PHYSICAL REVIEW D

VOLUME 12, NUMBER 11

1 DECEMBER 1975

Neutrino (antineutrino) disintegration of the deuteron and the structure
of the neutral weak current*
Ahmed Alit

Departamento de Fisica, Centro de Investigacion y de Estudios Avanzados del Instituto Politecnico Nacional,
Apdo. Postal 14-740, México 14, D.F.

and Physics Department, Stevens Institute of Technology, Hoboken, New Jersey 07030

C. A. Dominguez}
Departamento de Fisica, Centro de Investigacion y de Estudios Avanzados Instituto Politecnico Nacional,
Apdo. Postal 14-740, México 14, D.F.
(Received 5 May 1975)

We study the neutrino (antineutrino) disintegration of the deuteron with the view of determining the isospin
and Lorentz character of the neutral weak current. Neutrino-induced transition rates between the 3§ —'S,
3§ —!P, and 3S —°P of the neutron-proton system are derived for the most general form of the neutral weak
current, valid up to intermediate neutrino energies (0—500 MeV). Explicit results are presented for the
Weinberg-Salam model, the Bég-Zee model, and the case of an isoscalar neutral weak current. It is argued
that this process can be, in principle, used to distinguish between the various assignments of the Lorentz and

isospin properties of the hadronic neutral weak current.

I. INTRODUCTION

The recent results of the Harvard-Pennsylvania-
Wisconsin! collaboration for the neutral-current—
induced inclusive processes indicate that the Lo-
rentz character of the hadronic neutral weak cur-
rent may not be the familiar V — A of the charged
weak currents. This has encouraged a more sys-
tematic study of the nature of neutral weak cur-
rents.? The problem of understanding the prop-
erties of the neutral weak currents is important
in its own right, but it can also be used to test
the gauge theory strategy where these currents
have definite isospin and Lorentz properties.
Naturally, this question can only be decided by
measuring the different pieces of the hadronic
weak currents and their relative contributions in
a number of elementary particle and nuclear tran-
sitions. In this paper, we advocate the neutrino
(antineutrino) disintegration of the deuteron as a
possible mechanism to determine the detailed
structure of the hadronic neutral weak current.

Our strategy is to write down the most general
form of the neutral weak current, having arbitrary
isospin and Lorentz properties but compatible
with the observed helicities of the neutrinos, and
to study the relative contribution of the different
pieces of this current to the process under con-
sideration, namely,

v(D)+d-v(V)+n+p. (1.1)

To that end, we calculate the differential and
total cross sections for the neutrino-induced tran-
sitions 3S~ 1S, 35~ 1P, and 35— 3P of the neutron-

. proton system. Obviously, our results apply only

12

up to intermediate neutrino energies where the
higher partial waves can be safely ignored. We
derive a threshold theorem which states that at
and near the threshold only a Gamow-Teller (GT)
type transition is possible between nondiagonal
nuclear levels. In the case of the deuteron, this
is caused by the isovector part of the axial-vector
current, A}. Away from the threshold, one has to
study the other forbidden transitions which, ob-
viously, are not appreciable unless the incident
neutrino energy is large. The transition 3S-!P
is a pure isoscalar transition brought about by

the isoscalar time component of the axial-vector
current A,(,"), and the isoscalar part of the spatial
vector current V{”, whereas the 35— °P is a pure
isovector transition brought about by A{*® and V{®.
These transitions have different energy dependence
and one can, in principle, distinguish between
them. Our conclusion is that at reactor energies
(E7 <10 MeV), one can distinguish between the
following possibilities: (i) The neutral weak cur-
rent has a component that transforms like A{®;
(ii) it may have arbitrary structure but not an

A piece.

