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CP- violating relativistic quark models and the E -Eo selfwnergy matrix
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With a relativistic quark model which is based on the Bethe-Salpeter equation the K -K
self-energy matrix is calculated for the CP-violating models of Glashow, Oakes, and Das.
For the first two models the kaon mass difference is in reasonable agreement with experiment.
The CP-violating angles are determined from a least-squares fit of the theoretical values
of ~, q+, and goo to the experimental data. While the model of Glashow gives good agree-
ment with experiment, no reasonable fit can be achieved for the models of Oakes and Das.

I. INTRODUCTION

Throughout the years it has remained a chal-
lenge to explicitly derive the consequences of
various weak Hamiltonians. In particular for CP
violation it is necessary to have precise calcula-
tions in order to decide between the different mod-
els. The relativistic quark model of Bohm, Joos,

and Krammer' allows us to perform such calcula-
tions. It is based on a solution of the Bethe-Sal-
peter equation with a harmonic-oscillator kernel.
If one uses for the spinor structure of the kernel
the Fierz-symmetric combination, ' pseudoscalar
plus vector minus scalar, one obtains for the low-
est-mass pseudoscalar and scalar mesons the fol-
lowing Bethe-Salpeter (BS) amplitudes':

4» I' r'
Xo- —~ 1+ ys exp — ~ ~ q&),

4nv2 L' (P r)P . r' (r P) i (r P)' r'
""=2@" 'M ~ ' 'M M % ' '~ 2'M m, M M M m,

(1.2)

Here P is the meson momentum, x the q -q rela-
tive momentum, m the meson mass, 2' =1 Gev'
is the meson level spacing, and [qq) is the SU(3)
part of the BS amplitude. The effective quark
mass M is determined from the K- p, v decay con-
stant E» by'

4 p
W3nE~

'

The advantage of this quark model is that all quark
loop diagrams which contain at least one BS am-
plitude are convergent, and therefore it is possi-
ble to calculate any meson transition amplitude ex-
plicitly.

In this paper we shall consider' the CP violation
by phase angles in the charged currents4 and by
neutral currents" which are extensions of the
usual Cabibbo theory. For all these models the
Hamiltonian is of currents current type

Hq, = 2~~((J„Zt)+(Z„j~j), (1.4)

II. THE K -K SELF-ENERGY MATRIX

The K'-K' self-energy matrix can be written in
the form

where J, is a charged current and J, is a neutral
current. From these weak Hamiltonians we cal-
culate the CP-violating parameters e, q, , and

g~ as well as the kaon mass difference m~ —m~ .
The connection of the K'-K' self-energy matrix
with the mixing parameter ~ and the Kl -K& mass
difference is exhibited in Sec. II. The numerical
analysis for the Glashow model is performed in
Sec. III. In Sec. IV the models of Oakes and Das
are treated. Finally in Sec. V the results are
presented and discussed.
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f Moo

M- M (2.1)

Up to terms of the order e we get

m~ —m~ = —2ReM —.
S 00 (2 6)

where the indices (i,j =0, 0) refer to K' and Ko,
respectively. Due to the instability of the K'-K'
system this matrix is not Hermitian. It can be
written in the form

The off-diagonal elements of the K -K self-energy
matrix can be computed from the weak Hamilto-
nian &w,

M() = m;, ——I';) (i, j = 0, 0), (2.2) p ~ & il ffwln&&nlffwlj&

)I n
(2 9)

1 ~1+e 1 —e ~
[2(1+lel')P" (1 (1 )]~

(2.3)

transforms the K'-K' basis into the K& -K~ basis
in which the self-energy matrix is diagonal and

reads

m, -2r
(2.4)

where m;, and I';, are Hermitian matrices. CPT
invariance gives the relation M,o =M—,o. CP invari-
ance would give Mpp Mpp which means that
(M, —, -M«)/Mo o should be of the order 10 ', which
is characteristic for the observed CP-violating ef-
fects. We use the convention CPlK')=lK').

The nonunitary matrix

and

r, , =2» g 5(z, -z„)&ilHwl~&&nlffwlj) . (2.10)

Only virtual states contribute to the sum in Eq.
(2.9). We shall in fact restrict the sum to meson
pole contributions. The sum in Eq. (2.10) is over
real transitions. Here we shall consider only 2m

intermediate states.

