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Why the psendoscalar-meson mixing angle is —1Q'*
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We propose a simple approach to the problem of mixing in nonets which leads to an understanding of the
nature of both the "ideal" mixing angle of 35' found for the vector. and tensor mesons and the
"nonideal" mixing angle of —10 found for the pseudoscalar mesons. We argue that the pseudoscalar meson

mixing angle is "nonideal" because of a near degeneracy in the masses of the strange and nonstrange
pseudoscalar mesons. As by-products we predict that more massive nonets will be nearly ideal and that, if
charmed quarks "exist," the low-lying charm-anticharm mesons will be very narrow.

I. INTRODUCTION

It has been known from the beginning that many
aspects of the violation of SU(3) symmetry can be
described in terms of a medium-strong symmetry-
breaking interaction which, while breaking SU(3).,
acknowledges its importance by having mell-defined
transformation properties under the group. In
particular, Gell-Mann' and Okubo' showed that
the hadron spectrum could be understood in terms
of an effective' interaction 2, which transforms
like the 8-component of an octet. Such an interac-
tion may be represented, most simply, as addi-
tional terms in the effective strong-interaction
Lagrangian; for example, the mass matrix of the
Lagrangian describing an octet of particles might
be altered from its SU(3)-invariant form to the
forms

for baryons and

by diagonalizing the relevant sector of the mass
matrix.

In those cases where no mixing is possible, the
simple GMO formulas are in excellent agreement
with the known masses (up to electromagnetic cor-
rections). For the octets this amounts to predict-
ing one mass, while for the decuplet two are pre-
dicted. On the other hand, in the case of an octet
mixing with a singlet the additional parameter

p allows no prediction to be made; the masses
of the members of the octet and the mass of the
singlet are just sufficient to determine the four
unknown parameters.

Our discussion will concentrate on the nonets of
pseudoscalar, vector, and tensor mesons. If we
denote by M any one of I' (the pseudoscalars), V
(the vectors), or T (the tensors), and if further
we let the subscript 8 denote the 8-component of
an octet and the subscript 0 denote a singlet, then
the relevant terms in the effective Lagrangian are

&i&~ = 0 ~ +i)&ds ii
ps ~8 + pp MO + Xs OMOM8 (4)
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For example, the p(770) and p (1600) octets may
have such a mixing. Or, more commonly, the
eighth component of an octet and a singlet may mix
with a term Xs 0 In a case where mixing occurs,
the physically observed masses are those obtained

for mesons. ' These results are the Gell-Mann-
Okubo (GMO) formulas for octets Note t.hat because
8 conserves isospin and hypercharge, the mass
matrices are diagonal in the exact SU(3) basis and

Zs simply has the effect of splitting the masses.
If, however, there are states in two distinct SU(3)
multiplets which have the same strongly conserved
quantum numbers, then Zs can mix the two states
and give rise to terms in the mass matrix which
mix submatrices belonging to a given representa-
tion. ' For example, two whole octets & and P
may mix with a term like

Thus the physical fields are

M, =-M,cos8+M, sin8,

M p Mpcos 8 —1Mssin8

(~)

(6)

(where p, r, is the mass of the I= , , Y = z 1 mem-—
bers of the octet, and p,l, is the mass of the I = j.,
I'= 0 triplet) one can calculate p,' from

2= 2 2 2
&0 =

&ms + I"mp —&8 ~ (6)

Knowing pp one can then find 8, since

where M, and M, are the "mostly octet" and
"mostly singlet" physical fields, and 8 is the mix-
ing angle between the "exact" SU(3) fields and the
physical fields. Since p,s' is given by the GMO re-
la,tion

4P i=a —PI=1
2 2

~s =
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2 2

cos28 =
&m8 ~mo

and finally, knowing 8 one has

X, , = (p,' —p, ')sin28. (10)

p,,' = 4m, (m, + -' 4),
p,,' =4m, (m, + —', b),
~, , =4m, (--', W),

so that

(17)

(18)

(19)

The values of these para, meters for M =P, V, and
T are displayed in Table I.' Even though no mass
predictions are made using this program, it is
certainly not empty. For one thing, the equations
do not necessarily have solutions (for example,
if p, ' is less than p,,' —p, ,'). In addition, of
course, one can now make predictions pertaining
to a number of processes since this program has
completely specified the SU(3) properties of M
and M „awell-known example is that since

~sotan28 =
—p,

which implies

1
tan8 =—

l.e -,

i deal

(20)

(21}

(22)

the electromagnetic current cannot connect Vp to
the vacuum. Thus

(01j; Ice)

&oV: ~@)

and one can make the prediction'

Z((d e e } m
I'(P -e'e ) m,

(12)

(13)

which is well satisfied experimentally.
Nevertheless, this totally empirical approach to

the mixing problem is very unsatisfying and it is
natural to attempt to understand the situation more
deeply. The quark model can offer guidance in
this direction, as has long been realized. ' In the
quark model, the states M, and M, have the rep-
resentations

8 and 8 are near to the "ideal" mixing angle of
35.3', and, were it not for the pseudoscalars, one
could feel some satisfaction with this result. The
fact that 8~ has the value of -10', however, casts
doubts on this explanation since it is certainly not
apparent why the pseudoscalar-meson nonet should
behave so differently from the vector and tensor
nonets.

