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The thermal Sunyaev-Zel’dovich effect (tSZ) is a sensitive probe of cosmology, as it traces the
abundance of galaxy clusters and groups in the late-time Universe. Upcoming cosmic microwave
background experiments such as the Simons Observatory (SO) and CMB-S4 will provide low-noise and
high-resolution component-separated tSZ maps covering a large sky fraction. The tSZ signal is highly non-
Gaussian; therefore, higher-order statistics are needed to optimally extract information from these maps. In
this work, we study the cosmological constraining power of several tSZ statistics—Minkowski functionals
(MFs), peaks, minima, and moments—that have yielded promising results in capturing non-Gaussian
information from other cosmological data. Using a large suite of halo-model-based tSZ simulations with
varying Ωc and σ8 (154 cosmologies and over 800,000 maps, each 10.5 × 10.5 deg2), we show that by
combining these observables, we can achieve ≈29× tighter constraints compared to using the tSZ power
spectrum alone in an idealized noiseless case, with the MFs dominating the constraints. We show that much
of the MF constraining power arises from halos below the detection threshold of cluster surveys, suggesting
promising synergies with cluster-count analyses. Finally, we demonstrate that these statistics have the
potential to deliver tight constraints even in the presence of noise. For example, using post-component-
separation tSZ noise expected for SO, we obtain ≈1.6× and ≈1.8× tighter constraints than the power
spectrum with MFs and all statistics combined, respectively. We show that the constraints from MFs
approach the noiseless case for white-noise levels ≲1 μK-arcmin.
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I. INTRODUCTION

Cosmic microwave background (CMB) primary anisot-
ropies have allowed us to place extraordinarily tight con-
straints on the parameters characterizing the ΛCDM model
(e.g., WMAP [1], Planck [2]). Current and next-generation
high-resolution multifrequency CMB anisotropy experi-
ments such as the Atacama Cosmology Telescope (ACT),1

South Pole Telescope (SPT),2 Simons Observatory (SO),3

and CMB-S4,4 are now also able to measure the secondary
anisotropies—those arising from processes after recombi-
nation—to high precision.
One of these secondary effects, which is among the

leading contributions to the CMB temperature fluctuations
on arcminute scales, is the thermal Sunyaev-Zel’dovich
(tSZ) effect—a spectral distortion in the CMB produced via
the inverse-Compton scattering of CMB photons off free,
energetic electrons, primarily located in galaxy groups and

clusters [3,4]. Under the assumption of self-similarity, the
observed tSZ effect scales with dark matter halo mass as
∝ M5=3 [5].
The unique spectral signature of the tSZ effect and its

sensitivity to the abundance of massive halos—indepen-
dent of redshift—make it a powerful cosmological probe. It
can be used to identify clusters in blind surveys, providing
nearly mass-limited samples, which can then be used to
constrain cosmological parameters via the halo mass
function (e.g., [6–11]). The signal can also be studied
statistically across the sky through CMB temperature maps
at a given frequency or component-separated tSZ maps via
multifrequency CMB observations (e.g., [12–22]). In this
paper, we will focus on the latter, statistical approach.
So far, the tSZ power spectrum (e.g., [12,15,19–23]),

bispectrum (e.g., [13,23]), one-point probability distribu-
tion (PDF) (e.g., [18,23,24]), moments (up to fourth order,
e.g., [14,16]) and skew-spectra (e.g., [25,26]) have been
studied. With respect to the cosmological parameters, the
tSZ signal has been shown to have high sensitivity to the
amplitude of linear matter density fluctuations at z ¼ 0, σ8,
through the steep dependence of the strength of the signal
on halo mass, and therefore strong response to the halos in
the exponential tail of the mass function (e.g., [12,13,16]).

*Contact author: as6131@columbia.edu
1https://act.princeton.edu/
2https://pole.uchicago.edu/public/Home.html
3https://simonsobservatory.org/
4https://cmb-s4.org/

PHYSICAL REVIEW D 111, 103536 (2025)
Editors' Suggestion

2470-0010=2025=111(10)=103536(31) 103536-1 © 2025 American Physical Society

https://orcid.org/0000-0003-3595-4384
https://orcid.org/0000-0002-9539-0835
https://orcid.org/0000-0003-3633-5403
https://ror.org/00hj8s172
https://ror.org/00hj8s172
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.111.103536&domain=pdf&date_stamp=2025-05-28
https://doi.org/10.1103/PhysRevD.111.103536
https://doi.org/10.1103/PhysRevD.111.103536
https://doi.org/10.1103/PhysRevD.111.103536
https://doi.org/10.1103/PhysRevD.111.103536
https://act.princeton.edu/
https://act.princeton.edu/
https://act.princeton.edu/
https://pole.uchicago.edu/public/Home.html
https://pole.uchicago.edu/public/Home.html
https://pole.uchicago.edu/public/Home.html
https://pole.uchicago.edu/public/Home.html
https://simonsobservatory.org/
https://simonsobservatory.org/
https://cmb-s4.org/
https://cmb-s4.org/


