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The classical (nonquantum) relativistic differential equations obtained from positive-energy relativistic wave

equations in the correspondence limit are analyzed. The essential role of the Majorana representation of
SO(3,2) in the known examples is expounded, and a translation of this role into constraints on the classical-
limit motion is developed. It is found that the quantum interpretation of these theories in terms of composite
models of elementary particles has a natural analog on the classical level. The structural constituents are
found to be massless and to undergo a classical Zitterbevvegung consisting of a planar corotation whose

amplitude and frequency depend on the spin of the quantum state from which the limit was taken. This
motion is exactly that which would be described, at the classical level, as the rigid rotation of a massless
"string" whose ends achieve the velocity of light. The model serves to define a relativistic, nonquantum
intrinsic spin.

I. INTRODUCTION

Until quite recently, "all of the known examples
of (massive) relativistic wave equations have had
the property that the spectrum of their solutions
included either negative-energy states or space-
like states. Prototype theories with these prop-
erties are the well-known Dirac electron equa-
tion, ' with negative-energy states, and the per-
haps less mell-known Majorana equation, ' with
spacelike solutions. The two theories are some-
what logically related in that both are based on
Lorentz-invariant linear SO(3, 2) wave equations.

Of course, the negative-energy solutions of the
Dirae theory have been quite properly interpreted
in terms of antiparticles at the level of second
quantization, etc. Nevertheless, the fact remains
that any theory of the Dirac type is not a consis-
tent one-particle theory, but rather a multiparti-
cle theory, at any level. (The spacelike free
states of the Majorana theory are unphysical in
any interpretation. )

It is also well known' that essentially the same
feature of the Dirac theory which permits the
appearance of antiparticles also causes a rather
involved process to be required in order to obtain
a nonrelativistic quantum limit. The other pos-
sible limit of the Dirac theory, a relativistic
nonquantum limit, has been obtained by various
authors, ' using primarily wave packet expectation
techniques. To our knowledge, the limits of the
Majorana theory have been only partially dis-
cussed. 7

Now, however, since the advent, in 1971 and
also in 1974 of Lorentz-covariant wave equations"
whose solutions describe states of definite mass,

definite spin, and strictly positive energies, the
possibility of obtaining consistent classical-limit
pictures of the structure of elementary particles
has arisen. In this report we shall discuss the
relativistic nonquantum theory obtained from these
new theories in the classical limit.

Our interest in this subject arises principally
from our desire to gain a better understanding of
the content of the nem positive-energy theories.
It is most intriguing that Biedenharn, Han, and
van Dam' have interpreted the positive-energy
theories in terms of states containing partonlike
constituents and suggested' as well a relation of
these theories to the dual resonance model. Our
results here suggest that, even at the classical
level, a certain substructure is present.

Recently, Hanson and Regge" have constructed
a mechanical, relativistic Lagrangian model of
the spinning top. One of their solutions has a
fixed angular momentum, which may therefore be
interpreted as an intrinsic spin. The model which
we shall obtain is quite different, being obtained
via a limit from a relativistic wave equation, but
it does exhibit the characteristics of a classical
model of an intrinsically spinning particle, and

suggests, moreover, that the constituents of
Biedenharn, Han, and van Dam may be massless.

Further motivation may be found in the fact that
while the spinless positive-energy equation re-
cently proposed by Dirac' does not permit min-
imal coupling to electromagnetism, such a cou-
pling is not forbidden to the newer' spin-& ex-
ample. Now, wave equations defining an energy
spectrum which covers only the half-open real
line describe states which cannot be exactly local-
ized. " Given, then, the essentially local nature
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of electromagnetism, it follows that the coordin-
ate variables which appear in these wave equa-
tions must have a very complicated nature. Our
results will verify that the positive-energy the-
ories exhibit a type of Zitterbeuegung, even at the
classical level. The motion, in this case, con-
stitut:es a planar rotation at the velocity of light,
and it is this rotational mode which defines a spin.

We may finally mention that the classical model
may be of some interest in its own right, divorced
from its origins. The no-go theorems" of Currie
e«l. suggest that any consistent relativistic
model is worthy of inspection. Also, the paucity
of models of this type has been one of the factors
contributing to our continued, and continuing,
struggle to untangle the intricacies of the various
relativistic coordinate operators. "

We shall begin our development, in Sec. II,
with a discussion of an SO(3, 2) wave equation of
the Dirac-Majorana type. Most of our remarks
will concern a pair of equations which serve to de-
fine a single definite-mass definite-spin state of
the Majorana equation. " We follow this line of
development because the known examples of pos-
itive-energy wave equations define theories which,
in the case of no electromagnetic interaction, are
exactly equivalent" to projections upon the Major-
ana solution spectrum.

In Sec. III we develop the differential equations
obtaining in the classical relativistic limit and
present their solution. Section IV contains the
crux of our analysis. We show that the positive-
energy nature of the quantum theory, which de-
pends crucially upon the nature of the Maj orana
representation of SO(3, 2), imposes severe con-
straints upon the classical motion which, in par-
ticular, result in a classical analog of intrinsic
spin.

