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Production of baryons with large transverse momentum
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The multiple scattering of constituent quarks provides a natural mechanism for fairly copious production of
large-transverse-momentum baryonsin nucleon-nucleon collisions. The predicted scaling law agrees well with
available data, and the mechanism provides a qualitative explanation of nuclear-target effects. In comparison
with previous parton models, correlations are predicted to be qualitatively different, and large-p~ baryon
production by meson beams is relatively suppressed.

I. INTRODUCTION

While there are a number of theoretical. models'
proposed to explain the production of mesons at
large transverse momentum, the corresponding
production of protons has proved more difficult
to understand. For this reason it seems desirable
to explore further models for the production of
large-pT particl. es. In this paper we present a
model, based on the multiple scattering of con-
stituent quarks, which has some interesting new
features and which may explain large-pT proton
production in PP collisions.

The Chicago-Princeton (CP) and British-Scan-
dinavian (BS) collaborations" find that the pro-
duction of large-pT protons is surprisingly copi-
ous. Our model seems to be the most promising
candidate for explaining this.

CP also find that if one writes the large-P~
inclusive cross section in the form

E, =Pr "f(xr 8), xr =

with 8 the center-of-mass angle of the outgoing
proton, the effective value of n varies with xT
in the way shown in Fig. 1. Of particular interest
is the fact that the value of n for proton production
appears to become nearly constant at 14 for large
xz. Our model leads to an expression of type
(1) where, at sufficiently high energy, n = 14.
Further, f remains constant as xr-sin8, the
upper end of its kinematically allowed range.
This implies that at any fixed energy our mech-
anism dominates over all previously proposed
mechanisms for sufficiently large xT. At cur-
rently accessible energies the model gives a
smaller effective value of n at small xT, and if
xT is small enough presumably other mechanisms
become important. Thus we have an understanding
of Fig. 1, with the prediction that n will remain
equal to 14 when data are obtained at larger values

of xT.
CP perform their experiments on nuclear tar-

gets and present interesting results on theA de-
pendence of their data. At small pT the cross
section depends on the nuclear mass number
roughly as A '. This is expected, since due to
absorption in initial, - and final-state interactions
the surface nucleons play the principal role in the
process. However, at large pT it is known' that
initial- and final. -state interaction effects cancel
in the single-particle cross section, so that one
can understand' how one might obtain a dependence
like A in this regime. In fact, for Pr &4 GeV/c,
CP find that A" gives the best fit for pion pro-
duction, and A' for proton production. No model
has been previously proposed that seems capable
of producing an effect as dramatic as A", which
seems clearly to require some multiple-scat-
tering effect. Our model is a multiple-scattering
model which does not depend in any way on the
short-distance structure of the target, so that
it is the first possible candidate for explaining
the effect. Nuclear effects are, of course, too
complicated for us to be able to say more than
this.

One of us' has previously proposed a multiple-
scattering model for PP elastic scattering at wide
angle. No trace of this has been found in 90
scattering up to values of s of about 40 GeV'. It
is often assumed that there is a cl.ose connection
between inclusive and exclusive processes. There
is no fundamental reason why this shoul. d be the
case, but certainly there is a close connection
between the multiple-scattering models for in-
clusive and exclusive processes. With some
plausible assumptions, we exploit this connection
to deduce from the inclusive large-PT proton pro-
duction data what is the expected magnitude of
the multiple-scattering contribution to PP elastic
90 scatter ing. We find that it is too small to
be seen in the existing data, but that it should
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begin to dominate at SPS (super-proton synchro-
tron) (Fermilab) energies (100-400 GeV').

II. MULTIPLE-SCATTERING MODEL

The proposed mechanism is shown in Fig. 2.
Each proton emits three virtual quarks of finite
"mass" and with momenta closely aligned with
the momentum of their parent. Each quark from
one of the protons scatters on a quark from the
other proton in such a way that there are three
closely aligned quarks in the final state capable
of recombining to produce the observed large-
P~ proton. The other three quarks which have
undergone a wide-angle scatter into the final
state do not have to have their momenta aligned
as they are not required to recombine into a
single baryon. Their combined invariant mass
is, in general, large so that they are expected
to materialize as a system of hadrons —usually
one baryon and a number of mesons.

