 4K cross sections
rise rapidly in the energy region just above
threshold; the phase space increases

(E -E'""'"")"' (as illustrated by the curve
labeled "phase space" in Fig. 2). Hence it is of
interest to specify crass-section values at the
upper end of the region. Approximately one-half
of the beam flux above threshold used for this
study was taken in the center-of-mass energy in-
terval 2.06 to 2.12 GeV; consequently cross sec-
tions for this region may be obtained by multiply-
ing those in the table by a factor -2. Our result
for the 4K' final state averaged over the entire
energy interval is =8", p.b, whereas averaged
over the upper half of this region (where in fact
all observed events occurred) it is = 16", )ib.

Channel Fitted number of events

2K' p].us 2~'

2K' plus 3w'

2KO plus 47ro

2KO plus 5mo

2K plus 67r

2K plus 7n'

3.0+ 1.9
8.5+ 8.1

14.9 ~ 16.1

14.8 + 13.4

0.0 + 3.9

8.9~ 4.3

0.0~ 2.1

TABLE II. Number of events obtained in various chan-
nels from fitting the effective mass histogram of Fig. 1
with a phase-space model.

A. The relative rate for 4E
The PP annihilation cross section in the region

studied is - VO mb. Hence the total 4K cross sec-
tion given in Table I implies a relative rate for
these final states of approximately 10~. This
may be compared with the relative rate -0.1 for
annihilation to all strange-particle final states. '

B. Comparison with a previous experiment

Chapman et a/. ' report cross sections of 4 p, b
for K+K KaKa at 2.2 GeV/c (E, =2.50 GeV)
based on one 2V event, and 6.5+2.5 p.b for
K'K KKL„based on a sample of 17 events fitting



12 PROTON-ANTIPROTON ANNIHILATIONS INTO FOUR KAONS. . . 647

this hypothesis in the region 1.6 to 2.2 GeV/c
(E, =2.29 to 2.50 GeV). Both of these values are
somewhat larger than our upper limits for these
channels near threshold. They also report a sin-
gle 3V event, but no indication is given whether
this is consistent with a four-neutral-kaon hypothe-
sis. Based on their reported sensitivity of -3.8
events/gb for the entire exposure, absence of

any 37 events of this type would imply an upper
limit of -0.6 pb for o(SV) compared with our low-
er limit -0.3 p.b near threshold.

This group also reports an average cross sec-
tion of 3.8 p, b for K'K K'K, based on six events
in the region 1.6 to 2.2 GeV/c.

IO-

IO-

IO-

C. Comparison with other final states

Cross-section measurements of other specific
four-body final states are available in our energy
region from this exposure. In particular, the
average value of o(w'w w'w ) in this region is
= 3.6 mb, ' and the average value of o(K'K w'w )
is =0.5 mb. ' There is very copious resonance
production observed in both of these final states,
amounting to approximately V5% in each case. A

striking fact is that the observed relative rate for
the two is very nearly equal to the ratio of the
corresponding total Lorentz-invariant phase-
space volumes. The values of total phase space
for various final states, relative to the four-pion
phase space taken as unity, are listed in Table III.
(The phase-space entries in Table III are the total
Lorentz-invariant phase-space integrals for the
relevant mass combinations, averaged over the
indicated energy range and normalized to the four-
pion state. No corrections have been made for
Bose-Einstein symmetry effects, and no isotopic
spin weight factors are included. One method of
dealing with the presence of identical bosons is to
include a factor of —,

' for each pair of identical par-

IO
'

2.00 2.00 2.04 2.06 2.08 2.IO
Ecm (GGV)

FIG. 2. The total enhancement ez as a function of
E,.m . Curve (a) gives the result for effective range for-
mula with a = 1.3 F, r~ = 1.4 F. Curves (b) through {g)
show results for Breit-Wigner resonance with para-
meters as follows (Ez, I in GeV, R in F). Curves {b)
and (c}:S&=1.08, I"=0.2, R =0.2, 0.5 respectively;
curves (d) and (e): E=1. 05, I'=0.2, R =0.2, 0.5 res-
pectively; curves (f) and (g}: Ez =1.00, I =0.05,
R =0.2, 0.5, respectively. Also shown, for comparison,
is the dependence of total phase space on E&.m, {normal. —

ization arbitrary).

ticles. This would have the effect of decreasing
the values for n'm ~'m, K'K K'K, and K'K'K'K'

by a factor of 4 relative to the other two final
states. As a consequence the phase-space ratio
of K'K m'm relative to m'm w+n would be approxi-
mately four times larger than the experimentally

TABLE III. Phase space relative to 4~ state and "predicted" cross sections.