Section V contains a classical analysis of the

motion of those variables which have been inter-
preted as describing, on the quantum level, par-
tonlike constituents by Biedenharn, Han, and van
Dam. ' Also included in this section is a heuristic
analysis of the quantum motion using the classical
results.

We have added two appendixes which contain
short proofs on the nature of certain representa-
tions of both the quantum and classical SO(3, 2)
Lie algebras, some of which are known but are
widely scattered in the literature. We incorporate
these results in our discussions to indicate the
uniqueness features of our results.

II. LINEAR SO(3,2) WAVE EQUATIONS

The general relativistic wave equation of the
Dirac-Majorana type'~ may be written'"

(r„S —~m)P =0,

where ~ and m are positive constants.
The wave function P is requi red to transf orm

multiplicatively under the action of the Lorentz
group generated by the operators

&&~v =Lpga + ~~. y (2.2)

(2.4)

the first two of which are the Casimir operators
of the Lorentz group.

Following, then, the logical path illuminated by
hindsight, we make the unifying assertion that
the Dirac and Majorana equations are distinguished
by the requirement that the Lorentz-grouj Casimir
operator E of Eq. (2.4) be a c number in Ne reP
resentation of the SOI'3, 2) Lie algebra,

In the interest of completeness, it is proved
in Appendix A that only two nontrivial represen-
tations of SO(3, 2) with this property exist: that
of Dirac and that of Majorana. The Dirac rep-
resentation comprises a nonunitary, reducible
representation of the Lorentz group which may be
conveniently realized with I"& = —.-'y&, where the z&

where L„„denotes the usual space-time gener-
ators, and S„„accounts for the spin degrees of
freedom of the states.

The space-time independent operators I'„ trans-
form as a vector under the action of the Lorentz
group. In the Dirac and Majorana cases, they
form, with S„„, the Lie algebra of SO(3, 2):

Ir„, r„]=is„„,

[S„„,r.] =i(g~f"„-g„.r„), (2 3)

(Spu~Sn8] i(8juxSv8 Rp8~un + gu8 Spn tuaSp8).

The first of Eqs. (2.3) represents an additional
requirement" upon the representation of the op-
erators I'„and S„„over those strictly necessary
for the Lorentz invariance of Eq. (2.1). This ad-
ditional restriction, standing alone, is not suf-
ficient to meaningfully restrict the spectrum of
solutions of Eq. (2.1).

We shall not follow the historically divergent
paths of Dirac and Majorana toward imposing
restrictions upon the state content of their re-
spective equations. Rather we remark, as is
well known, that the end result of their efforts
may be categorized, with historical hindsight, as
the placing of severe restrictions upon the Lorentz
representation content" of the SO(3, 2) operators
Ip and Sp„.

We define, then, the Lorentz scalar operators
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(Vy '921=&~)3 (2.5)

Then the Hermitian operators I„and S„, have the
realization

I;=-'(e,'+ e,'+ a,'+ n, '),

1 2 ( 71}1 q2 4)1

I; =-'(e,n, + e.n, ),

S,.= -' (e,' n, ' -e.'+ -n22),

S,ll
=

2 (rI, 92 - q, q2),

S» =
2 (q,n, + n, e,),

S„=—,
'

(Q,t}2 —V2r), ),

31 & (I2 )2 Il l 1 )1
1

S23 — 2 (91%+ '9192) .

(2.6)

When the realization (2.6) is used in Eq. (2.1), the
wave function is g=f(x", q„q, ), a single function
of the indicated arguments.

The Majorana equation, as is well known, has
many interesting features, "most of which lead
to unphysical results. The operators I& all being
Hermitian, any of them may be diagonalized so
that spacelike solutions exist. Timelike momen-
tum eigenstates(p2& 0) may be transformed to
the rest frame, so that Eq. (2.1) may be brought
into the form

(I;P, —K m) g(rest) =0 . {2.7)

The spectrum of the operator I; is (s+ 2}, (s
=0, ~, 1, &, . . . ). A desirable physical result is
that timeline momentum-ei genstate solutions have
stri ctly positive energies. On the negative side,
the spin of these momentum eigenstatesis given
by the number s (see the discussion below), so
that Eq. (2.7) defines an unphysical mass-spin
spectrum: mass - (spin)

Recently, however, two Lorentz-covariant wave
equations have been reported'" whose noninter-

vc the usual Dirac matrices. If the constant ~

in Eq. (2.1}is set to -'„ then the constant m is the
mass and the usual Dirac equation results. In
this case & = —,', C = —4 iy„and D = 1.

The only other nontrivial possibility, that of
Majorana, comprises" a unitary, reducible rep-
resentation of the Lorentz group with & = —s,
G=O, and D= ——,'. This representation is some-
times realized in terms of infinite-dimensional
Hermitian matrices. However, we choose to con-
sider here a realization as differential operators"
on the space of 1.2 functions of two (dimensionless)
variables, q, and q, . We define the quantum con-
jugates q, =(1/i )&/Sq„so that (j, k=1, 2)

(P„P"-m2)/=0,

(I'„P"—K 322) g = 0,
(2.8)

for particular, fixed values of the constant ~.
In subsequent sections we will consider the

classical (relativistic) limit of the theory defined
by Eqs. (2.8). In particular, it should be clear
that the state described by P is a timelike pos-
itive-energy state, so that the passage to a clas-
sical limit requires no machinations to remove
residual effects due to negative-energy solutions.

