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If physics is stable with respect to a class of perturbations of the spacetime metric, including that of “small”
constant four-dimensional curvature, then it may be shown that (1) left-handed and right-handed neutrinos
are distinguished by a superselection rule; (2) magnetic monopoles cannot exist; (3) the conformal symmetry
associated with the field equations for massless particles with spin 0, 1, and 1 is spontaneously
broken—except in the case of neutrinos with fixed chirality.

I. INTRODUCTION

The motivation for this investigation is to seek
an understanding of the enigmatic neutrino. The
neutrino, like the two other known massless par-
ticles, plays a major role in a fundamental inter-
action that is weak enough to be treated by con-
ventional methods, including perturbative quan-
tum field theory. Yet the only known reason why
the neutrino mass should vanish is that it then
becomes possible to reduce the number of degrees
of freedom—from four to two by means of the
chiral projector 3(1 +v,). Even this is inaccurate
since, in fact, four types of neutrinos actually
exist: the left-handed v, and the right-handed
v, with their respective antiparticles. (We think
of v, and v, as the components of a single four-
component Dirac field.) It is thus more precise
to say that masslessness makes the separation
of the left-handed and right-handed neutrino states
into invariant superselection subspaces possible.
(One of our results is that it also makes it neces-
sary.)

The idea that will be pursued here is to attempt
to gain some further insight into the meaning and
ramifications of masslessness by generalizing
the usual Minkowski-space arena to allow for the
possibility of a nonvanishing constant curvature.
The result will be directly relevant to flat-space
physics if we assume, as we shall do in the dis-
cussion that follows, that the mathematical de-
scription of physical phenomena is stable with
respect to a class of perturbations of the space-
time metric that includes the metric character-
ized by a “small” constant curvature. In other
words, the suggestion is made to invoke a prin-
ciple of continuity with respect to the curvature
(p) near p=0, in order to impose new limitations
on physical theories. Our exercise may be help-
ful in guiding the development of physical theory
in another way too, for it is plausible that, when
several different notions appear to be basic to a
phenomenon in flat space, the more fundamental
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among them is the one that remains so in a more
general context. The main results are the follow-
ing.

Theovem I. Left-handed and right-handed neu-
trinos are distinguished by a superselection rule.
That is, they are characterized by different values
of an exactly conserved quantum number. This
follows from the more general conclusions con-
cerning the domain of the Hamiltonian that are
obtained in Sec. V.

Theovem 1I. Free magnetic monopoles cannot
coexist with electric charges. This is because
the field associated with a magnetic-monopole
source describes a state that is not in the domain
of the Hamiltonian, This is shown in Sec, VIII.

Theovem III. The field equations for massless
particles of spin 0, 3, and 1 are “conformally
invariant,” but the group of conformal transfor-
mations cannot (except in two special cases) be
implemented by unitary operators acting on the
physical states; this is simply because the do-
main of the Hamiltonian is not conformally in-
variant. The exceptions are the realistic case
of chiral neutrinos and the unrealistic case of
self-dual photons. In all other cases considered
the conformal invariance is spontaneously broken
(Secs. I, V, and VIII).

The problems of massless particles and con-
formal symmetry in curved spaces have been
studied extensively in the literature,’ but always
from the point of view of the formal invariance
of the field equations. The nature of our results
makes it clear what is the new element in this
paper, and also why it was necessary to restrict
ourselves to a space of constant curvature.’

de Sitter space can be visualized as (the cover-
ing space of) a hyperboloid y,2=y,2 - v,% = ¥,°
- 9,2+ .2=p~! (where p is the curvature constant)
in a five-dimensional pseudo-Euclidean space
with signature + — — — +.3 The most useful set
of intrinsic coordinates is ;r, t, where the time ¢
is defined by Eq. (2.6). The group of motions is
the universal covering group of SO(3,2) and the
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generators are denoted L,5, @, =0,1,2,3,5.
The irreducible representations that are relevant
for elementary particles are denoted D(E, s).*
Here E is the lowest among the eigenvalues E of
L, and s is the angular momentum of the lowest
eigenspace. Whenever we mention “the Casimir
operator” we mean the bilinear invariant €. In
D(E,, s) we have

QE%LO(BLOCB=EO(EO—3)+S(S+1)' (1.1)

In the flat-space limit p—~ 0 the limits of Ly, and
P,=p'? Ly, (u,v=0,1,2,3) become the generators
of the Poincaré group. Thus, p'/?E is the energy
and s is the spin. The mass, well defined only

in flat space, is given by

m=limp*?E, . (1.2)

A representation of the Poincaré group with m+0
is thus obtained as a limit that lets E,~«.> Con-
versely, any fixed choice of E, describes a par-
ticle that is massless in the flat-space limit.
This fact leaves a great deal of latitude for the
definition of “massless” in de Sitter space. We
expected that to study and perhaps resolve this
ambiguity would give us a deeper understanding
of the nature of masslessness. We therefore
studied low values of E,, looking for special
phenomena associated with particular representa-
tions. The results are as follows: (i) The very
remarkable Dirac singleton representations® have
too few states to allow a field-theoretical applica-
tion. (Details are not reported here.) (ii) For

s =0, the only “special” values of E, are those
associated with conformal invariance, E,=1 or 2.
(iii) For s =3 the value E, =% is distinguished by
the existence of a chirality operator and by con-
formal invariance. (iv) For spin 1, only E =2

is consistent with gauge invariance; this is also
the value associated with conformal invariance.