Final state

Average total phase
space ~ relative to

4x state
E,.~. (GeV)

2.00-2.12 2.06-2.12

"Predicted" cross section b

(pb) scaled according to
phase space
E, (GeV)

2.00-2.12 2.06-2.12

r'7r ~'7l

KK m' 7t'

K+K K+K

K'KW'K'

K KK K

0.14

1.6x 10

1.2x10 4

9.3x10 ~

0.15

2.7x10 4

2.1x10 4

1.6 x10 4

130

0.14

0.11

0.08

140

0.24

0.19

0.14

~ See text for a descriptioa of the phase space as used here.
"Based on nonreson~~t 4m cross section. Typical uncertainties &20%.
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observed ratio. None of the other conclusions
drawn in this paper would be affected, however,

by such Bose-Einstein considerations. The ig-
nored isotopic spin weight factors could imply
modifications, but only by factors of order unity.
Another method of treating the Bose-Einstein
effects, in the context of the statistical model,
is discussed in Ref. 8.) Values are given for the

average over the region 2.00&E, &2.12 GeV, as
mell as for the upper half of this region. Also
given in Table III are predicted cross-section val-
ues obtained by scaling the average nonresonant
m'n m'm cross sections' according to phase
space. Comparing Table I and Table III we note

that, with the exception of the 4K' state, the four-
kaon cross-section limits obtained are consistent
with expectations from phase space alone.

For the 4K' state the observed rate is approxi-
mately 100 times larger than predicted. Although
this factor is quite rough (i.e., the statistical error
is large and there are perhaps ambiguities of fac-
tors of order unity associated with particulars
such as isotopic spin weight factors), neverthe-
less the conclusion is strongly suggested that
some type of resonantlike enhancement is mani-
fested in the four-neutral-kaon rate. This con-
clusion is particularly compelling if one notes
that states with a high multiplicity of strange par-
ticles are usually significantly suppressed with
respect to nonstrange particle states.

the S*, are in fact looking at the same phenomen-
on. ] Either of these interpretations is qualitative-
ly consistent with the phenomenon observed here.
If this enhancement were predominantly in K~K~
(and K~K~), but not in the K+K system, it would

explain the absence of any anomalous rate in
K'K K+K . The appearance of a high rate in
K'K'K'K' but not in K'K K'K' could then be attri-
buted to the occurrence of the enhancement factor
squared in the former process, and this may be
further multiplied due to the several perrnutations
of KsKs pairs in this state.

A quantitative treatment of the enhancement is
less obvious, but in principle the theory of final-
state interactions provides a basis.

A. Implications of final-state interactions

Most treatments in the literature of enhance-
ments due to final-state interactions'0» have
dwelt principally on applications to energy de-
pendences of processes, or resultant deviations
in the shapes of distributions, rather than enhance-
ments in absolute rate. Nevertheless, theory pro-
vides an expression for an absolute enhancement
due to an interaction between two particles in the
final state, which is determined by the value of
the scattering wave function at zero separation. "

In particular, the enhancement factor is given
by

IV. THE ANOMALOUS 4E RATE

Qne possible explanation of the seemingly high
rate for the four-neutral-kaon final state may be
the well-known threshold enhancement observed
in the K~K& system, the S*. Although the pro-
perties of this phenomenon are still not very well
defined and its origin is poorly understood, it ap-
pears well established by several observations. '
In particular, present evidence is divided between
a threshold effect caused by a large scattering
length, or a resonant enhancement somewhat
above threshold (1.04 «M» r &1.10 GeV, 0.16 & 1"

&0.30 GeV). [The parameters quoted above from
Ref. 2 are based on fits to the KsK~ mass distri-
bution in n P -KK&u. Another analysis, ' using
a coupled-channel formalism to study nn and KK
production in m'P experiments, yields substantial-
ly different results, i.e. , a pole almost precisely
at KK threshold (-O.SS6 GeV) with a relatively
small imaginary part corresponding to I -0.055
GeV. Evidence for a narrow K'K enhancement
shows up in the latter experiment. The discrep-
ancy between fitted parameters, however, would

appear to leave unresolved the question of whether
the two experiments, both nominally dealing with

where g~~
~ is the solution of the two-body scatter-

ing problem with wave-vector k, and g„'" is the
corresponding wave function in the absence of in-
teraction.

