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We discuss the parameterization of the strength of clustering effects in hadronic final states in terms of an
average cluster size which is inferred from predictions of a cluster emission model. Particular attention is paid
to the general question of sensitivity and the importance of assumptions regarding the kinematic constraints
and statistical independence. Evidence that the cluster sizes are significantly larger than the decay
multiplicities of the familiar low-mass resonances is found in a large range of experimental data.

L. INTRODUCTION

Attempts to understand the mechanisms of high-
energy hadron production—or at least to analyze
in a manageable way the particle-production data
which are now available at Fermilab and the CERN
ISR—have recently been focused on clustering
phenomena in high-energy multiparticle final
states. Clusters of particles are seen directly in
the quasielastic component among events of small
final-state multiplicity. However, for the major
fraction of the inelastic cross section, the usual
projections of the data do not reveal such patterns
in an obvious way, so that more sophisticated and
indirect techniques are required in order to assess
the degree of such structure in the population den-
sity of the multidimensional phase space." 2 Many
of the available techniques place considerable
importance on the interplay between data analysis
and models. For example, in several recent anal-
yses the strength of clustering effects in multi-
particle final states is estimated by comparing
the measure of final-state correlations, calculated
from the data, with the predictions of a cluster
emission model.®*™® The resultant estimates of
cluster size need have no bearing on the actual
production of clusters; rather, they provide a
parameterization of the cumulative effects of
structure in phase space in terms of an average
cluster size inferred from the predictions of a
simple model. The hope is that the results may
provide an accurate guide to more general classes
of models. Thus, small cluster sizes suggest
multiperipheral or statistical behavior, while
large clusters leave open other possibilities. Un-
fortunately, the range of estimates currently to
be found in the literature covers both situations,
although there is general agreement that some
clustering effects must be present.?7®

An independent emission model is appropriate

12

for this kind of analysis in that by varying a single
parameter —the average cluster size—the pop-
ulation density in phase space can be made to span
the spectrum from a smooth to a highly structured
behavior. Many of the predictions of cluster mod-~
els may be obtained analytically if it is assumed
that the emitted clusters (or particles) in each
event behave as a statistically independent sample.
This assumption is, of course, invalidated by the
kinematic constraints on each event. It has been
argued that if one examines only a subsample of
the final-state particles in each event, then the
effects of energy and momentum conservation can
be ignored and the observed sample treated as if
each particle (or cluster of particles) were drawn
independently from some parent distribution. For
example, if one has measured the rapidities of ob-
served (charged) particles, one might choose to
ignore in each event those particles with the larg-
est and smallest rapidities and then proceed as if
the kinematic constraints may be ignored in the
remaining sample. One of the primary issues dis-
cussed here is the effect of energy-momentum
conservation on estimates of the cluster size.
Interpreting measures which are constructed
from the full inelastic sample (such as the two-
particle correlation function) in terms of a cluster
emission model presents a second difficulty.
Oftentimes a measure will be more sensitive to
the multiplicity distribution (e.g., f,) than to struc-
ture in phase space of the exclusive channels com-
posing the data sample. Of course, if one assumes
a particular model is literally correct, then one
must accept the connection between the cluster
size and the multiplicity distribution. However,
if these models are to be used as a phenomenolog-
ical guide for assessing the phase~space struc-
ture, this assumption could be regarded as too
strong. We discuss this further elsewhere.” In
this paper we avoid the problem by examining only
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exclusive and semi-inclusive data.

Our approach to the effects of the constraints on
estimates of cluster size is to examine models
for cluster emission in which the kinematic con-
straints are fully imposed. We employ a fluctua-
tion measure which we have previously used to
study clustering in multiparticle production.' This
measure provides a rigorous test of the hypoth-
esis of statistical independence, and is also quite
sensitive to clustering effects. We discuss the
general question of sensitivity to clustering effects
and show that analyses which do not take full ac-
count of the kinematic constraints tend to under-
estimate the true cluster size implied by the mod-
el. We compare a number of previously reported
experimental analyses and emphasize their inter-
pretation. Our principal conclusion is that the
average cluster size is significantly larger than
the decay multiplicities of the commonly observed
resonances.

