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The problem of the renormalization of gauge-invariant operators in the non-Abelian Yang-Mills theory

is tackled through the study of a specific example, F

w2, for which the explicit solution can be derived

from renormalization-group considerations. It is shown that the operator F ‘wzmixes with
non-gauge-invariant operators and that this mixing must be taken into account for the computation of
the anomalous dimension of the renormalized gauge-invariant operator. The explicit solution is examined
with the help of Ward identities derived from a new type of gauge transformations which appear very
convenient from a technical point of view. The multiplicatively renormalizable gauge-invariant operator
is shown to satisfy Ward identities and to possess an a-independent anomalous dimension. As a
by-product, we analyze the gauge dependence of the Callan-Symanzik function B.

I. INTRODUCTION

Since the first observation of scaling in electro-
production, much effort has been devoted to under-
standing this phenomenon in the framework of
field theory, which was the indication of a vanish-
ing strong interaction in the deep Euclidean region.
A major success in this respect was the discovery
that gauge theories, at the exclusion of other La-
grangian theories, exhibit “asymptotic freedom”
in the absence of scalar fields; in gauge theories
for strong interactions, the effective coupling con-
stant vanishes logarithmically in the deep Eucli-
dean region. For leptoproduction, the moments
of structure functions depend logarithmically on
the square of the momentum transfer from inci-
dent to outgoing lepton.? The success of the quark-
parton model as a qualitative description of deep-
inelastic experiments has made the idea of quarks
as elementary fields quite attractive, in spite of
the lack of experimental observation of quark par-
ticles; Weinberg® has suggested the possibility of
an unbroken gauge symmetry which would prohibit
the existence of physical states corresponding to
quantum numbers of the quarks and of the gauge
fields. However, for such a theory, the absence
of an § matrix, at least in the conventional sense,
obscures our understanding of gauge invariance.

In fact, results* concerning gauge invariance were
derived for S-matrix elements in spontaneously
broken theories. The latter are shown to be in-
dependent of the gauge parameter a which is in-
troduced through the gauge-fixing term
-(1/20:)(&),‘K“)2 necessary for quantization. For
quantum electrodynamics, probability amplitudes
evaluated at a given order of perturbation theory
are themselves a-independent; furthermore, it
was conjectured and shown on some examples
that any operator invariant under a gauge trans-
formation leaves the physical subspace invariant
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and for suitable normalization possesses a-inde-
pendent matrix elements between physical states.’
No properties of this sort are established for non-
Abelian unbroken gauge theories.

The study of asymptotic properties in leptopro-
duction requires two tools: Wilson’s expansion of
the product of two currents, weak or electromag-
netic, which are invariant under transformations
of the strong gauge group, and the renormaliza-
tion group which gives the behavior of the coeffi-
cients occurring in this expansion in the deep
Euclidean region (¢2<0 and large). We do not
deal with the important problem of the possible
occurrence of non-gauge-invariant operators in
the Wilson expansion. Instead we have started to
treat the questions of gauge invariance connected
with the renormalization group which were init-
ially pointed out by Gross and Wilczek® in the con
text of a one-loop computation of the high-energy
behavior in leptoproduction®'”: the renormaliza-
tion of a bare operator invariant under gauge
transformations, the dependence of the Callan-
Symanzik function g on the gauge parameter a,
and the study of the Ward identities satisfied by
a renormalized gauge-invariant operator. As an
example we have picked the operator F u,,z at zero
momentum; the renormalization of this operator,
which does not give a dominant contribution to the
light cone, is simply related to the counterterms
of the Lagrangian. In Sec. II we prove that this
operator is coupled by renormalization to non-
gauge-invariant operators; from the renormaliza-
tion-group equations for ordinary Green’s func-
tions we derive the expression of the multiplica-
tively renormalizable operator associated with an
a-independent anomalous dimension. The study
of the properties of this operator is postponed
until we introduce Ward identities. Section III
is devoted to the study of a new kind of Ward-
Slavnov identities derived from a supergauge
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transformation introduced by Becchi, Rouet, and
Stora.! These Ward identities, more tractable,
are equivalent to the conventional ones; the deri-
vation of the usual relations between counterterms
of the Lagrangian is carried out in Appendix A,
and the introduction of matter fields is briefly
discussed in Appendix B. With the help of differ-
ent Ward identities, we examine in Sec. IV the
dependence of the g function on the gauge parame-
ter o which is determined by the detailed renor-
malization prescription and for which the infrared
divergences due to the absence of a mass scale
are crucial. For a pure Yang-Mills theory we
derive a result first established by Caswell and
Wilezek® under specific assumptions: The func-
tion 8 can be chosen to be a-independent by pro-
per renormalization conditions. Finally in Sec.

V we show that the renormalized operator derived
in Sec. II and corresponding to an a-independent
anomalous dimension satisfies Ward identities
analogous to those of the gauge-invariant bare op-
erator F -

1. RENORMALIZATION OF A GAUGE-INVARIANT
OPERATOR

We call a formally gauge-invariant operator a
bare operator which is invariant under convention-
al gauge transformations of the vector-meson or
fermion field. The renormalization of these op-
erators raises two questions:

Are the counterterms also formally gauge-in-
variant?

If not, is it legitimate to neglect the coupling to
formally non-gauge-invariant operators when one
computes anomalous dimensions of gauge-invari-
ant operators?

The answer to both questions is negative. An ex-

J

plicit counterexample is given by the study of the
renormalization of operators of dimension four
and spin zero, such as —F.W"’(x), in a pure Yang-
Mills theory. We first define our renormalized
operators and derive the renormalization matrix
Z, the results at the one-loop level are then dis-
cussed, and finally, we derive to all orders in
perturbation theory the expression of a multipli-
catively renormalizable operator with an a-in-
dependent anomalous dimension.

A. Definition of renormalized operators

We define the generating functional for bare
Green’s functions,

Z(-ﬁui gi, —E:)

=fdAdCdff

Xexp[z' fd4x(£+ﬁ“ “AMLEC, +_C_.~5;)],

(2.1)
for the Yang-Mills Lagrangian, £,
- 1 - -
L=-3F,} - 5— @A +CM;C;, (2.2)
Ao
where C; and C; are the well-known Faddeev-
Popov ghosts'® and where M;; denotes
Mij(x’ ) Ku) =auD:‘j6(x - y) ’
D}C, = (0T +g,A*xC);
(2.3)

:3“C,~ +g0fijhAjuck B
F,,=0,A,-0,A +gA XA, .

