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An analytic model of the forward (virtual) Compton amplitude is proposed which satisfies
v plane analyticity, s-u crossing symmetry, Regge behavior, and Bjorken scale invariance
in appropriate limits. The model is constructed using the method of conformal mapping.
Very good fits are obtained to the electroproduction data on vW§, 2mW{, vW$ —vW7,
Wi /vWw§, VR,, and 1 +vWJ/vW¥, and to the photoabsorption data on op(yp), op(yn), and
o (vp)—0p(yn). The scale-invariance breaking at finite @ ? as exhibited by the data on v W $
plotted as a function of @2 with w fixed is also successfully reproduced. The p-n mass dif-
ference calculated using the Cottingham formula is finite. In particular, it is shown that a
set of parameters exists for which the general condition for no logarithmic divergence even
in the presence of Bjorken scaling given by limg2, ,Q ‘At (-Q%,0)= @m/mIidx[AF,(x)
+2xAF (x)] can be realized consistent with theoretical consideration and experimental data.
The final result of our calculation of the mass difference is (=1.96+ 0.52) MeV, which is to
be compared with the experimental value of —1.293 MeV.

I. INTRODUCTION

The problem of p-n mass difference, which is
probably the oldest puzzle in hadron physics, has
remained unsolved in spite of numerous attempts!
in the past two decades. The earliest attempt can
be traced back to Feynman and Speisman,? who con-
jectured that in the Born approximation the nega-
tive magnetic energy may supersede the positive
Coulomb contribution at sufficiently high photon
momentum, leading to a correct value of the mass
difference. This conjecture has proved inadequate
for the nucleon as both electric and magnetic form
factors fall off very fast. The “notorious” wrong
sign® of the Born contribution to the p-zmass differ-
ence provided motivation to include further strong-
interaction effects in the calculation. This was
made feasible by the important work of Cotting-
ham®* which related the electromagnetic self-mass
om, of a hadron to the forward amplitude of Comp-
ton scattering of virtual photons off the hadron. By
a Wick rotation in the photon-energy plane 6m was
further related to the experimentally accessible
deep-inelastic structure functions describing the
electron-hadron scattering. Harari®‘® showed
from consideration of Regge-pole exchanges in the
crossed channel that the AI=2 mass differences
are adequately described by the Born term alone
(thus explaining the successful calculations of
7*—7°and Z*- =" - 22° mass differences®'*®,
while AI=1 mass differences (such as the p-n
or K*- K°) could have additional contributions from
the subtraction term in the invariant Compton amp-
litude ¢,(v,4?).

The evaluation of this unknown subtraction term
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in determining its contribution to AI=1 mass
differences presented one of the major difficulties.
With the advent of “scaling” of the deep-inelastic
structure functions, i.e., W,(v,@?) and vW,(v, Q%)
becoming functions of a single dimensionless
variable w=2mv/Q? in the Bjorken-scaling limit®
(Q? ~ =, with w fixed), it was discovered’ that the
em self-mass &m diverges logarithmically unless
some apparently unlikely cancellations occur
among terms in the Cottingham formula for the
self-mass. Moffat and Wright® examined the con-
ditions which would lead to a finite p-n mass diff-
erence Am even if the self-masses were individ-
ually divergent. They showed that it would be
possible to obtain a finite mass difference Am,
provided that the differences vW% - vW; and

W? - W1 do not have nontrivial scale-invariance
limits. It has also been emphasized®® that the cor-
rect sign for Am, if it is finite, can come only
from the subtraction term, because Am(Born) is
known to be of the wrong sign, while the SLAC-MIT
data on the structure functions indicate conclusive-
ly that the remaining inelastic contribution am'is
also of the wrong sign. Thus, in the Cottingham
approach, the subtraction term in ¢,(-Q%, v) plays
a crucial role in canceling”*® the logarithmic diver-
gence in the self-mass 6m to make it finite as well
as leading to a correct sign for the mass difference
aAm.

In this paper we propose a model of the forward
(virtual) Compton amplitude which is taken to be
the sum of the contributions from the poles and the
cuts and exhibits all the usual analytic and invari-
ant properties. The cut contribution is obtained in
a novel way by mapping the cuts to a circle and
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subjecting them to Regge constraints. The sub-
traction term is evaluated in terms of measurable
quantities from an ansatz which is consistent with
experiments and theoretical considerations. A few
parameters are obtained by matching the electro-
production data. The p-n mass difference calcu-
lated by our parametrization scheme agrees quite
well with experiments. The paper is organized as
follows: In Sec. II we describe the kinematics and
state the formula for the self-mass in terms of the
forward (virtual) Compton amplitude. The various
properties of the invariant Compton amplitudes
t;(v, Q%) are listed and the relation of the latter to
the inelastic structure functions is shown. In this
section we also note the general condition for con-
vergence of the Cottingham integral for the mass
difference in presence of Bjorken scaling. Expres-
sions for the invariant amplitudes are presented in
Sec. IlI, using a variable obtained by the method of
conformal mapping. Section IV deals with the vari-
ous results of our model and describes the fits to
the experimental data. In Sec. V we propose an
ansatz and evaluate the subtraction term ¢,(-Q?,0)
in terms of measurable quantities. The final cal-
culation of the p-n mass difference using the Cott-
ingham formula is made in this section. A brief
summary of the results and some discussions are
made in the concluding section, VI.