II. AMEASURE OF CLUSTERING

In this paper we measure the strengths of clus-
tering effects with a fluctuation parameter which
we have employed in previous analyses of multi-
particle data.® In terms of the left-right fluctua-
tion density this parameter is defined as
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(1)

Here # is the number of observed (measured) par-
ticles in each event in the data sample. The anal-
ysis is to be carried out on samples for which this
number is the same for each event—e.g., # prongs
in 2 semi-inclusive data set or » bodies in an ex-
clusive channel. The variable y may be any mea-
surable kinematic quantity. For high-energy semi-
inclusive data samples we have found rapidity to
be a useful choice. For fully specified, exclusive
final states we use center-of-mass longitudinal
momentum. The functions z,(y), #gz(y) are equal
to, respectively, the number of particles to the
left of right of y in a given event, so that n.(y)
+ng(y)=n. The function p(y) is the differential
cross section d0,/dy normalized to unit area.

As defined in Eq. (1) «, has the feature that if
all »n particles in each event are selected in a
statistically independent manner from the distribu-
tion p(y), then «,=1, regardless of the shape of
dan/dy. That is, under these circumstances «, is
a distribution-free statistic, and the value «,=1
represents purely statistical fluctuations.® If
clustering effects are present, the single-particle
distribution do,/dy is not representative of indi-
vidual events, but ig just an average; the left-right

asymmetry in each event is larger than would be
obtained from statistical fluctuations alone. In
this case, if we ignore the effects of energy-mo-
mentum conservation, the expected value of «,
is greater than 1.

Thus k, is at least in principle sensitive to clus-
tering effects, and we show in Secs. III and IV
that it is indeed quite a sensitive measure. In an
independent emission model, «, is primarily de-
termined by the average cluster size. But, it has
been our experience that measures which are sen-
sitive to clustering are also sensitive to the kine-
matic constraints. The advantage of «, is that,
although the conservation laws imply a large cor-
rection, the correction varies little from model
to model. Even in the constrained case «, is ap-
proximately distribution-free.

The sensitivity to the constraints follows from
the fact that the requirement of energy and mo-
mentum conservation in each event reduces the
over-all statistical fluctuations, thereby decreas-
ing k,. The value of «, calculated from a given
data sample isa composite of effects of constraints,
which tend to suppress the left-right fluctuations,
and dynamical features of the production mech-
anism which may further suppress the fluctuations
(such as in models with strong ordering in mo-
mentum transfers) or, in the case of independently
emitted clusters, enhance them. If the magnitude
of the fluctuations is primarily determined by the
constraints, then the value obtained for «, will be
less than 1. We illustrate this with a simple cal-
culation': Consider sets of » values of y for which
p(y) is a Gaussian distribution of unit variance and
zero mean, but for which the sum in each set is
constrained to be zero. In this case «, is less
than 0.5 for all »>2. If the distribution of the sums
is not identically zero, but a Gaussian with stan-
dard deviation given by 0%=#/2, then k,~0.6. For
statistically independent samples the distribution
of the sums has 0*=p, and k,=1. Thus as the
constraint is relaxed and the x values of y become
statistically independent, «, slowly approaches its
value of unity.

As is seen in the next section, the constraints
do play an important role. The values obtained
for «, in more realistic models are in general
less than unity, and even in cases where strong
clustering is present, the value of «, may be near
to or even less than unity. Note that «,~1 would
imply very small clusters if the effects of the con-
straints were ignored. This behavior is not sig-
nificantly changed by the attempt to remove the
constraint effects by excluding from the analysis
those particles in each event which carry off most
of the momentum. In this sense, independent
emission does not imply statistical independence
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of the secondaries in each event, and statistical
independence cannot be assumed in estimating
cluster sizes.