It is our intention here to make one simple-al-
most trivial-observation which we believe greatly
clarifies the nature of mixing in the nonets. We
shall show, among other things, that the seemingly
arbitrary pseudoscalar mixing angle of -10' is a
very natural mixing angle and is, in fact, the
unique angle that results when the conditions for
"ideality" are strongly violated.

II. MIXING ANGLES FROM ANOTHER PERSPECTIVE

~M, ) = — ( (P(P')+ ~3I3I') —2 ~M. ')), (14)

~m, ) = ( ~a a ')+ ~3I6I')+ XX')) .

m, (a 6 +3I31+D.)+ ~XX

then to first order the quark model gives

(16)

If we assume that the symmetry breaking occurs
at the level of quark mass terms in the form

Our proposal arises from a quark-model picture,
which serves to supply a dynamical mechanism for
the mixing phenomenon. We note that with mass
terms of the type (16), and in the absence of any
interactions, the states diagonal in mass are
necessarily the "strange" and "nonstrange" states

(23)

~m„) = (~ea'}+ ~+61'}) . (24)

TABLE I. The octet-singlet mixing parameters. The values of p and g are given in units of
Qe+2

2
~mp p

2
Pp

2
Qp

P 0.301 0.917 0.322 + 0.003 0.896 + 0.003 -10.6 + 0.5' 0.222 + 0.012
V 1.040 0.613 0.870+0.018 0.783+0.018 +39.2 +2.2' 0.418+0.008
T 2.29 + 0.01 1.61 + 0.03 2.12 + 0.01 1.78 + 0.02 +30.0 + 2.5 0.59 + 0.02
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Since

(25)

(26)

We display the values of the parameters p,,', p, ',
and 1, „in Table II. Notice particularly the near
degeneracy of p,,' and p,„,' for the pseudoscalars.
If, as before, we write

we have immediately the result

tan0 = = tan8«„, .1
(27)

M, =M,cosg+M„sing,

M, =M „,cosg —M, sing,

(29)

(30)

qC qIC

Of course this is simply another, perhaps clearer,
method of deriving the result (22). Thus, in the
absence of interactions, mass breaking alone
forces the result 8= 8«„,. If we imagine turning
on interactions [for definiteness and ease of expo-
sition we shall imagine henceforth a neutral-SU(3)-
singlet —gluon interaction] then two types of inter-
actions can occur in ~qq& states, as illustrated in
Fig. 1. In Fig. 1(a) the interaction takes ~qq'&
into itself; such an interaction contributes diagonal
terms to the M,-M„, mass matrix. On the other
hand, in Fig. 1(b) the interaction takes qq & into

~q q '&, and this may contribute to diagonal terms
(if q =q) or off-diagonal (mixing) terms if q 4q.
Thus, to the extent that annihilation graphs of the
type in Fig. 1(b) are suppressed, the mass matrix
will be diagonal in ~M, & and ~M„& and 8 will be

i deal '

In view of this simple interpretation of the ideal
mixing angle, we switch at this point to the use of
the states ~M, & and ~M„& to describe the mixing
problem. Of course this change is of only aesthe-
tic interest unless it leads to some new under-
standing of the physics involved. We shall imme-
diately find this to be the case.

By making use of the values of p, , p,,', and X, ,
in Table I, one can reexpress the effective La-
grangian in terms of the fields M, and M„, accord-
ing to

(28)

where M 8 and M p are the "mostly octet" and
"mostly singlet" physical states, then

and

tan2$ =
~s —~ns

(31)

8&a i+ & (32)

We immediately see that 8= 8«„,=35' results if

angle of 35' and the "nonideal" mixing angle of
-10' are the two limiting angles which appear in
the extreme cases of dominance of mass breaking
over mixing and dominance of mixing over mass
breaking (between the strange and nonstrange
states).