Case (i) pertains to, for example, the Weinberg-
Salam model.? The reason is that at these ener-
gies only models of type (i) can induce the allowed
GT transitions 3S— 'S, and both the 3S—~'P and
35~ 3p transitions which can be caused by models
of type (ii) have rates that are well below the ex-
perimental resolution. However, at Los Alamos
Meson Physics Facility (LAMPF) energies*

(E, <53 MeV) it is possible to differentiate be-
tween (i) and (iii) a purely vector-isovector neu-
tral hadronic weak current and (iv) a purely iso-

3673



3674 AHMED ALI AND C. A. DOMINGUEZ 12

scalar neutral weak current.

Case (iii) pertains to, for example, the Bég-Zee
model® whereas (iv) is advocated by Sakurai.®

To quantify our conclusions, we have presented
our results for the Weinberg-Salam model, the
Bég-Zee model, and the case of an isoscalar
current. The results in the last case are arbitrary
because of the arbitrary normalization of the iso-
scalar current. We have explained this in detail
in the text. Results for the Weinberg-Salam
model are presented separately for the reactor
and LAMPF energies, which are independent of
the Weinberg angle, 6,, as well as for the inter-
mediate energies (100 <E, 7 <600 MeV) where
they depend (~10%) on this angle. Results for the
latter are given for sin®4, =0.3 and 0.4. In the
Bég-Zee model we have fixed the mixing angle,
0, from data on neutral weak current inclusive
semileptonic processes and the results are given
only for one value of §,. We remark that process
(1) becomes visible in this model (6~ 107% cm?) at
a neutrino energy (E, =30 MeV) through the vector-
isovector component in the neutral weak current.

This paper is organized as follows: Section II
contains a derivation of the threshold theorem, an
analysis of the neutral-current form factors, and
the derivation of the differential (in reduced nu-
cleon energy, E,) and total cross sections for the
various transitions. Section III contains the re-
sults that we obtain in the various models and are
summarized through graphs.

II. DERIVATION OF TRANSITION RATES
A. Kinematics and approximations’

The kinematics of the process (1) is shown in
Fig. 1. The most general form of the effective
semileptonic interaction (for ¢® < m,?) is

cctive 188 1
g = B Dy (L v vy v, T H2(),
(2.1)

where the couplings g and g’ have their origin in
the interaction of the leptonic and hadronic neutral
weak currents to the neutral weak boson,

£Iepmnic =g] :fptunic Zu (x) s (2 ‘2)
£hadronlc =g'JﬁZ“ (x) (2 3 )
and by j l'f"'”"“ we mean the quantity in square

brackets in (2.1). One can convince oneself that

if the present helicities of the neutrinos are as-
sumed not to flip in the neutral-current processes,
then the most general Lorentz structure of the
hadronic neutral weak current is a linear combi-
nation of vector and axial-vector parts:

FIG. 1. Feynman diagram for the neutrino (antineu-
trino) disintegration of the deuteron.

JZ(x) = VE(x) + AL (x) . (2.4)

We further introduce the isospin decomposition
of the vector and axial-vector currents

VZ(x)=a, Vi (0) +a, VO (%),

AZ(x)=a, AP (%) +a, AP (x),
where the superscripts (3) and (0) represent the
third component of an isovector and the isoscalar
part, respectively. The interaction (2.1) leads to

the following transition amplitude for the anti-
neutrino disintegration of the deuteron:

(2.5)

T =i(2m)%%(p, +mp—py -k, — k)T, (2.6)

where

fo_Gr 5 -
T ﬁ(zﬂ),,vy(plm(l Ys)0y(D2)

x(n(k,)p(ky)| J 2 (0) | n(k)p(R3),%S) ,  (2.7)
m, is the mass of the deuteron, and

_V2gg
= T2

G
FZ T,

is the Fermi coupling constant.

The amplitude for the neutrino disintegration of
the deuteron is obtained from (2.7) by changing
the spinors

771;(171)-' ﬁy(pz) ’

vv(pz)" uu(pl) .