II. PROPERTIES OF THE INVARIANT AMPLITUDES
AND FORMULA FOR THE MASS DIFFERENCE

To lowest order in the electromagnetic interac-
tion and to all orders in the strong interaction, the
electromagnetic self-mass of a hadron can be ex-

q

(a)
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FIG. 1. (a) The lowest-order contribution to the
electro-magnetic self-energy of a hadron. (b) The asso-
ciated forward (virtual) Compton amplitude.

pressed as an integral over the forward Compton
amplitude for scattering of the virtual photon off
the hadron (Fig. 1):

i +e

dq -
m=grr ). Fried Tw@v), M

where!® €T ,€” is the forward Compton amplitude
for scattering of photons of four-momentum g and
polarization € off a hadron of four-momentum p,
m is the mass of the hadron, and v=p-q/m is the
photon energy in the laboratory frame. T“,,('(i, )]
can be expanded in terms of two Lorentz-invariant
functions of ¢* and v as

Tuu(a, v)= (nguv - quqv)tl(qza V)
+ (- v tputs ) - L2, 0
(2)

or, alternatively, as

Tl@ 0 =(a/m oz (b -2 a,) (b, 520 T, 0

- (w - 281,20 3)
such that 7',,(q, v) is manifestly gauge invariant,
q"T,,=q"T,, =0, (4)
which also guarantees
T,,=Ty. (5)

The two sets of invariant amplitudes ¢; and T,
are related linearly:
T (g% v)=(n/a)[v?t,(q?,v) - q2t, (g2, V)] (6a)
and
Ty(q% v)==(1/a)q’t(q% v), (6b)

where a =e?/(4n) is the fine-structure constant.

(i) v-plane analyticity®-!!

The invariant amplitudes t;(g %, v) for the nucleon
case have the nucleon poles located at v=x(y, - i€),
where v, is given by

=2 2 =2
(p+qP=m?+q*+2v,m=m?, (7a)
i.e.,,v,==q%/2m

and cuts starting from the one-nucleon—one-meson
branch points at v=+(y, - i€), where v, is given by

(p+qP =m?+q*+2vm =(m+m,)?, (b)
-g%+m®+2mm,

i.e., v, = 2

)

where m , is the mass of the 7 meson.



12 PROTON-NEUTRON MASS DIFFERENCE, ELECTROPRODUCTION... 2711

The amplitudes t;(g2, v) are thus real analytic
functions in the cut v plane with two poles (Fig. 2).

(ii) s-u crossing

In terms of the Mandelstam variables s=(p+q)?
=m?+2mv+q® and u=(p-q)*=m® - 2mv+q?, inter-
changing s—u means changing the sign of v, so that

t(q®, -v)=t,(¢*,v) (8)

implies s-u symmetry.*
even functions of v.

The t,’s are therefore
(iii) Regge behavior

In the Regge limit (v~ =, ¢* fixed) ¢, and v,
have the same asymptotic behavior,® which is given

w

GLLLL L L L L Ll HIOIIIIIIIIIIIIIIIIIII
SILLDELLLL IS LI,
Ve -V, +)p Ve

Rey

(a)

(b)

FIG. 2. (a) The conformal mapping of the cut v plane
of analyticity of amplitudes ¢; at fixed Q2 into the inter-
ior of () a unit circle in the Z plane. v, and v, are de-
fined in the text, and corresponding regions in the v and
Z planes have been shown.

by12

t (q V)5 p-eo Z'}’j(qz)’/ajgj

fixed

and (9)

2t B iE;,
vity(g®,v) “edX (@),

where
£,=(1+e"'"*y)/sin(ra,) (10)

are the signature factors and a, are the (£=0) in-
tercepts of the relevant Regge trajectories in the

t channel [namely the P, P’, 4,, and A, trajector-
ies'®1® in the nucleon case which have I=0,1 parity
(+) and c=+1]. I-spin conservation at the NN
Regge-pole vertex leads to the following relations*
between the proton and neutron residue functions
B}"(q%) and y f"(g?):

(By 7):,= (ﬂ’ 7)’;: 9
8,7)=(8,7) 5%,

and
(By 7)&2,,45 = —(637)'22,‘45

(11)

(iv) Fixed-q* dispersion relations

The analyticity properties in v for fixed ¢* and
the asymptotic behavior in the Regge limit enable
one to write down the fixed-4°, unsubtracted dis-
persion relation for £,(g%,v) and the once-subtract-
ed dispersion relation for ¢, (g, v) (see Ref. 5):

t(a?, v) =2 rvdv’lmtzq v) (12a)

and
2v2 (~dv’ Imt, (g%, v')
tl(qz,V)=t1(q2,0)+Tf—VrTz*:q'jz)—'~ (12b)
The Born contribution of the nucleon poles at
v=2(v,) can be separated by noting that

Imti(q 2 V,) l W' =1vy) =2Vp" x G(Vlz - sz)f{(qz) )

where f,(¢°) are the residues at the poles, to ob-
tain

4m 2f( 2) 2 (7 /Imtz( 2 V,)
2 N_2MGJ\g) &
t,(g%,v) 4m2v2—q4+7r,[CVdu 7T (13a)

=t,5(¢%, V) +13(¢°,v)  (13b)

and

tl(qz’ V) = tl(qz, 0) +M

¢*(4m*v? - g%

+2_V2 ” dV'Imt (qz, V’)
T J,, V(v = )

Et1(q2,0)+t15(q2y V)'*'t{(qz, v). (14b)

