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Relativistic magnetohytlrodynamical effects of plasma accreting into a black hole
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By an explicit analytic solution it is shown how, in the accretion of apoloidally magnetized plasma into a Kerr

black hole, a torque is exerted on the infalling gas, implying the extraction of rotational energy from the black

hole. The torque arises from the twisting of magnetic field lines by the frame-dragging effect. It is also shown

how, under suitable conditions, a sizable charge separation can be found in the magnetosphere of accreting

black holes and hence an electric charge is expected to be induced on the black hole.

A large number of gravitationally collapsed ob-
jects (neutron stars or black holes) are observed
to be members of binary systems of which one of
the components is a nor mal star. ' Due to the fre-
quent occurrence of magnetic fields in stellar at-
mospheres, it is to be expected that magnetic and
electric fields will play a prominent role in the ac-
cretion processes. The treatment presented here
could therefore be of great relevance in realistic
astrophysical processes and at the same time an-
swer two major fundamental issues in black-hole
physics: (a) the possibility of extracting rotational
or Coulomb energy from a black hole, ' and (b) the
possibility of building a magnetosphere around a
black hole with a sizable charge separation. ' We
consider accretion into a Kerr black hole' of a
plasma embedded in a magnetic field which at in-
finity approaches a poloidal configuration (that is,
an axially symmetric field with zero components
about the axis of symmetry). The following sim-
plifying assumptions are made: (a) The plasma
is assumed to have negligible pressure; (b) infi-
nite conductivity or E~„U"= 0, U" being the four-
velocity of the plasma stream and E~„ the electro-
magnetic tensor; (c) the mass of the accreting
plasma is assumed to be small by comparison to
the mass of the black hole; and (d) the magne-
tic fields are assumed to be too weak to ap-
from the need of obtaining simple analytic solutions
for the accretion process. More realistic regimes
can then be further analyzed by numerical work.
The background geometry i.s assumed to be given
by the Kerr metric, which in the Boyer-Lindquist
coordinates assumes the form

ds' = ZA 'dr'+ Zd8' Z+'sin'8 I (r'+a')dy adt]'-
—Z 'b, (dt —a si 8dncp)',

with ~ =r' —2Mr+a' and Z =x'+a'cos'6 I being
the mass, and a the angular momentum per unit
mass of the black hole.

The geodesics equations can be integrated. ' It
follows that if U, = —1 and U~=O at infinity then Uz

is a constant of the motion. We then have for the
velocity field of the freely falling particles

—b, [-6U9'+ 2Mr(v'+ a')] 't'
Z(r '+ a') +2&v a 'sin'8 (2a)

~8 U8/U ~

Z(r'+ a') +2M' a' sin'8 '

P(P UP/U~ +(Pt/+It

(2b)

(2c)

~rp @g,r~

Eg g A p 8

(3b)

(3c)

From the 8 and r component of the condition of in-
finite conductivity F»U" =0 we obtain two more
components of the electromagnetic field tensor,
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The equation for H ~ can be obtained from the
Maxwell equation *F~".

&

——0 and the stationarity
condition (8H~/st= 0). We then have

From the y component of the equation of infinite
conductivity and the condition of stationarity
BA „/st = 0 we obtain

Let us now consider the electromagnetic field as-
sociated with accreting plasma. Since we consider
an axially symmetric configuration the electro-
magnetic field is totally described by the compo-
nent A ~ of the vector potential and by the compo-
nent H~=E„8 of the magnetic field. We have
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This equation implies that A. ~ has to be constant
all along a trajectory. This implies that the most
general form for A~ is simply given by (cf. Ref. 6)

with

0 = 8 —U'~ —5Ue +23& r +a dr 7b
r

or equivalently A is an arbitrary function of 8.
From (6) and from the Maxwell equation *E'".

&
= 0

follows then in complete generality

(6)

which completely determines the electromagnetic
field associated with the accreting plasma.