According to established results'! -** the renor-
malized generating functional reads

Z5 (7, iuft)=fdAdCdﬁeXp§ if[—%za(auKu—auK“)z—%Zlg(auKU-aUK,,)-(KuxK")

- - 1 - — -~ - -
-3Z,8%(A %A - 5= (0, A%)P +Z,C;0°C; + Z,8C;8,(A¥ X C);

2a

+T]H'K“+E(Ci+5i§i] } N (24)

where the counterterms satisfy the Ward identities (WI)

z, _Z, 2z, (zl )2 z
— = == =\ = o = =Z .
Z, 2, Z, Z,) 80=8& 23372 , and ay=Z;a

Let us perform in the generating functional Z of (2.1) the following change of variables g,, a, and Ny

Z(Wy, £ Eisgh ag) = Z(f (1= 3€), &, T3 84(1 - 3€), ap(l +€))

9

=Z(ﬁpy &l’: zi;gO) a()\"*'€ [ao 5-&;

-

A further change of variable, K“-’

9

lf i 3} -
80 % 2 g i () —a . 2
2 o5, 2 d xn”(x)On,‘,(x)]Z(n“’ £, Ei380, @)+ O(€7) .

A1+ 3¢€), shows that the term linear in € in the above expression is
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just the generating functional with one insertion of the operator fuuz at zero momentum:

- — - 1 - — — - -
207, 8 Tigp ai)= [ dAdCaTexp {ffd‘*x [~ 0B - @, B0 4T €Tt BiC 1, K, ]|
0

Thus in the tree approximation (a,=a, go =g) the
insertion of the operator O, = - .,jd"xF %(x) ina
one-particle irreducible Green s function (1PI)
r™?  with n external vector-meson legs and p
ghost and antighost external legs, can be ex-
pressed as

I"(S;"P)= <a 587!_ g BE;' g)r(n.p) (2.8)
because the insertion of the operator | 7i,(6/67)d*%x
m a graph just counts the number of external

A legs. The renormalized operator O, may be
defmed according to Eq. (2.8), where I'™**) and
r{:?) should be replaced by the renormalized func-
tions TE™#) and I‘Ri"" ), provided we impose on it
the corresponding renormalization conditionss:

for example,

Io (qz=-u2)=< 2._Z ~a—+1> I(g*=-p?),

1 da 2 og
(2.9)
where 101 and I denote
T8 = -8 - 4,9,)15 (%),
(2.10)

AR = —(@’g - 0, 4,)1%(¢) - Telv.

Similarly we define the renormalized operators
0,, O,, and O, which in the tree approximation

3
9€

9 9
= IR
[1+<aaa 26g>ln2}01+[(aaa

'—[— % ZB(g,’ a')(l +€)(BHKU_GVKM)2 - %g Z;(g'1 a')(l +€)(epzu—ayxu) °(
~4g2Z,(g" a)1+e) (A, xR P+Z,(g",a")CTd°Ci+g Z,(g", ') T3

2.7

r
correspond respectively to the operators

s 08(x)
fd X8 og

fd“xﬁ;M,, C,(x),
and

1 .
ia [0, A*(x)f d*x,

according to

rR(n,p) _ I-.R(n p)
£ og og

T&(M#) =pTRme)

and (2.11)

5" =a % rree

As a consequence of the equations of motion of the
ghost field, the insertion of O, in a graph simply
counts the number of external ghost lines of the
graph.!®'” QOperator 04, which is not needed for
the renormalization of Fu,f, is introduced for con-
venience. With these definitions (2.8) and (2.11)
the counterterms for the insertion of this operator
are easily related to those of the Lagrangian:

g 90 Z] IR [( o g Z iR
£ Bg)anS OR 4 aaa—2@>ln23}03 , (2.12)

where an intermediate renormalization was performed for O}

1

-

OR=-%z0,A,-8,K,P-252 (8,A,-8,4,) (&
X

O =-3g2,(8,A,-8,&,) - (A*xA") - 3 £2Z,(X, xR, + g Z,C;9,(A*x ), (2.13)

-

O =2,C,02C,+Z,gC,0,(A*xC);,

and where use has been made of WI (2.5). The expression of the matrix {Zi,.},

r§" =222 2, To™", i,j=1,2,3

is readily obtained:

(2.14)
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) 8 g d
ag)an,, (aaa —2-27)

)
{Z“} = g bg InZ,

L 0 0
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)
1+ggln£L

Zy

(2.15)

We are now in position to discuss the renormalization of -f“,,,z at the one-loop level.

B. One-loop computation

The result for {ZU} in this approximation is

1+42 4 -3A 1A
{Zu}= -22-0)4A 1+(3+a)A -3-a)4 |,
0 0 1
(2.16)
where A stands for
G)g?
A= —2—-—16 z It (2.17)
with the conventions of Ref. 6:
S inif gu1 =C2(G)0y (2.18)

Thus, the anomalous-dimension matrix {y;,} reads

{yyt= { (# ga;zu) ij-l}

i3 3 3
2 3 -2 2
_C G 13
= 16,2 -2#¢-a) 3+a -B-0a)
0 0 0
(2.19)
and possesses the following eigenvalues: (0, 22,

and a)x[C,(G)g?/16n2].