In using Eq. (2.6) we shall make the following
assumptions®:

i. The neutron and proton in the deuteron target
are taken to be at rest and the deuteron to be a
pure 3S state of the (n-p) system. Nucleons in the
final state are treated nonrelativistically in the
sense that only leading terms in gq/my, k,/my,
and k,/m, are retained in the expansion of the
matrix element (2.7). (The various momenta are
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defined through Fig. 1.)

ii. The independent-particle approximation
states that the neutrino (antineutrino) is scattered
elastically from each nucleon independently, In
other words, the nuclear hadronic current den-
Sity, J;uclear(x), iS

Jﬁuclear (%)= ’Z Z aztﬁ’o’p’)
(p’a’p")(pop)

X( 510 /pl !Jﬁ (x) l §°P> a(; op) >
where (Dop) are a complete set of momentum,
spin, and isospin quantum numbers for a nucleon.
aT,a are creation and annihilation operators in
nuclear Hilbert space. The nucleons are treated
on the mass shell. This introduces an additional
approximation as the nucleons are bound in the
deuteron and one expects an off-mass-shell effect
for scattering due to bound nucleons. Also, be-
cause the system is described in terms of nucleon
coordinates alone, no attempt is made to intro-
duce meson-exchange effects either in the initial
or final state.

iii. Nuclear physics effects are incorporated
by assuming nuclear wave functions for the ground
state and the excited states of the (n-p) system.
The effective-range approximation is used to
determine the radial nuclear wave functions.

B. Nucleon form factors of the neutral hadronic weak current

We write the most general form of the single
nucleon matrix element of the neutral weak current
as

(N(R)| JZ(0)| N(k")) = @(”“) Pty () T2y (k)

ko
(2.8)
where
V(2 v 2
1"‘: = [Flv(qz)'}’u +i0,, (k- k") —Fi'n(,qv ) +(k = k'), F:n(z ):l
2|77 PG + (e - ), 7, FR(®)
+vs(ky +k,), E%(%z—)} . (2.9)

Note that all F} 4 (¢?) are matrices in isospin
space. These form factors are analyzed in the
same way as is done for the charged weak current
case. We write down the constraints on these
form factors which come from the various sym-
metry considerations.

(i) The conserved-vector-current (CVC) hypo-
thesis leads to Fy(q?)=0.

(ii) Time-reversal invariance leads to the rela-

tive reality of all the form factors F} 4 (¢%).

(iii) The absence of second-class currents de-
mands Fj(¢®) =0.

(iv) Fa(g®): If A, (x) has an isovector piece then
the hypothesis of partial conservation of the axial-
vector current (PCAC) leads to a relation between
the isovector parts of F5(¢?) and Fi(q?), namely
the Goldberger-Treiman® relation:

FEO (@) =2myFEAO (@) /(6P +m,P). (2.10)

However, the same statement is not true for the
isoscalar part of FA(¢®), because strong inter-
actions appear to be approximately SU(@2)® SU(2)-
symmetric but not U(Q2)® U(2)-symmetric. For
elastic neutrino-nucleon scattering this term will
be absent because of the factor (k- k'), which
multiplies F4(q?) with the lepton mass in the
amplitude. For the neutrino-nucleus scattering
this term gives a contribution proportional to
myE/(q® +m %) and can be large.

Next, we introduce the isovector and isoscalar
form factors in an obvious notation

FiV,A (qz):ng)v,A(q2)73+F§o)V.A(q2)I'
(2.11)

Isospin rotation then simply relates Fﬁ”" and
F{9V to the isovector and isoscalar Dirac form
factors of the nucleon. F3V and F®V are like-
wise related to the corresponding Pauli form
factors. F{¥4 can be related to the F{*)4, the
isovector form factors for the charged weak cur-
rents, which are measured in the processes

()G

v p wt n

and are also known. This leaves the isoscalar
axial-vector form factors F{”4(¢?) and F{?(¢?) to
be determined from the experiments involving
purely neutral weak current transitions. The
identification (modulo normalization) of the form
factors F}'4, etc., with the already measured
form factors also fixes their ¢* dependence. Ob-
viously, for the two unrelated form factors

Fi")“ (¢%) and Fg’)(qz) one has to make additional
assumptions. However, we have neglected all ¢*
dependence of the form factors in the energy
region in which we are interested.