If the three central high-energy wide-angle
quark-quark scatterings are scale-free one obtains
an expression of the form (1) with n = 14. Details
of the calculation are given in the Appendix. The
form (1) is an asymptotic form which can only
be expected to hold at sufficiently large s and

P~. As we show in the Appendix each central
scatter has a momentum transfer squared which
on average is about, p~'. As P~ decreases the
quark-quark scattering will eventually no longer
take place in a regime where the scale-free wide-
angle behavior holds but instead the Regge regime
for the quark-quark scattering will be approached.
Accordingly in this subasymptotic regime, one
expects that the effective n in (1) will decrease,
providing a picture which is qualitatively sug-
gestive of Fig. 1. Note that this effect is of much
greater significance in the multiple-scattering
model under discussion than in models which
involve only a single hard scattering, for which
the average momentum transfer squared in the
hard scattering will be much larger (about 2Pr').

dQ—-s "E(cos8)dt (2)

The assumption of scale-free quark scattering
is essential to obtain n =14 in (1). However, this
assumption also leads to (1) with n = 4 for all
large-P~ inclusive reactions via the single-hard-
scattering mechanism of Berman, Bjorken, and
Kogut, ' which is not in accord with present data.
In the BBK process single quarks from each pro-
ton scatter and the large-P~ hadron is a fragment
of one of the scattered quarks. In a large-P~
experiment the triggering conditions require the
quark to fragment in a rather special. way, giving
most of its momentum to the trigger particle.
This might well suppress the BBK contribution. '
It may be significant that the mechanism of Fig.
2, in contrast with BBK, produces the observed
final-state baryon without the need of final-state
interactions to carry quantum numbers between
the large-P~ system and the residual fragments
of the parent protons. Perhaps this permits Fig.
2 to give a cross section which is numerically
more significant than the BBK process at present
energies.

An alternative suggestion has been made' that
quark-quark scattering is only asymPtotically
scale-free, in the sense that the virtual quark
masses have also to be large before the scale-
free behavior is obtained. This has been linked
with a dynamical scheme which realizes dimen-
sional counting. ' If this is the case, BBK and
Fig. 2 are both suppressed. Eventually experi-
ment must decide between these possibilities:
a decision which requires that one pursue the
theoretical predictions of both points of view.

The assumption of scale-free behavior for
quark scattering with finite virtual masses also
has consequences for elastic proton-proton scat-
tering at high energy and wide angl. e. The dif-
ferential cross section is predicted' to have the
asymptotic form
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FIG. 1. The local value of n at different values of
xz for protons and antiprotons.

FIG. 2. The multiple-scattering mechanism for the
production of large-p z protons.



LANDS HOF F, POLKING HORN E, AN D SCOTT 12

with m=8 for the process of Fig. 3. An analysis"
of large-t PP scattering at values of s up to about
40 GeV' shows that the data are in good agree-
ment with the form (2) but with the dimensional
counting' value of m=10. There is, however, a
suggestion" that the data at CERN ISR energies
(1000-3500 GeV') support a value of m = 9 or less.

The notion of correspondence" enables a
connection to be made between inelastic and
elastic processes, since it assumes that a suitable
average of the inelastic cross section at the edge
of phase space will. reproduce the elastic cross
section. The requirement that this hold for the
relation of Fig. 2 to Fig. 3 requires that f (xr, 8)
in (1) has the property that

f(xr, 8) remains finite as xr-sin6. (3)

In the Appendix we show that (3) is indeed true
for Fig. 2. As x~-sin6I the missing mass M
becomes smaller so that the number of hadronic
fragments emerging from the upper and lower
bubbles of Fig. 2 is reduced, eventually becoming
zero. That is, as x~-sin& Fig. 2 reduces to the
case where the incident protons couple to just
three quarks, just as in Fig. 3.