This example exhibits all the above-mentioned
properties. First, the operator O, mixes through
renormalization with non-formally-gauge-invari-
ant operators like the operator O,. Second, the
anomalous-dimension matrix y has, apart from
the trivial zero eigenvalue, one a-independent
and one a-dependent eigenvalue. As expected,
the a-independent anomalous dimension belongs
to a multiplicatively renormalizable gauge-invari-
ant operator which is derived and discussed in the
sections which follow: It is a combination of O,,
0,, and O,. However, it should be noticed that a
naive calculation of this anomalous dimension,
where one ignores the coupling of O, to the non-
formally-gauge-invariant operator O,, gives a
wrong value, although it is still a-independent:

13 C (G)g
3 T167%

This procedure where one neglects non-gauge-
invariant operators was followed by Georgi and
Politzer” and by Gross and Wilczek® in their com-
putation of anomalous dimensions of twist-two op-
erators. In this case, however, the result for the
anomalous d1mensmn of the operators

" Fpu D,l%++D, tn2 in-1 F‘" -1f is supported by a
calculatlon in another gauge the so-called axial-
vector gauge: npA“ 0, where n, is some con-
stant four-vector. When the gauge-fixing term
in the Lagrangian takes the form - (1/2a)(nu-§“)2,
the ghosts are believed to decouple in the limit
a—02818-20 However, the gauge -(1/2a)(nu_1§“)2,
a+0, is not renormalizable and no consistent pre-
scription for computation in the axial-vector gauge
exists, except at the one-loop level,2° where one
finds that all counterterms coincide:

z,=2, (2.20)

(see also Ref. 21 for an approach in a different
spirit). The operator Fuv , defined in this gauge
as

R(n)_ * R(Vl)
o (2 8g>r (2.21)

is multiplicatively renormalizable; and its renor-
malization factor computed from the result of
Gross and Wilczek,®

Z,=1-2A+0(g",

is
Z,=1-3 ___8 InZ
1°- Zgag 3

=1+ 2 4+0(g?%). (2.22)
Thus a calculation in the axial-vector gauge leads
to the correct answer for the gauge-independent
anomalcus dimension. QOur discussion concerning
renormalization of -I‘"u,,z will now be extended to
all orders in perturbation theory.
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C. General considerations

Let us write the renormalization-group equa-
tions in the form

)

2 9 n
[<# ontPag 0%a" 5)’—1’7’0) 5&1‘7’:‘;] r§® =0,

(2.23)

where ¥, yg, and 6 are defined as (our conventions
for y and y, differ by a factor of 2 from those of
Ref. 22)

—

b2 _82 o _&3\r_B
(aaa—2 ag>7 (aaa 28g><2 g
- 2 S (r_8
{rit E57 gag<2—g)
L 0 0

We are looking for linear combinations of oper-
ators diagonal under renormalization:
u,(a,g)I‘{,e‘(""’)(a,g) =22 Zu (a8,
x rf):‘"'n(ao;go)

or equivalently

(D -7)ui(a,g)T5"(a,2)=0, (2.26)
5oy 2nZ
op %00 ’

where D denotes

] 9 d n
D= #ﬁﬂ*ﬁ@“s a3 PY%-

In general, Z and y are not eigenvalues of the
matrices {Z;;} and {y,,;}, respectively, neither
are u; the eigenvectors; the solution of Eqs. (2.26)
can only be computed order by order in perturba-
tion theory. However, in Sec. IV we shall show
that 8 can be chosen independent of @. For this
choice, which is assumed in the following, the
matrix {ZU} can be cast in a triangular form by

a change of basis independent of g and «, namely
the basis 0,, O, +20,, and O,. Therefore Z and
7 are indeed eigenvalues of {Z;,} and {y,,}:

7,=0. (2.27)

8 /B oy
"n=-& @(E) Y2 =0 g

There exists also a trivial solution of Eq. (2.26)
for y,=0:

Dr§n?=0.

) (o35
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)
Y=L allnz3

)
CL L)

9 =
Yo = U e InZ,

%00

and (2.24)

9
o=p 5—‘101

b
00

and y;, was defined in Eq. (2.19). According to a
well-known result,?? 6 is relatedtoy: 6=-ay.

It is then a matter of simple algebra to derive the
expression for the matrix {y;,} from Eq. (2.15):

-
2
3g> Ye

g@?’c

@ oy

(2.25)

0

The fact that O, =C;M;,C, has a zero anomalous
dimension is a consequence of the equation of
motion for the ghost field. For the eigenvalue v,
the solution of (2.26) can be guessed from the re-
normalization-group equations for ordinary
Green’s functions:

DR =0,

which implies
Du 2 rRewI-g
o ’

or equivalently
i_ _.8_ ﬁ R(n,p) _
D[Bag y(a 3at 2)-[))/0]1' =0. (2.28)

The equation of motion for the vector field*®:*”
leads to a counting identity:

205" +TEM?) = 2Tg ™ #) =n RO (2.29)

Finally, using this identity together with Eqgs.
(2.11), we rewrite equation (2.28) as

o[ E g - @5 + 408 ~yorE ) <0,
(2.30)

which upon multiplication by g/28 yields the solu-
tion IT'§{"*) of Eq. (2.26) relative to the a-indepen-
dent value y, = -g(8/0g)(8/g):

Rm,p)_ Y& Ry, L (Y8 1\ pROLS)
I"o:l ZBFOI +2(2B 1)[‘02

Yc& TR

25 5 (2.31)

+
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The normalization of this operator is chosen to be
finite at g =0.

A blind generalization of our one-loop considera-
tions in the axial gauge leads to the correct eigen-
value y, to all orders in perturbation theory. In-
deed, in this gauge 8 and y are not independent,

[
—Z‘g=gu ——lné’- =0,

) "z, (2.32)

A€o

in view of Eq. (2.20) (Ref. 21), and Yo, is easily
computed to be equal to y,. This result is rather
surprising, since it shows that the axial-vector
gauge gives a sensible answer at all orders in
perturbation theory. A priori, apart from the
problem of a correct computational prescription,
one might have expected that the operator F u,,z
would couple through renormalization with non-
Lorentz-invariant operators. This result gives
an indication that it should be possible to quantize
Yang-Mills theory in the axial gauge. This would
avoid considering spurious operators, such as O,
and O, in the usual gauges - (1/2a)(®,A*?, for
the study of gauge-invariant operators.

As a final comment let us note that the introduc-
tion of fermions does not alter our previous con-
siderations, since ¥,D,;, ¥, at zero momentum is
a multiplicatively renormalizable operator.

The operator O; corresponding to an a-indepen-
dent anomalous dimension satisfies the same kind
of Ward identities as the bare operator O,: To
show this, we will now introduce Ward identities
first for ordinary Green’s functions and then for
the insertion of the bare operator O,.

11I. THE USE OF SUPERGAUGE TRANSFORMATIONS
FOR WARD IDENTITIES

Ward identities are usually obtained by applica-
tion of a nonlocal gauge transformation,'!**?