(v) For spin 2, only E, =3 allows gauge invariance.

(Details are not reported here.)

The weight diagrams for s=0, 3, and 1 are
shown in Figs. 1, 2, and 3.

To complete this study of massless particles in
de Sitter space we should have considered s =3
and s=2 as well. In particular, the following
question suggests itself: Can Einstein’s theory
of gravitation be reinterpreted as a field theory
of massless spin-2 gravitons in a space of con-
stant curvature? In the (unlikely) case that this
should be denied we would regard as fortuitous
the fact that it can be done in flat space.”

[Some unusual conventions: de Sitter space
coordinates y,, @ =0,1,2,3,5; Dirac matrices
Yo = (707 YV Ys,i ); ’(P, "p; ,Aas 'Focﬁ are the
“duals” of ¢, ¥ etc.]
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FIG. 1. Weight diagram for D(E, 0). Each dot repre-
sents an SO(3) irreducible (2J +1)-dimensional multiplet.
The patterns extend upwards without bound, in the angle
bounded by the two broken lines.

II. SPIN 0, GENERAL

Let ¢(y) be a scalar field, on which the action
of the infinitesimal generators L,z of SO(3,2) is
given by

Log =1 (9495 — Ya04) - 2.1)
The second-order Casimir operator is

Q=13 LopLag =N({ + 3) - 302, (2.2)

N=y,0, , 2.3)
and the wave equation is

[Q-E,(E,-3)]¢(y)=0. (2.4)

As was explained in the Introduction, £ is the
lowest value on the spectrum of L.

When £ is sufficiently positive one finds the
following complete set® of solutions of Eq. (2.4)°%:

Pru=Crr YLM(S))e'iEtpl/z];[E‘Eo y-B
X F (=K, —K-L-%;E,-3;-1/py®).
(2.5)
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FIG. 2. Weight diagram for D(E, 3).
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Here Cjg; is a normalization constant and
Y=(y,2+ 92)2= 3%+ 1/p)"2,
et = (y, - iy,)/Y, (2.6)
K=3(E-E,~-L).

The function ¢,y is a simultaneous eigenfunction
of Ly, L% and L, with eigenvalues E, L(L +1),
and M in the range

K=0,1,...; L=0,1,...,

and, of course, M=-1,..., L. With a proper
choice of Cg; one has®

f ¢l)i‘kLM(y)¢E'L'M’(y)(dy) =0gg+ Opp 1 Opyr, (2.7)

(dy)=dtd3y =2p~26(y% — p~1)d®y . (2.8)

These integrals converge when E > 3.

The action of the differential operators (2.1)
induces an algebraically irreducible matrix rep-
resentation of the SO(3, 2) algebra on the basis.
This representation will be denoted D(E,, 0). The
matrices are Hermitian if C;; is determined by
(2.7). Using the same expressions for the Cy;
when E, <3 (analytic continuation in E,), one
finds that the algebraic representation remains
irreducible and Hermitian when $<E,<%.° The
representation can be integrated to an irreducible
representation of the SO(3, 2) group, by unitary
operators acting in a Hilbert space, if E,> 3.
When Eo>% we can define the Hilbert space by

60 62)= [ 610)6,0)(dy). (2.9)

When 3<E, <% this integral does not converge and
we have to define the Hilbert space as the set of
functions of the form

¢(y)=ZcELM¢ELM(y) (2.10)

with square summable coefficients (the 1% norm):

Y ICapul?<e . (2.11)

We wish to explore low values of E,. We want
to know what values of E, are “exceptional,” and
whether unitary representations in the range
3<E, <% are relevant to field theory. The only
value of E, for which special phenomena have
been found is E,=2; this case is already known
to be of interest in connection with conformal
invariance.

III. SPIN 0, E=2

In flat space one is concerned with special ir-
reducible representations of the conformal group
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4} X ° o ° °
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FIG. 3. Weight diagram for D(E,, 1). Each dot or
cross represents an SO(3) irreducible multiplet. When
E =2 the weights indicated by crosses belong to an in-
variant subspace that carries D (3, 0)—compare Fig. 1—
and the dots give the weight diagram for the represen-
tation D’ (2, 1) used by electrodynamics.

that remain irreducible when restricted to the
Poincaré group.® Although the conformal group
in de Sitter space has the same structure as the
conformal group in flat space, there is no irre-
ducible representation whose SO(3, 2) restriction
is equivalent to D(E,, 0). However there is a very
well-known representation that reduces to the sum
of only two irreducible SO(3, 2) components, name-
ly, D(2,0)®D(1,0). These have the same value
of the Casimir operator, @ =-2, and may there-
fore be expected to have the same wave equation.
Please see the Appendix.

In fact, Eq. (2.4) has a second set of solutions,
'¢pLu Sy, given by the same formula (2.5), but
with E, replaced by E[=3 - E,. Thus

¢ELM%D(EO’ 0) (E0=2)
"prue=D(EL0) (E{=3-E,=1).