The tSZ signal is also sensitive to the dark energy equation
of state parameter, w, massive neutrinos, Mν, and primor-
dial non-Gaussianity through their effects on the growth of
large-scale structure (e.g., [15,22,27]).
The tSZ field is highly non-Gaussian since it is

sourced by massive structures in the late-time Universe
(see Fig. 1). This motivates the use of summary statistics
beyond the power spectrum. Indeed, it has been shown
that higher-point tSZ statistics scale more steeply with
cosmological parameters [13,16] and that the one-point
PDF provides tighter constraints than the skewness, for
example [14,18].
The primary goal of this work is to perform a systematic

study of several summary statistics as a step toward:
(1) finding an optimal tSZ statistic and (2) characterizing
the full information content of the tSZ field. In this paper,
we focus on two cosmological parameters: the cold dark
matter density, Ωc, and σ8. In particular, we compare the
cosmological constraints achieved using the power spec-
trum to those obtained from four sets of observables:
Minkowski functionals, peaks, minima, and moments.
To our knowledge, this is the first time that most of these
statistics have been applied to tSZ maps. These exact
descriptors have been shown to effectively extract non-
Gaussian information from other cosmological fields such
as, for example, weak gravitational lensing convergence
maps (e.g., [28–41]).5 We note that the tSZ effect depends
on the details of the gas physics and, in practice, parameters
associated with the intracluster medium (ICM) physics
would need to be simultaneously fit along with cosmo-
logical parameters. However, we focus on cosmology here
and leave the exploration of the uncertainty and sensitivity
related to astrophysical parameters to follow-up work.

The steep scaling of the tSZ effect with halo mass poses
both a computational challenge and an advantage. In
order to properly capture the sample variance and the
mean for each of these summary statistics, a large number
of realizations and simulation size are needed. On the
other hand, this also means that the signal is dominated
by the 1-halo or the Poisson term rather than the
clustering of halos [45]. For example, it has been shown
for the power spectrum that the clustering effects are
negligible for l > 300 [15] and are also small for the one-
point PDF [24]. The effect is expected to be even less
important for higher-point statistics, which scale more
steeply with mass. Therefore, it is not as crucial to
simulate realistic clustering of halos unlike for other
cosmological fields such as, for example, weak gravita-
tional lensing [46,47], and simplified simulation
approaches can be sufficiently accurate.
Since it is time-prohibitive to perform an exhaustive

study using a large suite of hydrodynamical simulations
and the Poisson term dominates the tSZ signal, we make
use of “simplified simulations” in this work. Namely, we
simulate the tSZ maps by Poisson sampling halos from a
given mass function, assigning a y-profile, and placing
halos randomly in a given map [18,24]. Using this fast
approach, we are able to generate a large suite of simu-
lations with sufficient size and number of random realiza-
tions to reach convergence across all the observables and to
properly estimate the covariance matrices in this work.
Using this suite of simulations, we study the constraining
power of each of the five summary statistics both in
noiseless and noisy cases. For the latter, we use post-
component-separation tSZ noise power spectra for upcom-
ing CMB experiments.
Our main findings are summarized in Fig. 7 (noiseless,

Table III) and Fig. 14 (noisy, Table VIII). In the noiseless
case, we find that combining all five summary statistics
gives ≈29× tighter constraints than using the power
spectrum alone, with MFs significantly outperforming all

FIG. 1. Comparison of a simulated halo-model-based tSZ map (at 0.1 arcmin resolution) to a Gaussian random field generated from its
power spectrum. Notice the “hot spots” on the left, missing in the Gaussian case.

5Some of these summary statistics have also been applied
to galaxy clustering (e.g., [42]) and have been used to place
limits on primordial non-Gaussianity from primary anisotropies
(e.g., [43,44]).
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other descriptors. The power spectrumþMFs and power
spectrumþ peaks yield 23× and 3.4× tighter constraints
than the power spectrum alone, respectively. In the noisy
case, we can achieve ≈1.8× tighter constraints with all the
descriptors, as compared to those from the power spectrum
alone. MFs still perform better than any other summary
statistic: the power spectrumþMFs achieve ≈1.7×
improvement over the power spectrum alone, respectively.
The remainder of this paper is organized as follows. We

describe the details of the simulation suite in Sec. II,
provide an overview of the statistical descriptors in Sec. III,
and outline the inference methods in Sec. IV. We present
the results on smoothed noiseless maps in Sec. V and the
results on noisy maps in Sec. VI. We summarize our
findings and conclude in Sec. VII.
We assume a flat ΛCDM cosmology throughout this

paper with parameters set to be consistent with Planck [2],
except that we assume no massive neutrinos: h ¼ 0.674,
where h≡H0=ð100 km s−1Mpc−1Þ and H0 is the
Hubble constant; baryon density Ωb ¼ 0.0493; spectral
index ns ¼ 0.965, and optical depth to reionization
τreio ¼ 0.054. We set our fiducial cosmology to have
Ωc ¼ 0.264, and σ8 ¼ 0.811.

II. SIMULATIONS

In the nonrelativistic limit, the CMB temperature fluc-
tuations generated due to inverse-Compton scattering at a
given sky position n̂ can be written as [3,4]

ΔTðν; n̂Þ
TCMB

¼ gðνÞyðn̂Þ; where gðνÞ ¼ x coth

�
x
2

�
− 4:

ð1Þ

Here, ν is the photon frequency, gðνÞ is the tSZ spectral
function, x ¼ ðhνÞ=ðkBTCMBÞ, h is Planck’s constant,
kB is Boltzmann’s constant, and TCMB is the CMB temper-
ature today. The strength of the signal is parameterized by
the Compton-y parameter, which is proportional to the
integral of the electron pressure along the line of sight
(LOS)

yðn̂Þ ¼ σT
mec2

Z
neðn̂; lÞkBTeðn̂; lÞdl

¼ σT
mec2

Z
Peðn̂; lÞdl ð2Þ

where ne, Te, Pe, and me are the electron number density,
temperature, pressure, and mass, respectively; σT is the
Thomson cross section, and c is the speed of light. The
simulated maps that we use in this work are directly in units
of y and we therefore denote various quantities in this work
in terms of y.