A% (x) =Dy (x) M~ 4(x, y, A)bw*(y), (3.1)

which leaves the generating functional Z(0) invari-
ant. The nonlocal character of this transformation
is a technical complication when one performs the
Legendre transform, which leads to the 1PI

Green’s functions. But noting that
J

Z(7, &, E‘,.-I'“,'IZ)=de dC dA exp { ijd“x[£+ﬁ“(x)°

15 ; C C
7y (xy, 3 ) 2=~ fandcave 0T,
M

xexp[if(£+ﬁ“ -K“)] ,
(3.2)
Becchi, Rouet, and Stora® have derived the WI
from a gauge transformation containing only the
local part of the transformation (3.1). For non-

Abelian gauge theories, these supergauge trans-
formations read

A} (x) = (DC)(x)oA, (3.3a)
6C* (x) = 5 gof Y*C! (x)C*(x)oA
=3 go(CxT)(x)on, (3.3b)
6Ci(x) =~ —I-BMA‘“(x)ﬁ)\, (3.3¢)
Qo

where 6A is the x-independent anticommuting in-
finitesimal parameter of the transformation.??
With the help of the identity

Bx (CxC)=2(BxC)xC, (3.4)

which holds as a trivial consequence of the Jacobi
identity for an anticommuting variable C*(x), in-
dependently of the fermionic or bosonic nature of
B, one can see that the Lagrangian £is indeed in-
variant under the transformation (3.3):

5[DYic']=0, 5(CxC)=0, (3.5)
(6C):8,D}C,+6 (- %(auK")z>=o. (3.6)
0

The Jacobian of the transformation (3.3) reduces
to unity due to the antisymmetry of the structure
constants f;;,. As usual,’'-1%2¢ W] relate ordin-
ary Green’s functions and Green’s functions where
two external legs, a vector-meson leg, and a ghost
C; leg have been contracted; the latter functions
are in fact insertions of composite operators for
which we find it more convenient to introduce new
sources; we thus consider the generating function-
al Z (of course, the sources &;, ;, and :I'“ are
anticommuting objects),

K, (x0) +F,(0)C (%) +Cy(x) £4(x)

+JL‘((x)D{‘,C’(x)+§goﬁ(x)'(EXE)(x)J} , 3.7)

and the generating functional for connected Green’s
functions W =ilnZ. We suppose that a gauge-in-
variant regularization has been introduced to de-
fine properly the generating functional Z; this

refers either to the regularization proposed by
Lee and Zinn-Justin,'? which makes use of higher
covariant derivatives and auxiliary fields, or to
the more tractable dimensional regularization of
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’t Hooft and Veltman,?® for which, however, the
proof of an unambiguous gauge-invariant prescrip-
tion valid to all orders is lacking at present. The
invariance of the integral (3.7) under any local
change of the variable C,(x) and under the trans-
formations (3.3) is expressed by the following
identities:

fdc dTdA[8, DEC,(x) + £y(x)] exp(iS)=0,  (3.8)

Jacataa [ as|nlepgcs )+ 4 g, Bl Ex T

+ al—;E(xwa,,K"(x)]exp(iS):
(3.9)

where exp(iS) denotes the integrand in Eq. (3.7).
Note that in contradistinction with the usual Ward-
Slavnov identities,'!'!? identity (3.9) is not local in
x. Equations (3.8) and (3.9) can be reexpressed in
terms of W as

W

% 55 0" £ (3.10)
. oW
f d’x [”u(" 6J (x )80 S
1 sw
+ a—o E(x) ¢ au ‘—é.ﬁu(x)] =

(3.11)

The Legendre transform I' of W with respect to
i &, and E; is the generating functional for the
1PI Green’s functions:

W(Tl;n gi,EIst’K)*‘F( C C -j“,i)

o [ @407, 0 - B4 + T £ + B (IC (1)1

(3.12)
where
A,=- ﬁ’ "uz'axu
oW
Ci==35, G- 5C’ (3.13)
C,- ow or

E: i=—5€;,

J

and

W SW  sw T

e, o= 3.14
63, ~o3,’ °K, oK, ®.14)

Our Ward identity and equation of motion then
read

or _ oI

) = 15
45T 5C, () 3.15)
and
Jau 2 B L
*Lo& ,(x) 63 ,x) " il (x)
_3r . —‘il‘—}_o
6C(x) 6K(x)]~
(3.16)
The introduction of an auxiliary functional T,
f‘(KwCi’ Chjyai):r(chhchiy’ -IE)
+ L [8, A¥(x)]2d*x
20, ’
(3.17)
and the use of Eq. (3.15) allows to reduce Eq.
(3.16) to
fd4 [ or of oI ] _
0A4(x) 8J4, ()~ 8CH(x) 6Kt (x)]
(3.18)

Equations (3.15) and (3.18) are derived with
respect to Kur -é, .-I.“, ... and yield relations be-
tween regularized form factors appearing in the
parametrization of various superficially divergent
1PI Green’s functions; these relations give the
usual information about renormalization of ordin-
ary Green’s functions*! -4 and imply, furthermore,
that the insertions of operators associated with
sources -'fu and K are multiplicatively renormali-
zable; this derivation is performed in Appendix A.
The renormalized generating functional Z® reads

-

ZR(%,, £4, 8, T, K)= fdAdCd(’:exp % ifd"x [—%zs(auz,,_a,,A,,)2 -32,g0,A,-8,4,) (A¥xAY)

-32,8%R XA, - —1—(auK‘*)2 +2,C9%C,

2a

+Zlgc43u(K“X_é)‘ +-ﬁp ‘K“ +E,~C,~+E,~§,~+23:fu ’au‘é

+ 2 g IUEIXT) + Z, gk (TXT), | | (3.19)

s ’
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where the counterterms Z; and Z‘ satisfy the WI
(2.5). The counterterms, which are determined
up to finite renormalizations, are fixed

(a) by imposing renormalization conditions at
some Euclidean point — 2 (Ref. 12) in agreement
with WI on the superficially divergent 1PI Green’s
functions,

(b) or by imposing in the framework of a specific
gauge-invariant regularization'®*?® a “minimal re-
normalization” for which the counterterms are de-
fined according to Z; =1 +singular pieces only.