C. Threshold theorem for the deuteron'®

At threshold (E, =2.225 MeV = E, =binding energy
of the deuteron), the momentum transfer to a
nucleon is zero; hence for either nucleon
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(NG Vol NGk = oo () g (')

(N(®)| V| N(&")=(N(E)|Ag| N(k'))=0,  (2.12)

(NG A N(")) = g osgoa ()oY Fuy &)
However, CVC states that [| n(k]), p(%}),%S) is the
initial deuteron state]

(o) | Vol (kDD 55)
- %W(kl”’(’%)' Vil n®Dp(R)),5S), (2.13)

and because at threshold ¢,=E,#0, only the axial-
vector part of the neutral current will induce a
transition. It is easy to see that only A§3) can
cause a transition, as near the threshold only the
isospin-flip and spin-flip *S~ 'S transition is
important, i.e., an allowed Gamow-Teller tran-
sition. That this is a matter of general circum-
stance for the nuclear neutral weak transitions at
the threshold is easy to establish. First note that

at the threshold, the S— P transition is strictly
forbidden. If the transition involved is I-1 (where
1 is any angular momentum state) then it can be
caused only through V, and A;. Now if the tran-
sition induces a change in energy (AE =Eyx — Ey #0)
then CVC forbids the transition induced by V.
This, however, does not preclude the coherent
scattering of neutrinos off nucleus at the threshold,
for the simple reason that in such processes g,

at the threshold is zero and the CVC argument
(2.13) does not hold. This leaves only the transi-
tion induced by A;. Which isotopic part of A,
induces a transition is then determined by whether
or not the isospin is flipped. In this sense (AE +0)
transitions caused by V,, V;, and 4, are all for-
bidden transitions and one can see that unless the
energy of the neutrinos is very high, these tran-
sitions will not be visible with the present exper-
imental resolution. This leads to the conclusion
that nondiagonal (nondegenerate in energy) nuclear
transitions can be experimentally studied (at
reactor energies) only if there is an axial-vector
part in the neutral weak current.

D. Transition amplitudes

We derive the most general form of the transition amplitude for the process (1) with the assumptions

listed in subsection B:

e —Cr [ g33eiGty
M) rz(zﬂ)afd relITRYF )

X{ve(pl)vo(l +¥5)Ve( P2) [2a3F§°”’+ ha, F®Ar, <—— @S K, +34 K,)+
47 @ sy a7

. k
- i€,(@, F VT, + 20, F V1, + a, FOV 4 2a,FV) (05 +08) ;ngf-

. \ 4 (o) v \ 4 v A
—i€; ,(a,F7 +2a,F} -a, V7, - 2a,F¥V 1) (05 - o? #

1 1 os = 2a ﬂ
m, m"(o k,-d4-k,)
- ’Eﬁ>+ aaFgo)v<E2—i + Ell)
My my my

?

k

n

+4N(a, T F\ 408 +a, FO405 )]}zpi ). (2.14)