III. CP VIOLATION THROUGH PHASE ANGLES

IN THE CHARGED CURRENTS

We now proceed to compute the self-energy
matrix elements in the different models of CP
violation. Let us first consider the class of mod-
els with CP violation through phase angles in the
weak charged current. " In these models, the neu-
tral current Jp vanishes and the charged current
is given by

0 001 ~—-M-
2M o+Moo

(2.5)

The eigenvalues of the self-energy matrix are as
follows:

For c one obtains, neglecting terms of higher order
in the CP violation,

J, = cos6c(V —e'oA)„;, +sin6c(V —e' A)„;, ,

(3.1)

where V and A are vector and axial-vector cur-
rents, respectively. In the quark model it takes
the form'

J,"=6' y "(1+e+ y, )Xcos6c

+iF[y"(1+e' y, ) +A,5"]Xsi n6.c

and

i 1 —c——I'» =~+ M—

i 1 —e
m», -- f'», = Moo- Moo

(2.6)

(2.7)

5 = —0.144 GeV ' is the SU(3)-breaking parameter
and jest" is the relative momentum of the 6' and A,

quarks. ' The graphs shown in Fig. 1 determine
the matrix element mpp for which we find the ex-
pression

2 8 2
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FIG. 1. Diagrams for the X ~ transition involving charged currents only. Circles indicate BS amplitudes, black
dots stand for the currents, solid lines for quarks, and dashed lines for mesons.

where D is given by

1 sin'(8 —8z} cos'(e —e, )
2 2+ 2 2 2sag m Rig pal

7l sir —m
7)

In this equation 8 is the mixing angle of the pseudo-
scalar meson octet and sin8z ——1/v3.

Taking only the 2m intermediate states into ac-
count we obtain for I', —, from Eq. (2.10)

A, =A(K' w'w ) =z,e '~+z, e'

A„=A(K'-n'w') =z,e @+z,e'

A, =A(K'-w'm }=z,e++z, e '

A =A(K' wowo) = z~e++ z e

where

(3.6)

r, —,=,[A(K'-z'~ }A*(K-'-z'z }-
+A(K - z'zo)A+(Ko- z'z')]. (3.5)

The amplitudes A.[K'g )-w'z (z'w')] are calculated
from the diagrams in Fig. 2. Including the nm final-
state interactions one obtains'

z, = (4.698+ i 5.112)x 10 ' GeV,

z, = —(4.506+ i4.926)x10 ' GeV,

z, = —(4.985+ i3.615)x10 ' GeV,

z, = (4.832+ i3.483) x10 ' GeV.

(3.7)

It is easily verified that the amplitudes for given

I

+
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(c)
FIG. 2. Quar1. diagrams for the E mt decay.
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isospin in the nm-final state

A{Ko 2w(I =0))—=Ao= ~(v2 A, -Aoo),
1

A{Ko 2w(I = 2)) =—A, = ~(A, +W2Aoo)
1

obey the usual CP T relations

A{Ko- 2w (I = 0)) = Ao = Age" o,

A(Ko-2w(I =2})~A,=A,*e" 2,

(3.8}

(3.9)

sequence for neutral currents only give a nonvan-
ishing contribution to the Kp-K transition with the
orbitally excited scalar meson e as intermediate
state. The ~ contribution does not cancel because
KP- e can only proceed via the single-loop dia-
grams Figs. 3(a) and 3(c). In addition to Fig. 1
we thus have the diagrams shown in Fig. 4 for the
K -K transition. The contribution from Fig. 1
is obtained from Eq. (3.3) setting P = ra =0. Al-
together we obtain for mp~ the expression

where 5, =43' and 5, =0 (see Ref. 8) are the I =0
and I =2 nn phase shifts, respectively.

From Eqs. (3.3), (3.5), (2.2}, and (2.5) we can
determine the mixing parameter e which is of
course a function of the phase angles f and u.
With its help we can calculate the CP-violating
parameters for the K- mm decays: where

1 C' D+ 1 E, 1
1

. sin2q
2~ 2m~ m ' —m, ' sin28C

(4.2)

and

A(K~- w+w )

A(Kw -w'w )

A+ -A+ +e(A+ +A+ )

A+ +A, +e(A, -A, )
(3.10)

C = 2C sin8~cos8~
4p

6 16p5j4 ~2E = ~2sin8&cos8& 3~3+ 1 -4

(4.3)

(4.4)

A(K~ - w'w')

A(Kw -w w )

Aoo Am+ e (Aoo +Aoo)
A~+A„+e(A~ —A„) (3.11)

Now we determine the two free parameters Q and
&u of the weak current Eq. (3.1) from a best fit to
the experimental values of Res, q+, and g~.

and D is given in Eq. (3.4). There are also first-
order diagrams in this model which cancel be-
cause the trace in Fig. 5(a) and the one in Fig.
5(b) have opposite sign for paraquarks.