III. CLUSTERING IN HIGH -ENERGY
SEMI-INCLUSIVE DATA

The experimental values obtained for «, from
200 and 300 GeV proton-proton collisions lie in
the range 0.8-1.0, and are nearly independent
of the charged-prong multiplicity, 7.2 In Ref. 3
these results were interpreted in terms of an in-
dependent emission model in which clusters are
produced according to 2y-damped phase space
with cluster decay multiplicities which vary about
some average value. We use this same model here
to assess the sensitivity of «, to the strengths of
clustering effects imposed on such a model, and
also to test the validity of assumptions regarding
statistical independence of central-region particles
in high-energy semi-inclusive data samples.

Before proceeding to the conclusions we describe
the model. In order to have exact energy-momen-
tum conservation in each event, Monte Carlo tech-
niques are used to generate events which are then
analyzed as if they were experimental data. For
an n-prong event, a neutral multiplicity », istaken
from a broad distribution of mean value r/2.
These n, +# particles are then assigned to clus-
ters. The cluster sizes are drawn from a Poisson
distribution of mean 7. If the first cluster is of
size (n+n,—1) or larger, then the event becomes
a quasielastic event. Otherwise, clusters are
added to the event until all » +#», particles can be
assigned. If the sum of sizes exceeds n+n,, the
last cluster is truncated so that the total number
of particles is n+n,. A cluster may consist of a
single particle, but the quasielastic particles are
excluded in computing the average number of par-
ticles into which the clusters decay. We then as-
sume that each pion adds 0.6 GeV to the mass of
the cluster and generates the four-vectors for the
clusters assuming a transverse-momentum-damped
phase-space model, and maintaining exact energy-
momentum conservation. The clusters are then
allowed to decay isotropically by Lorentz-invari-
ant phase space. The mass excitation relation of
0.6 GeV /pion implies an average rms transverse
momentum of 450 MeV/c. The final event then
exactly conserves energy and momentum, both in
the cluster and in the particle generation.

We have computed the values of «, for the rapid-
ity fluctuations at 200 GeV for a 2,-damped phase
space (all one-body clusters), and for the values
n,=3.5, 7.0, and 11.0. As a result of the trunca-
tion of the last cluster, the true value of the aver-
age cluster size in the generated events is not 7,

but varies with »# as follows: For 7%,=3.5, the true
cluster size is 3.4 for all n>6; for 7,=17.0, it
varies from 5.6 for n=6 to 6.2 for »=12; and for
n,=11.0, it varies from 7.2 for »=6 to 8.9 for
n=12. We should emphasize that these averages
do include the neutrals.

In Fig. 1 we show the results of the fluctuation
analysis for samples of events generated from this
model. Figure 1(a) shows «k, as a function of » for
a range of average cluster sizes. Here the anal-
ysis includes all z charged particles in each event.
The results in Fig. 1(b) are for the case where the
end particles—the two charged particles having
the largest and smallest rapidities—have been ex-
cluded from the analysis, so the analysis is made
on n -2 values of y per event.

The solid line on each of these plots corresponds
to the no-clustering case—here single pions are
emitted according to transverse-momentum-cut-
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FIG. 1. Fluctuation analysis for 200-GeV/c proton-
proton collisions generated according to the model de-
scribed in the text. The fluctuation parameter K, is
plotted vs #, the number of charged prongs, for various
values of the input average cluster size, 7. . The solid
curve is the no-clustering result (¢,-damped phase
space). In (a) all charged secondaries are included in
the analysis. In (b) the two charged particles having the
largest and smallest rapidities in each event are ex-
cluded from the analysis, so thatz — 2 values of y per
event are analyzed in computing «/, .
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off phase space. For this case, as discussed
above, the value of «, is distribution-free. A val-
ue of k, which lies above this line for a particular
value of » implies some degree of clustering. This
is a “model independent” result, as k, is quite
insensitive to the extent that phase space is occu-
pied as long as the probability density is not
strongly structured in this region. The dashed
lines corresponding to various cluster sizes fol-
low from the specific model we have chosen. How-
ever, two different models having similar degrees
of structure in the phase-space population density
will give similar values of «,. In this sense the
specification of «,, or the corresponding average
cluster size obtained by comparing experimental
values for «, with the curves in Fig. 1, should be
a meaningful parameterization of the strength of
the clustering effects in the data.