A. tSZ maps

To simulate the tSZ signal, we use the publicly available
code HMPDF [24,46].6 The maps are generated by Poisson
sampling halos from the Tinker et al. [48] halo mass
function in discrete bins of mass and redshift. The halo
mass function is computed using the linear matter power
spectrum from CLASS [49]. Each halo is assigned a
Compton-y profile using the pressure profile fitting func-
tion from Battaglia et al. [50]. Both halo mass and the
pressure profile fitting functions are defined for a spherical
overdensity mass, MΔ, corresponding to an enclosed mass
within rΔ with interior density equal to Δ times the critical
(c) or mean matter density (m) at that redshift. To convert
between M200m and M200c, the concentration-mass relation
from Duffy et al. [51] is used. Unless otherwise noted, we
set the following bounds for the mass function:
1011M⊙ ≤ M ≤ 1016M⊙, 0.005 ≤ z ≤ 6. For the y-pro-
files, we apply a radial cutoff at rout ¼ 2rvir, where rvir
is the virial radius. We use 150 bins in both redshift and
mass (i.e., Nz ¼ NM ¼ 150), with bins spaced according to
Gauss-Legendre quadrature within (zmin, zmax) and
(lnMmin, lnMmax) to populate our maps, based on the
convergence of the mean value of each of the summary
statistics applied in this work (see Appendix A for a
description of the simulation convergence tests).
For computational speed, we simulate random realiza-

tions of maps that cover 10% of the sky at 0.1 arcmin
resolution and cut each large map into 36 smaller ones. To
remove any possible correlations at the edges, we trim
50 pixels on each side of the small maps. The final size of
each map is 10.535 × 10.535 deg2 (6321 × 6321 pixels2).
We apodize each small map with a cosine function, using
5 pixels for the width of the apodization at each edge, and
then smooth the map using a Gaussian kernel with
θFWHM ¼ 1.4 arcmin. An example simulated, smoothed
map is shown in panel (a) of Fig. 4.
We choose the pixel resolution to be 0.1 arcmin based on

a comparison of the high-l tSZ power spectra, Cyy
l ,

between maps generated at several different resolutions
and smoothed with the same Gaussian kernel. To validate
our simulations, we compare the power spectrum estimated
from the maps to that computed from the halo-model code
CLASS_SZ [12,22,27,52,53]7 at the fiducial cosmology (see
Appendix A).
Since in this work we only use the power spectra

estimated from the simulated maps and, therefore, are only
sensitive to the relative difference between different sets of
simulations, we do not divide out the pixel window
function or account for the apodization mask in the
forecasts. Our map pipeline, therefore, only includes
apodization and smoothing operations. We also note that
we always subtract the mean value from the final maps over

6https://github.com/leanderthiele/hmpdf
7https://github.com/CLASS-SZ/class_sz
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which we measure each of the statistics; thus, the values in
the maps are both negative and positive.

B. Simulation suite

Our simulation suite consists of 154 different cosmol-
ogies, as shown in Fig. 2, with varying parameters Ωc and
σ8, with Nfid ¼ 34; 560 random realizations at the fiducial
cosmology and Nsims ¼ 5; 112 at all others. We set our
fiducial cosmology to be atΩc ¼ 0.264, σ8 ¼ 0.811 and fix
the rest of the cosmological parameters to results from
Planck [2], but with no massive neutrinos: h ¼ 0.674,
Ωb ¼ 0.0493, ns ¼ 0.965, τreio ¼ 0.054.
We choose the number of simulations at the fiducial

cosmology based on an estimate of how many realizations
will be needed to accurately compute the covariance for a
summary statistic with dimension d ∼ few hundred (i.e.,
Nfid ≳ d2=2). In Sec. V C, we show that the constraints are
stable with Nfid < 34; 560. We pick Nsims ¼ 5; 112 for
other cosmologies based on the stability of the mean value
of each summary statistic considered in this work.
As described in Appendix A, the mean converges across
the mass function discretization settings in HMPDF at
Nsims < 5; 112.
We create the suite by first running 102 cosmologies

within the broad rangesΩc∈f0.21;0.32g and σ8 ∈ f0.6; 1g
(approximately 20% or 30σ from the Planck central values,
respectively) with 99 of those sampled according to the
Latin hypercube (LH). After computing the initial con-
straints from all the statistics, we add extra cosmologies in
the region near the maximum likelihood to ensure that we
have a sufficient number of cosmologies to interpolate each
of the summary statistics (see Sec. IV) and obtain reliable

contours. In particular, we add 20 cosmologies sampled
along a line fit to the Ωc − σ8 degeneracy found for the
power spectrum and 20 additional points around the
constraints from all the statistics combined. The latter
we do by following a similar approach as in Ref. [54].
We first compute the approximate covariance using the
parameter values that lie within the 1σ constraints and the
confidence ellipse parameters a, b, γ following Ref. [55]:

a2 ¼ σ2x þ σ2y
2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðσ2x − σ2yÞ2