I'o —, is again obtained from Eq. (3.5). In addition
to the diagrams in Fig. 2 there are now a number
of diagrams involving neutral currents which can
be found in Ref. 10. The sum of all the diagrams
gives for the decay amplitudes the values'

IV. CP VIOLATION BY NEUTRAL CURRENTS

In the model by Oakes' the charged weak current
is the usual Cabibbo current. It follows from Eq.
(3.1) if we choose Q=ru=0. The neutral current
Jp is of V+A type. In terms of the quark fields
it reads

A+ = u, +u, sin2&,

App Q3 + u4 sin2$

A = us —u2 sin2$,

App u, -u4 sin2$

where

(4.5)

Zoo = —{5Iy "(1—yz)3I —Xy"(1 —yo)A] cosg

—i{X[y"(1 —y, )+5k "]X —X[y"(I —y, )+5kw]X)

@sing. (4.1)

The transitions K'g')- w', q, q', e may now in addi-
tion to the charged current graph in Fig. 3(a) pro-
ceed through the neutral current graphs shown in
Figs. 3(b) and 3(c). All together nine graphs arise
from these three building blocks for the K'-K'
transition. The ~I = 2 rule requires parastatistics
for the quarks. ' For the pseudoscalar mesons
w, q, q' the two-loop diagrams in Fig. 3(b) and the
one-loop diagrams in Fig. 3(c) give for paraquarks
contributions which are exactly opposite. As a con-

u, =(1.918+ii.86'l)x10 ' GeV,

u, = (-4.666 + i 5.185)x 10 ' GeV,

u, = —(1.535+ i 1.320) x 10 ' GeV,

u, = (3.300 —i 3.282) x 10 ' GeV .

(4.6)

These amplitudes fulfill the Cp T relation Eq. (3.9).
Again we determine the CP violation parameter g
from a best fit to the experimental values of Re~,

and 'happ.

Next we shall consider the model of Das. ' As
before, the charged current is of Cabibbo type.
The neutral current is now given by
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FIG. 3. Quark diagrams for the + &, q, p' and & transitions. While (a) involves only charged currents, (b) and

(c) contain the neutral currents Eqs. (4.1) and (4.7), respectively.

Jg = '[2P y (1+y~)5' —Ry "(1+y5)X—Xy"(1+y~)X]cos8c+%[y"(1+y,)+5k "]Ae ~sin8c (4.7)

The transition K'go) - w', q, q', e may proceed in
addition to the graphs shown in Fig. 3 by the graph
in Fig. 6. Out of these four building blocks 16 dia-
grams for the transition K -K' result. For the
pseudoscalar intermediate states n, q, g' the vari-
ous combinations of single- and double-loop graphs
which contain neutral currents cancel. So finally
in addition to the charged current contribution in

Fig. 1 there remain six second-order diagrams
for the K -K' transition which are shown in Fig.

V. The first-order diagrams in Fig. 5 cancel as
before. For mop we now obtain the expression

mo-, = — C'D(1.5 —e ~~)'2

+ Z', , (3 e '&),—-1 1

Sm~ ~ m 2 (4 3)

where C, D, andE are given in Eqs. (4.3), (3;4),
and (4.4), respectively.

K
K

(a)

(b)

K K

(c)

FIG. 4. Additional diagrams for the X + transition in the Oakes model.
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K

+
K

(b)

FIG. 5. First-order diagrams for the K K transition in the models of Oakes and Das.

For the kaon decay amplitudes in I";, [Eq. (3.5)]
in addition to Fig. 2 there are a large number of
neutral current diagrams. " Altogether one obtains
the expressions"

A = vi+V2e

App V3 + V48

and g =0 respectively the current of Das Eq.
(4.7) retains a strangeness-changing neutral part
even in the limit $-0. The latter gives rise to
the above-mentioned discrepancy. In Table I our
theoretical results are compared with experiment.
For the models of Glashow and Oakes the theoreti-
cal decay rate

X, =v, +ve-, (4.9)
g'~- ww) = 7.5x10-' MeV (5.1)

if
Xpp V3 + V4e

with

v, = —(0.3389+ i0.3082)X10 6 GeV,

v, =-(0.1127+i0.1130)x10 ' GeV,

v, = (0.2217+ i0.2179)x10 ' GeV,

v~ = (0.0976+ i0.0799) && 10 6 GeV,

(4.10)

which again satisfy the CP T relation Eq. (3.9}.
The parameter g is determined in the same way
as in the previous cases.

