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The electromagnetic field due to a current loop placed around a Kerr black hole is investigated within the
framework of perturbation theory. The asympotic behavior of the field at large distances from the black hole
is studied. The process of charge accretion into the black hole due to the electric field generated by the loop is

discussed.

1. INTRODUCTION

Test fields superposed on black-hole backgrounds
can be analyzed with the help of perturbation tech-
niques of general relativity. On account of the
strong space-time curvatures involved, these
fields often exhibit unusual properties that may
not be encountered in flat space-times. Exploring
new effects thus produced by gravitation is ob-
viously of interest from a theoretical standpoint.
The ultimate aim of such investigations, however,
is to relate the results to astrophysically realiz-
able situations.

Physical phenomena associated with rotating
black holes display, in general, more novel fea-
tures than those that accompany static ones. For
instance, a stationary charge near a Kerr black
hole gives rise to a magnetic field as well as the
electrostatic field.! Analogous effects are to be
expected in the case of a current loop placed
around a black hole. This problem has been treat-
ed recently by Petterson’® using the Schwarzschild
metric. The magnetic field of the loop is modified
as compared with that in flat space-time, but the
basic structure of the electromagnetic field is
unaltered. In the present paper we study the prob-
lem with the Kerr black hole as the background.
Now, in addition to the expected magnetic field,
an electric field is also generated owing to the
rotation of the black hole. This electric field in
turn leads naturally to the possibility of charge
accretion into the black hole. Wald® has studied
charge accretion into a black hole placed in a
uniform magnetic field. Using the same principles
as in his procedure we determine the amount of
charge that can be attracted by the black hole as
a function of the current in the loop. These con-
siderations would be of astrophysical significance,
if toroidal currents exist in accreting disks sur-
rounding black holes. Such currents are expected
to be created by radiation pressure acting pre-
dominantly on electrons.? The possible occurrence
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of this phenomenon in a realistic accretion model
calls for a detailed analysis of the relevant physi-
cal processes. We are investigating the above
aspects of the problem and hope to return to them
in the future.

In the next section we present the differential
equations governing the electromagnetic field of
the current loop placed around a Kerr black hole
and obtain the corresponding solutions. In Sec. III,
the asymptotic behavior of the field components
at large distances from the black hole is examined.
The magnetic dipole and the electric quadrupole
moments induced by the current loop are com-
puted. The final section is devoted to the process
of charge accretion into the black hole.

II. FIELD OF A CURRENT LOOP AROUND A KERR
BLACK HOLE
In the Boyer-Lindquist coordinates, the Kerr
metric is

ds?= -V dt2+e?'(dp - wdt  + 2 d ¥? + €24 d 62,
(1)

where
e?V =A% /B, e*'=Bsin?6/Z, w=2amr/B,

e =S /A, t=3,

(2)

and

2 =r?+a®cos?®6, B=(r?+a?)® —Aa®sin6,

(3)
A=7r?=2mr +a®.
We use Kinnersley’s tetrad the components of
which are

L =((r*+d?)/5,1,0,a/8),

1
n* = 5—(;’2+a2, -4,0,a),
(4)

*
mh = - VP'“E (fasiné, 0, 1,7 /sinb),
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where p is one of the spin coefficients:

1
v —iacosé ’

(5)

p=l,,m"m*’ =~

The electromagnetic field is characterized by
the three complex quantities

Og=Fy ttm",
P, = %Fuu(l“nu +m*m? )s

(6)

and
¢, =Fuu m*un!}’
where F,, is the electromagnetic field tensor.

In the stationary axisymmetric case, Teukolsky’s*
master perturbation equation for the quantity

¥ =¢,/p?

takes the form

2 a9 a
YN . —(sinea—‘g>+(cot29+1)\1'=4nJ,

ar®  sinf 96
(7

where J contains the source terms. In our case,
let J¥(7, ) be the current density for a current
loop located in the equatorial plane, 6 =7/2 placed
symmetrically around the black hole. We choose

e; = e‘“(-a%- +w %) , eg=e’ %,
(8)
26

measures the total current through an (7, §) plane
as I. In Boyer-Lindquist coordinates, this leads
to the current density as

1 [ b*=2mb+a® \2
[T —(—=27" "% -
J (0, 0,0, 7 <b2+2ma2/b+a2> o(r b)é(cos@)).

