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The deduction of the energy-momentum tensor from a variational principle is clarified in the field-theoretic
approach starting from the unrenormalized flat space-time. The procedure is applied to coupled gravitational
and electromagnetic fields obtaining the relevant, total energy-momentum tensor to second order in the

gravitational coupling constant f.

I. INTRODUCTION

In the field-theoretic approach'? to gravity, the
symmetric stress-energy density T,z is required.
An elegant method, originally due to Weyl® and
successively developed by Trautman,* obtains T g
by a variational principle. There are good proofs®
of this method. However, some clarifications,
essential for practical applications, are missing.
The clarifications are emphasized in Sec. II while
in Sec. III the total energy-momentum tensor T‘;‘g‘)
is explicitly obtained for coupled gravitational and
electromagnetic fields, since they are not found
in the literature. Furthermore, the above stress
tensor will be used in the following paper.®

II. VARIATIONAL METHOD TO OBTAIN A SYMMETRIC
ENERGY-MOMENTUM TENSOR

We start from the well-known variational prin-
ciple

0=5 fd‘*xf__a(y'") + L)), (1)

where a=det(a,g) is the value of the determinant
of the fundamental metric tensor a,g, L™ the
Lagrangian density for the matter and the interac-
tion of the latter with the fields (more than one, in
general), and LY the Lagrangian density for the
fields and their mutual interactions.

If the matter consists of pointlike particles hav-
ing z* coordinates which are particular values of
the current coordinates x°, and the fields are, for
example, a vector field A, and a tensor field g,
it is

teo
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(2)

where A is a scalar function, ds the invariant

line element (coinciding with the proper-time ele-
ment since the light speed is assumed to be unity),
and £%*=dz%/ds. If A, is the electromagnetic field
and Y, the gravitational field, only #,4 couples
with the electromagnetic energy-momentum ten-
sor, so that

LY =LP(Aq 8, Yass Yas,ya*®,a% ). (3)

The explicit dependence of (2) on a,g is due to
the fact that the quantities considered as “primi-
tive” are z® (contravariant), A,, and ¢, (covari-
ant). The exclusion of z, implies the presence
of a,g in (2). This presence, neglected by Traut-
man,* is necessary only for the particle part of
2o (while invariant interaction terms of Z% with
A, and y,g can be obtained without the use of
Agp).

As to the presence of a*®, notice that Eq. (3)
must be invariant. To obtain such invariance it
is convenient (as usual) to construct the Lagrangian
by covariant quantities such as A,;g and ¢qp;,
(where the semicolons denote covariant differen-
tiations). But our primitive quantities are A, 4
and J,5,, (Where commas denote partial differen-
tiations). The passage from Vop;y 1O Pos,, implies
the Christoffel symbols containing a®® .

Letting z® vary in (1) the equations of motion are
obtained.” Taking into account that dz* are not
free being related by

ds® = ayedzdz®, (4)

the Khalatnikov®-Infeld®-Kalman'® equations are
obtained,’

d 9L oL _D OL .q .
ds 9z% 8z° —dsKé?EZ —L>z°‘]’ (®)
where D/ds denotes covariant differentiation.
By varying ¢ ,g (considered as the gravitational

field) in (1) we get'!
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Here also second-order differentiations are
included since gravitation is nonlinear® and, to
second order in the coupling constants f, ¥yp;y
appear in L.

Also the coordinates x® can be varied in (1).
This implies variations for 2% A, Yas, Tass
and a*®. The corresponding variations for L in-
duced by 6z% 6A ., 8y, are zero because of (5),
(6), and the field equations for the electromagnetic
(em) field [obtainable by varying A, in (1)]. From
the remnant one can obtain® a symmetric tensor*?

T =g%£a'5'
AL ] o

such that T ,5°®=0 gives (5).

Note that when x° is varied, a,z undergoes a
double variation. One is due to the change of z¢
and affects a,g appearing in (2) only: Its effect

L(m) :L(P)+ L(inl)

+

-

(n) ~°%

where m ,, is the proper mass of the nth particle,
including the electromagnetic self-reaction mass.
Consequently A, is the electromagnetic (vector)
potential due to all the other particles but for the
nth considered.