(14a)
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The residues f,(¢°) are related®!° to the nucleon
electromagnetic form factors:

(a/ﬂ)[GMNZ(qz)— GEna(qz)] (15)
4m2 - q2

g =
and

2= (/m)g*Gun’(q®) — 4m*Gen*(g?)]
- 2 2 2

q° (4m?* - %)
where N stand for either p or » and G, and G are
the usual Sachs form factors for the nucleon.

filq (16)

{v) Relationship with the deep-inelastic structure functions

The deep-inelastic structure functions W;(v,q?)
and W,(v,q?) are related by unitarity to the imagin-
ary part of the forward Compton amplitudes for
virtual photons,

W,'(V; -Q2 =g ImT{(V’ —Qz) ’ (17)
and are measurable in eN (deep-inelastic) scatter-
ing for »>0 and g =-Q*<0. The relation with ¢,
is obtained from (6a), (6b), and (17):

W, (v,-Q%) =(1/a)[v?Imt,(v, -Q%) + Q* Imt, (v, -Q%)],
(18)
W,(v,-Q%) = (1/&)Q*Imt, (v, -Q%) . (19)

The absorption cross section 0,04 for virtual
photons with transverse and longitudinal polariza-
tions, respectively, are related to the structure
functions W, and W,:

Wy (v, -@%) = (%)or, (20a)
Wy(v, -Q?) = (4111201) <QZQTZV2>(0T+US) ., (200)

where K= (W?-m?)/2m and W2=2mv - Q* +m? is
the invariant mass squared, such that

2
W= (@) R, (21)
where
R=R(v,-Q*)=04/0,. (22)

From Egs. (21), (18), and (19), R can be expressed
in terms of Im ¢,:

R(-Q%,v)= (?—2) (1 7%52_1)/ [1 +§Zi$§j . (23)

Gauge invariance requires that in the real-photon
limit (Q®~0) the longitudinal cross section og van-
ishes and 0 ,-0,(yN), where oy N) is the total
absorption cross section of real photons on the

nucleon. It follows that

R(-Q%,v) —=0 (24)
Q2 -0
and
. 472
op(yN) = lim < ”2“>uW2(u,-Q2). (25)
Q2-~o0 Q@
Equation (24) further implies that
lim @*Im¢, =0. (26)
Q-0

In general it has been shown® that not only the
imaginary part of Q%, but also the real part van-
ishes,

lim Q®*Ret, =0. (27)

Q%-o

(vi) Scale invariance

Bjorken® had predicted that if one regards W, and
W, as functions of variables Q% and w=2mv/Q? then
2mW, and vW, have the following nontrivial limits
as @ - » with w fixed:

lzim VvW,(v, -Q%) =F,(w), (28)
wﬂ.x:d
lim 2mW,(v,-Q%) =F (w). (29)

wfixed
This remarkable property of the structure func-
tions is known as scaling in the variable w, and
the above limit (Q® - =, w fixed) is known as the
Bjorken limit. As we shall see, scaling holds over
a substantial portion of the ranges of v and @2 in-
vestigated, in both proton and neutron cases. The
structure functions and cross sections for the neu-
tron are significantly less than those for the pro-
ton, indicating perhaps the presence of a nondif-
fractive contribution. Bjorken scaling as express-
ed by (28) and (29) severely constrains the behavior
of Im¢, in the Bjorken limit:

lim (1/@)vQ*Imt,(-Q*,v) = lim vW,(-Q?, v)
@ @
wfixed wfixed
=F,(w) (30)
and
lim (1/a)[2mv?Imt,(-Q?,v) + 2mQ® Imt, (-Q?, v)]

QP-w
wfixed

= gim 2mW,(-Q*, v)=F,(w). (31)
Su-x:d
The following observations are crucial. From (31)
and (30) we note that in general®”

2mW, = w(vW,) +G (32a)
and hence
F;(w)=sz(w)+leim G(v,-@%, (32Db)

wfixed
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where later.
We conclude this section by writing the “Wick-
2) = 2 _0?

G(v,-Q") =(1/a)2mQ Imt, (v, Q%) . (33) rotated Cottingham formula” for the mass differ-
The function G will help in calculating the subtrac- ence Am = 6m,— om, obtained*'° from (1) by the
tion constant from a simple ansatz, as is discussed rotation'® ¢° -iq°, i.e., v—~iv (in the lab frame):

sz (02)1 /2 2 2y1/2 2 2 ) 2 2 2
Am--zn dv(Q® - v?) 2[3Q%at (-Q%,iv) - (Q° +2v?) AL, (-Q%,iv)], (34)

where a¢, =t} - (z 1 2) This is the Cottingham formula.*

The t,(—QZ,w) can then be represented by integrals over their imaginary parts by means of the fixed-g¢*
dispersion relation (13) and (14), which are, for the present case of spacelike virtual photons, related
[Egs. (18) and (19)] to the experimentally accessible inelastic structure functions and nucleon form factors.
One then obtains Am in the form

Am =Am g+ Am + D gy (35)
where
- 2 @2 .
Am5=§7rlf = f Av(@® - V3 2[3Q7at, 5(-@%,iv) - (@ +2v7) Aty 5(-Q7,iV)] (36)

is the contribution from the ¢,,, definedby Egs. (13b)and (14b) and Am, is given by®

aom, = (o/2m) [ G2 f vdv(MW 6|1~ ( %)m 7]

