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The 't Hooft magnetic monopole solution of the SO(3) Higgs model generates, when coupled to gravity, a
geometry which for large distances is of the Reissner-Nordstrom form corresponding to a (magnetic) charge
1/e. The Higgs fields can contribute a cosmological term. In the absence of scalar fields the corresponding
Wu-Yang solution of the SO|;3) gauge theory still generates the Reissner-Nordstrom geometry.

Wu and Yang' have found classical solutions of
the SO(3) isospin gauge theory. Similar solutions
appear also in the Higgs-type model that couples
an isotripl. et of scalar fields to the isospin gauge
fields. There 't Hooft has shown' that they cor-
respond to Abelian magnetic monopoles (the cor-
responding magnetic charge being conserved on
topological grounds'). The question we want to
answer here is what happens when this system
is further coupled to gravitation.

For the monopole case, the SO(3) gauge fields
approach for large distances precisely one of the
Wu-Yang solutions. 2 By a singular gauge trans-
formation' this Wu-Yang gauge field can be brought
to point in a given, say the third, isospace direc-
tion. In this gauge also the Higgs field points in
the third isospace direction, so that the theory
behaves at large distances (where these consider-
ations apply) as if it were Abelian. ' As far as
the space dependence is concerned, in this "Abel-
ian" gauge, at large distances' the surviving Higgs
field is constant and the surviving isocomponent
of the gauge field is precisely equal to the vector
potential corresponding to a usual Abelian Dirac
magnetic monopole of magnetic charge 1/e. ' If
we now switch on gravity, the constant Higgs
field will contribute a cosmological term, whereas
the magnetic monopole will have an energy-mo-
mentum tensor of the same form as for an electric
charge with value 1/e. One therefore must obtain
for large distances a Reissner-Nordstr5m geom-
etry corresponding to a (magnetic) charge 1/e.
The energy-momentum tensor and the gravitational
field being invariant under local SO(3)-gauge trans-
formations, the same Reissner-Nordstrdm geom-
etry must appear for large distances in every
gauge, in particular in the original gauge in which
at large distance the gauge fields were of the Wu-
Yang form. We shall check this by a direct cal-
culation below. Concerning the cosmol. ogical term,
it can be removed by hand, by adding an "irrele-
vant" constant to the original Higgs Lagrangian
before coupling it to gravitation.

In the process of treating this problem we shall
also find exact (i.e. , valid at all not only at large
distances), albeit singular, solutions of the cou-
pled gravitational-gauge-scalar system which
reduce to the corresponding known exact but sing-
ular solutions of the non-Abelian Higgs theory
without gravitation. The Reissner -Nordstrdm
geometry without cosmological term is val. id if
one couples just the Wu-Yang solution to gravita-
tion without introducing any scalar Higgs fields.

For a scalar isotriplet of fields P' (a =1, 2, 3)
coupled to SO(3)-gauge fields and to gravitation,
consider the general-relativistic Higgs Lagrangian
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while the metric corresponds to the general
Schwarzschild line element

(ds)2 = -A(r)(dt )~+B(r)(dr)' r'(d+&)'

+r' sin'& (d(p)2. (2b)

The scalar and vector field equations take the
forms (prime indicates derivative with respect
to r)

Here V„Q' =&„cP'+ef;,A'„Q' is the gauge and
generally covariant derivative of the Higgs field,
while all the other quantities have their usual
meanings, and the metric has signature -+++ ~

We are interested in spherically symmetric
static solutions for which, in Schwarzschild coor-
dinates, the scalar and vector fields have the form

(Q', rp2, y') =S(r)(sin& cosP, sin& sing, cos& ),
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These equations have the general solution
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where
2

K=G/(e /4n}, A = —8v GVO, Vo= ——. (5b)

Independently of the gravitational field [i.e., of
A(r) and B(r)] they admit for large distances (up
to exponentially damped terms) the 't Hooft-Wu-
Yang-type solution

S =g/MX .1
e'

Equations (4) even provide an exact solution at
all distances of the field equations (2). These
solutions, however, yield fields singular at the

origin which in the absence of gravitation cor-
respond to infinite energy. They are therefore
less interesting. All. the fol.lowing considerations
are, for that matter, valid at all distances with

these qualifications. In addition to solution (4)
our considerations also apply to a pure %u-Yang
field without any scalar fields whatsoever.

With the solution (4}, the gravitational field
equations can be reduced to the form

Here C and 2GM are integration constants. C can
be determined, in the standard way, by requiring
the only departure from asymptotic flatness to
originate in the induced cosmological term (-A).
This yields

C =1. (6b)

M is to be equated to the mass of the 't Hooft mono-
pole. %e recall that for the physically interesting
case the metric takes the form (6) only at Large
distances. The geometry [(6a) and (6b)] is pre-
cisely of the Reissner-Nordstrom form (with cos-
mological constant A}. One can remove the in-
duced cosmological term by adding an explicit
cosmological term —Av'- g to the Lagrangian (1}.
The geometry then becomes asymptotically flat.
No induced cosmological term appears in the ab-
sence of scalar fieLds (Wu-Yang case}. TopoLogical
considerations ensure the quantization of the
't Hooft magnetic charge already at the classical
level. ' In particular for the single monopole case
the charge is not arbitrary but 1/e even in the
presence of gravitation.

To conclude, we have found solutions of non-
Abelian gauge theories coupled to gravitation4 and

Higgs fieMs. The relevant solutions are of the
't Hooft (or Wu-Yang} type for the vector and
scalar fields and of the Reissner-Nordstrom type
for the gravitational field. The charge that de-
termines the geometry is the magnetic charge
1/e, conserved for topological reasons.
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