The prescription given in the preceding section,
for normalizing the wave functions when E > 3,
determines all normalization constants except for
a single multiplicative factor common to all ¢z 4.
The operators Lg,, that with (2.1) complete the
algebra of infinitesimal conformal transforma-
tions, can be represented by (see the Appendix)

Lsoc =pllz(yBLBoc _iyoc)
=ip~1/%8, —ipllzﬁya . (3.1)

They do not, in general, commute with @, but the
wave equation (2.4) is nevertheless invariant if
the eigenvalue E (E, - 3) is equal to — 2. They
are not symmetric with respect to (2.9), but this
is irrelevant since the basis functions ‘¢, are
not normalizable in that sense. The operators
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(2.1) and (3.1) induce on the basis functions ¢z 4,
‘¢z u an irreducible matrix representation of the
conformal algebra. In particular, L,, transforms
the ¢ 5.y into the '¢g; 4 and vice versa. The ma-
trices are Hermitian provided only that the pre-
viously undetermined common normalizer of all
the ‘¢z, y is chosen appropriately. The represen-
tation can be integrated in the same sense that
D(E,, 0) can be integrated when 3<E, <3, on the
12 norm.

The wave equation (2.4), in terms of the vari-
ables y and £, reads

(”‘ p—ll;—z 8{">¢(§, t)=0, (3.2)

H=3,(5;; +py; ;)9; + 2p . (3.3)

The canonical quantum-mechanical metric is
given by

(0,000 [ 0750, 2% 5 (3.4

it has some interesting properties. As far as the
¢y are concerned one finds that orthonormality
as defined by (2.7) means exactly the same as

(¢ELM, Sgiprur) =0ggs Oppr Oyyr (3.5)

The ‘¢ 5 4 could not be normalized by (2.7), but
they are normalizable in the sense of (3.4). In
fact, the normalization condition

("GPrLus " Prrrur)=0pgrOpp ¢ Oy (3.5")

is precisely the one that makes the matrices Ly,
Hermitian.

Thus, the ¢,y seem to have gained respecta-
bility—but there is a catch: the lowest-energy
eigenfunctions

Pa00® (9o +195) 72 and ' 40 (9o +73;)7" (3.6)

are not orthogonal, although their energies are
different. Orthogonality between two states with
unequal energies depends on the fact that (P,
=pl2 L =id/dt)

12 - &
p ! (El_Ez)(¢u ¢2)_-z dt (4)1’ ¢z)

= f[(P0¢l)*i5,¢2

- ¢35, (Pyp,)] d%y/pY2.
(3.7)

This vanishes if P, is self-adjoint on a domain
D(P,) with respect to the metric (3.4) and if ¢, ¢,
both belong to D(P,). Since the functions (3.6) are
not orthogonal they cannot both be in D(P,).

Using the wave equation (3.2) we can rewrite

(3.7) as follows

= [L@o )70, - ox o ao . (3.8)

In spherical coordinates (3.3) takes the form

—_

2
H=v"%3, (r? + pr*)s, - LTz +2p. (3.9)

This is formally symmetric with respect to the
ordinary L? metric, hence, the failure of (3.8)
to vanish has to do with poor convergence in the
limit »-». If ¢, and ¢, have the same angular
quantum numbers, then (3.8) reduces to

fd'r[(ar'r"&,Rl)*Rz—R;*(B,r“a,Rz)], (3.10)
o

where R; (¢, 7) is the radial part of ¢;(¢,7,2). All

the other terms are strongly convergent and there-

fore cancel out. Rearranging we get

[ aro,l60,R) R, ~R}G0,R)] . (3.11)
0

This vanishes if and only if

lim [(@*6,R )*R, -R*(*3,R,)]=0. (3.12)
r >
Equation (2.5) shows that, as 7—~», ¢, behaves
like 7“2+ ¢cr~*++ -+, while ‘¢, 4 behaves like
r~'+c’r 3+ .- . Therefore, let us take

Ri=a;(tWr '+ b,(tr2+---, i=1,2. (3.13)
Then (3.12) reduces to
a¥b, - b¥*a,=0. (3.14)

This means that, if ¢ =R (¢, 7)Y, ,(Q) and R(¢,7)
has the expansion R=a(tyr~*+ b(tr=2+--- for
large 7, then a(t)/b(¢) must be a fixed real num-
ber (or infinite)—the same for all ¢ in D(P,). Be-
cause the energy spectrum associated with ¢ 4
[and hence with b(¢)] is different from that of
"¢y Li-e., a(t)], we conclude that the only pos-
sibilities are (i) a(t)=0, (ii) b(¢)=0. Thus, D(P,)
may be taken to be spanned by the ¢z, 07 the

"¢ 514, but not by both.

It follows that the physical states do not carry
a representation of the conformal group (or even
the algebra), this in spite of the invariance of the
wave equation, and in spite of the fact that the
algebraic representation induced on the solutions
is equivalent to a unitary one. We are in the
presence of a perfect example of a spontaneously
broken symmetry.

It may be objected that the argument was based
on the interpretation of the theory as a quantum-
mechanical system, that may be irrelevant since
a complete quantum-mechanical interpretation is
impossible in view of the appearance of negative-
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energy states. However, the requirement of
completeness with respect to (3.4) can be based
on the unitarity of the field-theoretical S matrix
in perturbation theory. The solution of the in-
homogeneous wave equation

@+ 206 =F(3)
is
0)= [ Daly, 30 (") ay"),
where!!
Dg(y, ¥)=)_ ¢; (0 Fu6(t~1"). (3.15)

Here the sum runs over the physical asymptotic
states. Thus

@+2) [ Da(y,3)f )@ =1 ),

which is equivalent to

[T o woroniason S| =,

Therefore, the wave functions that enter into the
sum that defines Dg(y, ¥’) must be complete with
respect to (3.4). On the other hand, unitarity of
the S matrix requires that these wave functions
be precisely those of the physical asymptotic
states.