- AW,(-Q?, ,,)% (1 +§_:>”2 _g_:[l - (1 +;:_>”2} _ %})

cod 2
= [ GrB@). (37)
()
Finally, Amg, is a contribution from the subtrac- where x =1/w and the superscript I signifies in-
tion term given by'® elastic contribution. Therefore, the logarithmic
sz (@)L /2 divergence disappears only if® A=0, i.e.,
T A A s
gm 3Q*ati(-@%,0 =8 dx[AFz(x)+2xAF1(x)].
- 0
x [3Q°at,(-@%,0)] (39b)
© We show in Sec. IV and V how this condition is
=_3 22 —02
’ J; Q' an(-Q ,0). (38) realized. It is consistent with the theoretical con-
siderations and the experimental data, thus rend-
Thus, to calculate Am, At,(—Qz,O) is the only piece ering the mass difference finite, and is an achieve-
that remains to be evaluated in terms of experi- ment of our analytic model.
mentally determinable quantities. We take this up

in Sec. V. III. MODEL FOR ¢, AND ¢,

Before concluding this section we note the con-
dition that the deep-inelastic contribution for the . .
. der the conformal ma
mass difference does not diverge because it is well for ¢, and t,. Consider the ¢ r mapping
known”=? that the latter quantity is, in general, Z-= 1-(A-v?/vd)? _1-(1-w?/w?)}?
logarithmically divergent in the presence of Bjor- 1+A - v/ P 1+(1 - /w272
ken scaling. The coefficient of the logarithmic

In this section we present our parametrization

(40)

divergence is given by® where
2 2
a=lim - 3Q*Arl(~*,0) Lo LI g = LBV (gy)
QR - VP Q Vp Q
3am (* w is the scaling variable. Z is real for pv2<yp?
+ AF,(x)+2xAF 39 c
8 J; ax{aFy () + 258k, ()], (39a) and has square-root branch points at v=zxv  at
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which it is unity. For v?>p?,
as

Z can he expressed

_1+iX
1-iX

with
2 1/2
X= (Zz_1> , Z

c

Jl-xE %X
RITHXZ O TAX?

(42)

such that ZZ*=2*Z=1.

In this way the cut-v plane is mapped into the in-
terior of a unit circle in the Z plane with center at
the origin (Fig. 2). The analytic structure of the
amplitudes ¢, in v is thus guaranteed by expressing
these as functions in Z. We define

1-(1-vl?/vd)’?
1+(1=v2/v 272

which has the interesting property that Z,=0 at
Q*=0and Z,~1 as @*~». Before presentmg our
model we hst some other useful properties and
uses of this variable which are suitable for the
present problem.

(i) Z is dimensionless and Z =Z (w, w,) =Z(w/w,).
Since w,~ 2. .1, Z(w/w,)~Z(w), showing it to be
a natural choice as a variable to incorporate

Z,=Z(v=v,) = (43)

Bjorken scaling into the theory. At finite @*, w,
could be a measure of the scale-invariance break-
ing.

(ii) The Drell-Yan-West*°-type threshold behav-
ior of the structure functions is readily generated
by the combination |(Z,~Z)/(Z,+1)|* which be-
haves near the threshold as (w?-1)! in the scale-
invariance limit (Q% -~ », w fixed) and at the same
time tends to unity at large w, thus leaving the
high-energy behavior unaffected.

(iii) One can incorporate the asymptotic Regge
behavior [Egs. (9), (10)] by noting that

o
1+z)-* = (;;) g-te tan~lw/p 2 o1t /2
2>yl
—_— v aeiarlz
-o 2V,
Qgﬂxed

(iv) Z is an even function in v (orw), i.e., Z(-v)
=Z(v), such that the s-u crossing symmetry [Eq.
(8)] can be taken into account.

(v) Z (iv) is real.

The properties indicated above lead us to express
t"" as follows (assume these to contain all informa-
tion about the Im 13):

n . 4m o Zy—Z |2 oun n(1+Z)"
8- ) = g @+ | 2T S B ) (44)
1@t 0 =004, 0+ T B pn gy [P 2™ yr ) T BRI )

where

2(Q*, v)=exp[-(Q%/Q*)*|1+Z]].

(46)

l,, l,, and k are mtegers #and a; = a,(t=0) are the (¢t=0) mtercepts of the relevant Regge trajectories, i.e.,
j=P, P', A,, and A,. We assume'>*® ap=1.0, ap: = @4, =3, and a4, = a@,,=1.0. The (8,7)$" which are chosen
mdependent of @* are subject to the constra.mts“ given by (11), which reduce their number from sixteen to
only eight, viz., B, (=p%=8%), Bp (=84 =B%), BAz (-BA2=—B" 2), and Bay (= BAé——ﬁ" 2) and similarly for
the y’s.

The exponential factor g(Q?, v) has been included in the parametrization for ¢, in order to reproduce the
significant departure from scale invariance at w>5, as exhibited by the recent data®* on VR, (Sec. IV). It
is to be noticed that the factor g(@?,v) has been so chosen that the scaling limit (Q* — =) a.nd the Regge limit
(v =) are both left undisturbed while the departure from scaling at finite @* is characterized by the para-
meter @,2. The t¥ are built up in our representation as the sum of the contribution from the nucleon poles
(i.e., the Born term) and the inelastic contribution, while the t{’ contain extra pieces which are the subtrac-
tion terms. Thus, we have

o =ty tly
and
tN = th sub +t!}.vB+ t!.NI

The structure functions vW2 and 2mW?, which are conjectured to exhibit scaling, are obtained from imag-
inary parts of the ¢t} according to (18) and (19):
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Z,-2

vWEn(-Q%, “’"'(%‘) Z,+1
?