The result (3) has the important implication
that Fig. 2 will. dominate over all. other known
mechanisms at the edge of phase space, that is
for x~ sufficiently large for any fixed s. Single-
hard-scattering models give f's which vanish
at least like (sin& —xr)' in this region.

Since the properties of Figs. 2 and 3 are con-
sistent with the idea of correspondence, one can
attempt to use the principle, together with data
on inclusive cross sections, to estimate the size
of the contribution of Fig. 3. Such an estimation
is fraught with uncertainty, partly because ex-
actly how to make the average in applying cor-
respondence is not clearly defined, and partly
because the extrapolation of the inclusive 90'
data from x~ &0.6 to x~ -1 is not free from am-
biguity. The best estimates we have been able
to make suggest that the expected elastic con-

FIG. 3. The multiple-scattering mechanism for elastic
pp scattering.

tribution from Fig. 3 is smaller than the observed
90' cross section at s-40 GeV but that it would
be dominant at SPS (Fermilab) energies. Clearly
it will be of great interest to have data on wide-
angle elastic scattering at these higher energies.
In the meantime we are encouraged to think that
the use of multiple-scattering mechanism to
explain large-P~ baryon production is not in con-
tradiction with the apparent absence of this mul-
tiple-scattering mechanism in available elastic
cross sections.

III. FURTHER PROPERTIES

In this section we discuss some further points
of qualitative understanding which follow from
the mechanism of Fig. 2.

A. Correlations

The fact that the quark constituents of each
proton move approximately parallel to their parent
hadron implies that the process of Fig. 2 is al.-
most coplanar in the plane defined by the beams
and the trigger, just as in hard-scattering models.
However, each quark can have a small (&-, GeV/c,
perhaps) component of momentum transverse to
that of its parent. The cumulative effect of these
is to allow a significant momentum P4 out of the
beam-trigger plane for the three quarks whose
fragments form the "away" system. Thus the
process is in fact only approximately coplanar.
Because of the larger number of participating
quarks this effect should be more significant for
the multiple-scattering mechanism of Fig. 2 than
for single-hard-scattering models. Thus we
expect the average P4 to be greater for proton
triggers than for meson triggers.

The fragments of the three "away" side quarks
balance the P2 of the trigger. We expect that the
"away" side multiplicity will be larger for Fig.
2 than for other mechanisms, in particular larger
than for the single-hard-scattering mechanisms
thought to be responsible for the bulk of meson
production. Two alternative lines of argument
lead to this conclusion. If the three "away" quarks
fragment essentially independently of each other,
the very fact that there are three of them will
tend to increase the associated multiplicity. If
they fragment collaboratively by substantial inter-
actions among themselves an enhanced multipli-
city is again expected because the invariant mass
of the "away" system is large (in contrast with
single-hard-scattering systems where the "away"
side system has finite invariant mass).

Because the longitudinal momenta of the initiat-
ing quarks are all different the "away" side par-
ticles are to be expected to have a fanlike dis-
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tribution in longitudinal rapidity, event by event.
The opening angle of the fan will depend on x~
and 8 but not s. In single-hard-scattering models
such a fanlike distribution is only expected in
inclusive distributions formed by summing over
events. In the other popular suggested mechanism
for producing large-P~ protons —the leading-
particle mechanism —the fanlike distribution is
wholly absent. The balancing-P~-"away" side
particles form a jet which, moreover, is kine-
matically constrained to emerge at small angle
to the beams.

Finally, we may observe that though we have
supposed in Fig. 2 that the three quarks on the
"toward" side combine to form a single proton,
there will also be processes in which they form
additional particles, principally pions, for ex-
ample, by the formation of resonances which
decay into baryons and mesons.