[The sum in (3.15), extended over the normal-
ized ¢ 4(y), was calculated in Ref. 3, for arbi-
trary E,. When E, =2 it reduces to

Z PeLu(MOEu(y’)=(p/4n*)(2* - 1)1, (3.16)
with z =py, 9% . In the limit p— 0 this becomes the
familiar (- 1/272)/(x —x')?. Similarly,

> s u(3) oFu ) = (p/41)2(2% = 1)7

which has the same flat-space limit.]

IV. SPIN 7, GENERAL

Let ¢,(y), a=1,2, 3,4, be a spinor field. The
infinitesimal generators of SO(3, 2) are

Lop=i(Y40p = ¥83a) + 58 (Ta¥p = T6¥a)
=Myp + Zgp (4.1)

where vy, = (')’o, Y,1), Vo= (2 ;, -1), and Yo :; are
the usual Dirac matrices. We note the following
expressions for the Casimir operator:

QE%LOLBLOLB=ﬁ(ﬁ+ 3)—y282+K+%
=k(k+4)+3

=E,(E,~3)+%. (4.2)

Here ﬁsya 8, as before, and
K=ZopMyp =210 Yo Op
=N = 7o Yo Y805 - (4.3)

The last expression for @ in (4.2) is an application
of Eq. (1.1) to the case s =%, the others are
simple to verify directly.

Equation (4.2) shows that @ is essentially factor-
ized by k, so that an appropriate choice of wave
equation is

(k=N)Yp=0
or

(2iZgp Yo 05— N)P=0. (4.4)

According to (4.2) the eigenvalue N of « is re-
lated to E, by either E;==N—-jor E,;=N+%. We
may take ¢ to be homogeneous of degree N, then
as (4.3) shows, Eq. (4.4) reduces to the simpler

Yo 9a9=0. (4.5)

However, this equation’? does not by itself fix E;
therefore, it does not define an irreducible rep-
resentation, and it is not a suitable wave equation.
Equation (4.4) was proposed by Dirac.

The Lagrangian for (4.4) is [with §=¢*y, and
the volume element (dy) defined by (2.8)]

2= [72iZ.p yu85 - Nilay) (4.6)

The current

Jp =20Z0p Yo ¥ (4.7)
satisfies ypJ3 =0 and, if ¢ satisfies (4.4),

95J5=0 (4.8)
or

—q-J‘+8iJ‘=0. (4.9)

dt

Here we have introduced the variables t,§ [see
Eq. (2.6)] and

I = (Yods = ¥, J )Y 2=4 Ty, (4.10)
I'=1+i(y-y/Y)expliv,p?t). (4.11)
Integrating (4.9) we find

%fJ'd3y=0, (4.12)

which expresses the fact that fJ‘d3y is invariant
with respect to the transformations generated by
P,
Since

By=pieLyg=i o _spity,, (4.13)
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the time dependence of a stationary state is con-
tained in a factor of the form

exp[—ip2(E + 3y )t] .

It is convenient to reduce this to a pure phase
factor by introducing

P(t,y)=exp(3ip 2y t (L, ¥) . (4.14)

Substituting this into the wave equation (4.4) we
obtain the Schrdédinger equation

d ~
o; X _ =
(I“zdt H>1p o (4.15)
with
r°=rt|,_,=1+iy-y/Y, (4.16)
H=3{YT%iy,y-8} - (N+2)p2y,. (4.17)

As either (4.12) or (4.15) shows, the canonical
quantum-mechanical metric is

4y, 42)= fﬂ I°,d%y. (4.18)

The matrix I'° is Hermitian and positive definite.

When N is sufficiently negative one finds™ for
(4.4) a complete, discrete system of basis vec-
tors ¢¥,,(y), simultaneous eigenvectors of L,
T2 and L,,. The spectrum is

E-E,=0,1,2,...; J=3%,3,...
(4.19)

and E,;=~- N~ 3. The wave function for the ground
state is

igo,mmoc Yu, (4.20)

where u is a constant spinor such that y u=u.
The algebraic representation induced on ¥, by
the differential operators (4.1) is Hermitian and
irreducible if N< - 3; thatis, E,>1. The wave
functions are normalizable in the metric (4.18)
under the same condition.

For other values of N one finds for (4.4) a dif-
ferent set of solutions, with essentially the same
properties, but with ground-state energy E|
=N+% . They are given by

Viau=BUso (4.21)

where B is the matrix introduced by Glirsey and
Lee’%:

B==ip" Y YoVos Y=iVoY1V27s- (4.22)
Indeed, one easily verifies that

{8, k +2} =0, (4.23)
so that

(k=N)YV== Bk + N+ 4)p~""%=0. (4.24)

The ground-state wave function is
"Z’gé.llz,umYFOY—N_su, (4.25)

where u is a constant spinor satisfying y,u =u.
The algebraic representation induced on ’y¥,, by
(4.1) is Hermitian and irreducible if N> - $; that
is, Ej>1. Noting that I'°yI'°=y/pY? we see that
the wave functions are normalizable in the metric
(4.18) under the same condition.

To summarize: When N < - 3 the first set of
solutions form a complete orthonormal basis for
the representation D(~ N -3, 3). When N> -3
the second set of solutions carry the representa-
tion D(N +%, 3). When — < N< -3 both sets are
normalizable and this interval deserves some
further investigation. The midpoint, N=-2 (or
- N-3=N+%)is also the only case in which the
chiral projections 3(1+ 8) are defined on the do-
main of the Hamiltonian.