More precisely, for a regularization involving a
dimensional cutoff A (Ref. 12), the counterterms
take the form

A2
1 +Za,,(g2, a)ln"<F>
(i is an arbitrary mass scale),

whereas for the dimensional regularization® they
have the expression

2
1+Za————"(;\"’a), €e=4-d

(d is the dimension of space-time).

Let us recall that in the latter regularization, the
mass scale p enters the theory via the dimension
of the coupling constant g which is 3¢ (Ref. 26):

g 2_ LENZ,

This derivation of Ward identities is immediately
extended to the case where matter fields are intro-
duced (see Appendix B).

The previous Ward identities (3.18) give no in-
formation about the variation of Green’s functions

J
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with respect to the parameter . We extract this
information from another type of Ward identities
which we will now derive.

IV. VARIATIONS OF GREEN’S FUNCTIONS
WITH RESPECT TO THE GAUGE PARAMETER

The nondependence of 8 on @ was discussed by a
number of authors. The arguments were based on
S-matrix gauge invariance and neglected infrared
divergences, which are important to the issue.
The first correct discussion was given by Caswell
and Wilczek®; however, they suppose the existence
of multiplicatively renormalizable gauge-invariant
operators, which is hard to establish (see Sec. V)
and which is in fact irrelevant to the issue: As
we shall show in this section, Ward identities con-
tain all the information relative to the dependence
on the gauge parameter «.

Let us recall that Lee and Zinn-Justin® have
computed, in the absence of the ghost sources §;
and &;, the effect of a change of parameter a;
only the source term 7, is affected:

AL =) [A#(x)
+ %fd“y Dix)M ¥ (x, y)a"Apk(y)] .
(4.1)

We notice that this change can be obtained by a
simultaneous insertion of the operator D“;fC" and
of the operator E‘BMA,*‘ for which we introduce a
new scalar source L:

Z(Ty, 4,80, 3, K, L) = fdA dC dC exp { ifd“x[z +7,(0) « RH(x) + B (0)C;(0)+ T () & () +d Hx)DY,C, (x)

+38,Ki(0)(TXxC)i(w) + L(T(x)8, Ak(x) + T ,(x) * AH(x))] {

(-
(4.2)

L is an x-independent?” anticommuting source and the supplementary term L:f‘J A" is introduced for con-
venience as we shall see. The WI satisfied by Z then reads

u Qo

- - oW ow ow 1 oW - .
fd“xl: +LJ )~ —:——+LT)+ i — + — 0, == * ]ex -iW)
(nu K <6J‘J 57‘) -E; GK{ u énu 5 p(

_ _ 1. - .
_ fdc dC dALfd‘*x (ciaupy,.c, - E—(a“A“)"’) exp(iS) =0,
0

where iS denotes the exponent in (4.2). Applying
the operator [d*x[6/56%;(x)] to the equation of mo-
tion of C,

(4.3)

fdc dCT dA[8,D{,C;(x) + &;(x) - L8, A} (x)] exp(iS) =0,
(4.4)
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we obtain the counting identity*®+*” Equations (4.3), (4.5), and (4.6) yield the WI

dAdCdC | |d*xC,(x)8,D},C,(x) |exp(iS) -
f [f (%), Df; J"] P ZaOLZAl=fd4x[(TI‘MLJM)'(G—-EV‘*LQ*‘Z)
a, od

J o1,
GW - oW
- Ja st g+ L - B s |
1
X exp(~ iW). (4.5) B g an % oyt b Fh gE |

The change AZ of Z under a variation Aa, of the
gauge parameter is given by the functional for one (4.7

insertion of the operator — (1 8, AM)2: .
n n P or - (1/a)( wA") We perform the Legendre transformation, take the

AZ=—-iAWexp(-iW) derivative of Eq. (4.7) with respect to L, set L
equal to zero, and introduce the transverse func-
=fdAdCdE< iAay U‘“ ( B"A”)2>] tional I' defined in (3.17). This leads to the Ward
identity which expresses the variation of 1PI
Green’s functions under a change of the parameter
X exp(iS). (4.6) a,:
—
f* of . of ¢ S0 <£>_fli§f£1§>]
-2y g J a3 Av 5a, Cr 58,7 63, * 5L \6K, 63, ok oC M- (4.8)
The Green’s functions for two- and three-vectors satisfy the equations
g 2 _OF 521 +[ T iy (= z-..~)] (4.92)
°Ba, 6Aj6A] - A 0A] " LGALDAY BAjoLoE M T BT ‘
_9 d 5°T -3 5°T +[ 8T 6°T ( Yo ’-k)]
*o 5o, GALOAISAT ° 6ALbAI0AE © L6ALSAJBAL bARSLeTL M T VT Pt
521 5'T . ]
—p;ij— 4.9
*[ 5ARGAl BALGALLAT (KT VTRIETITR |, (4.9b)

where all sources are set equal to zero after differentiating. Let us parametrize the Green’s functions
involved in Eqs. (4.9) (see Fig. 1) as

52T
SALGAL =T(p)
=8;,(Pyby -8 Wb (p%), (4.10a)
63
G_A‘EG—I‘I:&T{, =_5lj[guuxl(pz) "'pyPqu(Pz)], (4.10b)

and at the symmetric point p? =¢® =72
5°r
AT SIAR =T, (p,q,7)
= igofijl {[guu(q _p)p +gup(7 _q)y +gpy(p _r)y]G(pz)”’ (q _r)u(r —P)V(P —q)pG1(p2)
+(rybud, =70, 9,6, (P}, (4.10c)

5T .
SALSAJSLOTE =igofin{8w@=0) Y (0?) +[g (D =7)y = 80p@ =7) ] Yo (p?) +0 2}, (4.104)
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With this parametrization, Eqs. (4.9a) and (4.9b)
for p% =¢® =72 yield

~2a, 5 109 =20 (PI1-X,(p)),  (4.11a)
A

- 20, 526, (#*) =36, ()1 - X,()]
=pY.(p%) + 21, (P 1(p?),

(4.11b)
where the terms omitted in the parametrization
(4.10d) do not contribute to (4.11b) and where only
I, G, and X, are superficially divergent and
(1 -X,)=0(g?). The variation of a, gives rise
only to one new superficially divergent Green’s
function, namely X,. Gauge invariance connects
the insertion of (8, A*)?, which is of dimension
four, and the insertion of DY/C!(x)(C,8,AL)(»),
which, for power counting, acts as an operator
of dimension one. Thus due to Ward identities
(4.11) only one new renormalization, the wave-
function renormalization, is necessary: This is
achieved by the “minimal” renormalization. In
the usual renormalization scheme supplementary
counterterms arise: The relation between these
counterterms yields a differential equation for §.