B. Nuclear-target effects

We expect that predominantly the three quarks
from a nuclear target will originate from the
same nucleon. Because of the cancellation of
initial- and final-state interactions this could
give a single-particle cross section proportional'
to A. However there will be some small proba-
bility that the quarks originate from different
nucleons, leading to terms proportional to A'
and A .' We are unable to estimate this quanti-
tatively, but since we are taking a picture in which
multiple scattering is particularly important in
baryon production, it is to be expected that these
higher A-dependent effects will manifest them-
selves most e1.early in proton cross sections,
as is indeed the case experimentally. "

Moreover, the A dependence from a multiple-
seattering mechanism may be expected to be more
marked than from most other mechanisms. The
mechanism does not depend in any way on the
short-distance structure of the target, so that
constituents of widely separated parts of the nu-
cleus can freely participate in the reaction. Also,
the hard scatterings of the constituents are not
closely correlated in time, which is why the con-
stituents all stay close to the mass shell. . In
contrast, if the same constituent were required
to undergo more than one hard scattering, these
scatterings would have to occur in rapid succes-
sion and so the constituent would go far off shell
bebveen the scatterings, giving a P~ dependence
different from that for just one scattering and in
all probability making the effect rather small.
In the model that we have described, the P~ de-
pendence is the same for all the terms:

4 o'E, -Pr "[Af,(xr, 8)+A2f2(xr, 8)+A'fs(xr, 8)],

with f,»f, »f, . The observed A dependence for
proton production only requires that f, be of the
order of 1% of f, .

C. Antiproton production

The picture" of the structure of the proton
which is deduced from deep-inelastic electron
and neutrino scattering is that it consists of three
val. ence quarks with a sea of quark-antiquark
pairs. The valence quarks predominate at large
fractional longitudinal momentum x, but the sea
becomes significant at small x.

For very large P~ in Fig. 2 one needs partons
of large x, which are overwhelmingly likely to
be val. ence quarks. Thus at large P~ one com-
putes a large P/P ratio. At smaller Pr, however,
some partons ean have small x so that the par-
ticipation of antiquarks becomes possible, and the
P/P ratio is expected to decrease. We are unable
to make a quantitative estimate of the effect. How-
ever, it seems certain that one could not explain
the P/P ratio of - 1 found by BS at Pr - 1.7 GeV/c.
We believe that this value of P~ is sufficiently
small for there to be significant contamination
of the cross section by small-P~ mechanisms.
Support for this comes from the fact" that p and

P production fall off at small P~ appreciably
slower than the e '~~ found for pions. It is pro-
bable that one has to get to at least Pr-3 GeV/c
before one is in the large-P~ regime for baryons.

D. Other processes

Although the multiple-scattering mechanism is
expected to be particularly significant in the pro-
duction of baryons in PP collisions it will also,
of course, operate in other processes. In con-
trast to most single-hard-scattering mechanisms,
multiple scattering gives a value of n in (1) de-
pending only on the large-P~ trigger particl. e and
not on the incident beams. However, the latter
do determine the behavior as x~- sin6I.

FIG. 4. The multiple-scattering mechanism for the
production of large-p z mesons.
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The processes

N+N +X, (4)

n=].3 but f then vanishes as xr-sino.
In the processes

+N- +X, (6)
for meson or photon (lepton pair) production can
proceed via the double-scattering mechanism of
Fig. 4. This leads to (1) with n =9. Because at
least one nonvalence antiquark is involved the
magnitude of the coefficient function f is expected
to be small. Note that because multiple-scat-
tering mechanisms do not probe hadronic wave
functions at short distances these mechanisms
give similar P2 dependences for meson and lep-
ton-pair cross sections, in contrast to single-
hard-scattering models.

If Fig. 2 is applied to the processes

all constituents can be valence in the mechanism
of Fig. 4. One finds (1) with n =9 at large Pz, (but
effectively smaller at smaller Pr as before). One
finds that f vanishes slowly as xr-sin8, since
the two quarks from the nucleon are in the limit
forced to carry off all the longitudinal momentum
of their parent. Of course, other mechanisms
are expected to be important for pion" and photon"
beams.

