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An analysis of large-transverse-momentum data is carried out using local exponents which characterize the
dependence of the cross sections on pT and e = (missing mass)'/s. The results of this effective-power analysis
allow any model to be critically compared to the data in a simple but meaningful way. Selected models are
examined. A survey of the features of the~constituent-interchange model (CIM) is given for inclusive
scattering, and some special features for electromagnetic processes are discussed. The CIM can explain, in a
simple way, not only the behavior of the local exponents but also their specific values for each particle type
using the quark-counting rules. Quasielastic peaks in the c distribution are observed for the difference between
particle and antiparticle production (p —p, K —K ) which are consistent with expectations. Further crucial
tests of the CIM are discussed.

I. INTRODUCTION

One of the most important questions in strong-
interaction physics is whether particle production
at large transverse momentum directly reflects
the interactions of hadronic constituents at short
distances. In the case of deep-inelastic lepton
scattering, Bjorken scaling implies that a finite
fraction of a nucleon's momentum is carried by
pointlike constituents. ' Accordingly, in the case
of hadronic collisions, one expects that particles
can be produced a large transverse momentum
by a single, hard, large-angle scattering involv-
ing these constituents. ' The application of the
hard-scattering constituent models to both exclu-
sive' ' and inclusive processes" "at high trans-
verse momentum has in fact proven very fruitful. "
On the other hand, more conventional —strictly
hadronic —descriptions have also been utilized,
including the multiperipheral, "fireball, "hydro-
dynamic, "and eikonal" models. Each type of
approach has had some success in describing some
portion of the first available inclusive data; how-
ever, with the advent of detailed single-particle
inclusive data from the CERN ISR"'" and Fermi-
lab" for a variety of particle types, more signifi-
cant and stringent tests of the basic dynamical
mechanisms and the internal consistency of any
given model have become possible.

We have found that among the most sensitive ex-
perimental parameters and discriminants of var-
ious models are the effective powers ¹ffand I',ff
defined in Eq. (1.3). In the remainder of this sec-
tion we discuss the motivation for these param-
eters, and outline the general features of the hard-
scattering models. In Sec. II, the data are ana-
lyzed in such a way as to reveal the basic features

and systematic trends. The results of the effec-
tive-power analysis allow any model to be critically
compared with the data in a simple but meaningful
way. In Sec. II, selected models are examined in
light of the above analysis. They are found to
either disagree with the data, or to be incom-
pletely developed. Section IV will summarize the
essential features of the constituent-interchange
model (CIM)'" ' while in Sec. V the physical
interpretation of certain features of the theory will
be discussed in detail. Section VI is devoted to a
comparison with the data. The CIM is found to
reproduce most features of the data in a natural
way, though in some interactions several alterna-
tive CIM mechanisms are equally viable. In Sec.
VI, the type and quality of additional experiments
needed to completely specify the appropriate mech-
anism and to definitively test the model are dis-
cussed. In particular, the importance of corre-
lation and angular dependence measurements, and
of data taken with a variety of incident beams, is
stressed.

All of the parton and "hard-scattering" models
which have been proposed to describe hadron pro-
cesses (A +&-C+X) at large transverse momen-
tum have the common underlying structure illus-
trated in Fig. 1. In fact, many conventional mod-
els also display a similar structure. In the hard-
scattering models. the large-transverse-momen-
tum reaction is assumed to occur as a result of a
single large-angle scattering a+5 —c+d of constit-
uents & and &, followed in general by the decay or
fragmentation of c into the observed particle C.
Particular models differ mainly by the choice of
the "active" particles of systems a, 5, c, and d.
In the model of Refs. 2 and 19, the active particles
are assumed to be quarks. In the constituent-in-
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terchange model, ' ' the underlying large'angle re-
action involves quark-hadron scattering. In the
multiperipheral models of Refs. 12, the large-
angle process involves only hadrons. Conceivably
all three types of reactions could be involved. "
Alternatively, it could be that, when fully formu-
lated, portions of the various descriptions will
phenomenologically prove equivalent. Indeed to
the extent that quarks do not appear in the final

state some description in terms of purely hadronic
final states must be possible. Explicit models
in which this calculational equivalence occurs are,
however, still missing, although "bag" models
would appear to have the necessary separation be-
tween short and long distance behaviors.

The calculation of the cross section correspond-
ing to Fig. 1 takes a simple probabilistic form
for large P2'..

E d, (A+B C+X) =— Q
da'

d'p
a,b,c

1

'b
dxc, G, g~(x, ) G, ys(x, ) Gc g,(xc)
xc

s do'
x 5(s'+ 'f +u') —,(a+5-c+d*)r dt'

g = X+Xb8, f = X+0/XC ~ Q = XbQ /XC

Here G, ~„(x,) is the probability for the constituent
or fragment a to have fractional longitudinal mo-
mentum x, in a frame where

~ p~ ~
-; for quarks

the Bjorken scaling function is vW, „(x)
=Q, e, 'xG, g~(x), with x= —q'/2mv. Equation
(1.1) was derived for specific cases by Berman,
Bjorken, and Kogut' and has been developed in
various forms by various authors. It can be de-
rived using infinite-momentum frame methods, '
or directly from a covariant analysis using light-
cone' or Sudakov variables, ' or via generaliza-
tions of the multiperipheral model. " Note that
in case where A, &, or C is an active particle,
we can use G~ y~(x) ~ &(1 —x), etc. We ignore
absorption which, if present, affects only the
cross-section normalization.

In order to describe the cross section following
from the above form, it is necessary to introduce
kinematic variables and for convenience we choose
sq x~ = —1c/sq x2 = —t/sq e =%i /s = 1 —x~ —x2q

and P&' =x,xp. At 90' in the center of mass, an-
other useful variable is xr =2Pz, /s' '= 2x, =2x„
and e = 1 —x2. Though the most convenient param-
etrization of the predictions will depend on the

FIG. 1. The structure of A +B C+I at large trans-
verse momentum in the hard scattering models. The
active particles a, b, c, or d can be quarks, hadrons,
leptons, or photons depending on the model and process.
The contributing large angle subprocess a +b c+d is
irreducible: No further bremsstrahlung from a, b, or
c is allowed.

E „, - p e~(p,2+m')-"1(x„x,) .
abc

(1.2)

This suggests that a convenient representation of
the data is given by the local powers, "

9 Bo'
Neff Pp ~, ln E 3Bpz P e fixed

(1.3a)

and

8 do'
Eeff —E lnBf P Py fixed

(1.3b)

In power-law models, the deviation of N, ff and E,ff
from their naive constant values arises from a
number of sources: (a) the presence of more than
one term in the sum, (b) finite-mass corrections
to the Pr' behavior, and (c) the sometimes signifi-
cant variation of I(x„x,). Although the character-
ization of the data in terms of the parameters N, ff
and E,ff is tailored to the power-law models, it
will serve as a general description of the data in
much the same way as effective Regge trajectories,
(x ff (t ), and residues, P,«( t ), can be used to dis-
play the systematic features of exclusive data. "

Let us assume that E,ff and N,«are slowly vary-
ing as one approaches the exclusive limit, e-0
at large P2' or at fixed angles. The requirement
of a smooth connection" between inclusive and ex-
clusive scattering then implies that the associated
exclusive process has the behavior [see (4.12)]

particular forms employed for the G's and do/dt,
we choose to be guided by models with power-law
behavior for both functions. ' " Since the dimen-
sionless G's can be assumed to be scale indepen-
dent, the P& dependence is determined by the fixed-
angle scaling behavior of do/dt. Taking do'/dt
—s "f(8, ), this yields cross sections of the
asymptotic form
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~(T
S ff++eff + eff ~ f(e )dt c.m. 0 (1.4)

In most power-law models, (N+E+1),ff increases
as the number of particles involved in the exclu-
sive reaction increases. Hence the value of
(&+E+ I) ff yields information on the underlying
interaction mechanism responsible for the pro-
duction of a given particle type in a given kine-
matic region.