The momentum-eigenstate solution of Eqs. (2.8)
has the property that in the rest system P, =+ m.
It then follows from Eq. (2.7) and the attendant
discussion that a solution to Eqs. (2.8) exists if
and only if the value of the fixed constant z is one
of the numbers (s + 2), (s = 0, 2, 1, 2, . . . ) .

The intrinsic spin of the state is found by con-
sidering the Pauli-Lubanski operator following
from Eq. (2.2):

Wj'= —,~1'"'S„.p, .

Then

(2.9)

W" Wp= —~S~~S" P + S S" P PB.

The special properties kA1} and (A6) with E = —3
and D = ——2'] of the Majorana representation may
be used, with the result that

(2.10)

W2=-'P2-(I" P'}2
jf

Equations (2.8) then imply

w2p = —(K' ——,') 2n'g,

(2.11)

(2.12)

so that the intrinsic spin of the state, s, is unique-
ly given by z = s + —,'.

The two new relativistic wave equations ex-
hibited recently and referred to above result in
Eqs. (2.8) for the values K= 2 (zero spin) and K= 1

{spin 2), respectively. We shall leave w arbitrary
except that it must be fixed to one of its allowed
values, thereby fixing the spin of the state con-
sidered.

acting solutions are uniquely the timelike spin-
zero and spin--,' states, respectively, of the
Majorana equation. (For a complete discussion,
see Ref. 2.) These new equations then serve to
define projections upon the Majorana equation
which pick out the only agreeable feature, that
of restricting the energy spectrum of timelike
states to positive values.

Rather than discuss these two very different
and somewhat involved new wave equations, it is
sufficient for our purpose here to note that their
net effect, in the noninteracting case, is to define
a theory in which the wave function P simultaneous-
ly satisfies the two wave equations"
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Before closing this section we should make two
remarks. The first is that we lose no generality
by considering Eqs. (2.8) rather than the new
relativistic wave equations (in the noninteracting
case), since their solutions" are uniquely spec-
ified by the pair (2.8). In contrast, a complete
analysis of the usual Dirac equation obviously
cannot be made on the basis of the first of Eqs.
(2.8) coupled with Eq. (2.12) (for K = 1).

Our second remark is that once the classical
limit is taken, then there is nothing in the clas-
sical theory by itself which restricts the possible
values of the constant t(. The effect is that the
classical spin, while fixed by the value of a, has
a continuous range of possible values.

lll. TRANSITION TO THE CLASSICAL EQUATiONS

We begin with the commutation relations"

[x~, p"]-=-tgv", (3.1)

along with those among I'„and S„„in Eq. (2.3).
We will make the transition from the quantum to
the classical level via the well-known" substitu-
tion of classical Poisson bracket (PB) (denoted
here by curly brackets) relations for commutation
relations:

[o, o']/i-]o, o'). (3.2)

(xv, p"] =-gv" . (3.3)

It should be emphasized that the x" of Eq. (3.1)
are the elements of a real 4-field, while the I'"
of the same equation, and also of Eq. (2.8) are
differential operators upon that field. In no sense
is the operator P, considered to be a Hamiltonian
operator. Similarly, the classical vector P" of
Eq. (3.3) is an energy-momentum vector with p,
being the energy, not the Hamiltonian function.

The classical PB of Eq. (3.3) is well defined in
terms of a classical procedure" —that of taking
partial derivatives with respect to the classical
real variables x" and P". What then is proposed
for the operators I'„and S„„and the Lie algebra
(2.3)? Here we take advantage of the fact that
the unitary (or infinite-dimensional) nature of the
Majorana representation of these operators per-

Possible difficulties with the consistency of any
theory following a transition of this type have been
discussed at length by Dirac" and more recently
by Hanson and Regge. " However, the difficulty
invariably arises in ensuring a consistent quan-
turn theory obtained via the transition from the
classical level. We shall proceed from a well-
defined quantum theory to the classical level.

We obtain, then, from Eq. (3.1) the classical,
relativistic PB relations

mitted their definition as differential operators.
We consider the q„q& of Eqs. (2.5) and (2.6) on
the same footing as the x", p' of Eq. (3.1) and
define the classical limit of the Lie algebra via
Eq. (3.2). The essential point is that whenever
the operators I'„,S„„may be expressed as differ-
ential operators, then classical PB relations may
be unambiguously defined in terms of partial
derivatives with respect to a set of classical real
variables q„q„q„g, which satisfy the defining
PB relation (i,j =1, 2)

Lqi~ qf f bii (3.4)

(I"„,r,j =S„„,

].bvv~ Fa) Ivan Ã Fvva~ (3.5)

Lbvv& ~as) =
(Ajux v8 8'vs' va + Zvs va gva p8) 1

which of course follow also from the prescription
(3.2).