4
þ σ2xy

s

b2 ¼ σ2x þ σ2y
2

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðσ2x − σ2yÞ2

4
þ σ2xy

s

tanð2γÞ ¼ 2σxy
σ2x − σ2y

ð3Þ

We then sample values for r∈ f0; 1g, ϕ∈ f0; 2πg and
convert to Ωc, σ8 via

x ¼ αa cosðϕÞrn
y ¼ αb sinðϕÞrn

Ωc ¼ x cosðγÞ − y sinðγÞ þ Ωc;fid

σ8 ¼ x sinðγÞ þ y cosðγÞ þ σ8;fid ð4Þ

where we set n ¼ 1, α ¼ 3.5 (α ¼ 3.44 corresponds to 3σ).
Choosing n > 1=2 means that the density of samples
increases toward the center. In Appendix C, we show that
with these cosmologies we are able to construct an accurate
interpolator for all the summary statistics and achieve stable
forecasts.
Finally, we add 12 more cosmologies that can be used for

Fisher forecasts, where one of the two parameters is
perturbed from its fiducial value, while the other is fixed.
For these we use δθ ¼ �0.5; 1; 3%, which correspond to
δΩc ¼ �f0.00132; 0.00264; 0.00792g, δσ8 ¼ �f0.00406;
0.00811; 0.02433g.

C. Noise

To study the constraining power of the tSZ statistics in
the presence of realistic noise, we generate Gaussian
random fields (GRFs) using different noise power spectra,
Nyy

l . Note that here Nyy
l refers to the nonbeam-deconvolved

noise power spectra, as we always use smoothed tSZ maps
to compute the forecasts.
First, we consider several experimental setups using the

post-component-separation Compton-y noise power spec-
tra forecasted for SO (baseline and goal noise levels)8 [56]

FIG. 2. The simulation suite used in this work consists of 154
cosmologies with varying Ωc and σ8. The points are sampled
more densely near the fiducial cosmology. We have Nfid ¼
34; 560 random realizations at the fiducial cosmology (red
diamond marker) and Nsims ¼ 5; 112 at every other cosmology
(gray points).

8https://github.com/simonsobs/so_noise_models/tree/master/
LAT_comp_sep_noise/v3.1.0
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and CMB-S4 [57],9 both computed assuming combination
with Planck data. These power spectra were generated for
an assumed model, which includes both the instrumental
noise and foreground components. Thus, these noise
power spectra include the expected residuals from the
other sky components during the component-separation
process to obtain tSZ maps from multifrequency CMB
observations. However, note that the noise power spectra
(including the residual foreground fields) are Gaussian
and are not correlated with the tSZ field, complexities that
we leave to future work. In all cases, we use the noise
computed via the standard internal linear combination
(ILC) method and assume fsky ¼ 0.4 (for more details, see
Refs. [56,57]).
The largest-angular-scale noise is not well-captured by

the ILC method due to the small number of harmonic
modes at low l. To avoid any ill behavior in the maps due to
extrapolation of the noise power spectra at low- and high-l
ranges, we filter out the scales l ≤ 80 and l ≥ 7950

(smoothly tapering with a tanh function between l ¼
80–90 and l ¼ 7940–7950) from both the tSZ maps and
the noise maps (i.e., near the boundaries of the SO noise
power spectra). The noise curves and their comparison to
the tSZ power spectrum at the fiducial cosmology are
shown in Fig. 3.
Figure 4 shows visually the impact of adding noise to the

tSZ maps for the SO goal case. Panel (a) is the noiseless
map described in the previous section smoothed with a
θFWHM ¼ 1.4 arcmin Gaussian kernel. Panel (b) shows the
effects on the tSZ map of filtering out the low- and high-l
modes. Panel (c) is the total map, comprised of the
smoothed tSZ map plus the random noise realization.
While some structure from the tSZ field still remains,
the noisy map is much more similar to a GRF (see,
e.g., Fig. 1).
To mitigate the effects of noise in the real-space statistics

that we study, we apply a Wiener filter to the noisy tSZ
maps. We compute the l-space filter using the tSZ power
spectrum measured at the fiducial cosmology (averaged
over Nfid ¼ 34; 560 realizations) from the noiseless maps
and Nyy

l using 80 < l < 7950:

FWiener
l ¼ Cyy

l

Cyy
l þ Nyy

l
: ð5Þ

The filter preferentially upweights the modes that
contain the largest tSZ signal-to-noise ratio. Since we
construct the filter using the power spectrum, it is not
guaranteed that it is optimal for the real-space non-
Gaussian statistics that we analyze. Nonetheless, it still
suppresses the modes that are clearly dominated by noise.