II. THE EFFECTIVE-POWER ANALYSIS

~F/F = —(1 —e) e ' (F—1) (P~'/4M') . (2.1)

For Pf, -M/10, this is at most a 5% correction in

Let us now turn to an examination of the exist-
ing large-P~ data for various types of particles
produced in proton-nucleon collisions. Even
though it would be useful to carry out analyses at
all angles, the only sufficiently complete body of
data useful for our purposes was taken in the vi-
cinity of 90' in the center of mass. These con-
sist of r' data from the Columbia-CERN-Rocke-
feller (CCR) (Ref. 16) collaboration and charged-
particle data from the British-Scandinavian (BS)
(Ref. 17) collaboration (at ISR energies v & =23.5
to 52.4 GeV), and finally the comprehensive
charged data, of the Chicago-Princeton (CP) (Ref.
18) collaboration at Fermilab energies (v & =19.4
to 2'7.4 GeV) for protons on heavy nuclear targets.
Our analysis will emphasize the observed dynam-
ical differences between production cross sections
for different particle types.

Before proceeding with the effective power anal-
ysis, we wish to emphasize that there are a num-
ber of complications inherent to the CP data.
These include the following:

(a) Corrections must be used for nuclear target
effects'4 in the CP data. The measured A depen-
dence of the w -production cross sections varies
from A' ' to A' ' as P& ranges from 1 to ~ 3
GeV/c, whereas for proton production the A de-
pendence appears to saturate at A" for P, o 4
GeV/c. The measured effect for K mesons is
similar to that for the pions and P's are similar to
protons. We have assumed that the above effec-
tive A powers depend only on P~ in order to ex-
tract the effective per-nucleon cross sections from
the Tungsten data for each particle type.

(b) Furthermore, the nuclear Fermi motion affects
the kinematics so as to increase the average en-
ergy in the collision by v s - Ws(l+ —,

'
Pz/M), where

I'~ is a measure of the Fermi momentum. Since
the cross section is an increasing function of en-
ergy, the fractional error in the extracted E val-
ue ls

while, at fixed e,

In[Z(e, s,)/Z(c, s,)J

21n(u s, sin8, /v s, sin8, )
(2-3)

In general, N,«and E,«can both be energy depen-
dent. A further advantage of analyzing the CERN
ISR and Fermilab data separately is that any
strong energy dependence of N, ff and/or E,ff will
be most pronounced in the comparison between
the two. However, in light of the present statis-
tical errors and the limited number of energies

the worst case, E-10. The effects of the trans-
verse motion are substantially smaller.

(c) Our analysis corrects kinematically for the
fact that data for the CP energies was not taken
at precisely 90' in the c.m. by noting that e =K'/s
=1 —x& csc 0. This is the only correction re-
quired if the 0 dependence of I(&) in Eq. (1.2) is
negligible. This is the case for most hard-scat-
tering models in the vicinity of 90'.

Because of the above uncertainties, in particular
(a), and possible systematic errors between en-
ergies, any detailed conclusions based upon the
present data must be regarded as somewhat tenta™
tive.

We now proceed to extract the two effective
power parameters, N,«and E,«, defined in (1.3).
The values of E,«are obtained by using data at
different energies but with the same P& values,
whereas the N,«extraction requires data at fixed
e for different energies. Typically a (logarithmic)
interpolation in P& of the cross section at each
energy is required for the latter. This mapping
of the data replaces a cross section which varies
over ten decades by slowly varying parameters
E ff and N e«which can be sensitively compared
to the predictions of any theory. In contrast, fits
to the data can often achieve reasonable X' values
despite systematically incorrect E,«and N,«be-
havior. Ideally, the extraction of N ff and E,«
requires a series of closely spaced energy values.
Instead we have, for charged particles, only three
Fermilab energies (Ms=19.4, 23.8, 27.4 GeV) and
three CERN ISR energies (Ms= 30.6, 44.8, 52. 1

GeV), while for p+p-ff'+Xwe have vs =23.5,
30.6, 44.8, 52.7, and 62.4 QeV. Unfortunately
we have had to discard the 62.4-QeV data as being
essentially useless for our purposes because of its
large statistical errors. The data from each ex-
periment must be analyzed independently in order
to avoid difficulties with relative normalizations
which can induce anomalous N,«and E,«values.

For each pair of energies, at fixed P&, we cal-
culate (Z = E do/d'p)

ln[Z(pT s )/Z(pT &.)]
»[~(pT, s„~,)/e(pT, s., ~,)]
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and

5N, ff 5Z, /Z, + 5Z, /Z,
ln(Z, /Z2)

5E,ff &Z, /Z, +&Z,/Z,
E,ff In(&, /&, ) p r

(2.4)

(2.5)

This error is particularly large for moderate-P&
CERN ISR data, where the cross-section ratio
(Z, /Z, ) is quite near 1. Thus we should not be
surprised to observe large fluctuations in the E,«
extracted at CERN ISR energies. Even though it
is in a region of less sensitivity, some of the CP
data points are clearly not of adequate statistical
quality to yield meaningful constraints of N, ff and

«. We discard those points for which error bars
are of the order of the difference between cross
section of two neighboring energies. This limits,
primarily, the available P and K data at the
larger P& values.

The results are presented in Figs. 2 and 3. For
the Fermilab data X 's indicate extractions using
the "low"-energy pair (Ms= 19.4 and 23.8 GeV),
and ~ 's indicate those for the high-energy pair
(&&=23.8 and 27.4 GeV). The discrepancies be-
tween the two extractions are some measure of the
errors involved as well as possible energy trends.
The average value should be somewhat more reli-

from a given experiment, an overly detailed exam-
ination of energy dependence within a particular
experiment's data is not warranted.

It is perhaps useful to display the sensitivity of
«and E,« to the statistical errors in more de-

tail. The percentage errors in N,«and F,«are
approximately given by

able. The corresponding notation for the CERN
ISR data is o for the pair Ms=23. 5-30.6 GeV, ~
for 30.6-44.8 GeV, and for 44.8-52.'7 GeV. Note
that statistical errors are not shown, but are
usually of the same size as the discrepancies
from the different energy pairs.

v: Figure 2(a) shows the N.ff for s CCR data.
Clearly N,« -4 over the entire available x2 range. "
Figure 2(b) shows the corresponding E,ff values.
The average result is Ee«11 though clearly large
fluctuations (due presumably to the sensitivity to
experimental errors in the small-xr region) about
this central value occur.

m: Figure 3 gives N, «and F,« for charged
hadron production. Note that on each graph two
sets of points appear; those for BS-CERN ISR
(concentrated at low xr in the N,~f graph) and those
for the CP-Fermilab data. Despite the smooth
rise of N,« from 3.5 to 6 over the entire range of
data for w'and m production, it is clear from the
E «plot that the BS and CP data are quite diff er-
ent, the former having a much higher E,ff (more
or less consistent with the average value E,«11
of CCR) than the latter at the small-Pr values
where overlapping E,«extraction is possible.
Note, however, that as p& increases for the
Fermilab data, F,«rises slowly. The m data is
quite similar.

K': The K' data is quite similar to the pion
data with the exception that the CERN ISR N,«
values are about & unit below those for the pions.
In contrast, the Z data (though limited and not
very self-consistent) appears to have a similar

« to the E' but a quite diff er ent E,«behavior
from the other mesons. E.« is more or less con-
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FIG. 2. The parameters I e«and Ae«[see Eqs. (2.2) and {2.3)] obtained from the pp & X CERN ISR data of CCR
collaboration, Ref. 16. Three energy pairs are used as indicated, with P z& 2.5 GeV. The statistical errors are of the
same size as the discrepancies from the different energy pairs. The prediction of the CIM is Ne«=4 for this kinematic
range.
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stant throughout the Fermilab regime and has a
value substantially larger than those for n, m,
and K+ (except at the highest Pr values). The
CERN ISR extractions may also be suggesting a

slightly higher E,« for K at CERN ISR energies
than for K', r, and m .