¥;(x), the deuteron wave function, and y,(x), the final-state (z-p) wave functions are taken from the nuclear
physics studies of the neutron-proton system. All one has to do to calculate the various transition rates

is to do a standard multipole analysis. One expands the exponential in terms of the basic multipole opera-
tors; as well, one keeps the nonleading terms in the hadronic current matrix element. One then uses the
orthogonality relations between the various special functions to do the angular integrals. The radial
integrals are evaluated by solving the radial Schrédinger equation for the (z-p) system. This involves
assuming a potential. To determine the radial functions we have taken over, as such, the treatment of
Bethe et al.!! for the photomagnetic and photoelectric dissociation of the deuteron in the effective-range
approximation. The results for the differential cross sections are listed below.
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E. Differential cross sections
i 3§18
In this case we have

do_(v\_ G* m®E,'y (|P1|'Ea"Ek)2<')’as‘1 >2
dE, 1272 mE,as +1)  (1=y7y)  \¥’+mE,

4 > = /1= >
X{96|%AF§3)‘|2+ ;ﬂaIal(F§3)v+2F§”")|2[|p1|2+%lp1l (1B = E¢ = E) + (1B, = Ea = E,)*]

F %Re[alazwim(ﬁ*‘lm +2F3N)(2]B,| - Ep— Ed)} . (2.15)
N )

i. 3§->1pP
In this case we have

do ( v ) _ 8 G? (|P,| = Eq =~ E,Pm32E,5%y

dE, 9 (1 - Y70 ) (Y2 + mE,)*

v
x{[Aa, FO4 252+ (|B,| —Eq - E,)? - §|5,1 (| B.] - E4 = Ep)]
+2| ay(FOV+ 2FO7)[2[52 +(|B,| = Eo - E, P +2|B,| (| B, —Ea - ED T} (2.16)
iii, 3§>3P

In this case we have
do <u> 8G?2 ‘alFia)vlzmszkslz'V

(1Bl = BEa=EQ?[B,° + (I, | - Eq — EoF +3 B, (1B, - Ea - Ep)],  (2.17)

dE, - 37 (1- V¥t )(¥2 +mE,)*
where
E,= &, -K,)/4my, v=(mE,)", (2.18)
and we have used the following expressions for the radial functions:
2 2y 1 yag -1
2= * = S
L fd”‘os )| = Ty [(mEkasz+1) (Ed+Ek)]’ @.19)
2 8E,VE 1
2= * o~ 3 d
12=| [ drus, oy [t A -mt)]’ (2.20)
2
I2= fdru;‘,('r)ug(r)r ~I2, (2.21)

ag is the singlet scattering length and 7, is the triplet range. In deriving ,*> and I.?, we have ignored the
final-state interaction. One expects an ~5% error in making this approximation.” This assumption,
however, makes the calculation of the total cross section very simple.

F. Total cross sections

i 3§~>'S

Here we have

o( V>=Al(§1221 ‘2'ﬁ1| Z,+Z,) +B1{13—051421 -10|3,|%Z, +[10p, _!32l§1lEd+ (Iﬁll -E,f)z,
v - 2[(|D,] - Eg) +3 | 51|]Z4+ZS]ZFCL[2§13Z1_ 59,2, + (4] Bl _Ed)Zs"Z«l]’
(2.22)
where

_ 8G?| @A F4 |2 VE, (yag — 1)
(1 - Y7ot)

A ) (2.232)
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1 oo la,FPY+ 2R3N | *VE, (vag - 1)

= 2.23b

Bi=3p M2 (1 = y7p) ’ (2.23b)
8 ag - 1)?

C,= 3—”-262 Re[alaz)\F;a)A(F;S) v, 2F§3’ "IVE, 7'?215-—7”2:) (2.24)

The various Z,’s are functions of E;" =|P,| - E, and are given in the Appendix.
i 3§->1p
Here we have
o(v)=0(D) =A2(%514Zs+2- l 51[ 3Z7 +(7i i 51' ZZs +% | 51' Z, +Zm)
+By(D,°Z + 2| 5,1°Z, + B |D,1°Z,+ 55,1 2, + 2,0, (2.25)
where
s 8G?| Aa, F V4|2 VE,
27 9n2(1 _‘/EE—dym)m'Nz ’ (2.26)
_168G%a,?| F{*V+2F{"|*VE,

B 9T%(1 = VImE 7o )my” .27
iii. 3§->3p
Here we have
o(v)=0(D) = A, (8D, Z, +2|5,1°Z, + B D[22, + 2D Z,+Z,,) , 2.28)
where
. 8G%a, KV |*VE,
373 my 1 = (myE)ryy) (2.29)
L. RESULTS a,=(1 =2 sin%,),
m‘:;zll;x:‘esent the results for the following three a4, = -2 sin%6y, .