The effects of the constraints of energy and mo-
mentum conservation on the results of the model
calculation are evidently quite severe. For the
200-GeV/c pp collisions analyzed in Fig. 1(a),
where all charged particles are included in the
analysis, only the most extreme clustering effects,
with an average of 10 or more particles per clus-
ter, result in left-right fluctuations which are
larger than the purely statistical fluctuations which
would result if each final-state particle were
emitted in a truly independent manner with no con-
straints. That is to say, only the most extreme
clustering gives k,>1. For the no-clustering case
(solid curve), k,= 0.8 for all charged-prong mul-
tiplicities.

In Fig. 1(b), where the end particles in each
event are ignored, the values of k, obtained from
the remaining particles still lie well below unity
for the no-clustering case. The observed fluc-
tuations are still strongly influenced by the con-
straints, especially in the higher multiplicities,
for which the interpretation of «,=1 as a no-clus~
tering result would be grossly incorrect.

Thus, in evaluating left-right fluctuations (or
other similar measures of correlations among the
particles produced in each event) the assumption
of statistical independence, even if one excludes
from consideration the “leading” charged particles
in each event, yields a systematic underestimate
of the true strength of clustering effects in the
production mechanism. In comparing the experi-
mental results with the predictions of an indepen-
dent emission model, this may lead to a significant
underestimate of the average cluster size.

The values of k, obtained in Ref. 3 for semi-
inclusive data samples from proton-proton scat-
tering experiments in the Fermilab 30-in. bubble
chamber clearly indicate large cluster sizes. On
the basis of the analysis discussed above, an aver-

age cluster size of the order of 5 to 6 particles
per cluster (3 to 4 charged particles per cluster)
is inferred from values of «, which lie between
0.8 and 1.0. This same cluster size is found for
all charged-prong multiplicities obtained for dif-
fractively induced clusters in these experiments.
The fluctuations observed in these data are not
consistent with a picture in which the clustering
effects result solely from independent emission
of the low-lying resonances.

IV. ANALYSIS OF EXCLUSIVE CHANNELS

The parameter k, becomes more sensitive to
specific features of the production mechanism as
the kinematic constraints become stronger and
can be accounted for more precisely in the model.
From the technical point of view, exclusive chan-
nels are the ideal data sets for this analysis. They
leave no ambiguity as to particle identification or
the behavior of unseen neutrals. For these cases
K, provides a severe test of models as well as a
measure of clustering strengths. At very high
energies such data sets are available for only a
miniscule fraction of the inelastic final states, and
are not available at all for the “interesting” final
states—those for which the number of final-state
particles is at or near the average value for in-
elastic collisions. However, for proton-proton
collisions with incident beam momenta near 30
GeV/c, exclusive data are available for reactions
which span the average inelastic multiplicity. In
Fig. 2 we show the values of «, obtained from 2-,
3-, 4-, and 6-pion production data in pp and pn
collisions at 28 GeV/c.® The reactions analyzed
are

pp—~ppriT, (2)
pn—~pprtnTnT, (3)
pp—~pprtntnTa, (4)
pp—pprintrtaTaT T . (5)

For these data the fluctuation analysis is carried
out in terms of the center-of-mass longitudinal
momentum, rather than rapidity. In Fig. 2 the
data are compared with some models relevant to
the present discussion.

The lowest-lying solid curve in Fig. 2 is the no-
clustering case, calculated for particles emitted
according to transverse cutoff phase space. The
effects of the constraints on the fluctuations of the
observed particles are now maximal, and this is
reflected in values of «, which are much smaller
for this curve than for the analogous ones in Fig.
1. The data points lie well above the no-cluster-
ing values.