We plot the filter for SO goal noise levels in the bottom
panel of Fig. 3 and show its effects on the simulated maps
in the fourth panel of Fig. 4. We normalize the filter via
dividing it by its maximum value.
In addition to noise power spectra from realistic exper-

imental setups, we also consider different levels of white
noise: ΔT ¼ 0.1, 1, and 10 μK-arcmin. To generate GRFs,
we convert from CMB temperature units, μK-arcmin, to
Compton-y units using the tSZ spectral function gðνÞ in
Eq. (1) and TCMB ¼ 2.7255 K. We convert the units at
ν ¼ 150 GHz. The white noise maps are then generated
assuming a flat power spectrum with an amplitude equal to
the noise level in Compton-y units × radians squared. As in
the case of the postcomponent noise power spectra, we
apply the same low- and high-l filter and a Wiener filter
computed for each of the flat noise power spectra cases. We
show the white noise power spectra in Fig. 3 and the
combined tSZ plus white noise maps in Fig. 20. Note that
for white noise levels of 0.1 or 1 μK-arcmin, the maps
closely resemble the noiseless case, as expected from the
signal versus noise power spectra comparison shown
in Fig. 3.

FIG. 3. Top: post-component-separation tSZ noise for SO
baseline (goal) noise levels in gray (black) and CMB-S4 (cyan)
compared to the tSZ power spectrum (blue) computed at the
fiducial cosmology. Combination with Planck data is assumed in
these noise power spectra and the increase in noise around l ≈
1000–1500 shows the transition between the Planck- and SO/
CMB-S4-dominated regimes (i.e., low-lmodes are noisy for SO/
CMB-S4 due to atmospheric effects). White-noise power spectra
for different noise levels are plotted with dashed curves in orange.
Note that the signal curve here includes smoothing with a
FWHM ¼ 1.4 arcmin beam. Bottom: Wiener filter computed
for the SO goal noise.

9See Fig. 20 of Ref. [57].
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III. SUMMARY STATISTICS

In this paper, we employ five different summary statistics:
the angular power spectrum, Minkowski functionals, peaks,
minima, and moments. We use the implementation in
LensTools [58]10 and describe each of them and our fiducial
choices in this section.We note that some of the statistics are
measured for a set of bins. To define the bins, we generally
use values defined in terms of the average rms of the tSZ
maps at the fiducial cosmology. These values are σfid ¼
1.5 × 10−6 and σSO;goalfid ¼ 1.9 × 10−6, for the fiducial noise-
less and noisy cases, respectively. These values correspond
to the average rms computed over 5,184 maps at the fiducial
cosmology.11 We summarize the fiducial choices and the
size of each of the summary statistic data vectors in Table I.

A. Angular power spectrum

We use the tSZ power spectrum as a baseline statistic
with which to compare the constraining power of each of
the summary statistics. It is defined as

hỹ�lỹl0 i ¼ ð2πÞ2δDðl − l0ÞCyy
l ð6Þ

where l is the 2D Fourier wave vector, ỹ indicates the
Fourier transform of the field, and δD is the Dirac delta
function. We average the pixel values in equal-size linearly
spaced l ¼ jlj bins between l∈ f25; 7925g (bin width
equal to Δl ¼ 100). We remove the lowest and highest l
bins to avoid any aliasing effects from applying an
apodization mask to our maps and end up with a total
of 77 bins with the first and the last bins centered at lmin ¼
175 and lmax ¼ 7775.

B. Minkowski functionals

For a D-dimensional field, one can compute Dþ 1
Minkowski functionals (MFs), which fully characterize

(a) (b) (c) (d)

FIG. 4. Simulated maps used to obtain various forecasts in this work at different steps of processing. (a) Noiseless tSZ map smoothed
with a Gaussian kernel with θFWHM ¼ 1.4 arcmin (tSZmap þ θFWHM ¼ 1.4 arcmin smoothing), (b) low- and high-l modes filtered
out (þl ≤ 80;l ≥ 7950 filtered out), (c) adding a Gaussian random field generated using the post-component-separation tSZ noise
power spectra forecasted for the SO goal noise levels (þ noise (SO goal)), and (d) effect of applying a Wiener filter to the noisy map
(þwiener filter).

TABLE I. We list the fiducial binning choices and dimensions for each of the summary statistics both for the noiseless and noisy cases
(i.e., for the results shown in Figs. 7 and 14), where σfid ¼ 1.5 × 10−6 and σSO;goalfid ¼ 1.9 × 10−6 correspond to the average rms values
computed at the fiducial cosmology.

Noiseless Noisy

Observable Dimension Bin edges Dimension Bin edges

Power spectrum 77 Linearly spaced,
l∈ f125; 7825g

77 Linearly spaced,
l∈ f125; 7825g

MFs 3 × 20 Linearly spaced,
ν∈ f−1σfid; 3σfidg

3 × 30 Linearly spaced,
ν∈ f−3σSO;goalfid ; 3σSO;goalfid g

Peaks 9 ½−100;−0.3;−0.2;−0.1; 0;
0.2; 0.3; 0.6; 1; 1000�σfid

9 ½−100;−0.3;−0.2;−0.1; 0;
0.2; 0.3; 0.6; 1; 1000�σSO;goalfid

Minima 7 ½−100;−0.57;−0.5;−0.47;
−0.42;−0.36;−0.26; 100�σfid

7 ½−100;−0.57;−0.5;−0.47;
−0.42;−0.36;−0.26; 100�σSO;goalfid

Moments 4 � � � 4 � � �

10https://github.com/apetri/LensTools
11The rms values are computed over 5,184 map realizations

based on the number of simulations used for the initial con-
vergence tests prior to running the suite.
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the global morphological properties (i.e., invariant to
rotation, translation, and additive) of that field [59–61].12
Thus, for a 2D tSZ map, we can measure three MFs:
V0ðνÞ ∼ area, V1ðνÞ ∼ contour length, and V2ðνÞ ∼ Euler
characteristic, as a function of some threshold value ν.
More precisely,