V. SPIN §,E,=3

The operators L., that with (4.1) complete the
algebra of infinitesimal conformal transforma-
tions, are (see the Appendix)

Ly =p1/2(yBLBoz _%iyoc)
=ip™12 8, —ip"A(N + 1)yo+3ip"* 75 ¥g¥a. (5.1)

The commutator [ Ly, k] is equal to iy, (k + 2);
hence, our wave equation (4.4) is invariant only if
N=-2. In this case E,=E/=% and the functions
¥, y" carry two identical copies of the repre-
sentation D(3, 3) of SO(3, 2). Note that (4.21) re-
duces to

g =ByEm (When N=-2) (5.2)
or

Dam = éiﬁm, (5.3)

B=p!2YyI®. (5.4)
The matrices B and B satisfy

p=p=1. (5.5)

The operators L., transform the ¢" into the ‘y"
and vice versa. Together, " and ‘y" carry a rep-
resentation of the conformal algebra. Unlike the
spin-0 case, however, this representation is re-
ducible. The operators (5.1) commute with 8 and
a pair of conjugate' irreducible representations
are induced in the chirality subspaces spanned by

30Nz Vhou) = %ﬁ Veau - (5.6)

As in the spin-0 case, we must determine which
states span D(F,). The analog of (3.8) is
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f[(Hzﬁl)Tzl2 - PNHD,)] a®y. (5.7)
Using (4.17) we reduce this to (/2 times)
fd“‘ﬁ'(Yﬂ{?vo, T%g,). (5.8)

The condition for this to vanish is, simply
r=1yl),

lim #® f P yed,d2=0. (5.9)
r—>o

Asymptotically, up to a common factor,
W =r"2u+ 721 =375, (5.10)
=y (L iy Pu. (5.11)

The spinors « and v depend on ¢ and on the angles,
and both are in the positive eigenspace of v y
is the direction of y and » = |y|. Take, fori=1, 2,

Bi=r~2uy +r ly(L+ iy D +r (1 =iy Y, ; (5.12)
then (5.9) reduces to

](uI'y?-&uz’—u{Ty:;'&uz)dﬂ=0. (5.13)

This is identically zero in special cases—for ex-
ample, if :ﬁl and zﬁz are in the same energy eigen-
space—because of the cancellations brought about
by the integration over angles. For F, to be self-
adjoint, however, D(F,) must be defined by the
condition that, if = D(P,) then ' must be a
fixed real multiple of u—the same for all z}

A complete set of physical basis vectors that
span D(P,) is given by

() = B9 1 () (5.14)

where w is a fixed real number. If w=x7/2, then
these states are states of fixed chirality; in that
case only do the physical states carry a (unitary,
irreducible) representation of the conformal
group.

One implication of this result is that, if neu-
trinos of both chiralities exist, then the states
must be distinguished by a superselection rule;
that is, by an exactly conserved quantum number
(the muonic number).

VI. SPIN-1 FIELDS

Let A (y), @=0,1,2,3,5, be a vector field. The
action of the infinitesimal generators L,y of
SO(3, 2) on this field is given by

(LosA)o=1(ys 8 = Y80u)A g +10,Ag =105, A, -
(6.1)
Let M, and Z,g be the differential and constant

parts of L,z and note the formulas

MypgMpy =98y + 8598 g = 3, (N + 17)8g

—3a(1\7—2)y5—5a3, (6~2)
L M sMys=N(N + 3) = 4282, N=y,8, (6.3)
3 ZasZas =4, (6.4)

(MypZap) or =Kor =287 = 2Y507 ~ 20857 . (6.5)
The Casimir operator is thus
QE%LaBLaB=ﬁ(ﬁ+ 3)-y%0%+k+4. (6.6)

If E,is the lowest eigenvalue of L, then by Eq.
(1.1) the value of Q is (E,— 1)(E,-2) and the wave
equation is

[NV +3) = 3202 + k+ 4= (E, - 1)(E, - 2)] A, =0.

(6.7)

Because the equations

0,4, =0, YyAq=0 (6.8)
are invariant, they must be satisfied in an irre-
ducible representation.

Differential subsidiary conditions give rise to
great difficulties when one attempts to introduce
interactions. The only known remedy is the
Fierz-Pauli scheme, which consists of finding
a Lagrangian such that both the wave equation and
the subsidiary condition are consequences of the

variational equations. We write down the most
general wave equation

£,8Ap=0 (6.9)

with the following properties. (1) Equation (6.9)
is equivalent to the set (6.7), (6.8). (2) It is a dif-
ferential equation of second order. This means
that £,5 is a sum of @0, and the type of terms
that occur on the right-hand side of Eq. (6.2),
plus a term of the form y,7s, with seven arbi-
trary, complex coefficients. (3) The Lagrangian