Having in mind the variation to be made, we
write (8) as a function of the “primitive” quanti-
ties 2% Y43, and A,. For example, this prevents
us from writing 22, i.e., the choice of just con-
travariant coordinates z“ involves the introduction
of the covariant components of the fundamental
metric tensor a,g. In this spirit, in (8) ds is ex-
plicitly written as (aqgdz *dz®)*/2 both when it ap-

pears as the integration variable and in Z%=dz%/ds.

The Lagrangian density (3) for the gravitational
and electromagnetic fields and their interaction
is explicitly given (to first order in f) by’

L = 500y 0% = Yap iy 0P+ Uap P
"%lp;alp:a"'%FaBFaB +fwaBT(em)a87 (9)
— (em)
where y=y4, and, as usual, T3
=FoyFg? = 5 4F\ F™ With Fog=Ag, o= Ag,p-

Using (5) and (8) and integrating over a volume
containing the nth particle only,** we have
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is taken into account in (5). Such a variation does
not affect (3) since the fields are present every-
where, independently of the test-particle position.
The other variation of a, is due to the direct
change of x% and should be present even if z* were
artificially maintained as fixed. This variation
affects both (2) and (3), and is accounted for in
(7).

Equations (2) and (3) contain both covariant and
contravariant components of the metric tensor.
It can be shown that both such quantities are to
be assumed, however, with some arbitrariness.!?

III. APPLICATION TO COUPLED ELECTROMAGNETIC
AND GRAVITATIONAL FIELDS

Let us apply the above procedure to find the
energy-momentum tensor (to second order in the
gravitational coupling constant f) for pointlike
particles in gravitational and electromagnetic
fields.

The matter-plus-interaction Lagrangian density
(2) for point particles in (coupled) electromagnetic
and gravitational fields becomes, to first order
in the coupling constant f,

o 8
Z f dz aﬁq(x‘z(n))[("aaﬂ'*waﬁ)—_rn—("i@l)_l/?+e(n)Au]7 (8)

(a)\de(,,)de,,))

r

m(,,)[(l +f¢“,,é{‘,,)z"(’,,))z'(,,) o~ 2f¢a>\é>‘]:yz'7
= _m(n)‘pyx:aéyz.)\'*e(n)FaBz.B - (10)

By (6), (8), and (9) the gravitational field equa-
tions are obtained,

deaﬁ - wc(a:ﬁ)0+ zp:dﬂ+aa5(¢c)\;o)\ - sz)
=f(T(»)aﬂ+T(em)aB)’ (11)
where 0y*f=y*5*, and T®*B=T® 87 with

T(») aByX

+ 0
=\/——_1—-(; ("Z) ™M (n) f:m s 8*(x = 2()Z (2l Edn -
(12)
To obtain the total energy-momentum tensor
T(o{%‘) (for particles, fields, and their interactions),
use is to be made, in (8) and (9), only of the chos-
en “primitive” quantities z%, A,, A, 5, YPap, and
Yas,y- This has already been done in (8), while
in (9) the Christoffel symbols must be explicitly
obtained. Using Egs. (7), (8), and (9), and taking
into account that 8a,,/0a°®= ~a,,ag, and
aa%,p/aa"ﬂ ,0=—aJa4,apy, we finally obtain
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T - ) H 2N
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- beuﬁ‘pa)\:ox "waﬂ;yw:y +d);(awﬂ)pm —¢;a¢;e

+aaﬂ(%w;pw;p_ %‘ppo;rwporr +¢“u:)\¢)\l’:# +¢;up‘pup)_ %flpthT(P)*'FctyFﬁy

- %aaBFqu""+2f¢MaFB)7F)‘7 +2fY"PF, o F pg = 3f Vo F o F”

—fYFapF P = faugha, F)NFTY + if Yaog F o F” .

(13)

The symmetric tensor, given by (13), is the desired total energy-momentum tensor since, by equating
its divergence to zero and using Eqs.(11) and (12), one obtains Eq. (10).
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