"'" [Z goon
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(L+Z)-
sin(a, 1r/2)]

= 12w \|Z,=Z|*en (@ \% _sin(-a,6)
0w, @ (1 -w ) Z,+1 ;ﬁf ( c) sin(aﬂer) (47)
and
2mWw b= w(yW m) + G#n (48)
with
GP"(-@, w) =(1/0)2mQ* Im¢, (-Q*, w)
8miuf/w2|Z,y-2Z o 1 sin(~a;0)
( ) Fas ey I s ) sin(a,7/2)’ (49)
where ant and are given by
0=06(-@%, w)=tan"*(w?/ w2 -1)!"2, (50)

It is worthwhile to examine whether the expres-
sions (44)-(45) satisfy the various properties of the
¢¥ listed in Sec. II.

By virtue of the conformal mapping Z, the analy-
tic structure in the v plane [Sec. II(i)], is explicitly
built into the amplitudes #,%. In the limit v~ x(v,),
i.e., Z~Z,, one recovers the Born amplitudes ¢,
with appropriate residues f‘(qz) at the poles. The
s-u crossing symmetry is automatically incorpor-
ated by the variable Z. To examine asymptotic be-
havior in the Regge limit, we note that using the
property of Z as given by Sec. III(iii) we have

lm v -Q% 0 = 3 B (-t

Q% f1xed

Mm@ 0= 3 (-,
Q2%tixed 1
where the Regge residue functions B” (-@%) and
vY(~Q?) are given by B”( Q )=Q2v,) “!BJ and
s1milar1y for ¥¥(-Q?), and
e-iajt/Z

;=

L -
sin(zma,)

_ <1 + e-l o

h sin(a,n)>
is the signature factor. The factorization of the
Regge residue functions in the above manner signi-
fies that the Regge behavior at finite Q* is extend-
ed!®1¢ into the scaling region (Q%* -~ », v -« with w
fixed) (Eqs. 47-49). I-spin conservation at the NN
Regge-pole vertex is satisfied by our choice of
BY,7} subject to the constraints (11).

In the Bjorken-scaling limit (Q® -, w fixed>1)

the electroproduction structure functions
vW,(w, -Q%) and 2m W, (w,-Q*) become scale invari-

lim vWE"(-Q?, w)

wfixed > 1

=F{"(w)
=i< 2w (wz— 1) Toun
a\l - w2> w?

w% sin[-ay tan-(w? - 1)*/2]
X Pon
; B 2% sin(a,n/2) » (51)

lim 2mWin(-Q?, w)=F™(w)
2w
wfoixedi 1

= wF"(w). (52)
The functions F£"(w) and Ff"(w), as defined above,
have the following threshold behavior (lim w-1):

Fp() ooy (w=1) e =202 (53)
which is very similar to the Drell-Yan-West*°-type
behavior. This aspect is further discussed in Sec.
V, where we describe the fits to the electroproduc-
tion data. It may also be noted that in the real-
photon limit (Q% -~ 0), @*¢, and R vanish, while
according to (25)

i;m (472 a/Q*vWE (v, -Q%) = 0(¥N)
-0

are the total absorption cross sections of real
photons on the nucleon N. The prediction of our
model for these cross sections agrees quite well
(Sec. V and Fig. 10) with the available data.

IV. FITS TO THE EXPERIMENTAL DATA
AND EVALUATION OF THE PARAMETERS
OF THE MODEL

Using the representations for vW{'", 2mW?'", R,
and A¢,(-Q%,0) [Egs. (47)-(49), (23), and (62), re-
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spectively] we have searched for a least-squares

fit to the experimental data on vW%, 2mWw?, vW?
-vW3, vW3/vW2, and VR ,plotted as functions of w (or
x=1/w, as the case is) for various fixed Q2 values,
by varying the twelve parameters (i.e., the eight
Regge para.meters Bp: Bp"aBAeyBAé”}/p;'yp';yAz,
Yag the two threshold exponents ,, 7, and the
parameters k and Q. occurring in ¢,) of our theory.
The data selection and searching procedure is de-

scribed below.
The structure functions W, and W, are separated

from the cross-section measurements takenat twoor
more different angles (at the same values of Q? and v).
Experimental data for vW% and 2mW ¢ as functions
of (w, @? exist over a kinematical range with
W>2.6 (GeV/c), @%>1.0 (GeV/c)? and w <12,
This corresponds to a region in the W2-Q 2 plot
(labeled Region I cf. Ref. 23, Fig. 4) over which
scaling in w,* has been substantially verified. To
each data point corresponds a value of w and a
range of values of Q2% Since the complete set of
data is not available to us in a tabulated form, we
have chosen to select a subset of data points (55
points for vW 4 and 42 points for 2mW?$) from the
graphs® which are “representative” of the com-
plete set (in the sense that a good fit to this sub-
set is claimed to be a good fit to the complete set).

0.4 R=0.18 SR
W22.6Gevc | el 4
Q*> 1.0(GeV/c)?| oa| ch

3 *f
1y l *

03 I '

] N J.
uw: !
|

0.2}

o1+

0.0 . N R .

| 2 3 4 567890 20

w

FIG. 3. Fit to the structure function vW% (w,-Q?%). The
data are from Ref. 23. The starred points correspond to
w> 12 and the solid (dashed) curve represents our fit in
the region w< (>)12.