(i) the Weinberg-Salam model; = -1,

(ii) the Bég-Zee model; a,=0 (no isoscalar axial-vector part).
(iii) the isoscalar neutral current model.

Total cross sections are shown in Figs. 2 and 3.
We remark that up to the energies we have con-
sidered (E, ;7 =500 MeV) it is the 35— 'S transition
that dominates. Figure 2 is valid for the reactor
and LAMPF energies and is almost independent of

The results for the total cross sections are sum-
marized through the various graphs.

i. Weinbevg-Salam model.® The hadronic neu-
tral weak current in this model is given by the ex-

pression 1 the Weinberg angle. Figure 3 shows the total
ja=(v® -A®),-2sin%, (V(” +-\/——?V®) , cross section from LAMPF energies up to E,,
/ # =500 MeV and depends on the mixing angle 6y .
(3.1) The curve in Fig. 2 is drawn for sin?§, =0.3 which
comes from a theoretical fit to the data on inclu-
and has the V —A structure as is the case for the sive neutrino-nucleon neutral-current processes.'?
charged hadronic weak currents. The angle 6, is However, the value sin®gy, =0.4 is also not ruled
defined as out." In Fig. 3 we have shown the dependence of
2 the total cross section on 6y for the two values of
cos?6y =m'—"-§, (3.2) 6y, sin®6y =0.3 and sin®gy, =0.4.
mz The gross features in this model are that o, and
where my is the mass of the charged weak boson o, are almost equal, and independent of the Wein-
w*. berg angle, up to LAMPF energies. In the inter-
In terms of our parameters the model is charac- mediate energy region both o, and o; depend on the

terized by Weinberg angle and are in general different except,
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| ! I | T

(a)
(b)

04+ -

10—42 - —4

10743 -

o (cm?)

10744}

10798}

1079 = ] ] ] |

P, (MeV)

FIG. 2. Total cross section for the neutrino (a) and
(b) disintegration of the deuteron plotted versus the in-
coming antineutrino energy, up to LAMPF energies, for
the Weinberg-Salam model. The curves are drawn for
sin%6, = 0.3.

of course, for sin®§, =0.5, where they are equal.
Finally for models in which j}" = xjieu (Salam -
Weinberg), all the cross sections will be scaled
uniformly by the scale factor x2.

ii. Bég-Zee model.5 This model has the dis-
tinct feature of having a purely vector neutral
weak current. The hadronic weak current has the
form

.z _ o 8in’¢ PR . ST,
JF‘ —25‘6‘532'(1 —2sin E)V“ —\/TS_ tan EV“ N
(3.4)
with
tang = 2% (3.5)
mz

The various parameters have the values

a,=2R,

sin%¢
a |- — ——.——
3 1 -2sin%t "’
a,=a,=0,
where

_ sin%¢ o
R "m(l —2sin E).
The total cross sections are shown in Figs. 4

and 5. In presenting these results we have as-
sumed sin?6£=0.3, which is obtained from a fit

43
107 1

107*4- -

107% - -

o (cm?)

107*¢F =

‘0—47 o —

1

\ 0-48

1

1

0

10

20

30

40

50

T T T T T
ol (d) ]
(c)
(b)
(a)
~
E
E
b 107 |
10741 i
] 1 ] 1 1
100 200 300 400 500
P, (MeV)

FIG. 3. Dependence of 0, and o; on the Weinberg
angle 6y, for the v (V) energy region 50 MeV <|p | <500
MeV. (a) oy for sin’0y =0.3; (b) o7 for sin®6, =0.4;

(c) o, for sin%0,=0.4; (d) o0, for sin%, =0.3.