The “minimal” renormalization leads to a bare
coupling constant g, independent of . This can be
seen by a recursive proof. Suppose that we have
introduced all counterterms, including those for
the source L, needed for the renormalization of
graphs with number of loops less than or equal to
n, and that the bare coupling constant relative to
order n satisfies 8gl"l/8a =8g/6al"=0. The equa-
tion of motion for C (3.15) implies that L is multi-
plicatively renormalizable [in fact another inde-
pendent counterterm, ZLR»E, is needed; how-
ever, this extra term brings no change in Eqs.
(4.9)]; thus the bare Green’s functions obey Egs.
(4.11), where all functions I, G, Y;, and X, are
understood to be bare functions and depend on «,
and g,. We introduce the renormalized functions
up to order n:

I®(p?, g, a)=ZEMI°(p?, g0, @), (4.12a)
gGR(p?,g, ) =g (Zs")¥2G (%, 80y ap),  (4.12D)
Xf,g(pz,g, a)=Z["]X‘;.2(P2,g07 a,), (4.12c)

gYR, (b8, @) =g, 2" (ZiMV2YS (17,80, @),
(4.12d)
where the same counterterm Z appears in Eq.
(4.12¢) and (4.12d). Taking into account 8g/3al™
=0 and eliminating a8 a/9a, between Eqgs. (4.11a)
and (4.11b), we obtain the following identity:
(8/0a)In[G®/(I7)/2] _ p*I®(YF +2Y7F)
(3/8a)lna I* 2XTGF

(4.13)

i i
T (p) = %

Psil
r:;j:p(p,qfr)= p+q+r=0
qs L
v kp
I
v &
8°r _ L
SATSLSJ, (p)=
L
;r
kp g J
o4 ‘
i ~.aL -
*——( = o r..0
SAT6ALOLoTE (P 47 3 pra¥

jv

FIG. 1. Graphical representation of the Green’s func-
tions involved in Eqgs. (4.9).

The divergences of functions I¥, G¥, and X® ap-
pear only at order n+1, whereas Y% and Y% are
divergent only at order (n+2); I¥, G®, and X%
have an expansion 1+0(g?), in contradistinction
to Y, and Y,, which are of order g2?. In the “mini-~
mal” renormalization, the counterterms gZ, and
Z, are identified order by order in perturbation
theory with the singular part of the superficially
divergent Green’s functions - gG¥ and - I¥®, re-
spectively. Thus Eq. (4.13) says that the quantity
ag(n+1) g i
da

o (Z§n+1)_%Z§n+1))

is of order (n+2) and can be set equal to zero.
This completes our proof: 9g{™*'/8a=0. The
“minimal” renormalization of 't Hooft and Velt-
man?® yields in a natural way

9B _
5-0.

What happens in other renormalization schemes?
Suppose that we impose the following renormaliza-
tion conditions:

I*(=p®) =y(g, @)
=1+0(g?),
GR(-u?, - p?, - p?)=¢(g, @)
=1+0(g?).

(4.14)
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Equations (4.11) tell us that the expression

(8/8a,) In(gy/9*?) _ (YR +2YR)
(a;aao) 1na¢ —_“'2 ZI)(IEZL 2 (4.15)

is finite, or equivalently that the function p, de-
fined by Caswell and Wilczek,? is finite:

_8g/day

= bajba, (4.16)

This is the only information relevant to our dis-
cussion which we extract from WI (4.15); Caswell
and Wilczek derive it from the renormalization-
group equation satisfied by a postulated gauge-in-
variant and multiplicatively renormalizable oper-
ator. The identity

bal,
o "‘o-é’o, Say

expressed in terms of the functions p, 8, and J,
with 6 = uda,/dul,,, yields the result of Ref. 9:

9B_,% 8B 3 2 80
50 Pag Pagt [6p]+p el

P (4.17)

Let us make a comment about infrared divergen-
ces. The choice of u?=0 would trivially realize

the independence of g with respect to a [Eq. (4.15)].

However, the functions Y, and Y,, which have di-
mension -2, are infrared-divergent. The condi-
tion 88/8a =0 holds if and only if p =0; at the two-
loop level Eq. (4.17) reduces to

82!

da

E)
= [ plilglt]
3a[p otH].

Explicit computation for the renormalization con-
ditions

G=I=1atp?=—-p?,

yields a nonzero value of pl').

At last, let us consider the Ward identity (4.8)
for Green’s functions with external ghost legs. As
noted above, we are faced with a new divergence;
we must introduce a counterterm aLKC which
allows us to ensure the multiplicative renormaliz-
ability of the source L and which modifies Eq.
(4.8) according to

Al +  of ~ of = o
—ZaOA—ao=fd4x[Au' L—C; —==J, =

oA, = OC 83,
ca(€ L% L)
6C 0K

a(af of oI 5f>]

+ I\ =" = .

6A, 83, 8K &C
(4.18)

In terms of the functions X, and X,

5°T

5C,0K,0L X3’

the identity (4.18) for Green’s functions evaluated at
at the symmetric point reads

8 n\a {n ( A (n
<ao E;+ -§>F("")='.§Xl+p[1—X1+(X3-a)] 5 j U

foeo (4.19)

where the dots denote less-divergent terms irrele-
vant to the “minimal” renormalization. This equa-
tion gives no new information concerning the varia-
tion with respect to a of Z,/Z, in view of identity
(2.5). However, we shall need it for the study of
the properties of our gauge-invariant operator Oj.

V. WARD IDENTITIES FOR THE OPERATOR O,

In this section we first derive the Ward identi-
ties satisfied by the bare Green’s functions with
one insertion of O, =Fuuz. Then the bare operators
0, and O, are shown to satisfy the same Ward
identities as O,. Finally, the expression of the
multiplicatively renormalizable operator O der-
ived in Sec. II is used in connection with Ward
identities of the second type (Sec. IV) to recover
the result of Sec. II that the anomalous dimension
of O{ is a-independent.