2= [ Az Luao@) (6.10)

must be real.
We find that £,5 must be
Lo5 =[N+ EQ + 3+ Ey) = 320%] 8,5 + 3,035
+ 9202y p + 96,970 = Yo (N + 4)85 = 8, (N + 1)y,
(6.11)

where a is an arbitrary real constant. Now

Yo LapAp=la— (Bo=- 1E~2)] 3y Aa,

8y LapAg=—(Eyg=1)(E,—2)8,A, + (N +5)ay, Ay
Equation (6.9) thus implies (6.8), unless
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(E,-1)(E,-2)=0. The only interesting exception-
al case is E,=2, since there is no unitary rep-
resentation with E,=1. The term jy,ay; turns out
to be uninteresting and will henceforth be dropped.
This result is closely analogous to what is well
known in flat space: The Fierz-Pauli scheme is
applicable to spin-1 fields unless the mass van-
ishes. The failure of this scheme for electro-
dynamics is of course fundamental; it is the
sine qua non of local gauge invariance. The choice
E,=2 is the only one that can lead to gauge-in-
variant electrodynamics in de Sitter space.
Solutions of (6.9) of the form A, =8,A + y, A’
do not exist unless (E,— 1)(E,-2)=0, and in that
case they solve (6.9) identically. Hence, Eq.
(6.9), if E,=2, is gauge invariant; that is, in-
variant under the transformation

Ay =Ay + 8 A + YA’ , (6.12)

with arbitrary scalar fields A and A’. The wave
equation (6.7) is invariant under (6.12) only if
A and A’ are restricted by QA =QA’=0. The
choice between the fully gauge invariant (6.9) and
the less invariant (6.7) has a well-known exact
analog in flat space.

Locally gauge-invariant electrodynamics in
de Sitter space is constructed by minimal cou-
pling substitution

By = 8y —i€Aq (6.13)

into the field equations for charged particles.
These field equations involve 8, only in the com-
bination y, 8g — y39,; therefore, it would be more
accurate to give the minimal substitution in the
form

Vo 98 = Y80 = Yo 9 — YpOu -ie(yaAB - 384Aq),
(6.14)

which shows that the component y,A’ is uncoupled.
In the Appendix we show that this theory takes the
familiar generally covariant form when it is ex-

pressed in terms of intrinsic spacetime variables.

VII. SPIN-1 BASIS

It is not very difficult to write down the most
general A, (y) that is a simultaneous eigenvector

—J

\vr2
Agoﬂ'(’:(yo"‘iys)-Eo—l(M- +31y;, (Eo"' 1y,

Vo +1Y5

Next we calculate
di(iL o~ L )ABo* b0=— (E - 2)APo}@)  (7.7)

which shows, when compared with (7.5), that the
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of Ly, L2 and L, besides satisfying the wave
equation (6.7) and the subsidiary conditions (6.8).
The weight diagram, including the correct multi-
plicities, can be obtained by inspection of the
character of the representation, or very simply
by reduction of the product representation:

D,®D(E,, 0)=D(E,, 1)® D(E,+ 1, 0)®D(E, - 1, 0) .
(7.1)

Here D, is the irreducible five-dimensional rep-
resentation. Using the known weight diagram for
D(E,, 0), we easily calculate that of D(E, 1)—see
Fig. 1 and Fig. 3.

We take basis functions that are homogeneous
of degree —E in y,; thus

8, Ay = YoAy = (N +Eg) A, =0. (7.2)

Then « reduces to —2 and the wave equation to
824, =0.

The ground state is the unique triplet that satis-
fies (7.2) and

(Log = E)AF0 =0 = (G L;, - L;;) AF0rL, (7.3)

namely (¢ =0,1,2,3,5; dis polarization vector)

85 g @7 )
Yo+ i¥s ' Yot+iys )
(7.4)

Acting with the generators (6.1) on (7.4) we obtain
the wave functions for all the states of the weight
diagram in Fig. 3. The matrix representation of
SO(3, 2) thus induced on the basis vectors is ir-
reducible, and can be made Hermitian by suitable
normalization of the basis, provided E;>2, We
show explicitly what happens in the limiting case
E,=2.

Applying the raising operators ¢L;,+ L;; to
(7.4) we obtain the nine states with E=E + 1,
J=0, 1, and 2:

a;(G Lo+ L;;) Ao (d)

AEOI@) = 5+ i) Fo

=%a'§AE°+1’°+AE0“'1+AE°+1’2 , (7.5)
where the singlet wave function is
. *2
iEy+1) —3iy0> . (7.6)
Yo+1Ys

representation cannot be made Hermitian if E,
< 2 ‘15

When E,=2 the right-hand side of (7.7) vanishes,
and this suggests that, when E =2, the state
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AFPo*1:0 5 the ground state of an invariant sub-
space. That this is indeed the case is shown by
the fact that, when E, =2, the wave function (7.6)
reduces to

AZOT 0= (86,97 + 30 ) (9o + 195)7° (7.8)

which belongs to an invariant subspace of “gauge
fields” of the form

Ay =092+ 3o )N . (7.9)

It is clear that this subspace carries the repre-
sentation D(3, 0), so that the basis states that
span it have the weights of that representation.
These basis states are indicated by crosses in
Fig. 3. Let W° denote this invariant subspace.

Let Whbe the space spanned by all the basis
states, then a unitary irreducible representation
is induced in the quotient space W/W°. This is
the representation that must be associated with
photons. We denote it D(2, 1)-to distinguish it
from the limit of the family D(E, 1); thus

lim D(E,, 1)=D'(2,1)®D(3,0). (7.10)

Eg—2
The weight diagram for D’(2, 1) is given by Fig. 3
when the crosses are ignored. All the weights
are simple and there are no states with J=0.

Note that the electromagnetic field carries an

irreducible representation of the de Sitter group
in a somewhat abstract manner. The generators
of D’(2, 1) are not precisely the differential op-
erators (6.1). Instead, they are given by (6.1)
with the additional instruction that states belong-
ing to W° are to be ignored whenever they appear.