P, P: The extractions. for the proton are seen to
be quite different from the meson results. N, ff
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FIG. 3. The parameters Fcff and N, ff for charged hadron production at the CERN ISR BS collaboration (Ref. 17) PP
collisions and the Fermilab CP collaboration (Ref. 18)PL, =200, 300, 400-GeV proton-Tungsten collisions obtained
using Eqs. (2.1) and (2.2). The energy pairs for the CERN ISR (connected by wavy lines) are (Ms=30.6-44.8 GeV), and

(vs =44.8-52.7 GeV}. The energy pairs for Fermilab (connected by straight lines) are (Ms=19.4-23.8 GeV) and (Ws

23.8-27.4 GeV). A P z dependent nuclear correction is assumed for the Fermilab data (see Sec. II). Only P z & 2 GeV/c
data are used.
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rises from -4 (CERN ISR region) to 8 (Fermilab
region —high xr). F,ff is again larger for the
CERN ISR energies than for the Fermilab ener-
gies. As in the case of n' and K "s, as P& in-
creases over the Fermilab range, Eg«rises from
quite a low value to -5 at Pr -7 GeV/c. F,ff in
the CERN ISR region is apparently lower than for
the meson data. The N, «behavior for antiproton
production appears quite similar to that for pro-
tons, but the Ee«values are quite similar to that
for protons, but the E,«values are quite different.
In the Fermilab regime Ee« is flat as a function of
Pr, large (=8 or 9), and seems to be even higher
for CERN ISR energies =12-14.

Before turning to more detailed considerations
we give in Table I the values of (F„„+N,ff+1) for
the CP and BS data. As stated earlier, the sum
(F,ff+N, ff+1) represents, at least roughly, the
over-all energy dependence of an associated ex-
clusive-limit process which scales as (1.4). From
Table I we see that different particle types yield
distinctly different results; the observed ordering
agrees with what is expected in models, like the
CIM, which associate exclusive processes for P
and K production with higher quark number, and
hence stronger energy damping.

dence of E,«and N,«, and, finally, the limiting
values of these two quantities in different kine-
matic regimes.

-hE d, "exp(-ap, s ), (3.1)

yielding

Neff = —(1 —2A) xrs' ' " (3.2)

Popular values of h, such as k = 8 (Ref. 26) or
h = —,

' (Ref. 27), yield a, very strong systematic en-
ergy dependence at fixed x& which is contrary to
the data. For example, N, «should change by
-30'fo over the Fermilab energy range for h = 8.

Hydrodynamical and thermodynamic models' ~

These models tend to obtain similar E,«'s for
particle and antiparticle at all P& in apparent con-
flict with the data. At large P~, universal particle-
independent values of E,«and N,«are predicted
because there is no memory of the initial-state
quantum numbers and all particles have the same
temperature. Even allowing for different tempera-
tures, there are more detailed dynamical diffi-
culties. For example, these models suggest that

III. OTHER THEORIES

One may reasonably ask whether the above re-
sults are able to discriminate against any of the
various models proposed for high-P~ phenom-
enology. Although an exhaustive discussion of all
possible models is beyond the aims of this note,
we will at least briefly describe a representative
sample of quite different models. The principal
experimental features which any given model must
reproduce are the differences in E,«and N,«be-
tween the various types of produced particles, i.e.,
the strong quantum number dependence of the cross
sections. Other dynamical features which must be
explained are the energy and momentum depen-

TABLE I. Approximate values of 0+E«+N, fz). These
values are obtained from Figs. 2 and 3, and are uncertain
by at least +1.

Multiperipheral models

Two immediate difficulties of the simplest ver-
sions of such models (Ref. 28) are that they pre-
dict the same E,«and N.« for particles and anti-
particles and that the pion and kaon cross sections
should have the same form except for mass-depen-
dent effects (Ref. 29) that should be small at the
larger P~ values. Although these models can nat-
urally yield an N, ff -4 (for example, by assuming
an underlying P' theory), they have considerable
difficulty in accomodating the higher N, «values
appropriate to the Fermilab data. The data can
perhaps be interpreted in terms of generalized
versions of the above models which incorporate
quantum-number dependence in trajectories and
more general energy dependence.

Quark-quark scattering 2'

CP—Fermilab
Pz- 5—6 GeV
~=1 —x~
~ 0 5

BS-CCR—CERN ISR
Pz- 3 GeV
e=1-g&
—0.87

12.5 12.5 12.5 14 13 17

16 14 5 15 5 14 5 16 12 18

The first and most obvious difficulty of this ap-
proach is that the natural expectation N,«=2 for
scale-invariant quark-quark scattering is con-
siderably below that appropriate to any present
data. Regardless of the assumed energy depen-
dence of the basic scattering process, all such
models have systematic difficulties with particle
ratios since a universal N,« is predicted. Fur-
thermore, in the absence of "leading particle"
diagrams, Ee« for pions should be lower than that
for protons at any given P. This, too, is contrary
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(3.3)

implying

to the data. ' Natural modifications of the naive
quark-quark scattering form can arise in asym-
ptotically free gauge theories. One proposal is
that the cross section should have the form"

&+a ln 1n (p& /p2)

d'f Pr'»(Pr'/I ') '

since any two-body reaction a+6 -c+d has fixed-
angle behavior of the form

40'-

dt (g g c d) s (ng+ny+ng+ tip )f(t/s) (4 I )

the inclusive cross section Eq. (1.1) behaves as

E d, = g [pr'+M'(abed)] "f(8, , e), (4.2)
abed

E ff E + a ln In(Pr'/p, ') (3.4)

independent of energy. Even though the over-all
magnitude of N, &f (=2+a/InPr') is improved, the
predicted energy independence of it and Eeff in
going from CERN ISR to Fermilab energies is a
difficulty for this approach. Another possibility
is that the scale-invariant interaction itself is
modified by neutral vector mesons or gluons in a
gauge theory. The form suggested by Fried et al."
is

d(xE d, =G(xr)s ",d'p

n=—2+4y&z .

(3.5)

IV. CIM THEORY

In order to present a meaningful analysis of the
data within the framework of the constituent inter-
change model, we will present in this section a re-
view of the essential features of this approach to
large-P& phenomena. Within the framework of
hard scattering models there are a great number
of possible candidates for the underlying large-P&
subprocesses. It is thus necessary to systematize
the calculational rules in order to present a sim-
ple confrontation with the data. The primary in-
gredient is the use of dimensional counting, "
which has already been shown to be successful in
describing the experimental features of fixed-angle
two-body scattering processes. To review briefly,

While the extracted Neff values could be consistent
with the predicted dependence (provided y is par-
ticle dependent) the Fermilab meson data yield
X ff 's which change very slowly at high x&. In ad-
dition, I',« is predicted to be energy independent
(since G is) at fixed Pr. This, again, appears to
be in conflict with the transition between CERN ISR
and Fermilab data.

A common difficulty of many of the above ap-
proaches is the assumption of a single contribut-
ing subprocess so that the cross section is dom-
inated by one term. While the use of more than
one subprocess will not solve all the difficulties
of the above approaches, it is clear that this type
of freedom is essential to describe the experi-
mental results —in particular, the difference be-
tween CERN ISR and Fermilab energies.

where

N=n, +n~+n, +n„-2 (4.3)

and M~,&,d~ is a mass characteristic of the subpro-
cess. Here n& is the number of quarks in hadron
II. More generally, N+2 = n„„.„, is the number of
elementary fields (lepton-photon-quark) participat-
ing in the large-angle subprocess. Thus for elec-
tron-quark or photon-quark or quark-quark scat-
tering (n„„„,=4) one obtains the standard scale-
invariant P&

4 predictions of the parton model.
Quark-meson scattering (n„„„,=6) gives the CIM
prediction of P& '. Other quark-hadron or hadron-
hadron reactions yield P&

'
p& ",p& ", . . . as

more and more elementary fields are involved in
the large-P& reaction. Physically, one pays the
"penalty" in the cross section of a factor P2

' for
changing the direction of each additional quark or
lepton line. Note that these quark counting rules
automatically incorporate the predictions of asym-
ptotic dipole baryon and monopole meson form
factors. They are derived assuming a basis scale-
invariance of the scattering amplitude at short
distance (as is characteristic of simple Horn
graphs in renormalizable perturbation theory) and
assuming that the hadronic Bethe-Salpeter wave
function is finite (corresponding to limited binding
corrections). One can extend the predictions to
allow for logarithmic modifications of the scaling
laws or small anomalous dimensions, but we shall
not find this necessary here.