We are now prepared to consider the dynamics
defined by Eqs. (2.8). Following Dirac, ' we define
the generalized Hamiltonian (ii & 0):

@=~m- I"„P~ . (3.6)

The unitary transformation generated by 4, with
parameter 7', then defines a Heisenberg picture.
In this picture the dynamical development of the
operators is given by Heisenberg equations to
which the classical-limit prescription (3.2) may
be applied. We obtain the equations

„' ={x",4],

dt's =(1~,4),

Further constraints on the dynamics are provided
by the classical equivalents of (2.8):

We cannot emphasize this point enough. A clas-
sical limit of the Dirac realization of the same
Lie algebra in terms of PB's defined as partial
derivatives is clearly impossible. The classical
limit of a noncommuting set of finite-dimensional
matrix operators simply does not exist.

For the Majorana realization then, Eq. (2.6),
we may take the same definitions of I'„and S„„
given in that equation directly to the classical
level as functions of real conjugate variables, and
consistently realize, by direct partial differen
tiation, the PB relations
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PuP =-m'

e=~m-ruP =-0
(3.8)

tensor

W~-=-'~~" 'M P =-'~ "'Z p2 va B va 8y (3.14)

c&P pp
dT

dr~
Suvp

dT

(3 9)

relations which may not be employed until after
all PB's have been evaluated. "

The differential equations (3.7) read, with (3.3),
(3.5), and (3.6),

dp&

Co=A. Vp =BOP =MvvP =0
p p v (3.16)

IV. THE NATURE OF THE CLASSICAL MOTION

where the last equality represents again a func-
tional identity. Of course, 4'„ is a T-independent
constant of the motion.

Finally, we remark that the integration constant
C" obviously represents only a choice of origin
in the parameter T. Accordingly, to simplify
what follows, we set it equal to zero. The re-
lations (3.12) then become

d2Z'u
+ m'I'" = ~mP"

dT2
(3.10)

whose solution is obvious.
With this solution in hand, Eqs. (3.9) may be

solved serially to obtain the set of functions

x" = ~(P"/m)r + (A "/m)sinmT

—(B"/m)cosmic+ C",
I "= ~( P"/m) + A" cos mr + B~ sin m7,

S""=(A"P"-A"P")m 'sinmr

—(B"p"-B"P" ) m ' cos mr

Mp'+ Cppv C "pu]

(3.11)

where A&, B", C", and M"' are T independent con-
stants of integration. (The peculiar form of the
bracketed constant of integration in S„, is con-
venient below. ) The set of linear equations (3.9)
imposes constraints upon the integration con-
stants, which read

&~P„=B~P„=0,

M""P„=p~(P" C „) m'Cu-
Using the usual definition L""-=x"P"—x "P' to

define, via the correspondence principle, the
classical orbital angular momentum tensor, it
may be verified that Eqs. (3.11) imply, as a func-
tional identity, the result

Mpv Lpv+ Spv (3.13)

The carefully chosen integration constant M„„
then, represents the total angular momentum ten-
sor constant of the classical motion.

We may also define a classical Pauli-Lubanski

apv
Pgpv Zl llPfl

@AT

Still following Dirac, we observe that Eqs. (3.9)
may be iterated, and (3.8) used to obtain the sec-
ond-order equation

In this section we shall undertake the evaluation
of the integration constants and an analysis of the
motion.

In deriving (3.11) we made use of the PB algebra
of the functions l„and S„„, but we have not made
any essential use of the fact that we are investigat-
ing the classical limit of a particular representa-
tion of these operators.

In Sec. II we remarked that the uniquely dis-
tinguishing feature of the Majorana and Dirac
representations of SO(3, 2) is that the Lorentz-
scalar operator, +, of Eq. (2.4) is a c number.
In the Majorana case, all of the operators of Eq.
(2.4) are c numbers, with the particular values
F = —s, C=0, and D= ——,'.

Now, in order to make an important point, let
us suppose that we are attempting to construct
a consistent classical relativistic theory using
the relations (3.3) and (3.5) through (3.8), but not,
in particular, the special functional forms given
by Eq. (2.6). We assert that the correct cor-
respondence-principle procedure is to carry over
to the classical level the distinguishing feature
that the function E, defined by Eq. (2.4) in the
same way, is a pure number.

We prove in Appendix B that the classical brack-
et relations (3.5), coupled with the requirement
that I" be a number (rather than a function), im-
ply the unique values F = C" =D =0 for the func-
tions defined by Eq. (2.4). An explicit classical
evaluation of these quantities using the particular
(Majorana) functions defined in Eq. (2.6) yields,
of course, these same values. Our point is two-
fold. The first is the technical remark that any
attempt to carry the quantum values of these quan-
tities over to the classical level is incorrect' and
results eventually in inconsistencies. More im-
portantly, we have shown that any consistent
c'assical theory of this type is equivalent to one
defined using a Majorana functionaL representa-
tion, no matter uhat tyPes of classical brackets
ar e defined.
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= K'+A'cos'm7 + B'sin'mv

+ 2A" B& sinmv cosm7 . (4.1}

Then the representation requirement D =0 yields
the information

A' =B' = —K'

APB =0.
(4.2)

Similarly, the requirement E=O, along with (4.2)

implies

M M""= 2K'» (4.3)

The remaining task is now quite straightforward.
Using the functions (3.11) and the conditions (3.15),
we may directly evaluate the quantity D, for in-
stance, to obtain

D=r~I"
I0= Ky

I =A cosm7 + B sinm~ .
(4.10)

The 3-vector 1 has a magnitude K.