Finally one may note for completeness that in
the unobservable process

+N N+X,

at least one of the scattering partons must be non-
valence. Thus, although the cross section is
again given by (1) with n =14, the numerical value
of f is expected to be small and it will vanish as
x~- sin6I. However, there is another possibility
of the form of Fig. 4 in which the incident nucleon
emits two constituents which are a quark and a
diquark "core," respectively. Using dimensional
counting rules for q-qq scattering one obtains (1)
with n = 13, and f in this case blows up like
(xr —sin&) at the edge of phase space, as we
explain in the Appendix. A related mechanism
which also gives n =13 is shown in Fig. 5, where
all the internal lines represent quarks and there
is an intermediate propagating quark which is
far off shell.

Such double-scattering mechanisms are, of
course, also possible in NN scattering. How-
ever, they are expected to be less significant
than the triple scattering mechanism discussed
above. If both nucleons emit aqandaqq constitu-
ent one obtains (1) with n = 1V. If one nucleon emits
a q and qq, and the other two q's, one finds that

FIG. 5. A multiple-scattering mechanism involving
a propagating off-shell quark.

one again has n =9 for large Pr and f blows up
as x~- sino.

IV. CONCLUSION

In this paper we have explored multiple-scat-
tering mechanisms for the inclusive production
of particles at large P~. These mechanisms de-
pend for their consequences on the short-distance
nature of the fundamental quark hard scattering
but not on the short-distance behavior of the wave
functions of the participating hadrons. A con-
sequence of this is that the value of n appearing
in equation (1) depends only on the detected final-
state particle and not on the initiating reaction.
However, the behavior as &~-sin(9 at the edge
of phase space does depend on the incident par-
ticles.

The work of this paper has assumed that quark-
quark scattering is scale-free at finite virtual
quark masses. We estimate that this is consistent
both with the mechanism being the principal one
for the production of large-P~ protons and also
with the absence of multiple-scattering effects
in elastic P-p 90 scattering at values of s up
to 40 GeV'. However, if the picture described
here is correct, one must expect to see the dom-
inance of multiple-scattering effects, giving m= 8
in (2), at SPS (Fermilab) energies. It will clearly
be of great interest to see if this proves to be the
case.

The multiple-scattering mechanism seems
likely to be of the greatest significance in the
production of large-P2 baryons in proton-proton
collisions. We believe that it is the most promis-
ing candidate for explaining the data. Important
reasons for this view are

(a) that it gives (1) with n =14 (and an effectively
lower n at lower xz);
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FIG. 6. The Mueller-Regge diagram for the process
of Flg. 2.

(b) that the mechanism is the only known one which
does not vanish towards the edge of phase space
(where xr - sin8) so that it must dominate at suf-
ficiently large x~ for any fixed s;

(c) that it provides a natural explanation of the
significant A. -dependence effects observed by CP.

An interesting prediction of the mechanism is
that one expects to see a fanl. ike structure for the

y" hadrons ergot by egest and that there wiill
be a large "away" multiplicity with the large Pr
shared among a number of hadrons.

Another interesting suggestion arising from the
mechanism is that there should be some production
of large-P~ strange baryons. This requires one
of the participating quarks to be a A from the sea,
but one does not have to pay too high a kinematic
penalty for this single necessarily small-x parton.
Our knowledge of distributions in the sea is not
sufficient for us to make a quantitative estimate
but certainly one would expect such production
to be more copious than P production at large P~.
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APPENDIX. CALCULATION OF MULTIPLE SCATTERING

For simplicity, we calculate with the spins of
all the particles put equal to zero. Provided the
quark scatterings are kept scale-free, spin is
an inessential complication. For the contribution
from Fig. 2, we need the Mueller diagram of
Fig. 6, with a discontinuity taken in the missing
mass, that is down the middle of the diagram.