A. Ward identities for O,

The bare operator O, is invariant under gauge
transformations (3.3); thus the Ward identity
(3.18), as well as the equation of motion of the
ghost (3.15), are unaltered by the presence of the
source term N, for operator O,:

5T

Py sATsATs0, 6D

which implies the transversality of this function

8T
W——éi,(ngw—p,,p,,)lol(pz) (5.2)

and at the symmetric point (p? =¢® =7?)
I, G +IG-OI=7016+7601+”° , (5.3)

where the amplitudes I, G, I, and G are the super-
ficially divergent form factors involved in the vec-
tor and ghost propagators and vertices (see Ap-
pendix A for precise definitions) and where the
index O, refers to the same functions with one in-
sertion of O,. Here and in the following, we work
with the “minimal” renormalization and neglect

in the identities all less-singular terms denoted
by dots. Similarly, another Ward identity con-
nects the functions with four vector legs to the
previous amplitudes. All the previous identities
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will be referred to as identities of the first type.

Identities of the second type constrain the vari-
ation with respect to a of the Green’s functions;
they are obtained from Eq. (4.19) by derivation
with respect to the source 0,. We eliminate
among the equations for different values n and p
the unknown form factors corresponding to the in-
sertion of operators L and -fp. Let us quote for
n=2,3 and p =0 and p =1 the identities

o (T 3 r1&”
QOE(W—EW +"°=0, (5.4)

(0,1) (1 1)
To

9
% 5ar (F(oLrs T+ +e00=0.

1 ré? °’)

(5.5)

B. Ward identities for O, and O,

We show here that the bare insertions of oper-
ators O, and O,, which are coupled by renormaliza-
tion to operator O,, satisfy the same type of Ward
identities as those for 0, [Egs. (5.1), (5.3), (5.4),
and (5.5)] (we emphasize that the latter 1dent1t1es
contain no more reference to operators L and 7 w-
To see this, we take advantage of the equations of
motion introduced in Sec. II [(2.11) and (2.29)]:

I (5.6)

g’ = (n +20 5 >r<"v’) 2rg?.

The functions I'§;” trivially satisfy Egs. (5.3) and
(5.5). Since O, sat1sf1es identities (5.1), (5.3),
(5.4), and (5. 5) we consider instead of operator

0, the operator (n+2a,9/8a,)T'™?*), which reduces
to the following expression in view of the WI for
re [Eq. (4.19)]:

f‘_('];_'i’_( +2a0 da )I‘("")
={nx,+2p[1 - X, + (X, —=a)l}++++ . (5.7)

The linearity in # and p ensures trivially Egs. (5.1)
and (5.3) and the vanishing of the terms in paren-
theses in Egs. (5.4) and (5.5). It is important to
note that the operators O, and O,, although they
satisfy WI, are not invariant under the transfor-
mations (3.3).

C. Ward identities for the renormalized operator O

We take for granted the result of Sec. II that op-
erator Oj,

0!=0,+¥(0,+30,) + 0y, (5.8)

is multiplicatively renormalizable for ¥=yg/28-1

and ¢ =y,g/2B. The Ward identities of the first
type [Egs. (5.1) and (5.3)] are obviously satisfied
by the renormalized Green’s functions with one in-
sertion of O{. Again the linearity in » and p of the
bare insertions of O, +z0, and of O, implies the
vanishing of the contribution of the derivatives

¥ (g, g,)/3a, and 3 ¢(ay, g,)/3 ay to the WI (5.4)
and (5.5) for the bare insertion of O;. Thus the
bare operator O; satisfies the same identities as
the bare operator O,. Equation (5.4) can be used
to show that the counterterm Z for the multiplica-
tively renormalizable operator O is a-indepen-
dent in the “minimal” renormalization scheme.
We introduce the counterterms Z,, Z,, and z"
and assume a(8/8a)Z!™=0. Then the Green’s
functions for O] renormalized to order n satisfy

R(3,0)

9 I'o rR(z 0)
’ 0!
G(F 3.0 —Eﬁ%ﬁ’>+°“=0. (5.9)

The divergences of these functions at order (r+1)
are

R(3,0) R(2,0)
3 I'o}

To
div. part (W— 3 m>= -z 23y,

Thus it follows that (8/8a)Z =0 to all orders.

Let us note that there exists another multiplica-
tively renormalizable operator (O, + 30, + ¢'0,)
whose bare functions satisfy WI (5.4). However,
this identity says nothing about the o dependence
of its counterterm because (0, +3 0, + ¢'0,) in the
tree approximation gives a vanishing contribution
to (5.4). Indeed, the corresponding anomalous di-
mension (2.27), y,=ady/da, depends explicitly on
a.

VI. CONCLUSION

The gauge transformations introduced by
Becchi, Rouet, and Stora® appeared to be ex-
tremely useful for the study of various properties
related to gauge invariance. In particular we have
obtained by this method the results derived other-
wise by Caswell and Wilczek,® namely, the a in-
dependence of the B function for a specific choice
of renormalization prescription.?® This tool was
also well suited for the study of the renormahza-
tion of the bare gauge-invariant operator F“,, , for
which a direct method allowed an immediate com-
putation of the corresponding multiplicatively re-
normalizable operator. All operators coupled
through renormahzatlon to F,,,, satisfy the same
Ward identities as Fu,, , where all terms referring
to auxiliary ghostlike operators were eliminated,
although they are not invariant under gauge trans-
formations. Furthermore, it was shown that there
exists one multiplicatively renormalizable oper-
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ator whose anomalous dimension is a-independent
due to Ward identities. Finally, this example
shows that the non-gauge-invariant operators
coupled to F 4 by renormalization cannot be
ignored for the computation of this a-independent
anomalous dimension, even at the one-loop level.

We conjecture that the same conclusions hold
for any gauge-invariant operator: A bare gauge-
invariant operator couples by renormalization to
all operators which satisfy the same Ward identi-
ties; to each bare gauge-invariant operator cor-
responds a multiplicatively renormalizable oper-
ator which satisfies similar Ward identities and
which possesses an a-independent anomalous di-
mension. It seems hard, however, to derive the
expression of this operator on the basis of Ward
identities only. For the present, we feel that our
analysis through Ward identities could be success-
fully applied to the study of the renormalization of
twist-two gauge-invariant operators. On the other
hand, it might be simpler for the study of matrix
elements of gauge-invariant operators between
physical states to consider Green’s functions with
insertions of such operators and without external
legs.?® An alternative and attractive approach is
provided by the axial gauge: In the example stud-
ied here, and in this gauge, -F"“,f is coupled by re-
normalization only to itself, and the correct gauge-
invariant anomalous dimension is obtained to all
orders in perturbation theory; the complications
due to the mixing with non-gauge-invariant oper-
ators are thus avoided. Both from the fundamen-
tal and computational point of view, it would be of
great interest to understand the quantization in the
axial gauge.