Let us now inquire whether the rotational motion
described by x can be interpreted as the motion
of some constituents, i.e., as a classical model
of intrinsic spin. The crucial quantity here" is
the velocity of the constituents undergoing this
relative motion:

dx 1 dx
v =- = ——= (I/a)I',

dt's K dT
(4.11)

with magnitude Km and differing from the 3-vector
quantity which may be obtained from the space-
space parts of M» only by the mass factor.

The other useful quantities, I„, are in this
frame

Finally, the requirement G=0, in the form of
(B19), implies

so that

(v)' = (1/~')(I')' = 1. (4.12)

KM»=A~B"-A'B&

It follows then from (3.14) that (z& 0)

5'" =(I/z)e&" ~A„B P&,

so that

W' = —K'm'.

(4 4)

(4.5)

(4.8)

(&)' = (B)' = K',

A'8=0.
The functions x" of Eq. (3.11}reduce to

=KT =-t»0

x = m '(A sinm 7 —8 cosm7 ),

(4.7)

(4.8)

where we have defined the time variable in the

proper system, t~ .
It is clear from Eqs. (4.7) and (4.8) that the 3-

vector x describes a rotation in the plane defined

by the orthogonal 2-basis A and B. The Pauli-
Lubanski 3-vector in this frame is

W = (m/z)(Ax B), (4.9)

The set of vectors P", A", B", and LZ" then forms
an orthogonal tetrad of space-time 4-vectors.

In order to interpret the meaning of these re-
sults, it is convenient to consider the motion
viewed in the "proper" Lorentz frame, defined
to be that frame in which the 3-momentum p
vanishes, and P, =+m (we do not employ the term
"rest frame, " since our results indicate that the
term is inappropriate). The orthogonality of the
tetrad defined above then implies that in this
frame A, =B,= W, = 0. Equations (4.2) then yield
the values

In these units, any constituent matter is therefore
orbiting at the velocity of light.

This is a very interesting result, since a clas-
sical model of intrinsic spin is almost a contra-
diction in terms. It implies, at the classical
level, a rotational motion which cannot be brought
to rest. But physically, the only objects which
cannot be stopped in their motion seithout being
simultaneously des'.oyed are those which are
exactly massless and so have a speed c. For this
reason, if one speculates that a classical model
of the quantum phenomenon of intrinsic spin might
exist, then a model obtained as a well-defined
classical limit of a quantum theory and which
gives just the result above is the only possibility.
Therefore, we are inclined to take this interpre-
tation quite seriously.

We view the rest mass m in this interpretation
as being completely dynamical, reflecting the
energy bound in the rotational mode of the mass-
less constituents. In our opinion, this is a no-
less-attractive feature of the model.

It is pertinent here to comment on a possible
objection to our identification of P' with the 4-mo-
mentum at the classical level, particularly since
its conjugate variable has the behavior (4.8) in
the "proper" frame. %'e take the position that
the quantum theory, being the fundamental theory,
has already fixed this identification. In fact,
whenever the results of the correspondence limit
have proved surprising, we have attempted to
expand our classical intuitions, particularly
since a relativistic mechanics of bound massless
particles is not available for comparison.

Finally, we remark that the "spin, "here being
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interpreted as due to massless constituents, is
given by Eq. (4.6), with x a fixed number, and

depends in the final analysis only upon Eqs. (3.13)
and (3.14) and the correspondence principle. In
particular, the fact that x does not appear to rep-
resent the "center-of-mass" motion is completely
immaterial. In fact, the new spin-& positive-en-
ergy relativistic wave equation' apparently per-
mits minimal coupling to electromagnetism, at
the point x". It would then appear that the clas-
sical motion of the vector x in following a pre-
sumably charged constituent" supports the re-
quirement of local electromagnetic interactions
in a theory which is necessarily nonlocal owing
to its positive-energy character.

V. NULL-PLANE CONSTITUENT MOTION

In 1971 Dirac presented' a new relativistic wave
equation which admitted only positive-energy
spinless solutions, and defined a projection upon
the Majorana spectrum. Subsequently, Bieden-
harn, Han, and van Dam'have shown that the so-
lution to Dirac's new equation is also the ground-
state solution of a (Galilean) Hamiltonian problem
in 2+ 1 dimensions which arises naturally when
one describes relativistic quantum-mechanical
initial conditions on the 3-surface defined by a
plane-wave front advancing with velocity c along
(say) the x direction, rather than on the usual
equal-time hyperplane.

The existence of such an alternative formula-
tion of classical relativistic mechanics had been
pointed out some years ago by Dirac, "who
termed it the "front form" of relativistic mech-
anics. The quantum-mechanical formulation of
the relativistic problem along these same lines
has been termed "quantum front subdynamics"
by the authors of Ref. 8. Their essential point is
that the 3-surface of the plane-wave front (some-
times termed the null plane) contains a timelike
dimension, so that there exists on the quantum-
mechanical level the possibility of a dynamics
being defined entirely within this subspace.