Y. DISCUSSION OF THE RESULTS

Let us first consider those quantities for which
CP violation has only a negligible effect. These
are the K~-2m decay width and the kaon mass
difference. While the models of Glashow4 and
Oakes' reproduce for these quantities the results
of the Cabibbo theory the model of Das gives dif-
ferent values. This is already plausible from an
inspection of the currents. While the strangeness-
changing parts of the currents in Eqs. (3.2} and
(4.1) reduce to the Cabibbo current for /=&A=0

is in very good agreement with the experimental
data and the kaon mass difference

m —~,=1.9x10-" MeV (5.2)

is not too far from the experimental value as can
be seen from Table I. The Das model, on the
other hand, gives a decay rate which is larger
than the experimental one but also a larger value
for the kaon mass difference. In the first two
cases the mass difference is a little bit too small
which is presumably due to the fact that we have
restricted the sum over intermediate states in
Eq. (2.9) to meson pole contributions.

Now let us turn to the CP-violating quantities.
For the Glashow model there are two CP-violating
angles P and ur [Eq. (3.2)], while for the models of
Oakes and of Das there is only one g [Eq. (4.1)]
and ( [Eq. (4.7}], respectively. For all three
models we determine the CP-violating angles
from a best fit of the theoretical values of the CP-
violating parameters ~, q+, and q«. More
specifically we perform a least-squares fit mini-
mizing the following function:

E(Rem, Iq, I, 4, , Iq'„I, 4~) =(Rem —Rem'"')'/(ERec'"'}'

+ (lq, I
—

I q,'"'I)'/(&I q,""'I}'+(4, —4,""')'/(&4,""')'

+ (le I-lqoo'I)'/(&I q'"'I)'+ (4 -4'g )'/(&4 ""'}'. (5 3)

In Eq. (5.3) the label exp means experimental val-
ue and & indicates the experimental error.

The results of this procedure are listed in Table
I. From an inspection of these results one can
conclude that the Glashow model is in good agree-
ment with experiment (see Ref. 11), while for the
models of Oakes and Das no satisfactory fit can

K

FIG. 6. Additional graph for the K 7I', q, g trans-
ition arising in the Das model.
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FIG. 7. Quark diagrams for the Eo I; transition which occur in the Das model in addition to Fig. 1.

be achieved. Furthermore, we would like to
stress that the CP-violating phase angles + and

Q turn out to be of the order 10~ which is one
order of magnitude smaller than the original esti-

mate. 4 Such a small value of the CP-violating
phase angles may save the model" if the experi-
mental upper limit for the neutron electric dipole
moment" is lowered further.

TABLE I. Comparison of our theoretical results with the experimental data. The CP-
violating angles are determined from a least-squares fit of the theoretical predictions for the
CP-violating parameters to the experimental data.

Glashow model Oakes model Das model Experiment (Ref. 11)

mg -mg (MeV)
L s

CP -violating
angles

1.9x10 '2

j Q =2.94x10
f u =-2.86x10

I'(&s m) (MeV) 7.5x 10 7.5x 10

1.9x10 '2

8.2x10 ~2

54x 10

g =1.8 x 10 $ =3.0x 10

{7.43+0.06) x10 '2

(3.56 +0.02) x 10

Ref

I drool

C'00

I noolo».

value

1.55x].0~ '
1.28 x 10

2.34x10 3

48.9'

2.3Sx10 3

4S.9'

1.019

7.8

0.53 x 10

0.91x 10

1.84x10 3

87.2'

1.72 x 10 3

-89.6'

0.938

3 x103

-2.43x 10 4

-1.48x10 3

3.83x10 4

-18.6'

5.45x10 4

82.8'

1.42

9 x 103

(1.67 ~0.06) x10 '

(2.30 +0.035) x 10

49.4 +1.7
(2.33+0.14)x 10 3

53.4 +13.1

1.013 + 0.046

This value is in good agreement with the E&3 average Res = (1.59+0.12)x10 [K. Klein-
knecht, in Proceedings of the XVII International Conference on High Energy Physics, London,
1974, edited by J. R. Smith (Rutherford Laboratory, Chilton, Didcot, Berkshire, England,
1974), p. III-53].

b The results for I ) —sI 10 o are equally bad.
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4+~ =8x10 ' (5.4)

This numerical result confirms explicitly what

Another remarkable feature for the model of
Glashow is that the phases of the AS= 0 and 4S= 1
weak axial currents turn out to be nearly opposite

had been shown qualitatively before to be a suffi-
cient condition for the equality of q+ and qw (see
Ref. I4) and for the approximate &I = -,' rule. " In

the quark model 4+u is proportional to Re~
—Reg+, ' With the present experimental data
Rec differs slightly from Re@, which explains
the result (5.4).
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