Besides the counting rules for the subprocess
fixed-angle energy dependence, one is fortunate in
also having closely related constraints on the dis-
tribution functions G, ~~(x). These are obtained by
assuming, as before, an underlying scale-invari-
ant theory; it is easy to show that for x-1 (Ref. 9)

G, gg(x) ~ (1 —x)'" ' " (4 4)

where n(aA) is the number of quarks in the state
a+A; i.e., the number of quarks "left behind. "
Some typical cases are (x- 1)

G, y~ CX:(1 —x)', G—,y~ ~(1 —x)', G, g, ~(1 —x) .
(4 5)

All these results are consistent with the general-
ized form-factor behavior



3476 R. BLANKENBECLER, S. J. BRODSKY, AND J. GUNION

F,g„(t) t "~' (4.6)

(p&2)a "active g+f(g )
dcT

abed

(4.8)

and the analog of the Drell-Yan-West relation for
vS~.

The prediction vW2~(1 —x)' for antiquarks in the
nucleon has been used to great advantage in Ref.
32 for the parametrization of the parton distribu-
tions obtained from neutrino and electron deep-
inelastic scattering. It is, however, evident that
one must take G~~~(x) ~(1 —x)' for the down-quark
distribution in the proton and up-quark distribution
in the neutron in order to parametrize the observed
behavior of vW~2/~W", . This indicates strongly that
a simple symmetrical three-quark model for the
nucleon may be too naive. The applications to the
Fermilab data discussed in this paper, however,
are not sensitive to this modification, because of
the nuclear target.

Using Eq. (4.4) we also have (M= it', K, p, . . . )

G„gt, ~ (1 —x)', G» gp
tx: (1 —x—)',

(x- 1) (4.7)
G~ g„ct- (1 —x)', G~ g~

~ (1 —x)" .
Some consequences of these results for inclusive
reactions in the triple-Regge region are discussed
in Ref. 9. Note also the mild falloff of G~«~/~
-(1 —x) reflecting the ability of the diquark sys-
tem to carry off a large fraction of the nucleon
momentum (only one quark has to be stopped).

Applying the result (4.4) to Eq. (1.1) we immedi-
ately obtain the convenient counting rule (as e-0)

distributions to finite order in perturbation theory.
The difference in counting emerges as a result of
the pointlike nature of electromagnetic interac-
tions. ' This rule applies to ordinary radiative
processes and radiative corrections (in which case
there is an extra factor of (logs/m, ') for each
electromagnetically radiated particle) as well as
to photoinduced processes. The counting rules
correspond to the intuition that as the number of
spectators increases there is less available phase
space and the power of c increases.

As a final constraint and classification tool, we
shall use the correspondence principle of Bjorken
and Kogut, "which requires a smooth connection
between the form of the inclusive cross section for
e =SlP/s -0 and a corresponding exclusive cross
section. This connection, the generalization of
Bloom-Gilman duality for deep-inelastic lepton
scattering, can be proven in theories of the type
considered, as was mentioned above. Thus, if a
contribution to the inclusive cross section for
A +B-C +X at fixed O..m. is to join smoothly for
e-0 to an exclusive cross section for A. +&
-C+D+ ~ ~ ~ +E, we then have"

Af dSR', (A+B-C+X)
dt de

f tttcl (e)
W s (Pr')"

excl1
tt„,t f~+a c+D+ ~ +s(8, , . . . ),

(4.12)
where

where F, the degree of "forbiddenness, " is given
by' and

N=n, +n„+n, +nd —2 (4.13)

F= 2n passive

and where, for hadronic reactions,

n „„„„,= n(aA) + n(5B) + n(C.c)

(4.9)

(4.10)

is the number of passive spectators in the reaction.
One can readily check that this rule is consistent
with the Bjorken-Kogut correspondence principle, "
crossing properties, "and normal parton-model
predictions for lepton-hadron processes, such as
pp- pX. In the case of electromagnetic couplings,
we have the further rule that

Nexc] = N+ 2n passive

= j.+N+F . (4.14)

It is apparent that in this exclusive limit the total
number of active quarks (since all are active) is,
in fact, N+2np, .„,+2, so that the power, N,„,&,

conforms to dimensional counting. The angular
functions f '"" and f " are similarly and internally
related.

Note further that all of the contributions which
yield the same N„,&, i.e., are dual to the same
exclusive channel, may be summed in the form

F 2n ss1ve + n passive ], (4.11)

where n„"',"„;„,is the number of spectator quarks or
leptons arising from a point electromagnetic cou-
pling. Note that photons are not counted in the
spectator rule. Accordingly, spin-one gluons
which have an elementary coupling to quarks never
affect the e-0 endpoint behavior or probability

(4.15)

where the first term clearly dominates for
P&'» M', and the subsequent terms correspond to
allowing the passive spectator quarks to become
active large-momentum-transfer participants.
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The last term gives the exclusive channel limit.
Note that the corrections to the leading term are
of the same form as that obtained by using

+ s ~ ~ (4.1'I)

These statements assume that all possible relevant
subprocesses are significant. However, certain
of these subprocesses may not be allowed by a
specific model. For example, in the CIM, in which
the contributing hard interactions must all be de-
rived from quark interchange or exchange among
hadrons, the P2

' terms which arise only from
quark-quark scattering are absent. The reaction
q+(qq) -q+(qq) is also not allowed in the CIM,
but it is present in Preparata's massive quark
model. " Conversely, assumptions which are too
restrictive can be inconsistent with crossing to the
process C+B-X+X;"this is the case if one as-
sumes absolute dominance of annihilation pro-
cesses such as g+g -M+M, for example. "

Let us now turn to a more detailed discussion of
the contributions present in the CIM. Given the
absence of any quark-quark scattering terms (as
first predicted on the basis of a study of the angu-
lar dependence of elastic scattering), the leading
contributions then arise from terms with six active
quarks and have N=4.

where e"= e'+O(M'/Pr'), and are analogous to
the corrections from using the Bloom-Gilman
variable ~' rather than & in the analysis of deep-
inelastic scattering. The calculation of the cross-
section normalization is very difficult in this limit
since the various terms become coherent in this
limit.

Thus, hard scattering model predictions for par-
ticle ratios at large Pr, Eq. (2.2), can be sum
marized as follows: For the same P& power law

(Pr ', Pr ', or Pr ", . . .}, the cross section for
production of particle type C as compared to type
C' is given by

E(do'/d'p) (A+B-C+X) ~ (c) „(c)
E(do/d'p) (A+B-C'+X)

(4.16)

where, at 90; a= 1 —Xr. Here Nz(C) is the di-
mensionally determined power falloff at fixed angle
of the cross section for the first exclusive contrib-
uting channel (i.e., with fewest elementary quarks}
which contains particle C plus other nonexotic
hadrons, and originates from A. +&. The corre-
sponding form for Edo'/d'p for a given value of
Ns(C} is

E (A+B C+X) — ' e"& '+ e"&do' I I
d p p 8 p &2

TABLE II. CIM subprocesses.

Subprocess
+miiI ~or (pp-)

7r 'DE+ p '0 E p p

+=4 q+M q+M
q+q M+M
q+q B+q

q+ (qq) -~+B
q+B~q+B
1'+M M+ M
q+q B+B

(qq) +B-(qq) +B
M+B M+B

9
11

9

5
5

11
17

13 13 15
11 17 17

9 7 ll
9 5 ll
9 3 ll

11 17 17
17 11 ll
ll 1 ll

9 5 ll

Thus the limiting behavior at fixed e and angle
for any hadronic production process will be P~ '.
However, it is equally clear that as e becomes
small, terms with larger N, P~ ",P& ", . . . , which
in general can have smaller values of E, will be-
come increasingly important. As we shall see in
Sec.V the above expectations are consistent with the
available data. In particular, the P&

' behavior
does seem to emerge at CERN ISR energies.

The allowed subprocesses in the CIM for the
lowest three values of N are listed in Table II. For
each subprocess, the minimal F value for the pro-
duction of a given particle type is given for proton-
nucleon collisions. " In general, subprocesses
which are related by crossing to those listed in
the table, such as M+M-g +g, also are to be in-
cluded, but these yield higher I' values and thus
are nonleading contributions in the e-0 limit for
proton-proton scattering.