The subset of seven generators of the Poincard
group which generate transformations mapping
the front 3-space into itself have the Lie algebra
of the (2+ 1}Galilean group and include the com-
binations P, =P, + P, and P =P, —P, . The space-
time variable x =-,' (x, —x, ), conjugate to P„de-
fines by its fixed values the particular light front
considered. The variable x, =

~ (x, + x, ), which
is conjugate to P, may then be used to define a
dynamics which takes place entirely within the
manifold of the (2+ 1)-dimensional null plane.
The "Hamiltonian" H~ =- 2P which describes this
quantum front subdynamics includes a part which

can be interpreted as a "center-of-mass" term,
containing (P,'+ P, '), at the Galilean level. The
remainder of H~ resembles interaction terms
between two constituent objects, and contains the
dimensionless variables q, and q„which may be
interpreted, with suitable dimensional factors,
as the two components of a 2-dimensional relative-
coordinate vector. The conjugate relative 2-mo-
mentum has components proportional to q, and

The specific form of the interaction described
in Ref. 8 is that of a harmonic oscillator in two
dimensions.

The particular Poincard generator P = 2H~ of
these authors has been integrated into an (inter-
acting) Lie algebra of the complete Poincard
group, " The full set of eigenfunctions of H~ de-
fine, at the Poincare level, a set of states having
a Chew-Frautschi spectrum (m'-s), with each
different mass-spin state being channeled into a
separate" Poincard Hilbert space. Now within
each of these Hilbert spaces, the theory is com-
pletely equivalent to that defined by the two re-
lations (2.8), for appropriate values of the con-
stant ~. An infinite set of projections of the
Majorana theory is thus defined, so that the full
set of eigenfunctions of H~ is a unified entity only
when analyzed in the submanifold of the null-plane
light front, and not on the full Poincard 4-space
level.

In order to make contact with this interpretation,
we will consider the classical motion of the quan-
tities q„q„q„and q, obtained from the clas-
sical function definitions (2.6), the classical con-
jugate definition (3.4), and the dynamics defined
by the generalized classical Hamiltonian 4, of
Eq. (3.8). Then the equations of motion of these
quantities may be computed from relations of the
type

dql' =(q„cj, etc.

The results are

(5.2)

where the null-plane variables P, =P, + P, and

p =P, —p, arise naturally because of the function-
al form chosen" in Eq. (2.6}. The quantities
P„P, and also p"p„=p,p -p, '- p.,'= m' are all



12 CLASSICAL LIMIT OF RE LATIVIST IC POSITIVE -ENERGY . . 1033

+ q, =0, etc.
dT2

It follows that (j = 1, 2)

q, = o&, cos(mr/2) + P, sin(mr/2),

t),. = X, cos(mr/2) + g, sin(mr/2),

(5 2)

(5.4)

T independent.
The first-order equations (5.2) may be iterated

to obtain a set of second-order equations, each
of which has the same form:

A and 8 [A=-(A', A', A')]:

A, = —, (X,g, —A. ,g, ),
A, =-,'(X,g, + X,g, ),
A, = 4 (g, - + g, ' —X,

-' —A.,'),

B2 = ~ «&g2- ~P.) &

B,= ——,'(X,g, + X,g.,) .

(5.6)

where the u&, p&, ~&, and o'& are integration con-
stants.

The four linear differential equations (5.2) then
imply four independent relations among the eight
constants of integration. Taking, say, the A& and
o'& to be independent, we may express these re-
lations as

P QI = mo'I —PI A, i+ P2 h.~,

P u, =mO, +P, A, +P, A, ,

P P I = -m A. I
—P ~O' I + P20'2,

P P, =-mk, +P,V, + P,O, .

(5.5)

To simplify the discussion, we specialize these
results to the "proper" frame, where P, =P = m,

P, =P, =0. Then Eqs. (5.4) and (5.5) yield (j= 1, 2)

q, =g, cos(mr/2) —X, sin(mr/2),

q, =
X& cos(mr/2) + g,. sin(m r/2) .

(5.6)

Now the classical motion in the proper frame is
such that the relations (4.10) must hold while at
the same time the I'„are defined by Eq. (2.6) in
terms of the quantities in Eq. (5.6). The first of
Eqs. (4.10) implies, for instance, that

ro:g(q& +q2 +'g&" +'q2 )=K&

which in turn yields the relation

+ A. ~ + 0'1 + O'2 =4K. (5.7)

The remainder of Eqs. (4.10), in the same fashion,
yields expressions for the independent vectors

We may make a convenient choice of phase for
the null-plane constituent motion by the choices
1., = —»2z, g, =o, 1, =0, g, =»2a. Then

q, =v 2~ sin(mr/2),

q,. =v2~ cos(mr/2),

t},= —
& 2~ cos(mr/2),

q, =v2z sin(mr/2),

(5.9)

so that, in the proper frame (P, = m, p =0, A,
=Bo=Wo=0, tp x==K—r)&

A = (0, a, 0),

a = (- K, o, 0),

w=(0, o, m~),

x = ((K/m) cos mr, (K/m) sin mr, 0) .

(5.1o)

Note that the classically observable quantities
such as those of Eq. (5.10) ultimately involve
quadratic expressions in the q„q~, so that the
particular relations (5.9) are not subject to direct
verification. This is in keeping with the remarks
above concerning the nonobservability'-' of the
"quantum front subdynamics" at the full Poincard
level.