(9)
Writing

V=
i

2, Bi(r) -157(6)

1

and
J = 2. d,(r),S%(8),
1

=1
where _,S?(6) are spin-weighted spherical har-
monics,

20 +1 ]‘/2 dP,(cosb)

0 -
-157(6) = [4nl(l+1) ds (10)
and substituting in Eq. (7), one obtains the radial

equation for each { mode:

d?R l
J* such that the locally nonrotating observer,® d_rzL - (l; ) R,=—-4r J;(r) , (11)
whose frame of reference is represented by an
orthonormal tetrad where
20+1 2/ 02 ~2mb+a? m[ i (b +a? - 2 mb) dP, (cosb)
= - O(r — p) 4202 7)
i) z”l[m(z +1)] <b2+a2+2ma2/b> 22 -0=ae 1.,
+ %%-%l (6% = 2mb +a®)P,; (0)6(r - b)
i(@®+b%)  , - dP, (cos6)
- (= 2my +a)0’ (v - 0) L2 "/J (12)

with prime denoting the derivative with respect to ». To solve the inhomogeneous differential equation
(11) we use the following linearly independent solutions of the homogeneous part:

B (20 +1)! , Y ~-m
F,(r)= - 2‘([ T (M2 = az)(tﬂ)k AQ, <(m2—a2)1
_ 241 (L= 1)l m® —a?)? ( r-m
Gi(r)= @01 s

). (13)

(14)

We note that as » -=, F, (r)~1/7' and G, (r)~7'"}, and as ¥ ~m+(m? —a®)V2, G, (*)~0 and F, ()~ a finite

constant. The solution of Eq. (11) is then given by

#,00=F, 0 [ (ZHD)6,00ar w720

(15)
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R, (r)=G, (r)U(‘—“—”AiLi-’l)F, ) dr]/w, r<b (16)

where W, the Wronskian of G, (r) and F(r), is - (2/+1). Integrating Eq. (15), one finally obtains, for
r>b,

0% — 2mb+a? >1/2
b®+a® +2ma®/b

a?+ B .ol T{(l +2)/2)
x Z L (Tr e G"”))( R o

1 d
+% l(l+1)cl(b)(7}7_ 7l T((1+1)/2) ]pz F, () P, (cosf)

¢ (7, 8)= nl <

2 ((1+2)/2) de
= S HI(0)0* Fy( y) 2Eulcosd) (17)
1=1

Integrating Maxwell’s equations, one obtains' ¢,(7, 6), for »> b:

Q,(7, 6)= Z‘/_H (b)p? %[rF,’(r) F,(7)] P,(cos6) - 2[

F, )N !P,, (cosb)+(L +1)P, _l(cose)]} . (18)

For »<b, one finds the analogous expressions for ¢,(r, 6) and ¢,(r, 6) with F;, and G, interchanged. Elec-
tromagnetic field components can then be computed directly knowing ¢, and ¢, everywhere.

III. THE ASYMPTOTIC FIELD DISTRIBUTION

We will compute the electromagnetic fields at large radii (> m, b) for the [l =1 mode. We substitute
the following expressions:

G,(r)=r?=2mr +d®, F,(r)~ 5— ,

and

il [ 6%-2mb+a® \V?
10 3 (i) O a2

in ¢, and ¢, to get

2 .
F,4=-2asin*6Re¢, — 2V2 (—rw Im[(r —iacosb) ¢,]
02 =2mb +a® \¥2 sin®6
-=ul (m%) (b2 +a® - 2ma/b) —— m , (19)

Fo 4= 2sing (r* +a®)Im¢, - 2V2 asin’6 Re[(r —ia cos6)o,]

b% - 2mb +a? \V? 2sin6 cosf
~ ol (Frama i) (- wma/n) S 0

2V 2asinb

F, =-2Re(¢,) - A

Im[(7 - iacos6) ¢, ]

2 2\ 1/2 29 _
n'I( b2 =2mb+a > 3(3 cos?6 1)( b% +.a? — 2m?/b), (21)

b% +2ma®/b +a® 27t

F,o=2asin6Im(¢,) - 2V2 Re[(r —iacosb)s,]

2 _ 2 \12
nl(b 2mb +a > (6% +a? - 2ma?/b)a

3 cosf sinf
b +2ma?/b +a® ’

o (22)

The electromagnetic field components in the local Lorentz frame defined in Eq. (8) are then given by



— ol =¥
B;—e“e Fed,

_ ”< 0% - 2mb +a?
T U\b® +at +2ma®/b

Bé = e'xe'wF‘,,,

o < b2 - 2mb +a®
T U \b2+a?+2mat/b

E;=¢€"e "F, +we e 'F,,

- < b% - 2mb +a?
b% +a® +2ma®/b

Eg=e Ve "Fg,+we ™ "e™ Fg,

>1/2(b2 +a -2ma®/b)1 (

1/2
> (b2 +a® - 2ma?/b)al

b% - 2mb +a®

/2
- (O Ta 2, 2 2
™ (b’+az+2maz/b> (6% +a® - 2ma®/b)al
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1/2 .
) (b%+a® ~2ma®/b)I <sm6

which are identical to the magnetic field of a dipole with moment

b% - 2mb +a®

V2
=g [ = amota 2, a2 2
p=r (b2+a2+2ma2/b> (6* +a = 2ma*/b),

and to the electric field of a quadrupole with moment

Q=ua.

We note that setting a =0, one gets the results obtained by Petterson? for the current loop around a

Schwarzschild black hole.