The CIM postulate, which allows only subpro-
cesses involving at least one hadron, is natural
from the point of view of containment or bag mod-
els in which the direct quark-quark interaction can
be made small without affecting the quark-con-
tainer interaction. Additionally, the CIM can be
regarded as a dynamical prescription for calcu-
lating duality diagrams.

Within the CIM framework, proton production is
a somewhat special case. First, there is no min-
imal E=5, N=4 subprocess. Second, the sub-
process Q'+Q'- &+@is not necessarily present. It
is intimately related to the basic wave function of
the baryon. This term would be absent in theories
in which the baryon is a bound state of a quark plus
a strongly bound diquark core. This is a striking
example of how large-P2 experiments may be able
to resolve an essential feature of the short-dis-
tance structure of baryons.

While the above N and minimal I values appro-
priate to a given subprocess describe the domin-
ant kinematic variations for sufficiently small e
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and large P~, there are corrections to both as one
moves away from this region. In the case of N ff,
the corrections are relatively simple. They take
the form of mass corrections to P&'. As outlined
earlier, a given subprocess is assumed to have
the form (Pr'+M') "and hence the local N,« is

N, ff N(1+M'/Pr') ' . (4.18)

V. THE PHYSICS OF F ff

Although the limiting value of N,«has direct
physical significance, its shape is determined

0—
M =2
M~ =5

Neff 6— .——N =6

/
Ws= 50

Local exponents appropriate to %=4 and 6 are
shown as a function of xr for two energies (CERN
ISR and Fermilab) and several M' values in Fig. 4.
These can be used as a tableau to directly com-
pare with the extracted N, ff's and to estimate the
mass values appropriate to a given reaction. An-
other modification, which is important at quite
small P&', arises because of moving trajecto-
ries."' The power N is related to the asym-
ptotic value a(t' —~) of the Regge trajectory of
the subprocess do/dt'(a+5 —c+d). When

~
t'~ &2

GeV', o.(t') rises toward positive values and N is
correspondingly decreased. The effect is diff icult
to distinguish from the M' effects for the P~ &2

GeV/c data analyzed here

mostly by essentially kinematic mass corrections.
This is definitely not the case for the shape of the
E «curve, whic h can directly reflect the con-
stituent nature of the hadrons involved. In this re-
gard it is important to note that mass corrections
to c are of the order M'/s and hence are generally
small. Thus it is the detailed shape of the over-
all probability functions which will significantly
modify the naive minimal F values when c is not
small.

Since a typical distribution function appearing
in the convolution integral, Eq. (1.1), may be ex-
pected to display a peaking or at least a plateau
as in the case for the deep-inelastic structure
functions, it follows that the inclusive cross sec-
tion should display a corresponding smeared quasi-
elastic peak or plateau. Such behavior can be
thought of as arising from several distinct sources.
The first effect is that the minimal F values arise
from processes with the minimum number of spec-
tators. Quite often this means that the associated
term is far from Feynman scaling, since it in-
volves a minimum quark configuration whose wave
function does not have Regge behavior. Therefore,
background terms arising from high wave-function
components (involving more spectators) which lead
to larger I' values must eventually become dom-
inant in order to achieve Feynman scaling as e-1.

The next complication is that for probability
functions of a given shape the convolution integral
and the angular distribution of the given subpro-
cess can introduce additional variation of E,ff at
finite c.

In order to discuss these effects more fully, it
will be convenient to write the convolution integral,
Eq. (1.1), in the following form":

0 I i I

I
t I

N =4

d3pl p ( ) ] g2 / ] +g /~ 1 g

do'
~ 4Pz

dt, r '

Ws= 25

I' Jrs

eff 6 N=6

0
I

0.2
I

0.4 0.6
XT =

I
—q

I

0.8 I.O

FIG. 4. Effects of finite-mass corrections in
(Pz +M ) upon Neff [see Eq. (4.&8)]. The results are
shown for v s = 50 and 25 GeV and M = 1, 2, or 3 GeV .

where z is the cosine of the scattering angle in the
c.m. of the subprocess and E(y) =yG(y). This re-
sult can be readily extended to allow for fragmen-
tation of c into C using Eq. (1.1).

In a moment we will discuss the limiting be-
haviors of Eq. (5.1) and the resulting predictions
for I',«. First, let us consider the simple case
when the distributions are peaked at their natural
momentum fraction: G, ~„(x) = &(x —n, /n„), G,~s(x)
=5(x- n~/ns); here n„=n, +n(aA) and ns =n, +n(bB)
are the total number of available quarks in the
projectile and target, respectively. Note that this
is the exact distribution in the limit of zero bind-
ing. For the peaked distributions, we must have
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(5.2) Writing the differential cross section for the
subprocess as

and dv, „1—z 1+z
(5.7)

1=—x+ x
+g

(5.3)

2
xT=xT =

ns/n„+ nJ,/n,
(5.4)

Thus we expect that for detection at 90' the cross
sections wil have a quasielastic peak at the value

d3p (f r ) xl x2 ~(xl&x2) i

where

(5.8)

and introducing probability functions of the form
(5.6), the convolution integral becomes

tan8„=
n, /ns —n, /n„' (5.5)

and be spread out around this value by the effects
of finite binding. At the peak, the derivative with

respect to x& vanishes, and hence I'.ff should van-
ish also at this point. [Note that xr is multiplied
by nc/(n~ +nc, ) if final-state bremsstrahlung oc-
curs. ] Note also that the center-of-mass angle of
the recoil system d in the active process a + b

-c+d peaks at

x [x +e(1 —xj)] B

N~ =N —1 —g~ —&g —U,

N~ = N —1 —g~ —r~ —T,
F = 1 +gg+gg

= 2n(aA) + 2n(bB) —1,
h~+1, y'~ =h~+1,

j(x, x2) =J~ dq q~&(1 —rl) &(x~+ t7])

(5.9)

The actual physical distributions which must be
used in Eq. (5.1) can be expected to have a rela-
tively complicated behavior, but for simplicity they
may be characterized as a sum of terms of the
form

G( )
&(X)

and recall that at 90', x, = x, =xr/2.
The effect of the q integral is usually to increase

E ff for c - 1, whereas the explicit powers of x,
and x, outside the integral tend to decrease the
effective I' value as e increases. At 90', the E,ff
for a contribution of the above form is

= GX"(1 —X)' (5 6)
8F„,= F — (r„+ra) + e —lnJ, (5.10)

The endpoint behavior at y = 0 and y = 1 can be
established: For G, ~„(y), we have g = yn(aA) —1,
where n(aA) is the number of spectators, as dis-
cussed earlier. (The value of y is 2 for quark
spectators bound in hadrons, 1 for elementarily
coupled leptons. ) The value of h depends on the
type of wave-function component being considered.
For a single "valence" type wave function, i.e.,
a state containing a finite number of particles, h

is yn, -1. This ensures the correct wave-function
normalization and that (xg = n, /[n, + n(aA)] = n, /n„.
On the other hand, we also know that the physical
distributions at y-0 are related to the high-energy
behavior of the forward +A. amplitude: Pomeron
and Regge behavior require h = —n& 0. Specifically,
for a Pomeron-behaved sea component, h =- 1,
corresponding to the Feynman dx/x distribution;
Reggeon components have h -- 2. Accordingly,
the Pomeron and Regge terms must be interpreted
as a coherent superposition of states with an arbi-
trary number of spectators. " We emphasize that
the separation of the physical distributions into
Pomeron, Regge, and valence components of the
form of Eq. (5.6) should be regarded as a conven-
ient idealization of a more complicated situation.

where in the limit e = 1,

c —lnJ =-,'N„1 ~ g& + A a
N~+g

(5.11)

Except for a few cases, this last term's contribu-
tion tends to increase F,« for e -1. It is always
positive for Feynman-sealing contributions and
decreases to zero as c-0. Thus the Feynman-
scaling contributions monotonically decrease with
e, whereas the terms with x„+r~ W 0 correspond
to a peaked "quasielastic" distribution in c.