In the center-of-mass frame we have, to lead-
ing order,

p = 2' (1, 0, 0, 1),
P'= &v s (1, 0, 0, —1),

q = (qr/sin8)R(8) {(1,0, 0, 1)f,
where R(8) is a rotation through angle 8 about
the y axis:

R(8) {(v„v~,v„v,)j
=(vo, v, cos8+ v, sin8, v„—v, sin8+ v, cos8)

Our basic assumption is that, before they scat-
ter the quarks have small transverse momentum
and are not too far off shell. Hence we parame-
trize their momenta as

1
Ail, = (2Wsxil + 3 ig/v s» Kgii;» K2iI » 2 "» 8 xiL)»

1 I
Ail = (2v 8 Xi~ + / g/V 8~ iii g, Kaid» —2v8 Xig)»

(Al)

(A2)i=1, 2, 3,

with similar parametrizations for the right-hand
variables. Then as s-~ the variables xj~, x'j~,

y' and their right-hand counterparts remain3 jL&SjL
bounded, as also do the ~, ~' variables. We may
use these variables as integration variables:

d l = — dXjl.dYj~d &j~.2

Notice that, now that k etc. are constrained to
be finite, their actual values depend on next-to-
leading order terms not explicitly exhibited in
(A1).

The various momenta k, k', and l are not all
independent. If we choose to integrate over all
the variables, we must include the ~ functions

1 2d k. = —
~

dx.~dy, ~d g,~jl 2 &
jL

Similarly, we assume that the three quarks
l can only coalesce to form the baryon q if theirjJ

llmomentum components transverse to q are sma
and if they are not too far off shell (otherwise,
the wave function of the baryon is supposed very
small). Hence we parametrize

sin8
l =R(8) . Xil + Yii» Axis, » ~2is»jL sin0 gz

x,,sin8

(A3)
i=1, 2, 3,

with again similar parametrizations for the
Then also XjL,, Yj~, and Xjq remain bounded as
s-~ and
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3

2 2 [5(x&c x&z)5(x&z —xm) 6(Xz -X~s)6(a2&c + xmas ~2+. —xm~z ~2~x + ~mid)1
T t=l

iL 1 XiL ~iR ~iL ~iR &
~i a iL iR

~iL . iR iL liR (A4)

Notice that these 6 functions constrain the com-
ponents of the two-dimensional momenta I(;, a',
and ~ perpendicular to the beam-trigger plane
in a different way from the component in the beam-
trigger plane.

The squared momenta on the three quark lines
that join the left- and right-hand sides of the dia-
grams are

g,. - s x,.ix',.i — X,i(x,i cot-, 8+ x,.i tan-, 8)Qp 1 p 1

where the omitted terms are of order s ' and

qr/s, and are such that when $, are bounded the
terms of order s~' and q~ in 0,. are canceled:

o& = )&+finite.

Because of the assumption that the center wide-
angle scatterings are scale-free, the variables
$, appear to leading order in p(o, ) only, so that
because of (A6) they can be trivially integrated,
leaving

+ ~ ~ ~ (A5)
(A8)

Taking the required discontinuity of the diagram
introduces the factor

where p(o) is the spectral function of the quark
propagator, which, as is usual in parton model
calculations, we take to satisfy

dc p(o) =1. (A6)

X -X. + ~ ~ ~ +0
x

qrWs(x, .i cot-,'8+x',.~ tan —,'8)

vs x,ix',.,
qz(x;i cot28+x.i tan28)

(A7)

It is convenient to introduce three new variables
$, in place of the X,.i:

We have now done enough to count the over-all
power of qr and s: qr 's ' from (A4) and qr 's
from the three changes of variable in (A7). With
a flux factor s ', the result is a form as in (1),
with + =14.