IV. CHARGE ACCRETION

We will see in this section that the structure
of the electric field produced by currents around
the Kerr black hole is such that the positively
charged particles (from the surrounding inter-
stellar medium) will be pulled into the black hole,

while negatively charged particles will be repelled.

(The opposite will be true if the current and ro-
tation of the black hole are in the opposite sense.)
The magnitude of the accreted charge can be com-
puted by following Carter® and Wald,? i.e., by
calculating the change in the electrostatic energy
of a charged particle as it is lowered from in-
finity to the horizon along the axis of symmetry.
Using the same notation as that of Wald,® the
change in the electrostatic energy of the particle

1541

in ) (24)
33 c;::G -1) , (25)
3 coif siné , (26)
27

(28)

’is given by
€=Egna — £ i
= e AN | horizon — €A 1" | w, (29)

where n* in the timelike killing vector 8/8¢ of the
Kerr metric. During accretion, which is treated
as a quasistatic process, the vector potential A,
will consist of two parts, A% due to the loop and
Aﬁ due to the charge that has already been ab-
sorbed by the black hole. We will see that one
can sum the contributions of all / modes to A},
exactly. Charge accretion proceeds until the net
injection energy € is reduced to zero. By this
criterion one can obtain the magnitude and the
sign of the total accreted charge Q.

From Eq. (18), on the axis

Flr = ‘2Re(¢1)
b2-2mb+a® \"2 [ 1 m T(( +1)/2) i(”F;(")
='-2ITI<-b-"’_+a2+2ma2/b> ;[bG,(b)‘/—ﬂ-cos 2 T((L+2)/2) dr 1'2+a2>
a a@+b* 2 . ml T +2)/2) i(f‘, )\
v +1)( p  G(0)-G (b)) 77 SNy NGen/2) dr r2+a2,)J'

The vector potential, A/ on the axis will be given by Af =(4,,0,0,0), where
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_ 6% -2mb+d® \*2 <~[a 1 1l D((L +1)/2) rF, ()
A‘-znl(b2+az+2ma2/b> ; [b G (b) 7 cos 2 T((1+2)/2) r*+a*
a

2ab T D(+2)/2) F,0) ) e
i +1)< G/ (0)-Gi b)>7gs“‘ 2 T((1+1)/2) P+ ]”K’

for r>b (30)

+

~ 6 —2mb+a® \¥ [ a 1 1l T((L+1)/2) 7G, (v)
A'—2n1<b2+a2 +2ma2/b> Z [ p Falb 2 T(( +2)/2) 1’2l+a2

; nl (I +2)/2) G, (r) <
”)‘F‘(b)>7= 2 T +D/2) P e ]"K ’

for r<b. (31)

=1

(l+1)<

The K> and K < are some constants. The continuity of A, at» =b gives the condition

— b -2mb+a® \2 & 2 sin L r((1+2)/2) a 1 , ,
K -K ‘2"’(b2+a2+2ma2/b> 2 TSN T T2 TaD 5 |~ F (006 (0) + G (OF, @)

_2,,1< b - 2mb+d® \"* a =2 sin(nl/2) T((1+2)/2) (21 +1)
= b? +a2+2ma2/b> b &~ v T((1+1)/2) I(l +1)

b2 -2mb +@* \2 a
=2nl (bz+a2+2ma2/b> b’ (32)

since

= 2 oo ml T((1+2)/2) (2l+1)_
ZTS 2 T((+1)/2) (i) " (33)

One way to prove the above equality is to convert the series into a difference of two convergent hyper-
geometric functions”:

[T(n+3)](4n+3)
T(n+1))(2n+1)(2n +2)

L T7 S T+ 1)/2) 1 +1)

= 2wl T((L+2)/2) (21+1)_i

SN

T——(" 1)" [

=0 =t Vv T(n+2)
=2F(1’%7 1’ ) %F(ly 2y 7_1)
1 1-v2\ S 1-V2 .
=2 7=F(1,0,1; =5 ) 21?(2,1,2, . )(see Ref. 7 for linear

transformations)

Noting the behavior of F, (r) and G, (r) at the The vector potential due to charge @ on the black
horizon and at infinity, one finds that hole is given by A?, = - Q/2m Ny. Thus, the net

electrostatic injection energy is given by
e(A n lhonzcm A{"f] I'°)

= (A lhoypon=At 1)

b2 -2mb+a® \2a @
ze(K“-K”) €:-8[21”<b2+az+2m¢12/b> b Zm]' (35)

b —2mb+a®\"? a
”{Z”’ B +a +2ma2/b> b
We have derived the above expression only for

(34) injection along the symmetry axis, but it is valid
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for any general injection of particles since, as
Carter® has shown, the electrostatic injection
energy is constant over the black hole. The final
value of accreted charge is determined by setting
€ to zero.® Hence a rotating black hole with a

current loop around it will charge up to a value

Q=4rl

b2 - 2 \ 1R
ma< 2mb +a > 36)

b \b2+a?+2ma?/b
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