Nevertheless, we will attempt to gain some in-
terpretive insight from these reiations through
an inspection of the quantum front Galilean Hamil-
tonian. ' We consider the more convenient form
given below and explicitly insert the dimensional
factors 8 and c:

H = 'p = p' p-' -+a(d ~ (r+r)+ —(r —r)- ' r — ' r+ ~ p' ' (r+r)( '+ ') M 2 2 2+ 2

C M 0 '
P

' ' mc ' mc ' M
(5.11)

where M= P, /c plays the role—of the Galilean
"mass" and P represents a freedom of choice of
scale (see Ref. 27).

If we consider the proper frame, then P, =P, =0,
M= m. Now strictly speaking, (5.11) makes sense
only as a quantum operator. However, we will

make these substitutions anyway, in a totally
heuristic spirit, following our quest for inter-
pretive insight ~ We shall also fix the scale
parameter at P = m (a valid operation), which the
results of Ref. 27 show to be a required choice to
complement the definition adopted in Eq. (2.2).
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We then "obtain"

a, = I-~(2I;)

=-'@~((n,'+ q, ')+ (q, '+ q, ')1 . (5.12)

$, =&2 c cos(mc'r /2k ),
(2=- W2 c si n(m c'v /2h ),

which implies an effective velocity

(5.19)

Appropriate dimensional variables may be de-
fined by the substitutions ( j = 1, 2)

], = (5/m(o)'" q, ,

v, = (hmz)"'q, ,

(5.13)

so that {5.12) may be reexpressed in the form

Bc= (m, '+ w, ') + —,'m(u'($, '+ $.,') .
2m

(5.14)

m" c = 4M@4)K
p (5.15)

where we have used the earlier result that the
constant ~ is related to the spin s by ~=s+-,', at
the quantum level. The combination MSco is a
Poincard-invariant constant, "so that the spec-
trum is m'-s. This requires that the front
"oscillation frequency'* varies according to the
3-momentum of the state considered.

For the case of the proper frame, then,

4A(ua = mc',

], =2(fi/mc)Wic q, ,

or, with Eq. (5.9},

$, =2~2 (~fj nu )si (mnrc/2h ),

(, = 2v 2 (aIi/mc)cos(mc'7/2k ),

(5.16)

(5.17)

i.e., the front constituents "viewed" classically
undergo harmonic motion with half the frequency
of the vector x, and with an amplitude and fre-
quency dependent upon the spin of the state.

We might inquire as to the velocity of the 2-
dimensional motion described by Eq. (5.17). We
must then keep in mind that it is in terms of a
null-plane time variable, where the motion is
defined, that we must seek our answer ~ The
variable conjugate to H~=- 2P is t&=-x, + x, . Now

x, =K7 and, with our convenient choice of phases,
Eq. (5.10) contains the result x, =0 for this mo-
tion. Then tl = KT and

(5.18)

The interpretation of Biedenharn, Han, and van
Dam' in terms of two constituents bound by a 2-
dimensional harmonic-oscillator interaction is
obvious.

The mass-spin spectrum which arises naturally
from the process of completing the Poincard Lie
algebra partially defined by Eq. (5.11) may be ex-
pressed in our notation as

[ ((,)' + ($,,)'] "'=2c . (5.20)

The magnitude of the result poses no difficulty
since it represents the relative (Galilean) velocity
between two objects and tends rather to suggest
again that they may be massless. However, the
significant feature of the result is not the partic-
ular magnitude obtained, "but rather the absence
of a time dependence. This indicates that har-
monic-oscillator front subdynamics is not" in-
compatible with an interpretation in terms of a
rotational constituent motion at the Minkowski
level.

We must reemphasize that this result, as well
as all of the analysis from Eq. (5.11) on, con-
stitutes a totally heuristic argument and that none
of the results of the previous sections depend in
any way upon these particular results. However,
our interpretations are strongly supported, in a
suggestive way, by this analysis.

APPENDIX A

In this appendix we shall prove" that the only
nontrivial representations of the Lie algebra of
SO(3, 2), Eq. (2.3), with the property that the
Lorentz Casimir operator F is a c number" are
those of Majorana and of Dirac ~

We begin with the definition

Since F is a Lorentz Casimir operator, our ad-
ditional assumption means that

I r„,I'] = 0 . (A2)

Combining (Al) and (A2}, and using the Lie alge-
bra, we immediately obtain the results

I "S „=8 „I"=——lI

We define also the Lorentz-scalar operator

(A3)

(A4}
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the use of (A3} and the antisymmetry of S„„, then
results in the identity

3
4 (A5 }

l
&uvulas=5 uv fx8 (AV)

so that D is also a c number in any such repre-
sentation.

An exactly similar calculation using the quantity
[I"„,I'„]S~ yields the useful result

(A6)

The other Lorentz Casimir operator, G, has
the definition

Multiplication of (A14) with the c number D, and
the use of (A13), results in the identity

Ge"" S = D(D + -')S"" (A15)

The assumption that G does not vanish then im-
plies that the c number D(D+ —,') also cannot van-
ish. Contraction of (A15) with S„„and the use of
(A5) yields the further information that

o'=- s D'(D+ —.') . (A16)

Therefore, the operator G' is a I'nonzero) c num-
ber.