As we have noted, the possibility of a vanishing
E,« in Eq. (5.10) has an elegant and simple inter-
pretation. Physically, each secondary particle,
a or b, carries average momentum in the e.m.
frame:

Ws n, Ws n,
2 s.n(~-) ~P ~ 2.,+.(5B)

(5.12)

For example, the simple momentum distribution
xG,~„(x)-x&"~(1—x)&"'" ' peaks at x n,/-
(n, +n(aA) —y ), which is close to the weak bind-
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x,'~' (V —V),
2+1/2~E+ 4 (I/ ft +ft y)

x,'~"' (V- ~+I'- V),

xr~~" (fl —jt),
x, '/2~~" (a J + I It), -

F+2 (~ g)

(5.13)

The relative weightings of the P, A, and V terms
may be quite different for the quark, antiquark,
and hadron distributions. Thus it should be
stressed that in general such details of the theory
can be checked at this level only by comparing
different reactions that involve the same proba-
bility functions. Regardless of the modifications

ing value. (This sensible result again motivates
the choice h =yn, —1 for the finite particle wave
function. ) Thus the most likely kinematical situa-
tion consistent with the on-shell constraint
s'+t'+u'=0 and a fixed number of spectators are
the values of x„x„and xr given in Eqs. (5.2)-
(5.4). In particular, the peak of the inclusive
distribution at 90'and the zero of F,«should occur
near this value of x~. This is the natural extension
of the average momentum value for probability
distributions: the relative number of active and
spectator quarks in each hadron A, B, and C
determines the most likely trigger-particle g~
value at any given transverse momentum.

Thus the shape of the F,«curve can be physically
quite meaningful provided the various components
can be at least approximately isolated. Isolation
of these components requires use of difference
data, sum rules, and other intercomparisons.
Some experimental examples will be presented in
Sec. VI. Such techniques have been applied with
substantial success to separation of the various
components of quark distribution functions from
deep-inelastic data. In any case, the larger the
contributions from Feynman scaling and Regge
terms and hence the greater the number of spec-
tators, the smaller the value of x~ at which F,ff
will pass through zero.

A simplifying device, which was shown to be
adequate in the extraction of the quark distribu-
tions from deep-inelastic data, is to associate
two extra spectators (qq) with the Pomeron (P)
and Regge (R) components beyond the minimum
number required for the valence (I/) component.
Here we use this device only to illustrate how F
is expected to increase as one gets into the Regge
and Pomeron region. Since in the present case
two such distributions are being convoluted, we
can expect contributions in the general case with
the following types of limiting behaviors

to F ff w hie h one may reaso nab ly expect in the
region where e is not small, we emphasize that
the ultimate tests of the predictions for F lie in
the limiting case of e- 0.

VI. EXPERIMENTAL COMPARISON

A comparison of the predictions made in Sec. V
with experiment will now be made. Let us start
by describing a few important over-all features.
First we note that the CIM quite naturally incor-
porates the differences between particle types
needed to describe the various F,«and N,«ex-
tractions. It also incorporates naturally the dif-
ferences observed between the CERN ISR and
Fermilab energy ranges. More specifically, we
find the following:

(a) The value of N, « -4 for the CERN ISR «'
data was predicted by the CIM. ' This confirmation
is essential before proceeding further with this
model. It is to be expected that this minimum N
value should dominate all the moderate-p~ CERN
ISR meson data and indeed this is consistent with
the experimental values for N,«provided the ex-
pected mass effects illustrated in Fig. 4 with M'
or order 1 to 2 GeV' are incorporated. Although
the experimental errors are considerable, the
values of the F,ff 's for mesons are relatively large
and consistent with the values predicted on the
basis of P~

' subprocesses.
(b) Because of the smaller e values of the

Fermilab data, subprocesses with smaller F
values, and consequently higher E values, should
become more important. Indeed, all the Fermilab
meson data appears to be consistent with the dom-
inance of (pr'+M') ' terms. The F,«values are
lower than those from the CERN ISR and their
limiting values are consistent with expectations.

(c) The p and p data are somewhat more complex
and clearly show substantial N,« =8 terms in the
Fermilab energy range. Despite this complexity,
the E,«values behave as expected (note the low
values for p compared to p) and a consistent pic-
ture can be constructed.

(d) A convenient way of displaying the over-all
consistency of this approach is to compare the
limiting experimental values of N» = (E+N+ I),«
with the predictions of various subprocesses in
the CIM and in Table III. The general consistency
with the data is striking. The predicted ordering
N (p)&N (K ) &N (K', «) &N (p) is correct,
as well as the individual absolute predictions.

(e) Since the p's and K 's are apt to originate
from beam-independent, Feynman scaling distribu-
tions, the F,«curves are expected to be much
flatter than the primarily valence-derived parti-
cles and may possibly even rise as e -1. As
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TABLE III. Predictions for &Ex =N„ff +E,ff + 1 (proton-nucleon collisions}.

Produced particle

Minimum exclusive channel

CIM subprocesses
q+q ~B+q

N=4 q+M-q+M
pz q+M-q+M

q+q M+M

12

14
14
16
16

14

14
20
18
16

10

12
18
22
22

16
22
20
22

CERN ISR (see Table I) 15+ 1 16+1 12 +1 18 +1

q +2q -B+M
N =6 q+B q+B
pz ~2 q+q B+B

M+M~M+M

12
12
18
18

16
16
18
18

12
10
18
18

18
18
18
18

Fermilab (see Table I) 12.5+ 1 14+ 1 18 +1

Note that the &,g for p and p production at the CERN ISR indicate contributions from
~= 6 processes.

I I I

14 i ~ ?SR
12 x ~ Fermilgb

10

I I I

P P

I

14

12

IO

I I I I

K+ —
K

Feff 0

)c

)( iI

-10

-12

-10

-12

-14
I I I I I I

0 I 2 3 4 5 6 7
p (GeV/c)

—14
I

0 I

I I I I I

2 3 4 5 6 7
p (GeV/c)

FIG. 5. The extraction of Eeff for the difference of the p and p production cross sections and the difference of the K+
and K production cross sections at the CERN ISR (Ref. 17) (BS collaboration) and Fermilab (Ref. 18) (CP collabora-
tion). The points are labeled as in Fig. 3. A zero value for E,ff indicates a quasielastic peak in the e distribution (see
Sec. V).
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discussed in Sec, V, the primarily valence-de-
rived particles (P,K', «' ) are expected to have
decreasing E,ff s as 6 1.

(f) The N, «and E,«obtained from the difference
between particle and antiparticle cross sections
are particularly interesting. The E,«dependence
can directly reflect the quasielastic features of
the hard-scattering model as discussed in Sec. V.
The E ff analy si s for K' —K and P —P is shown
in Fig. 5. Although the errors are magnified, E,«
actually does vanish for both differences, as ex-
pected from the model. The zeros occur at a
quite reasonable position, x~-0.2-0.3 in the
Fermilab energy range and xz-0.1-0.2 in the
CERN ISR range. These values of x~ indicate the
typical fraction of center-of-mass hadronic beam
energy which is maximally effective in producing
large-p~ particles. The fact that x~ is lower at
the higher CERN ISR energies is consistent with
the fact that there are more spectators (and higher
multiplicity) in the beam and target fragmentation
regions for the processes which are important
at the CERN ISR as compared to the Fermilab
regime: E,«(CERN ISR) & E,«( eFr mi Ia)b. The
X,«of the difference K' —K (P —p) is consistent
with that of K+ or K (P or P) at both CERN ISR
and Fermilab energies.

There are uncertainties in trying to interpret
the experimental values of x~ directly in terms
of the probability distributions and subprocesses.
However, using the framework of Sec. V, one
might be able to proceed as follows. If the
q+qq- B+M subprocess is dominant for Fermilab
energies, then the minimum number of spectators
is 3 (this is consistent with E,« -5 at e-0 for p
or K' production), and (ir),„=» using Eq. (5.4).
However, the Reggeon terms in the distribution
are surely important [see Eq. (5.10)] reducing xr
to about —,

' or smaller, corresponding to at least
5 spectators [see discussion of Eqs. (5.13) and
Ref. 38]. Precise checks of the predicted values
of g~ will require double and triple difference ex-
periments which can isolate the various compo-
nents.

Now let us try to understand in more detail the
particular subprocesses that dominate the produc-
tion cross sections of each particle.