40 R=O0I8 /
W > 2.6 GeV/c A
%> 1.0 (Gev/c)? /
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S 6 78910 20
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FIG. 4. Fit to the structure function 2mW?{ (,-Q?).
The data are from Ref. 23. The starred points corres-

pond to w> 12, and the solid (dashed) curve denotes our
fit in the region w< (>) 12.

The value of @2 for each data point is chosen to be
the maximum of the range (corresponding to the
boundary of the region I, Fig. 4 of Ref. 23) in order
that the Bjorken limiting procedure is followed as
closely as possible. The 68 data points (34 each)

1.OF
0.8+

uw;‘/uw;

T

T

0.2

0.0 !

FIG. 5. Fit to the neutron-to-proton ratio vW?% /VW’2
as a function of x (= 1/w) for fixed values of Q2. The
data are from Ref. 22.
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for vW -vW} and vW}/vW5 are from Ref. 22 and
the 86 data points for vR, from Ref. 34.

We then proceeded to make a random search for
the parameters Bp, Bp, By,, Bay, Yo, 7o', Vay»
Ya, and Q % 1,, 1., and k fixed at different inte-
gral values?®! that would minimize the total x2.%
The condition of convergence of the Cottingham-
integral as given by Eq. (39) is used as a constraint
in searching for the parameters.

The minimum value of x? obtained was 317, for
252 data points with 12 parameters the values of
which corresponding to this minimum x2 are as
follow:

1,=4,
In=5,
k=6,
Q,2=1.35 (GeV/c)?,
Bp=2.15%107%,
Bp =0.71 X1073,
B,,=0.55 X107,

(54)
Bay==0.09x107%,
7p = =0.5626 1072,
Yer = 0.7881x1073,
74, = =0.3792 X107,
74, =0.4107 X102,

Qur fits are shown in Figs. 3-7. An examination
of the parameters, thus determined, reveals the

0.08r

v(Wwh— W) |

T

0.04

0.02

ool =

02 04 06 08
x = Y%

FIG. 6. Fit to the difference vW% —vW7% as a function
of x (= 1/w) for fixed values of @%2. The data are from Ref.
22.

following features of the model:
(a) The “proton” structure functions, vW§ and
2mW?*, have a threshold behavior (Eq. 53)

VW3, 2mW § 7 (w - 1), (55)
and the “neutron” structure functions behave near
threshold as

YW, 2mWT O (w = 1)*5, (56)

The existing data on the structure functions are
thus consistent with threshold behavior other than?®
(w - 1%, whichisprescribedby the Drell-Yan—West2°
relation if the nucleon electromagnetic form factor
G,(t) obeys a dipole behavior. Drell, Levy, and
Yan?®" have shown that F,(w)~ (w - 1)* near thresh-
old with % even or odd if the electromagnetic cur-
rent couples solely to spin-0 or spin-} fields, re-
spectively.

(b) In our model for vW %, next-to-leading tra-
jectories which give rise to a falloff like w™!/2
become unimportant for large w although they
contribute significantly for small w (<5, say). The
large-w region is thus primarily diffractive in
nature, and in the scale-invariance limit the Pom-
eranchukon plateau corresponds to a value =~0.3,
which is not much less than the maximum =~0,33
attained in the model. We are thus led to agree
with Harari’s® suggestion that the high-w region
is mainly diffractive in nature and not with mod-
els?®'30 that predict significant nonleading contri-
bution in this region. Further evidence for dom-
inance of the diffractive component at large values
of w is exhibited by the ratio and difference of pro-
ton and neutron structure functions, which we dis-
cuss below.

(c) An examination of the fits to yW 5 — vWjand
VW /vW? revealsthat, for large w, vW}approaches
vW* quite rapidly and the two are equal within 10%at
w= 10, but for small wthere isa significant differ-
ence, (VW% - vW?) ~w'/?, showing dominant nondif-
fractive contribution. The value vW}/vW4 is pre-
dictedtobe 0.47 in a duality model*°at w =1and to be
0.25 as a lower bound in a quark model.** Our
model appears to be consistent with the latter pre
diction.

(d) The fits to the recent data®* on VR, plotted as
a function of @2 to test the scale invariance of the
latter are shown in Fig. 7. Clearly, there is sig-
nificant departure from scale invariance at values
of w>5 and @2<4 (GeV/c)2 Our fits give the value
of x2=112 for the 86 data points.