V0ðνÞ ¼
1

A

Z
ΣðνÞ

da; ð7Þ

where A is the total area of the map or the total number of
pixels, da is the area element, and ΣðνÞ ¼ fy > νg defines
the excursion set over which the MF is measured. V0 is,
thus, the one-point cumulative distribution function (one-
point CDF). Next, V1ðνÞ is defined as

V1ðνÞ ¼
1

4A

Z
∂ΣðνÞ

dl; ð8Þ

where dl is the boundary length element and ∂ΣðνÞ is the
excursion set boundary. Finally, V2ðνÞ is defined as the
integral of the curvature of the boundary K:

V2ðνÞ ¼
1

2πA

Z
∂ΣðνÞ

Kdl ð9Þ

In flat space, V2ðνÞ is equivalent to the Euler characteristic
[63] and for a closed surface, it directly relates to the genus.
In practice, MFs can be efficiently computed as follows:

V0ðνÞ ¼
1

A

Z
A
ΘðyðpÞ − νÞdidj

V1ðνÞ ¼
1

4A

Z
A
δDðyðpÞ − νÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2i þ y2j

q
didj

V2ðνÞ ¼
1

2πA

Z
A
δDðyðpÞ − νÞ

×
2yiyjyij − y2i yjj − y2jyii

y2i þ y2j
didj ð10Þ

where p denotes the coordinate position ði; jÞ, Θ is the
Heaviside step function, and yi=j is the gradient of the field
with respect to coordinates i=j (i.e., yii corresponds to the
second derivative). Thus, what is required in practice are
simply the first and second derivatives of the field. In the
cases where the gradients vanish (i.e., the denominator in
V2), the integrand is replaced by ð2yij − yjj − yiiÞ=2. The
δD-functions are approximated by dividing out dν (see
more details in Ref. [30]). We check the estimators by

computing MFs on a set of GRFs for which an analytic
form is known [29,63–65].
In our fiducial setup on the noiseless maps, we measure

each of the MFs using 20 linearly spaced bins between
ν∈ fνmin; νmaxg∈ f−1σfid; 3σfidg (i.e., the MF data vector
contains 60 elements). For the fiducial noisy case, we use
ν∈fνmin;νmaxg∈f−3σSO;goalfid ;3σSO;goalfid g and 30 bins for
each of the MFs. We choose these ranges to fully capture
the shape for each of the MFs. In Appendix C, we show that
increasing the number of bins does not impact the forecasts
from MFs.

C. Peaks and minima

Peaks (minima) are defined as pixels in the map that are
higher (lower) than their 8 neighboring pixels. We locate
the peaks and minima in the maps and bin them by their
values. Our observable is then a peak (minima) count
histogram. We use 9 and 7 bins for the peaks and minima,
respectively, with edges defined as follows:

xpeaksb ¼ ½−100;−0.3;−0.2;−0.1;0;0.2;0.3;0.6;1:;1000�σ0
xminima
b ¼ ½−100;−0.57;−0.5;−0.47;−0.42;

−0.36;−0.26;100�σ0 ð11Þ

where we use σ0 ¼ σfid and σ0 ¼ σSO;goalfid for the noiseless
and noisy cases, respectively. To choose these exact bins,
we take a realization of a fiducial map and bin the peaks
(minima) into 10 bins in such a way that each bin has the
same number of peak (minima) counts. We adjust the bin
edges to ensure the stability of the mean value of each bin
with respect to the numerical settings for the maps and the
number of simulations (see Appendix A for more details
about the convergence). Although the number of peaks
(minima) is expected to vary significantly across different
cosmologies, we do not fine-tune the bin edges any further.
As we describe in Appendix C, the constraints for peaks
(minima) are not very sensitive to the exact choice of the
bin edges as long as at least a few bins are used.

D. Moments

Wemeasure four low-order moments (two quadratic, one
cubic, and one quartic). This set of moments is motivated
by the perturbative expansion of MFs up to second-order in
variance [30,63,65]. For a Gaussian random field, MFs can
be expressed analytically using the variance of the field (σ0)
and the variance of the gradient of the field (σ1). For non-
Gaussian fields, one can write down an expansion of MFs
in powers of the variance. The first-order term is described
by the three skewness parameters and the second-order
term by the four kurtosis parameters (see Refs. [63,65,66].)
It has been shown that these perturbative series do not
capture all the information thatMFs are sensitive to for weak
gravitational lensing fields unless the maps are considerably

12One could also study and compute the Minkowski tensors,
a tensorial generalization of MFs [62] (see, e.g., https://
morphometry.org/).
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smoothed (e.g., smoothing scale σ ≥ 15 arcmin) [30]. Since
the tSZ field also traces late-time structure, we expect that
these series do not converge for our maps using a Gaussian
kernel with θFWHM ¼ 1.4 arcmin. We therefore treat the
MFs and moments as separate descriptors in our study as
done in previous works [31]. The un-normalized moments
that we measure are the following:

σ0 ¼
ffiffiffiffiffiffiffiffi
hy2i

q
; σ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hj∇yj2i

q
ð12Þ

S1 ¼ hy2∇2yi; K1 ¼ hy3∇2yi ð13Þ

As in the case of measuring the MFs, we only need the
gradient and the Hessian of the tSZ field to compute the
moments. Skewness terms vanish in the Gaussian case,
while the kurtosis terms are nonzero. In this work, we
measure the full kurtosis moment and do not subtract the
Gaussian (“un-connected”) part. We note that the expan-
sion of MFs up to the second-order includes two additional
cubic terms and three additional quartic moments. We do
not include them in our baseline results due to the large
sample variance of those moments and the possible lack of
convergence of their mean values with respect to the
number of simulations that we use in this study. We explore
the constraints from those additional moments in
Appendix E.