. E0s1(F) = jo-1/2 . \—af Paryd-y—a-d
a; Loy ABo (@) = ip~172(y, +i;) (——yo+iy5

Adding a gauge term, namely,
. d. _a.d
o (ip-V2 pa:ya:y >
°‘<Zp 200 +2ys) /7
we reduce this to

Bl ipl/? (. -

. AEo» PO S

a; Lg; AFo1(d) 20, + i) (0, (axd)xy, 0)( |
8.2

Also, the lowering operator gives

; EQ,1 = M).,.

(Lo + 1 Lgs)A (a) aa( Yot % =0, (8.3)
while L, +1iLg applied to the state (8.2) gives
zero. The meaning of these results is as follows.

The six states given by (7.4) and (8.2) carry a

, pasyd, i

Expressing this fact somewhat elliptically we
may say that the electromagnetic field is not
strictly a vector field. Once again, this conclu-
sion is in close accord with the situation in flat
space.

As regards questions of completeness and the
identification of the physical states, thereis a
further complication that we have neglected to
mention. When E =2 there is a second set of so-
lutions of the wave equation (6.9), and on them,
a second copy of D’(2.1). This is the subject of
the next section.

VIII. SPIN 1. CONFORMAL INVARIANCE

The generators L, that with (6.1) complete the
conformal algebra are (see the Appendix)

Lo =p**(¥pLpo = 1Y)
= ip—uz aoc —ipl/zﬁya + za ’

L (8.1)
ZeA =ipt?(y, Ay - 050 Y8 A B) -

These operators take a solution of the fully gauge-
invariant wave equation (6.9) into another solution;
hence, (6.9) is invariant under infinitesimal con-
formal transformations. Furthermore, the
SO(3, 2)-invariant subspace of fields of the form
VoA + 3, A’ remains invariant under conformal
transformations as well; therefore, terms of this
form may be ignored in the following calculations.
Consider the ground state (7.4); the compact
generators L;s, i=1, 2,3, have the following effect
when E =2:

pa-yd-y—wd)
Yo+ Vs

representation of the compact subalgebra SO(4)
=8U(2)®SU(2) of the conformal algebra; namely,
in conventional notation, the representation
D(1,0)®D(0, 1) of SO(4). These states are the
ground states of a fully reducible (into two irre-
ducible components) representation of the con-
formal algebra. Suitable normalization of the
basis makes this representation Hermitian and
integrable in the 12 sense. An irreducible rep-
resentation of the conformal group is obtained
by taking for ground states three suitable linear
combinations of (7.4) and (8.2); these are close
analogs of the chiral projections associated with
spin-3 fields.

Let AZ™ ' AE™ denote the basis vectors of the
pair of SO(3, 2) representations having as ground
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states (7.4), (8.2), respectively. We seek an
analog of the chiral operator g of the spin-3 theory,
defined by

TABM g ABTM g2y (8.4)

Since no local operator with these properties exist
we try to relate the corresponding field strengths.
Define

Foup=04Ap=054,, (8.5)

Fos=Fop=pYayyFys = 0YpyyFoy - (8.6)
Then the field equation (6.9) reduces to

8, FL=0. (8.7)

Evidently, another solution is given by
IFaB='%pI/2€aB'yo‘ry7Fof . (8.8)

Hence, if A, is a solution of the wave equation,
then another solution is given up to a gradient by

¥y
'Aa =%p1/2€a6707 f yleaon(yl)dy‘ll' . (89)

When we apply this transformation to (7.4) we ob-
tain (8.2); hence, (8.9) defines the operator g:

"Ay = BA, . (8.10)

The conformal transformations commute with 3,
and the chiral projections (1 B)/2 give two con-
jugate!* irreducible representations of the con-
formal group.

In order to decide whether the conformal group
is implemented on the physical states, we repeat
the analysis already applied to spin-0 and to spin-
3 fields. It should be noted that our procedure
cannot be fully justified in this case because of
the problems of indefinite metric associated with
gauge invariance.

Since we are concerned with matrix elements
between states that are represented by wave func-
tions that satisfy the subsidiary conditions (6.8),
the wave operator (6.11) can be simplified to

Lo~ [+ 1) +2) = p~18%] 5,5 . (8.11)

In order to reduce the time dependence of AZ™
to a simple exponential factor we define

Ay = (A,cosp'/2t+ A, sinp’?t A,
A, cospl/2t— A sinp'/?t). (8.12)

This transformation is analogous to (4.14). The
analog of (3.8) and (5.7) is

f[(H/il);/iza—A'L(HA.z)a] a3y, (8.13)

where H,g is the 8, -independent part of the wave
operator for A,. It is evident that the only rel-

evant part of H is, as in the case of spin 0,
r~29, 7%, . (8.14)

For A, and A,, we take linear combinations of
AEMM and 'AE™ . Asymptotically

AGM wrey, 'AGM ey, (8.15)

where e, and f, depend on ¢ and on the angles.
Take, fori=1,2,

A.icx Sl P A T (8.16)

Inserting (8.6) and (8.14) into (8.13), we get,
following precisely the procedure of the two pre-
vious cases, that the vanishing of (8.13) leads to

f(fi’((ltezoc_eizfza)dQ:o- (817)

Therefore, to make P, self-adjoint the domain
D(P,) must be characterized by e, =cf,, where ¢
is a fixed real number.

The conclusions regarding implementability of
the conformal group on the physical states are
thus precisely the same in electrodynamics as in
neutrino theory. Nature, however, has elected
quite different options in each case.