With the parameters given above we obtain fits to (i)
the data?? of vW £ plotted as a function of Q2 for various
fixed ranges of w (Fig. 8), which exhibit scale-invari-
ance breaking at small @2 (it is to be noted that
unlike other Regge models!*5:1¢ ours does not
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need any additional mass parameter to characterize
scale-invariance breaking of vW, at finite Q2, (ii)
data® on 1 +(vW7/vW ) plotted as a function of Q2
for various fixed values of W (Fig. 9), and (iii)

the data®®'3® on total photoabsorption cross sections
on protons and neutrons, o,(yp),or(yn) as well as
their differences: o,(yp) —o(yn) as a function of the
photon energy v (Fig. 10). The rapid approach of
the photoabsorption cross section to their asymp-
totic value in our model is consistent with the
Pomeranchukon dominance of vW, at large w as
discussed above. It should be emphasized that
these fits are absolute predictions of our model.
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V. EVALUATION OF THE SUBTRACTION TERM
At (-Q* ,0) AND CALCULATION OF THE p-n
MASS DIFFERENCE

We now turn to the problem of evaluating the
subtraction piece in terms of the structure func-
tions. With reference to the definition of R in
terms of Im ¢ [Eq. (23)], it can be shown that in
the Regge limit (v -, Q2 fixed) we have

R,

__Q%m¢
1+R,

5 P
veImt, | o2 fixed ’

(67

-

)
T
i

YRp (GeV)
. 4
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|°L w=S5.0 J
F E
st ]
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[¢] | 2 4

3
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FIG. 7. The quantity VR, versus @ 2 for fixed values of w. The data are from Ref. 34. The solid curves are our fits.
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where unsubtracted fixed-@ ? dispersion relation,
R.=R.(@)= lim R(v, -Q? 2 [~ Imi(=Q2 v)v'dv
He ’ te(=Q2 v) = - ; 7z = 7 , (60)
is assumed to exist. Therefore, if we define but
t(Qzu)=t(Q")Jri—&--t(cg2 2 [~ Imty(-Q2, vid
oL Y o (Thrs) Y 1(-Q2%,0)=16(~@%,0)= 2 | S
0
(58) (61)
then g
The contribution from nucleon poles can be sep-
Imt(-Q2, y)-;—— 0 (59) arated and the inelastic contribution can be rep-
Q"E’ggd- resented as an integral over the structure func-
by construction, and therefore {; will satisfy an tions W, and W, , andone obtainsfor A ¢ (~ €%, 0)
81,(-%, 0= () amar, (@Y /@ + 4 | Toz— 1 (-@7)/m
1 ’ T \( 1 1+R, 2
) 5ot an () |
+<anz>j;C 5 )AG(-Q , V) +wA 1+R. v, ‘
= ALY (-Q2,0) + AtH(-Q2,0), (62)
-
where f¥ and G" have been defined earlier in the where N is p or n and the sum includes all the rel-
text, AH°*(-~Q? 0) is the contribution from the evant (/=0 and /=1) trajectories, P, P’, A, and
poles, and AH(-Q2 0) is the inelastic contribution. A’,, such that Eq. (59) for Imi;, i.e., Im{;~0 for
In our model, v -, holds rigorously to the order v~ ° where
R. R\ D, v v/2v,)% s>3. Thus the subtraction constant A, (-Q%,0)
<1 R, )N T <762—> Z}_Bjk(u/zuc)aj ’ (63) satisfies the limit®
0.4 A @] ; (c)
+ ++ @t f }
0.3 1
VwZ
0.2
T 4sws T 12Sw=I187
0 1 1 1 1 1 1 1 1
(0] 1 2 3 4 S | 2 3 4 S
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. 1 03
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o
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6 : l6<ws247
0 1 1 1 1 o
(o] | 2 3 S

—

@? licevi)?

Q? [(GeV/c)z]

FIG. 8. Fit to W} as a function of Q2 for fixed values of w, showing scale-invariance breaking at small Q*. Our fits
(solid curves) are calculated by using the average value of w in the range indicated for each case. The data are from
Bloom et al., Ref. 23.
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lim Q2a¢,(-Q20) = lim Q"'Alf°l°’(—Q2,0) the desired limit in order to cancel the coefficient
Q%o Q2-9 of possible logarithmic divergence.
=_°‘_( 1y ? = 2= 1), (64) Using our model for the structure functions W™
mm with parameters given by Eq. (54) and the dipole
where p are the magnetic moments of the nucle- fit to the nucleon form factors,
ons. Further, the condition of convergence of the 2
Cottingham integral as given by Eq. (39) is satis- Ggp(-Q?) =-G-‘-'?(_Q ) = Eﬂ('Qz) = 21 5
fied since the latter equation has been used as a Hp Bn (1+Q%0-11)
constraint in obtaining the parameters given by (65)
(54). The validity of Eq. (39) is illustrated graph- d
ically in Fig. 11, which shows how the inelastic an
contribution of the subtraction term approaches Gey(-Q% =0,
A Y (Photoproduction e 6°
DESY (Photopr ) | 6| stac-miT
® UCSB-SLAC (Photoproduction) x10
[ T T T T T T T N T T T T T T T
2.0 wWs2.25GevVv4 2.0 W=275 GeV -
D/H
/ | I 2 o I 2
2
1+(Pn/ 1p)
1.0 | | | L1 | 1.0 L1 L ! ) ] [
0Ol 23 45 6 7 8 01 23 45 67 8
T T T T T T T T T T T T T T
Wx3.2S Gev W =375 GeV -
2.0
D/H
|- T R S
¥ ¥
- 1+ (Fn /Mp) 1 - H(An/Bp, 1
|_ o 1 L | 1 1 ' | LO 1 i 1 1 1 1 I
01l 2 34 5 6 7 8 01l 23 456 7 8
Q? [(GeV/c)z] Q? [(GeV/c)z]

FIG. 9. The quantity 1+ ¢W7%/v W) =D/H plotted versus Q? for different fixed values of w. The solid curves are our
fits. The data are from Bloom et al., Ref. 23, and the dashed line corresponds to the prediction of Ref. 30.
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the various contributions [Egs. (36)-(38)] to the The @2 integration is rapidly convergent by virtue
p-n mass difference have been evaluated by direct of the form factors and the results for Amg
numerical integration. The Born contribution is and Ay, poies are found to be

given by

aAmg=+1.41 MeV

am = Ama + A’/nsub,poles )