The torque T generated by the black hole on the
infalling gas is given by

T= J"F„+J F „-gd
where the integral has to be extended to the entire
region outside the horizon. By the Gauss theorem
we may transform the volume integral into a sur-
face integral extended on the black-hole horizon.
We finally have'1, c)A

T =— AZ 'H„sin& d& dy
4m h., " e6)

FIG. 1. Magnetic lines of force (see Ref. 9) in the
equatorial plane of the black hole. The winding of the
lines of force due to the dragging of the inertial frames
is most clearly illustrated by this figure. This is the
fundamental mechanism by which energy can be extract-
ed from the black hole (see Ref. 8).
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r, =~+(M' —a')' ' being the radial coordinate of
the horizon. In evaluating the integral in Eq. (10)
we have chosen for the sake of an example
A =A,(1 —~cos8~). We also have from Eq. (8) the
corresponding function

—(2~rA osin 8/[2a'Mx(r' + a') j '~') c os 8

/cos8[

In Fig. 1 the lines of flux for this exact solution are
shown in the equatorial plane. e'

Once the function A „has been given we can com-
pute from the remaining Maxwell equations the
lines of current and the charge distribution in the
magnetosphere of the accreting black hole. The
total charge is given by the integral

Q .„=Jv-e J'e'x;

which, by use of the Gauss theorem, can be written
in terms of an integral extended to the surface of
the horizon

(12)
This result clearly implies that if the infalling
plasma, (a) follows geodesics, (b) is at rest at in-
finity with zero angular momentum in the y direc-
tion, and (c) has a motion in the 8 direction such
as V (8) = V (ll —8) Nen the net charge in the mag-
netosphere and on the surface of the black hole is
null. Any plasma accreting into a rotating black
hole and breaking these requirements of very high
symmetry will generally induce a net charge on the
surface of the black hole. As an example we con-
sider in Fig. 2 the lines of flux in a plane y =const
with A =A,(1 —~cos8~), pe(8) = —pe(z-8) =const. We
then have

@hole = Qm. g
= &ggA o~e/16iif'. (13)

We have therefore shown that under a very large
class of regimes of accretion breaking the intrinsic
symmetry dictated by the background geometry, a
net charge can be induced on the surface of a black
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FIG. 2. Magnetic lines of force in a plane y = const
corresponding to A & Ao(1 —(cos()~) and a Us(())
= —Ug(n. —0) =const. For the given vector potential
and for V =0 the magnetic lines of force in a plane y
=const would be radially directed, still presenting, of
course, the characteristic winding along the y direction
given in Fig. 1.

hole with an equal and opposite charge in its mag-
netosphere [see Eq. {12)]. We have also shown,
through a realistic model, how rotational energy
can be extracted fz'om a black hole. It is important
to stress that in the analytic solution considered
here the angular momentum extracted from the
black hole is transmitted to the plasma by the
torque of the magnetic field and given back to the
black hole by the accreting plasma. In a more
realistic situation, however, in which the magnet-
ic field and gas pressure are strong enough to
make the particle trajectories depart significantly
from a geodesic motion, it has been shown by
numerical calculations that a net outward flow of
angular momentum is possible. " In this paper we
have mainly considered the magnetic torque exerted
by a rotating black hole on infalling material with
low values of the angular momentum. The case in
which the accreting material is endowed with a
large amount of angular momentum would lead to
a transfer of angular momentum to the black hole
preceding the fall of material into the hole.

It is by now clear that the effects considered
here, quite apart from their direct applications to
binary x-ray sources, could reveal to be of funda-
mental importance in the astrophysical. processes
connected to large extragalactic black holes
{-10'Mo). The rotational energy extracted through
magnetic fields by the mechanism described in
this paper could in fact be essential in explaining
some basic features of extragalactic radio sources.

It is a pleasure to thank T. Damour for discus-
sions on these topics.
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