Finally there remains another tough problem:
the possible occurrence of non-gauge-invariant
operators in the Wilson expansion and, eventually,
the vanishing of their matrix elements between
physical states. Intuitively, any operator corre-
sponding to an a-dependent anomalous dimension
should not be observable; this calls for a clean
proof.
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APPENDIX A: USE OF WARD IDENTITIES
FOR RENORMALIZATION PROCEDURE

This appendix is intended to show how easily
the WI [Eq. (3.18)] and equation of motion (3.15)

are exploited for the renormalization procedure:

~ ~

oT 6T
] - = —————
K odji(x) 6Ci(x) (al)
and
f[ of 8F  oF &f ]d4 0
SA|(x) 8Ji(x)” 8Ci(x) 6K ()] “ T
(A2)
where T denotes
f-T+ L f[a A(x)Pdix (A3)
2a K ’

We introduce the following parametrization (Fig.
2):

o°r L=
5CTs] - Pu iP5, (a4)

where p , is the incoming momentum of the ghost.
Here and in the following, the arguments of the
functional T are set equal to zero after differentia-
tion. Then differentiating equation (A1) with re-

wk
ey _
AR 5CT6CT /
8A7, 6C76C p/_,- .\\q
K ‘.
! J
5°T

6A% 6C6J,7

5T . ; 3
6C,8C; 0K, ~ m

FIG. 2. Graphical representation of the Green’s func-

tions involved in Eqs. (A4), (A5) and (A7).
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spect to C gives
521 .
5oiasT - — P I(P")0y, (A5)
which tells us that no ghost mass counterterm is

needed. On the other hand, by differentiating Eq.
(A2) with respect to both A, and C, we obtain

52l -
— = p T(p?)=0. A6

Thus the two-vector Green’s function 8°I'/6A4%6A"
remains transverse and no counterterm of the
form (8“}{“)2 is introduced in the Lagrangian.

We now have to introduce further parametriza-
tions. For the sake of simplicity, and because it
is sufficient for the purpose of renormalization,
we parametrize the three-leg Green’s functions
at the symmetric point p?> =¢® =72. Besides the
functions defined in (4.10), we shall use the follow-
ing notations (see Fig. 2):

83 . ~ ~
A% 5CISC! == igfiul G (p*) +4,G,(P7)],

(ATa)
6°r T( 12 '3 2
m=—gfm[gw11(? ) +b upoH,(P?)
+b ol (%) +5,q ,Hy (%)
+4,9,H,(p*)], (ATb)

__‘SSL_=gf. K(p?) (ATe)
6C,0C,;0K; °7 H* :

Apart from the four-vector Green’s function, only
the Green’s functions involved in Eqs. (4.10), (A4),
(A5), and (A7) are superficially divergent. From
(A1), one now easily derives the relations

H+p?H, +p-ql, =G, (A8a)
ngz +p °qii4 =év withp cq=- %Pz : (A8Db)

Thus G, is superficially convergent, and the re-
normalizations of & and H are related.

Similarly, by differentiation of Eq. (A2), we ob-
tain

©+G)-1=K-1I (A9)
and the important relation

[A+3%p*@, +H,)] - 1=[G - 2p°G,] 1. (A10)
In view of Eq. (A8a), we write it as

G I=G Taeee.

The dots denote a sum of products of superficially
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divergent amplitudes, namely I or I, by super-
ficially convergent amplitudes, of order O(g?),
such as G, or ;. In the “minimal” renormaliza-
tion procedure described in the end of Sec. II,
these terms are of no importance for the deter-
mination of the counterterms. In contradistinction,
if one chooses to impose some renormalization
conditions at a fixed Euclidean point, one then has
to take these terms into account in order to have
constraints consistent with gauge invariance.

For the sake of completeness, we should also
derive the relation between three-vector and four-
vector vertices. This is simply obtained by fur-
ther differentiation of Eq. (Al).

Finally, we obtain the renormalized generating
functional of Eq. (3.19).

APPENDIX B: WARD IDENTITIES IN THE PRESENCE
OF MATTER FIELDS

The derivation of Ward identities by means of
gauge transformations developed in Sec. III is
immediately extended to the case where matter
fields are introduced. Suppose for example that
we consider spinor fields, which transform like
some irreducible representation of the gauge
group; the infinitesimal transformations of the
fields read

8y, (x) =ig,T Ldw! (x)¥,(x),
09, (%) = —igohy(x) T, 0w (x) .

(B1)

The Hermitian matrices T form a representation
of the Lie algebra:

[T, T =i f;;, T". (B2)

We now want to use the special gauge transforma-
tion (B1) where

dw'(x) = C'(x)ox (B3)

as studied in Sec. III.

Besides the Lagrangian of the ¢ field and source
terms for the ¥ and ¥ fields, we also introduce,
as in Sec. II for the A and C fields, source terms
for the variations of ¥ and ¥; we thus add to the
action of Eq. (3.7) the term

S BuIG ~m)gf2) + ELLI ) + T
+180Pa(x) ThsC* (x) My(x)

+ig°X4.(x)T:,c‘(x)¢,,<x>] ,

(B4)

where D§’), denotes the covariant derivative of ¥:
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Dﬁ”z[)b: al-‘lpa—igoA:lT:b by - (B5)

It is easy to see that under gauge transformations
(3.3), (B1), and (B3), the terms ¥,T%, C' and
T!,C'y, are invariant. The new Ward identity sat-
isfied by the 1PI generating functional is then
readily derived:

fd4x<or T oL 8T 8L 8T 8L o \_
SAL 8J, ~ 5C° oK' 6y, ON, ' 57, oM,
(B6)

and the usual relation'! ! between charge and
wave-function renormalization for the ¥, field fol-
lows immediately.
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