Now, the commutator of I'„with Q„may be di-
rectly calculated, with the result that

Then
[rp nil] 1 pevlxBS + 1 iev4x8S (AIV)

n„=-i[r„, G]

may be evaluated directly, with the result

Q" =-'&"" '&vers

It follows immediately that

r Qu=-Qur =2io.
u u

(A8)

(A9)

(Alo)

Then (A15) and (A6) may be applied to (A17) to
yield

G[r ~, n "]=[r~, n" ] G

= iD(D+ ,')(-,'i S—""+—,
' I""I'"— g""D) . —

(A18)

Suv Q —Q Sv u
— g zQu (Al 1)

Further, substitution of the identity (A3) for I&

in the definition (AB) and evaluation of those com-
mutator s yields

Now 4 being a Lorentz Casimir operator, the
commutation of G with (A6) yields the result

[r&r", G]=o,

so that (A8) implies

A direct evaluation using (A9) also yields the re-
sult

ruQ'+ Qu r'=O

Therefore,

(A19)

n"n„= —2F (D + —,'). (A12) [r&, n "]= r&n" + r"n& (A2o}

e"" ar n =(D+ —,')S"" (A14)

A logical chain may now be followed to establish
the result that if the operator 0 is also a c num-
ber, then the representation is uniquely that of
Majorana, or else it is completely trivial. Equa-
tion (A8) shows that if G is a c number, then n„
vanishes. Then (Alo) implies that G also vanishes,
while (A12) implies that either E =0 or D = —&.

Then (A5) selects either the trivial case E =D
= G =0 or the Majorana case E = —p, G =0, D = —2.

The representation of Majorana is unitary and
also reducible, containing both the principal
series representation with lowest spin —,

' and the
complementary series representation with lowest
spin 0.3'

In what follows, we assume that the operator 6
is nonzero, so that it is not a c number.

We contract the free index p of (All) with the
operator S""and use (A6) and also (All) again to
obtain the results

Qua =DQu =2zruG.

A direct evaluation of the quantity E"" ~I" Q 8

using (A9) and also (A3) yields

rur"= 2li Suv+ I guvD. (A23}

It follows that the anticommutator of l„with I"„

is a c number,

Iu rv + I'„lu = 2 Dg~v,

and, with (A3), that D= l. Thus, either G=o and
the (nontrivial) representation is that of Majorana
or else G is not a c number and, according to
(A24), the representation is that of Dirac.

APPENDIX 8

We shall prove in this appendix that the Poisson
bracket" relations (3.5) when coupled with the as-

or, using (A13),

[r&, n "]D=2i(r&r"+ r" r& }G. (A21)

Finally, equating the product of the c number D
with (A18) to the product of G with (A21) yields
the result

D'(D+ —,')r~ I"=D'(D+ ,')(;i S""—+,-' g""D) . (A22—)

Now whenever C is nonzero, the quantity
D'(D+ &) is also nonzero, so that
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sumption that the classical function

F =--'$pvy
4 pv (al)

(B6) results in the statement

DQp=0 (B11)

is a classical constant, implies that the three
classical functions F, D, and G of Eq. (2.4) all
must vanish.

A direct evaluation using Eq. ', 3.5) yields the
result F=D=0, (BI2)

Two logical possibilities exist. Either D = 0, in
which case (B9) implies that F also vanishes, or
n& = 0, in which case (B7) and (B9) imply that both
F and D vanish. In either event,

jI"",Fj=-'(S""I' —S""I' )

(a2)

so that (B8) now reads

I"~ I"„=S~5„. (B13)

r S~'=0. (B3)

where we have used the antisymmetry of the S»
and recalled that there is no distinction in the
ordering of products of classical functions. Then
if F is identically a constant,

The Poisson bracket of G with (B13) yields,
with (B4),

r„n„+n„r, =o, (B14)

so that the Poisson bracket of (B14) with I'„yields,
with (B10), the result that

We also define

n" —=(G, I'"j,
and obtain directly the result

It follows, in the classical case, that

r„n~ =0,

as well as

(B4)

(B5)

r„&r~, n, j=-&r~, n„jr, .

Now a direct calculation yields

(rq, n"j= 2e' S„SSq~.

Then

(r„,n& j =4G

and

r~ (r„,n" j =0,

(B15)

(B16)

(B17a)

(B17b)
n~n„=- 2FD, (B7)

with the use of (B3).
We may also evaluate the Poisson bracket of

(B3) with I'„ to obtain the identity

using (B3).
The identity (B15) then reads

GI' =0. (B18)

The subsequent use of (B3) implies

4F =3D.

(a8)

(B9)

The logical possibilities attendant upon (B18) both
have the result that G vanishes. Equation (B4)
then yields also the information that 0„, given by
(B5) also vanishes, so that

Similarly, the Poisson bracket of (B3) with G

yields

(B10)

to which the sequential application of (B8}and

&p I'v -&pvt'a+ Savt'p=0. (B19)

Finally, the existence of the Majorana functional
realization (2.6}of the Poisson bracket algebra
precludes the possibility that the only result is
the trivial case that all quantities vanish. "
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