As far as I know, a complete Lagrangian field
theory of photons interacting with both electric
and magnetic charges does not exist. Let us
therefore define a monopole as follows: Suppose
that F3g is the electromagnetic field for a state
in which the only source is an electric charge,
and let ' F3g be the dual of FJg. Then, if a state
exists for which ' F§, is the electromagnetic field,
its source will be called a magnetic charge or
monopole. Now our results show that, if FJ, de-
scribes a state in D(P,), then 'FJg does not, hence
magnetic charges cannot coexist with electric
charges.
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APPENDIX

The conformal group is the invariance group
of the light cone. It has the same structure in
de Sitter space as in flat space; namely, it is
the twofold covering group of SO(4,2). Let 2, be
the six real coordinates of pseudo-Euclidean space
with the metric given by

8ApZaRp =R =2, =20 =2, =2 + 2% =287
(A1)
then SO(4, 2) is the pseudo-orthogonal linear group
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of transformations z - Az that leave z % invariant.
Consider the cone z,%=0 and define

oy = —2B
u

ez, H=0L23. (A2)

The transformations z- Az induce the conformal
group of transformations on the four-dimensional
Minkowski space with coordinates x; and the usual
metric. Similarly, if we put

%=p2 2, a=0,1,2,3,5 a3)
6

then the transformations z -~ Az induce the con-
formal group of transformations on the four-di-
mensional de Sitter space with coordinates y,,
yocz =1/p.

Let f(2) be a function defined on the cone z ,%=0;
then the generators of f (2)~f(A~'z) are the set of
fifteen differential operators

L,p=i(z2485 259 ,). (A4)

Suppose f (z) is homogeneous of degree [ (the de-
gree of homogeneity is a conformal invariant),
and define

o) =2,""f(2). (A5)
Then the action of L, on ¢(y) is given by
LSOL =p“2(yBLBa +‘ilya). (AG)

The most convenient way of including spin is to
take (A6) as the general definition of Lg; the
commutation relations for SO(4, 2) are satisfied
by L g provided only that L, satisfy those of
SO(3,2). The number [ is called the conformal
degree of the representation.

The special representations encountered in our
work have very peculiar algebraic properties.
From (A6) there follows by direct computation

ip”z[Lsa, Q]:ye{LeA, LqA}—zl(l + 2)3’04 s
(A7)

where @ =% L,s L,z is the SO(3, 2) Casimir oper-
ator. The relationship between @ and the wave
operator suggests that, in a conformally invariant
theory, the left-hand side vanishes, which would
imply that

{Lga, Loat=21(1+2)05c . (a8)
Putting B=C =6 we get

Ly Lo ==21(1+2) (A9)
and then, putting B=C = and summing:

Q=21(1+2). (A10)

On the other hand, one may easily verify that the
lowering operator Lg,+ ¢Lg, annihilates the ground

state only if I=-E,. This additional constraint,
together with Eq. (1.1), finally gives

l=-Ey=—s-1. (A11)

These conjectures are all verified in the cases
$=0,3, 1. In the case of electrodynamics, how-
ever, the formulas hold for the operators that
act on F, g rather than A,. The conformal degree
of A, is — 1, as indicated by Eq. (8.1). This can
be shown directly, either from the invariance of
(6.9) or from the invariance of the subspace of
gauge fields.

In Minkowski space, (A5)is replaced by

(x)= (25 +2)" f(2). (A12)

Thus, for scalar fields:

d(x)=[2/1+ )] o). (A13)
Also
(ay)=[2/(1+ x?)]*a*x, (A14)

Q+2=-[2/(1+22) 8 /0x"2[2/(1 + x2)]"?,
(A15)

so that the Lagrangian, in the case of conformal
invariance (E,=1), reduces to that of the massless
Klein-Gordon equation in Minkowski space.

However, the mapping between de Sitter space
and Minkowski space is singular, and the causal
structure is not preserved. In fact,

PWa=ya =12/ +x)][2/(1 + x'2)] (xy = ).
(A16)

The separation between y and y’ is spacelike,
lightlike, or timelike in the de Sitter group in-
variant sense if the left-hand side is negative,
zero, or positive. We see that this notion is not
Poincaré invariant. In particular, a three-dimen-
sional surface that is de Sitter spacelike is not
Minkowski spacelike. This means that the defin-
ition of the quantum-mechanical metric is dif-
ferent for the two interpretations, so that the
results obtained in de Sitter space do not auto-
matically apply to flat space.

Intvinsic coovdinates for de Sitter space will be
denoted x*, u=0,1,2,3. It is convenient to take
x*(y) to be homogeneous of degree zero in y,.
When dealing with intrinsic coordinates for the
curved manifold it is necessary to distinguish
between covariant and contravariant indices. De-
fine
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yauana/axp, xgl =ax" /oy, ’
then
Yo Yer = e Xy =0,

B =8¢ B,V yHY =
xayw/‘"év, Xo X0 =8 yauyav"gpv’

(-g)~ 2 9y (- g)2 =x§3u Yow == Yo O Koy -

Define F,z as in Eq. (8.5), and
FHVExg xlé (Clﬂ! AHE xgtAa .

Then Fy, =8,A, — 8,A, and the field equation (6.9)
reads

0 (=)' P F* + p(Ey - 1)(E, - 2)(- g)/2A"=0.
The substitution (6.14) takes the form 8, 8, —ieA,.
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