This result presupposes, among other things, a
division of the dynamics into two separate inter-
actions, one responsible for the primary produc-
tion of the particles and the other for the final-
state interaction. Although this separation is
somewhat arbitrary in the case where strong in-
teractions account for both parts of the process,
it is at least conceptua1. ly realizable. In the present
case we can visualize an annihilation mechanism
leading to a rnultiparticle final state, followed by
rescattering of pairs of final particles. Another
implicit assumption is that production of the pair
of final particles occurs over a relatively small
range, which is presumably satisfied for the case
at hand.

Since the features of kaon-kaon scattering are
still quite obscure, as indicated above, we satisfy
ourselves with a relatively crude treatment to in-
vestigate whether an enhancement of the magni-
tude suggested above can be realized with scatter-
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ing parameters of reasonable dimensions. To-
ward this end we investigate two different possi-
ble situations: (i) a strong attractive force giving

rise to a large scattering length in the KK sys-
tem, and (ii) a KK resonance somewhere above
threshold. For simplicity in (ii) we assume an

elastic resonance and explore several different
sets of resonance parameters. Furthermore, to
be specific, we assume the attractive force is in

the K~K& (and K&K~) S-wave system, and calcu-
late over-all enhancements for the K~K~K~K~
final state as a function of E, . Hence the final-
state two-body interaction enhancement appears
essentially squared.

eP
a ~-P'

then for n, P & 0 the Jost function is given by

(6}

f(k) =

and the enhancement by

k +o.2
e ()), ) = „, (6)

As a special case we take a =1.3 F and r, = 1.4 F.
(These are, respectively, the magnitudes of the
real part of the scattering length and the effective
range, as obtained from fits to KK data'";
these fits yield a very small value for Ima, which
we are then justified in ignoring for our purposes ).
Inserting such an enhancement factor for each af-
fected XK pair and integrating over phase space,
we obtain a total enhancement e~ over pure phase
space as given in curve (a) of Fig. 2.

B. Effective-range hypothesis

It can be shown that the enhancement, Eq. (4),
is given by the inverse of the absolute square of
the Jost function. As discussed by Gillespie, " if
the phase shift is given by the effective-range for-
mula

1 1kcot5= —+ —r 0'
a 2

where a and ~, are the scattering length and effec-
tive range, respectively, and if o. , P are defined
by the equations

tion is shorter than that of the primary interac-
tion, then one may conveniently use the asymp-
totic form of the scattering solution

( ) 8 sin(kr+ 6)()''( )-

A measure of the enhancement can be obtained
by evaluating the ratio (4) at an appropriate dis-
tance R characteristic of the primary interaction.
For the phase shift 5 we take a simple Breit-Wig-
ner form,

r a
2(Es -E} &z

where I', E„, and k„are full-width, energy, and
wave-vector at resonance, and the factor k/k~ is
included to provide appropriate S-wave threshold
behavior. Curves (b) through (g) in Fig. 2 give re-
sulting enhancements as functions of E, for vari-
ous selections of the parameters E„, F, andR.

We note that the enhancement is quite sensitive
to the characteristic length R, behaving essentially
like R ~. Enhancements of the magnitude suggested
by the data are readily obtainable for R -0.5 F.
Regardless of whether the particular selected mod-
el and parameters are realistic, it seems clear
that enhancement effects of this kind could over-
come suppression by phase space to give rise to
an essentially constant 4K cross section near
threshold. The effect of a narrow P-wave P me-
son (E„=1.020 GeV, I' = 0.004 GeV} was also cal-
culated, and was found to yield enhancements one
to two orders of magnitude smaller than the S-
wave resonances considered.

V. CONCLUSIONS

Experimental cross-section limits have been
obtained for Pp annihilation to four kaons from
threshold to E, =2.1 GeV; only the neutral-kaon
channels show an observable cross section in this
region. The limits have been shown to be consist-
ent with expectations based on phase-space con-
siderations and the measured cross sections for
other four-body final states, with the exception of the

all neutral 4K channels which exhibit a rate of ap-
proximately ™100 times larger than predicted. An

analysis using the theory of final-state interac-
tions shows that such an enhancement may arise
from a large KK scattering length or resonance
near threshold.

C. Breit-signer resonance hypothesis

In the case of a resonance, enhancement is not
necessarily determined by the wave function at
zero separation. However, as pointed out by
Watson, "if the range of the final-state interac-
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