The structure of the coefficient function f(xr, 8)
is complicated, mainly because of the last &

function in the square bracket in (A4). This cou-
pl. es the component of momentum transverse to
both P, P', and q in the various parts of the dia-
gram. If we assume that the quark wave function
is such that this component is constrained to be
very small, we can imagine that all the variables
except the x, x', and X have been integrated, and
write the result as

gE, -, , dx, dx, dx~dx,'dx,'dx,'dX, dX~dX, T(x„x„x,) T'(x,', x,', x,')G(X„X„XS)dp /AS

(
l .3

~

x& cot& 8+ x'; tan2 8 v s (A9)

Here the amplitude T is associated with the upper
bubble and is interpreted as the probability of
finding three constituents, with fractional mo-
menta x„x„and x, simultaneousl. y within the
nucleon. Similarly, T' is associated with the
lower bubble. The function G is the square of the
wave function for the nucleon being in its pure
three-quark configuration (with no sea), the quarks
having fractional momenta X„X„andX,. The
amplitudes A correspond to the central wide-

si xi xi sj

f, -—X, X,. qrvs cotp8,

u, - —x', X, qrv s tan-,'8,
(A10)

angl. e scatterings. We repeat that, in writing
(A9), we have made an approximation on the trans-
verse momentum distribution within each nucleon.

In (A9) we have taken the central scatterings
to be scale-free. The energy and momentum-
transfer variables for these scatterings are
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FIG. 7. Disconnected contributions to the top bubble
of Fig. 6.

and only if all these are large is the scale-free
assumption plausible.

To investigate this further, consider the case
8 =90'. It is reasonable to expect that G is peaked
about Xg X2 Xs 3 The momentum transf ers
t, and u, are simultaneously greatest when x,
=x', =2qr/3&s, in which case s, -&9qr and f;-u,
-~gq~'. If the 6 functions are solved with x, dif-
ferent from x'„s, increases but either t& or u,
decreases; that is, one approaches closer to
the Regge region. So one is certainly not in the
scale-free regime unless q~ is so large that when

t, or u& -~9q~' one is well outside the Regge region.
In the Regge region, A behaves as s "&, where
n, varies between 1 at zero momentum transfer,
corresponding to Pomeron exchange, and 0 at
large momentum transfer, where the Regge region
merges into the scale-free region. Thus at mod-
erate values of q~ the apparent value of n is I.ocally
smaller than the value obtained by assuming a
scale-f ree A.

Finally we sketch the results of calculating the
behavior of f as xr-sin&. All subprocesses are
forced to the edge of their phase space in this
limit. The quark scatterings are already "at the
edge" since they are elastic. Thus the effect is
that the top and bottom bubbles of Fig. 6 are eval-
uated in the limit in which the emitted partons
take all the available momentum. In the analogous
situation in single-hard-scattering calculations
this forces the relevant amplitudes to vanish, but
in Fig. 6 there are disconnected contributions to
the bubbles, of the form of Fig. 7, which remain

nonzero in this limit since they are again already
"at the edge. " The invariant mass of the three
"away" quarks also become finite and they must
be capable of aligning to produce a single proton.
Investigation shows that the conditions enforcing
this are a smooth limit of the conditions enforcing
finite quark masses away from the region
xz- sin8, so that this requirement produces no
vanishing factors.

The contribution to Ed o/d p from the discon-
nected diagram is of the form of (A9), with extra
& functions

x] —1 5 x] —1

because in this diagram, the two initial protons
each emit three (valence) quarks carrying all the
parent's momentum. The approximations made
in obtaining (A9) do not affect the following argu-
ment.

Define

M xz.~]
s sin8

When & becomes small, the changes of variable
which force the invariant mass of the three "away"
quarks to become finite are

x',. =x, + e~2x'„

1 j.1 ——x tan —8X]=x]+f, . x)+EX].xi/sin 8

It now follows immediately that the leading de-
pendence on & as &-0 is &'.

In the case of mechanisms involving only two
partons in the "away" set, the corresponding con-
ditions are actually more readily enforced at
x~-sin8 than in the interior and it is this fact
that produces singular behavior (sin& —xr)
referred to in Sec. III. A similar conclusion can
be reached by applying the correspondence prin-
ciple.
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