P (MeV)

FIG. 4. Total cross section for the antineutrino (neu-
trino) disintegration of the deuteron up to LAMPF ener-
gies, in the Bég-Zee model.



3680 AHMED ALI AND C. A. DOMINGUEZ 12

T T T T T
|0—39 | ]
IO«40 | .

e

L

b
lonl = -
10742~ 1 ] i1 | ]
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p, (Mev)

FIG. 5. Total cross section for the neutrino (antineu-
trino) disintegration of the deuteron for the energy re-
gion 50 MeV < | p| =500 MeV, in the Bég-Zee model.

to the neutral-current —-induced inclusive process-
es.® We note that the process (1) while invisible
in this model at reactor energies (o0~ 107% cm?)
rises sharply and can be observed at LAMPF en-
ergies. The neutrino and antineutrino cross sec-
tions are, of course, equal.

iii. Isoscalar neutval weak curvent.® Results
for the isoscalar model are shown in Fig. 6, where
the scale depends upon the relative strength of the
vector and the axial-vector parts. As pointed out
earlier this can only be decided by data on purely
neutral current processes. Pending such a deter-
mination, we have arbitrarily chosen |a,|?=|a,|?
=1 in (2.25) for the 35— 'P transition (35— 'S and
35~ 3P are AI=1 transitions). The coupling con-
stant F®4 is taken from the quark-model result
FOS4 /P4 ~3  We note that the reaction (1) in
this class of models is not visible up to the
LAMPF energies.

Experimentally, Gurr et al.'® have presented a
new upper limit for the antineutrino disintegration
of the deuteron at the reactor energies, which is
six times the Weinberg-Salam model calculation,
at a 3-standard-deviation level. They propose to
rerun this experiment with improved neutron de-
tection efficiency. A precise determination of the
reaction rate can considerably reduce the scope
of theoretical speculation, and would be very wel -
come.
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APPENDIX

The following are the expressions for the func-
tions Z; used in the text:

VE,
(bE, -1)(E, +E,)

+tan-! ((E,, >‘/ 2) (bE, +1)

Z,=

E, VE, (bE; —1)2
_ (b_;g_l), tan"}((E,b)"2), (A1)
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_____2____ - 1/2
Zz‘fE(l_bEd) tan"Y((E,5)" %)

‘%E_I:EF tan~Y(E,/E,;)"?), (A2)
Z,= 2[[51 -zal,-é-tan"((Ekb)‘/Z)jl, (A3)
z,,:%[%p:ks/ 2_ %—E,,’/ 2 +-5§1n tan~}((E.b)Y/ 2)}, (A4)
z_,,:-;-(%E;/Z -Z), (A5)

1

Zg=~ (E,,+Ed) (4Ek5/2+%°-EdEk3/2+-’§-Ed2Ek1/2)
+2_5 Ed’,Ek +§ Ek3/2
12 (B, +Eo)° 12 (E,+E,)

+-i-g- \/_;'3——4— tan"((E./E,)"?), (AB)

g - 12E,%2  B0E,E,*’* , BENE,
7 (Ex +Ed)2 (Ep +Ed)2 (Ex +Ea)2
45 EJ/E, 4 2if (Ex\'?
+-—2— (Ek +E¢) +-2—\/_E_d- tan <_E_,1-> ), (A7)
1
Zs= GriE) (BE/? -REE*? —35E,'%E,?)
E 1/2
+35E13/2tan"«—"> ), (A8)
Ed
Z,= -8[3E,%/? ~3E,*/*E, +E,NE,
-E,% 2tan"Y((E,/E,)"?), (A9)
Z,,=%E,"?, (A10)
b =masz. (All)

In all the above equations E,=p, —E,;, i.e., the
maximum available energy.
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