IV. PARAMETER INFERENCE

To assess the constraining power of each of the summary
statistics described in the previous section, we follow a
standard Bayesian framework to infer the posterior dis-
tributions of the cosmological parameters θi;j ¼ fΩc; σ8g.
We assume a Gaussian likelihood and a cosmology-
independent covariance matrix [67,68] computed at the
fiducial cosmology (θfid ¼ f0.264; 0.811g). Assuming flat
priors and dropping the model-dependence, the posterior
distribution is proportional to the likelihood, L

pðθjxÞ ∝ LðθÞ ∝ exp
�
−
1

2
ΔxTĈ−1

fidΔx
�
: ð14Þ

Here, x is our observable (i.e., each tSZ statistic), Δx is the
difference between the mean statistic predicted at a cos-
mology within the prior bounds and its fiducial value:

Δx ¼ x̄ − x̄fid ð15Þ

and Ĉ−1
fid is the inverse covariance matrix:

Cfid ¼
1

Nfid − 1

XNfid

i¼1

ðxi − x̄Þðxi − x̄ÞT: ð16Þ

The hat b denotes that the covariance has been rescaled
following Ref. [69] to remove bias in its estimation

Ĉ−1
fid ¼ Nfid − d − 2

Nfid − 1
C−1
fid ; ð17Þ

where d is the size of the observable vector Δx and Nfid ¼
34; 560 is the number of simulations used to compute the
covariance. In this work, d ranges between 1 and 300,
depending on the exact set of statistics used to obtain the
constraints and the binning choices. In all cases, the
correction factor is very small (e.g., for the fiducial
noiseless case when all of the descriptors are included
d ¼ 157 and the correction factor is ∼0.995). We leave
the exploration of using a cosmology-dependent covari-
ance or a non-Gaussian form of the likelihood to
future work.
Since our inference is in a 2D parameter space, we can

easily compute the likelihood directly on a fine grid of the
parameter values within the prior bounds. In this work,
we use 1000 × 1000 linearly spaced points between
Ωc ∈ f0.21; 0.32g and σ8 ∈ f0.6; 1g. At each point, we
interpolate x̄ using a 2D Clough-Tocher cubic interpo-
lator [70]. We construct the interpolator using the mean
summary statistics, x̄, that have been computed over
Nsims ¼ 5; 112 tSZ maps at each of the 153 cosmologies
in the suite and Nfid ¼ 34; 560 at the fiducial. We can
then determine the likelihood at each of the 106 points in
the grid and obtain the confidence contours. We use the
area of the 68% confidence contours, A68, as the figure of
merit in this work. We also compare the marginalized
constraints on σ8. For this, we compute the mean
parameters as

θmean
i ¼

R
Lðθi; θjÞθidθidθjR
Lðθi; θjÞdθidθj

; ð18Þ

and quote the errors by choosing the parameter values
closest to the specified confidence limit of the margin-
alized likelihood.

V. RESULTS: NOISELESS MAPS

A. Cosmological dependence

In Fig. 5 we show the summary statistics computed for
three example cosmologies over 5,112 maps: the fiducial
and two others with Ωc and σ8 increased by 20% to
illustrate their dependence on cosmological parameters. For
the four moments, we list their values in Table II. For the
moments, we compute their values over 34,560 maps for
the fiducial cosmology in order to reduce their sample
variance and determine accurate scalings with cosmologi-
cal parameters.
First, we can clearly see the much stronger dependence

of the observables on σ8 compared toΩc.
13 In the case of the

13For clarity, we therefore scale some of the ratios in Fig. 5 by a
factor of 50.
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power spectrum, the cosmological dependence is predomi-
nantly in the amplitude, which scales as ∝ σ7.4−7.78 , in
contrast to ∝ Ω0.6−1.7

c across the different multipoles.
Similar dependence on the cosmological parameters has
previously been shown, for example in Refs. [12,15,22].
Reference [22] found the power spectrum to scale
as ∝ σ8.18 Ω3.2

m .
For the four moments, we find scalings ranging from

∝ σ3.8−14.48 and ∝ Ωð−0.2Þ−ðþ0.4Þ
c , where the range in the

powers reflects the different dependence for the four
moments between σ0 and K1 as listed in Table II. As
expected, the higher-order moments scale more steeply
with parameters than the lower-order moments. Since σ0 is
the rms, the scalings for the variance, σ20, are similar to
those found in Ref. [16] (i.e., σ20 ∝ σ7.68 scales the same as
the power spectrum, as expected). We note that K1 scales
negatively with Ωc. A possible explanation for such
dependence could be that in order to have a fixed σ8 while
increasing Ωc (with h fixed), the amplitude of the primor-
dial power spectrum, As, needs to decrease. The decrease in
As leads to a reduction in the halo mass function that is
larger than the amplification caused by the increase in Ωc,
which can lead to such negative scaling for some of the
moments. For example, we have As ¼ 2.04 × 10−9 at the
fiducial cosmology with Ωc ¼ 0.264 and σ8 ¼ 0.811, and
As ¼ 1.64 × 10−9 at the cosmology with Ωc ¼ 0.3168 and
σ8 ¼ 0.811. While we find that the mean values of the
moments are converged within the standard error as a
function of Nsims, the exact parameter scalings can vary due
to some variation within the error bars. Therefore, we list
the scalings computed using these example cosmologies
and also show the scalings for each of the moments