As seen from Fig. 2, a single term of the
form e"(Pr'+M»') ' provides a good representa-
tion of the CCR data. The fluctuations of E.«
are probably due to small errors in the data since
Eq. (2.5) yields 5E/E-60-70% for 10% statistical
errors. The M4' parameter is not easily de-
termined from the CCR data which only requires
M4 6 1.5. The value E-11 is consistent with all
the %=4 subprocesses when the possibility of
both Feynman scaling and nonscaling terms is

taken into account. Correlation measurements
will be required to distinguish between the quark-
meson scattering and qq- MM annihilation contri-
butions. The rising multiplicity ' on the side
opposite to the n is natural to the q+M- q+M
process. The observed constancy of the ratio
(q'/«') =0.55+0.11 (Ref. 42) is consistent with the
CIM dynamics and the assumed quark content of
these mesons.

The fT'data of BS and CP clearly show that
both ¹4and 6 terms are required. The normal-
ization of the N=4 term is essentially determined
by the CCR n data. The dominance of the N = 6
term in the CP data is consistent with this nor-
malization because of the difference in E values
of the tw'o terms. The N = 6 subprocesses with
minimal E (= 5) are q+ (qq)-M+B and B+q- B"+(q)- B*+(q' +M). The experimental E,«
does seem to be approaching the limiting minimal
value of 5. Both subprocesses predict a recoil
baryon system on the opposite side (and on the
same side if the detected meson arises from the
decay of the B*). The shape of the IV,«curve in
the two regions suggests mass es of M»'(«) - 1.2
GeV' and M, '(«) -l.7 GeV . The F,«curves for
the Cp data display the expected behavior. The
fact that the E,«'s do not vanish implies that there
is a large Feynman-scaling contribution as e-1.
(The near equality of «' and «at all xr does not

imply complete dominance by Feynman-scaling
terms since the valence contributions are nearly
symmetric for a nuclear target. ) Measurements
of the angular dependence of the m' and m yields—
even on a nuclear target —would help separate
these terms since the ratio «'/«should increase
towards the forw'ard direction.

K'. The K' cross section is very similar to that
of g' in accord with expectation. The only ob-
servable difference besides an over-all normal-
ization is that at the lowest x~ values both the BS
and CP data have N, «(K) =X„,(«) —0.5 for both the
K' and K . This is easily accounted for by slightly
larger mass parameters for the K's, namely
M, '(K) 2.0 GeV' and M, '(K) -2.1 GeV', entirely
in accord with one's naive expectations.

In contrast to the near equality of N, ff for K'
and K, their respective E,«'s are quite different.
For the CERN ISR range, E„„(K ) is around 14.,
though a value of 11 cannot be ruled out. This is
higher than the value found for pions, and is close
to the minimal E appropriate to the q+M- q+M
process, E=13 (17 if nonminimal bremsstrah-
lung). Thus it is very interesting to determine
E «mo re accurately and to measure corre lat ion s
in order to distinguish the contributing subprocess.
Note that the minimal annihilation process always
has a recoiling strange meson opposite to the
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detected K; this is not necessarily the case if
one triggers on a K'. If the minimal q+M- q+M
subprocess dominates where M =K' or K, then
the strangeness is expected to be balanced in the
beam fragmentation region.

For the Fermilab range, E,ff(K ) is between 7
and 9. In the framework of the CIM, the limiting
value of E cannot be less than 9 for N=6 unless
the selection rules for basic processes are vio-
lated, and can never fall below 7 in the most gen-
eral quark theory. However, the usual reduction
in E as c-1 due to nonscaling behavior is con-
sistent with the present data.

P'. The Ne«'s for P and p are very similar.
The presence of N=8 terms is clearly demanded
by the CP data; N= 6 or 4 terms are also required
by data in the CERN ISR range. A single N =8
term cannot fit both energy ranges. From the

ff curves alone, it is not certain whether N = 4
terms are needed, but if one restricts M,' &4
QeV', their presence is probably indicated. The
situation becomes clearer by examining the E,ff
curves which show a distinct difference between
Fermilab and CERN ISR energy ranges.

The E,«values in the CERN ISR range for both

p and P are distinctly higher than the values ex-
pected from minimal (nonscaling) processes with
N=6 or 8.

In the Fermilab range at large P~, E,« for pro-
tons is consistent with a. value 3-5. The value 5

is characteristic of the N= 6 process q+ (qq)-
B+M, which is also seen in the n' and K' spec-
trum. The values 1 and 5 are consistent with
proton CIM processes with N=8. The N,«curve
clearly prefers the latter choice with M,'- 2.5-
3 Qe V'. A single ter m with N = 8, M, ' = 3 Qe V', and a
limiting E= 5 (the subprocess inM+ B-M+ B)could
account for the entire CP data range. 4' This ex-
treme is probably in conflict with the strong N=6
process seen in the pion data which simultaneously
creates large-p~ baryons and thus requires that a
reasonable percentage of the protons arise from
this mechanism. This is consistent with the N, ff

curve if M, ' is small. The decreasing trend of
of F,«should arise from the usual non-Feynman
scaling effects.

One would be tempted to explain the BS CERN
ISR data by the subprocess q+q- B+q which has
N =4 and F =7. However, it is difficult to achieve
the sharp transition in the behavior of E,«be-
tween CERN ISR and Fermilab with only this ad-
ditional term. This effect, together with the rise
of N, «above 4 over the CERN ISR range, sug-
gests that a term with N=4 and large E(»7, per-
haps -13), together with a term with N = 6 or 6
with a moderate F, are both important in the
CERN ISR energy range. The proton distributions

are clearly the most complicated. Large-p~
CERN ISR data should help greatly to clarify the
situation.

Although the kinematic range of the p extrac-
tions is limited, N = 4, N = 6, and N = 8 terms seem
to be required. The minimal CIM E,«value, for
the N = 6 and N = 6 terms (which presumably dom-
inate the Fermilab data), is 11. The extracted
E,«values are consistent with this if non-Feynman
scaling effects are present. Experiments capable
of probing closer to a =0 are clearly desirable.
The higher E,«values for the BS CERN ISR data
again suggest the presence of important high-F,
N=4 terms. The minimal N=4 CIM value is E=11
(from q+q- B+q) and 15 (from other processes).
In analogy to the proton case, the extracted F and
N values in this region may be a result of a com-
bination of high-E, N = 4 terms and E = 11, ¹ 6
(and N= 8) terms. Much more experimental in-
formation will be needed to substantiate these
hints from present data.

VII. CONCLUSIONS

As we have seen, the constituent-interchange
model, combined with quark-counting rules, can
give a simple accounting of many of the features
of the inclusive data at large P&. Among the suc-
cesses of the CIM are the following:

(1) The plateaus for N, ff are at the predicted
values N = 4, 6 for meson production. The N = 4

terms with high E dominate at large P& in the
e -1 CERN ISR region, and the N=6 terms with
lower values of E dominate at the smaller-e
Fermilab energy range. There is also the prob-
able presence of N=8 terms for P or P production
at Fermilab.

(2) The CIM yields the relative ordering and
values for N,„,I = E+N+1 for different produced
particles.

(3) It provides a general understanding of the
shapes of E.ff and N, ff for particular particles.

(4) It gives the quasielastic peak (E,ff =0) in the
e distribution for (P —P) and (K'-K ) particle
production differences. Further, for the peak
values, ~cERN IsR I-' ll b consistent with the
greater number of spectators expected in the
higher-energy regime (and its higher E,ff values).

We reemphasize, however, that the comparisons
with the present data are subject to the uncertain-
ties of both statistical and systematic (especially
nuclear target effects) errors, and further con-
firmations of the above effects are required.

Although the CIM makes a great number of spe-
cific predictions, it is difficult to ascertain the
relative contributions of those basic subprocesses
that have similar E and N values using only sin-
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gle-particle inclusive cross-section data. Cor-
relation data between large-P& particles on both
sides, including quantum-number identification
and angular distribution data, should be decisive
here. As we have seen, certa. in subprocesses de-
mand that the balancing recoil system carries spe-
cific baryon or strangeness quantum numbers. In
the case of the qM-qM subprocess, the system re-
coiling from the detected meson M has the same
jetlike final-state features as the quark-parton
system recoiling in deep-inelastic lepton scatter-
ing. Alternatively, if the detected meson arises
from fragmentation of the final-state quark, one
expects substantial same-side correlation and a
recoiling mesonic system. Note that for subpro-
cesses such as q+q-C+II, the recoiling system
II never has the same charge as C. See Sec. VI
for further examples. We note that many features
of the present correlation data, including the mul-
tiplicity patterns, are consistent with the structure
of the hard-scattering models, although the Q non-
collinear angular correlation may be uncomfort-
ably broad. The predictions for same-side corre-
lations have not yet been fully worked out since
they depend on the details of resonance formation.
It has been pointed out by Sivers44 that if the basic
subprocess involves the production of a third par-
ticle, then the final state is not coplanar and the
&f& correlations will be broadened.