The open triangles in Fig. 2 give the values of
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K, calculated from events generated according to

a variation of the Reggeized multiperipheral mod-
el of Chan, Yoskiewiez, and Allison (CLA model).'®
Two-body resonance production (p and A) has been
explicitly incorporated into the model calculation
in amounts which roughly reproduce the amounts
seen in the data. The open boxes are results of the
same CLA calculation, but with 20% production of
n-pion resonances added incoherently to the ampli-
tude. The details of the calculation are discussed
in Ref. 6. Inthe case of the 2-pion channel [re-
action (2)] the model, which includes Pomeran-
chuk exchange, reproduces almost exactly the
fluctuations seen in the data. Since this reaction

is dominated by diffractive excitation of either the
beam or target proton, this result is not unex-
pected. For the higher-multiplicity final states
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FIG. 2. Fluctuation analysis of the reactions for »
pion production, pp —pprt T, pn—pprtTTN", PP
—pp2nt2n~, pp—pp3n*t3n~ for 28-GeV/c incident mo-
mentum. «, is plotted vs z, the number of pions in the
final state, but the analysis is done on all z +2 particles
in each event. The points with error bars are from the
data. The open triangles and boxes are the results of the
CLA model discussed in the text. The lower curve is the
k p~damped phase space result. The upper curve is cal-
culated from a model for single diffractive excitation
(see text).

the values of k, obtained from the CLA model fall
well below the data, and for the highest multi-
plicity [reaction (5)] the CLA values fall below
the “no-clustering” reference value for «,. This
is an example of a dynamical mechanism (in this
case the enforced small values of momentum-
transfer along the multiperipheral chain) acting in
concert with the constraints to suppress the fluc-
tuations.

It is worth noting that the CLA calculations em-
ployed here give a very good description of the
more traditional projections of the data for re-
actions (2)—(5), such as invariant-mass and mo-
mentum-transfer plots. But the model clearly
fails the test of the fluctuation analysis for all but
reaction (2). We consider this model a very rea-
sonable phenomenological vehicle for describing
the salient features of the data in terms of the
production of low-mass resonances along a multi-
peripheral chain, and its complete failure to re-
produce the trend of «, in these reactions leads
us again to conclude that the clustering effects
exhibited by the data result from larger assem-
blies of final-state particles than can be accounted
for by the familiar resonances.'!

The remaining curve (open circles) in Fig. 2 is
intended to set an upper boundary for the scale on
which to evaluate the fluctuations observed in the
data. It is calculated from a single excitation mod-
el in which every event proceeds via diffractive
excitation of either the beam or the target.'> The
data are clearly not supportive of such an extreme
mechanism for clustering.

V. SUMMARY

We have investigated the effects of clustering
phenomena in an independent emission model for
high-energy semi-inclusive production upon the
left-right rapidity fluctuations of final-state par-
ticles. The parameter x,, which measures the
strength of such fluctuations, is typical of a gen-
eral class of charge and multiplicity correlation
estimators which have recently been employed to
assess clustering effects in high-energy data. We
have shown that, because of the constraints, an
independent emission mechanism for production
need not imply statistical independence of observed
particles in high-energy semi-inclusive data sam-
ples, even if one takes pains to analyze only those
produced particles which lie in the central region
of the rapidity scale. We have employed a model
calculation in which the constraints are rigorously
imposed, and find that the cluster size inferred
from the observed fluctuations is seriously under-
estimated if statistical independence is assumed.
The parameter «, is found to be an accurate esti-
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mator of the true cluster size in such models, and,
more generally, is a reliable guide to the strength
of collective effects in the probability density of
multidimensional phase space for high-energy

data samples.

In analyses of semi-inclusive data from proton-
proton collisions at Fermilab energies we find
average cluster sizes of the order of 6 particles
per cluster (including neutrals), independent of
the charged-prong multiplicity of the final state.
We conclude that the clustering effects in these
data cannot be accounted for by emission of the

familiar low-mass resonances, but rather—if
cluster emission is indeed the proper picture—by
states comparable in size to the diffractively pro-
duced objects seen in the quasielastic component.
These results are borne out by an analysis of 4-,
5-, 6-, and 8-body exclusive channels in 28-GeV/c
pp collisions, in which the observed fluctuations
are much stronger than the prediction of a model
in which two- and three-body resonances are pro-
duced along a multiperipheral chain, and are
otherwise consistent with the qualitative results
from the higher-energy data.
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