Analyzing the values of the parameters of Table
II we find

r 45 8
y

+3 9
~ 5 3 (33)

The large value of Q~ arises from the fact that for
the pseudoscalars mixing dominates mass break-
ing. Since 8=8«„,+Q we of course recover the
previously computed values for e. We have not
predicted the 6), of course; we have simply looked
at them from another perspective. However, from
this perspective we can see that the pseudoscalar
mixing angle of -10 is not at all arbitrary but has
essentially the same status as the ideal mixing
angle of +35'. Actually, the pseudoscalar mixing
angle of -10' is much more stable under variations
in the values of X, „,and p,,' —p,„' than are the
vector or tensor mixing angles.

III. DISCUSSION

We feel that the arguments presented above ade-
quately establish that the "nonideal" mixing angle
of -10 has the same a priori physical relevance

qC

TABLE II. The strange-nonstrange mixing param-
eters, in units of GeV .

(a) (b) p
2 2

&ns

FEG. 1. Contributions to meson masses in a quark-
gluon picture.

P
V
T

0.619 +0.008
1.04 + 0.02
2.29 +0.03

0.600 + 0.008
0.62 + 0.02
1.61 + 0.03

0.61+ 0.01
0.06+ 0.03

—0.12 + 0.03
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as the "ideal" mixing angle of +35'. What is still
very unclear is why the conditions X, && p,,'- p.„,'
or X, && p,,' —p,„,' should apply in a particular
case. One attractive possibility that the data allow
is that X, „is generally quite small, i.e., that
annihilation processes are relatively unimportant.
(This would correspond to the duality rules for
drawing quark scattering diagrams. ) After all,
I&.'...I: I&.", I: I&.'... =lo:I:2, and this maybe
viewed as a normal configuration-dependent varia-
tion, coupled perhaps with an energy dependence
of the annihilation process. " In fact, it is quite
clear that 8~=- 10 primarily because of the near
degeneracy in mass of IM,) and IM„,) for the pseu-
doscalar mesons. For example, we note that even
if IX~„I had a value of O. l GeV', which would be
more in line with

I x, „I
and

I x, „I, with p,,' —p„,'
as in Table II, one would still find 8~=-10'. To
the extent that quark models can predict such a
degeneracy, we can therefore consider 8~ to be
predicted. "

With this insight into the "accidental" nature of
the pseudoscalar mixing angle, our faith in the
ideal mixing angle is restored. Assuming, there-
fore, that X, „remains small, one can venture
some guesses as to the behavior of more massive
nonets. Since p,, —p,„'-4p,4,«, where ref f is the
effective mass difference between strange and
nonstrange quarks, as one goes to higher masses
deviation in 4,«wi11 be. less likely to make
p,,' —p,„' small. Additionally, as one goes to more
massive states one can expect smaller deviations
in 4,« to the extent that the mass difference be-
tween strange and nonstrange quarks becomes less
important in determining their "binding energy. "
Thus a good guess would be that 8=8«„, for
higher-mass nonets.

There is another situation, which is of some cur-
rent interest, where this guesswork may be put on
firmer ground. If a charmed quark (f" exists with

m~, &&m, then arguments similar to those just ad-
vanced indicate that IMg -=I 6"6"') will have a mass
much larger than that of IM,) or IM„,), so that
p, ,' —p,,' and p, ,' —p,„,' should be much larger than

X, , and X, „,. Thus, one would expect a physical
meson that is very nearly pure IM,). In particu-
lar, if we identify the new g particles" as nearly
pure IM, ) states (and if we assume that

I x, , I
and

maintain the pattern established previously
by having values of about 0.3 GeV'}, then we would
expect the g particles to mix with their strange
and nonstrange counterparts with angles +=1'.
Thus the g particles should be considerably more
"pure" than are the rf& or f . If we adopt the rough
but convincing view that the &f& and f decay rates
to final states containing no strange hadrons are
accounted for by their small impurities of non-
strangeness, then by a continuation of the same
argument we must expect

Sin (0I"(g-hadrons)-2 . I'(P-3w)-90 keV,sing

as is observed.

IV. CONCLUSIONS

We have advocated the treatment of the mixing
problem for nonets in terms of the strange and
nonstrange quark configurations. From this per-
spective we have shown that the "ideal" mixing
angle of +35' and the "nonideal" mixing angle of
-10 have a common dynamical origin and are of
a pvio~i similar physical status. We have argued,
in particular, that the pseudoscalar-meson mixing
angle of -10' arises because of a near degeneracy
in the masses of the strange and nonstrange pseu-
doscalar-meson states. As by-products we have
shown that these considerations lead one to expect
more massive nonets to be nearly ideal and to
predict that if charmed quarks "exist," then the
low-lying charm-anticharm mesons will be very
narrow.

Note added in proof. We have found a mecha-
nism for the near degeneracy of p,,' and p,„,'. The
existence of an annihilation amplitude due to Fig.
l(b) not only causes mixing but can itself push
p.„'away from p,l~' toward p.,'. Details of this
proposal are forthcoming. "
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