Another discriminant of the various contributing
subprocesses are the angular distributions of the
single-particle inclusive data. In the forward
(triple-Regge) regions, the behavior for x~-I re-
flects the spectators in the beam fragmentation re-
gion (see Ref. 9). The large-angle cross sections de-
pend on the angular structure of do/dt(a + b —c+ d)

as well as the distribution functions,
as given in Eq. (2.1). When a and b have strongly
different distribution functions, such as q and q
in P-P scattering, the resultant angular distribu-
tion is broad and most likely peaked away from
90 . Also, if the incident particles A. and J3 are
different, then one can distinguish between sub-
processes that have a strong t or u dependence.
A more detailed discussion of the subprocess an-
gular dependence in the CIM is given in Refs. 3,
4, and 9.

Among the most important tests of the CIM is
the intercomparison of particle production using
different beams and targets. Generally speaking,
meson and photon beams are predicted to be more
effective in producing particles at large x& be-
cause of the fewer number of beam spectators;
quasielastic peaks for differences of cross sec-
tions will be at smaller values of e for mesons
relative to baryons. The comparison of inclusive
cross sections using n, E, P, P beams and proton or

deuteron targets with the production of different
particle types will further specify the most im-
portant subprocesses, and suitable double and
triple differences can permit the isolation of the
various components of the probability distribution.
Since the Feynman-scaling contributions are par-
ticle independent, such differences can be used to
further isolate the valence quark content of the
beam, target, and trigger. Note also that certain
subprocesses are also eliminated by taking cross-
section differences, e.g. , q+q-p+p cancels be-
tween the P and P production cross sections.

There are several important normalization
checks that must be satisfied in the CIM. For ex-
ample, the subprocess q+(qq) -1IP'+B* contrib-
utes equally to meson and baryon production, ex-
cept for the differences in the sums over final
state resonances. Another constraint arises from
crossing symmetry. Any basic contribution to
A+A-C+X will yield an analogous term in C+B
-A+X which is expected to be of the same order
of magnitude. The absolute normalization of CIM
processes requires specific knowledge of the wave
function and distribution functions involved. In-
formation on these can be obtained from momen-
tum sum rules, decay rates, asymptotic form
factors, and structure functions in the threshold
region. Thus far it has proved difficult to use the
inclusive-exclusive connection as a normalization
constraint mainly because the inclusive data does
not extend close enough to e =0 and also the elastic
data must be extrapolated to very large s. For
instance, an attempt to normalize the contribution
of the leading-particle subprocess q +p -q +p to
PP-PX cross section using the proton elastic data
yields much too large an inclusive cross section
(using the ratio of the form factor contribution
to vW, in deep-inelastic scattering). However, the
process qq+ p-qq+p alone yields a reasonable
value.

Earlier it was pointed out that a model may pro-
vide an acceptable fit to the data but yet give a
poor representation of I',ff and N,«. The effective
power analysis of the data is more sensitive to
systematic features of the data. There are many
additional applications of this data-analysis tech-
nique beyond large-p& inclusive cross sections.
These include the following:

(a) lP-lÃ, e'e -IIX, Iup- vX, etc. If Bjorken
scaling holds for lP-lX, then the E,«and N, ff

analysis will yield N, qq= 2 (corresponding to the
Eq-Eq subprocess) and E,ff 3, which is the stan-
dard Drell-Yan prediction (two spectators). In-
teresting background terms arising from E(qq)
-l(qq) with N= 4 and Ii = 1 can be important at
small e; their presence is usually hidden by using
the (u' variable (see Sec. V), but they can be ex-
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plicitly detected from the F,«and N,«plots. Note
that radiative corrections in finite order do not
affect the F values but change the over-all energy
dependence by logarithms.

(b) eP-HX, where II is produced at large Pr
relative to the incident e. This unusual process is
normally not studied, but it can clarify the roles
played by various subprocesses. The two basic
ones for meson production are eq-eq- e(M+@),
with N=2, E=5, and yg -Mg, with N=3, E=4. In
the first case, one has a correlated lepton recoil
system, and in the second, one has a quark.

(c) yP- yX. The leading subprocess for large
Pr is yg - yV with N= 2, F = 2 (see Ref. l) and the
leading one for e-0 is fB-y(gg) with N=5 and
F =0. The latter term seems to dominate at the
present (SLAC) energies (see Ref. 9 for further
discussion of this reaction and inclusive photo-
meson production).

(d) PP- ~. The Drell-Yan process pq - "y"
predicts N = 2, F= 11 but there are many

other possible candidates. Since the present data"
indicate a constant p, /m and l/horatio', hadronic
production mechanisms are undoubtably important.
Again, a detailed Egff and N,«analysis will help
to determine the dominant production mechanisms.

In conclusion, we have seen that the CIM can ex-
plain both the form and detailed differences be-
tween the inclusive cross sections for various
produced particles in a wide kinematic regime.
Further tests of this approach will have to be of a
much more detailed nature. Other theories of
large-P& processes are not as fully developed as
the CIM. We expect that a properly formulated
Regge parametrization can be constructed that
would account for the data if for no other reason
than the fact that each contribution in this approach
has two associated arbitrary functions P(t) and

a(&). Furthermore, the CIM has already been
shown to develop Regge behavior and to predict
the asymptotic behaviors of the residue and tra-

jectory functions, and the proper threshold be-
havior in the triple-Regge limit. It has far fewer
parameters than a pure Regge theory.

The 90' region concentrated upon this paper is
most naturally associated with the pionization (cen-
tral) region. The standard double-Regge param-
etrization does not have the threshold factor e
which is prescribed in the CIM. The presence of
such threshold factors in the model allows a uni-
fied description and smooth continuation through-
out the entire Peyrou plot. The explicit powers of
x, and x„Eq. (5.8), do have direct Regge analogs
which are present in the non-Feynman scaling
terms.

The CIM in combination with the quark-counting
rules provides a beautifully simple hadronic mod-
el which incorporates the following desirable prop-
erties:

(1) unified description of the entire Peyrou plot,
(2) correct crossing behavior for exclusive and

inclusive amplitudes,
(8) smooth connection to Regge behavior in all

appropriate limits,
(4) smooth inclusive-exclusive connection at any

angle,
(5) the proper approach to Feynman scaling,
(6) the usual quark-parton model and Bjorken

scaling,
(f) the quark degrees of freedom and thus the

strong quantum-number dependence and duality
features of hadronic reactions.

The next crucial test of the CIM involves the con-
sistency between the predicted values of E and N
for various subprocesses and their associated cor-
relations.
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if h = 2n, —1-~= —o. . This form shows that the contri-
bution from an extra spectator quark pair vanishes
faster by a factor (1-x)4 atx 1. This form for
Regge behavior is typical to what is obtained from

summing ladder graphs in field theory, as shown, for
example, in the pseudoscalar model by S. Drell,
D. Levy, and T. M. Yan, Phys. Bev, D 1, 1035 (1970).
Examples of valence structure functions which vanish
at x = 0 are also discussed here and in Refs. 1 and 39.

~SJ. F. Gunion, Ref. 9.
In order to illustrate the effects of the exact integra-
tion using detailed distribution functions, we have
computed Eq. (5.1) directly, employing the nucleon's
quark distribution extracted from the data in Ref. 39,
convoluted with a representative (1-x) distribution.
The result is that E,« is close to the minimal value
E =9 through most of the range of c, but is 1 or 2
units less at e - 1. To the extent that the shape of
&%'2 and the behavior of the latter calculational exam-
ple are representative, it is unlikely that a given

~ Ft;ff will ever rise substantially above its & —0 limit.
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