Born

and
where Amy is given by (36) and Am,, is the

pole contribution of the subtraction term: MM potes= =0-T1 MeV,

respectively, leading to

A g, ot:s=--é fmd 2 zAtPOIes— 2 .
bpos == ) AQIQTANT(-Q,0) amy,,, = =0.70 MeV. (66)
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FIG. 10. The photoabsorption cross sections apfyp), optyn) and their difference opfyp) —op(yn), plotted as function
of the photon energy E. The data for the proton and neutron cross sections op{yp), op(yn) are from Ref. 32 and those
for optyp) —optyn) are from Ref. 33. The solid lines are our fits.
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FIG. 11. Illustration of validity of the condition [Eq.
(39) of text] for no logarithmic divergence of the Cot-
tingham integral for the mass difference. The dashed
line represents the value of

1
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0

8

A(Q? and B (% are the inelastic contributions from the
subtraction term and other terms defined [Eq. (67)] such
that the mass difference is given by

F 2
Am = (AM) pom — f%[A(QZ) -B QY
0

and C (Q%) =4 (@% -B Q).

The inelastic contribution can be represented as
o @°

= I -
am. =AMy, + AM = ~

[A(Q?) - B(Q?)],

incl

(67)

where A(Q? =3 Q*At!/(-Q%,0) is the inelastic con-
tribution of the subtraction term. B(Q?2) is defined
by Eq. (37) and represents the remaining inelastic
contribution. The @2 integration in (67) is also
rapidly convergent by virtue of the convergence
condition given by Eq. (39). In (67) the major sup-
port comes from the region of low Q2 @%<A?
where A2=~3.0 (GeV?) (Fig. 11). The respective
contributions from subtraction and other terms
from this region are given by

A2
aml, =~ f ‘ng(QZ) =-2.8 MeV (68)
0
and
N2
amy= | 2%23(Q2)= +0.14 MeV, (69)

which lead to

Am_ . =-2.66 MeV. (70)

incl

The Born and inelastic contributions as given by
(66) and (70) add up to give the final result for the
mass difference:

Am=-1,96+0.52 MeV. (71)

The error quoted in A7 is mostly due to the errors
in the parameters, and these errors have been
determined to be about 4% of their quoted values.

The above result shows that the subtraction term
is mainly responsible for the correct sign and
magnitude of the mass difference. This has been
made possible by the fact that the ineiastic con-
tribution of the subtraction term (which has the
right sign) is several orders of magnitude larger
(Fig. 11) than the remaining inelastic contribution
at finite @2 It cancels asymptotically with the
latter, and the net result for the mass difference
is rendered finite.

VI. SUMMARY AND CONCLUSION

We have proposed a model for the forward (vir-
tual) Compton amplitude in very simple form con-
sisting of contributions from Born, inelastic, and
subtraction terms. We have ensured manifest
analyticity in the v plane, s-u crossing symmetry,
Regge behavior, and Bjorken scale invariance for
the amplitudes in appropriate limits as well as the
various real photon (2% ~0) limits. This has been
made possible by appealing to the technique of
conformal mapping, which exhibits considerable
flexibility, making it possible to incorporate in a
much more transparent manner all the above prop-
erties simultaneously into the theory. In this re-
spect the present model differs significantly from
most other scale-invariant Regge-pole and vector-
dominance models,'*'!:1% although there exist cer-
tain resemblances with these models in some spe-
cific kinematical regions, such as the Regge or
scale invariance regions. The main results from
our model are summarized in the following:

(a) Very good fits to the existing data on electro-
production structure functions vW4, 2mw?#,
vWhH—vWh, vW3/vW5, and vR, are obtained. The
scale-invariance breaking as exhibited by the data
on vW¥ plotted as functions of @2 for various fixed
values of w as well as the behavior of the quantity
(1 +vW7/vW?3) plotted as a function of @2 at various
fixed values of W2 are quite successfully predicted
from the model. Further predictions are very good
fits to the data on photoabsorption cross sections
op(vp), o4(yn) and o(¥p) — o(yn) as a function of
the photon energy.

(b) We have evaluated the subtraction term
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t,(-@?,0) from a simple ansatz which is consistent
with experimental and theoretical considerations.

(c) The principal result of the present model is
the parameter-free realization of a finite p-n mass
difference having correct sign and right order of
magnitude which is quite close to the experimental
value. The fact that excellent fits to various avail -
able data on electroproduction and photoabsorption
have been obtained is significant in itself and lends
additional support to the model.

It is not surprising that the subtraction piece
plays the most important role in this successful
calculation of the mass difference, since the origin
and physics of the contributions from other terms,
i.e., the Born and deep-inelastic pieces, are un-
derstood well in the light of the data on the electro-
magnetic form factors and the deep-inelastic
structure functions of proton and neutron, whereas

the dynamics lying hidden in the subtraction piece
has not yet been explored in detail.

The present calculation would lend support to the
conjecture put forth by some authors®® that the in-
elastic contribution of the subtraction piece trans-
forms as a Coleman-Glashow?® tadpole in the tad-
pole model, which successfully accounted in a
pure phenomenological way for the mass splittings
between the various hadronic isomultiplets.
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