FIG. 5. Summary statistics measured for three example cosmologies: the fiducial (green solid) cosmology and two cosmologies with
Ωc (blue dashed) and σ8 (purple dot-dashed) increased by 20%. From left to right, the plots correspond to the power spectrum, three MFs
(V0, V1, V2), peaks, and minima. The stronger dependence on σ8 is clearly evident. The bottom panels show the ratio between each of
the two cosmologies and the fiducial. Variance on each of the observables is also shown.

TABLE II. Values and approximate cosmological parameter
scalings for the four moments. The values are listed for the
fiducial cosmology and two cosmologies with 1.2 × σ8;fid and
1.2 ×Ωc;fid. The power-law scalings are defined as ∝ σ

ασ8
8 and

∝ ΩαΩc
c .

σ0×10−6 σ1×10−7 S1×10−19 K1×10−23

Fiducial 1.54 1.27 −3.22 −1.94
1.2 × σ8 3.08 2.52 −24.2 −26.8
ασ8 3.8 3.8 11 14
1.2 ×Ωc 1.64 1.34 −3.35 −1.86
αΩc

0.4 0.3 0.2 −0.2

CONSTRAINING COSMOLOGY WITH THERMAL … PHYS. REV. D 111, 103536 (2025)

103536-9



computed using different sets of simulations in Fig. 6. The
error bars here are obtained by taking the value of each
moment at the fiducial and the example cosmology that
leads to the smallest and largest scaling within the error of
the given moment [e.g., in the case of positive moments, the
lowest (highest) limit on the scaling can be obtained by
taking the highest (lowest) fiducial value for the moment
and the lowest (highest) value for the moment at a given
cosmology].
We find that V0 shows a noticeably different dependence

on the two parameters, which leads to the degeneracy
breaking that we discuss in subsequent sections. In par-
ticular, we see that Ωc leads to a moderate, mostly constant
increase in V0 at high thresholds and a dip for a narrow
range of low-significance thresholds. We find that σ8 has
the largest effect on the high-significance thresholds as well
as a larger dip across a wider range of low-significance
thresholds. This is similar to what has been found in
Refs. [18,24] for the one-point PDF. V1 and V2 both exhibit
a more pronounced cosmological dependence at the inter-
mediate threshold values, as well as an overall steeper
dependence at the high-significance thresholds. This sug-
gests their higher sensitivity to Ωc and σ8. As in the case of
V0, the two cosmological parameters have different effects
on V1 and V2.
Finally, Ωc and σ8 affect different bins of the peak and

minima histograms. We note that the peak histograms are
generally more extended, covering a wider range of y
values, while the minima histograms are narrower. The
average number of peaks for the three cosmologies is
≈27;000–29;000, which is ≈240–260 peaks=deg2. For the
minima counts, the total number is of the same order:
≈26;000–27;000 or ≈240 minima=deg2.

B. Constraints

In Fig. 7 (left), we show the credible contours obtained
using noiseless tSZ maps with the power spectrum,

Minkowski functionals, peaks, minima, and moments.
Note that we do not rescale the likelihood to a realistic
fsky in this section and only focus on the relative con-
straining power for each of the descriptors.14 We quantify
the constraining power in terms of the 1σ contour area
(A68), the comparison to the power spectrum (Aps

68=A68), and
the marginalized constraints on σ8 (σ̂8). As can be seen in
Fig. 7, the power spectrum does not have enough sensitivity
to break the degeneracy between σ8 andΩc, and thus the 1σ
contour area for the power spectrum can be considered a
lower bound.
We find that when all the observables are combined, the

constraints are ∼29 times tighter than from the power
spectrum alone. The MFs yield tighter constraints than any
of the other observables, while breaking the Ωc − σ8
degeneracy. Compared to the power spectrum, the contour
area is 21 times smaller. In fact, the constraints from all five
statistics combined are only 1.4 times tighter than from the
MFs alone.
Peak counts are the second-most constraining statistic.

Peaks similarly break the Ωc − σ8 degeneracy, but with
overall wider credible contours in both the Ωc and σ8
directions, which yields 1.6 times tighter constraints than
the power spectrum. Since the constraints from all the
observables are tighter than from using the MFs alone, this
suggests that peaks and MFs are complementary but still
probe some of the same information.
Minima counts also break the degeneracy and have a

similar tilt to the peak counts, but are less constraining
in the direction of the best-constrained parameter combi-
nation. The contour area is actually larger than for the
power spectrum (Aps

68=A68 ¼ 0.84). Since minima counts
trace the “valleys” of the tSZ field, it makes intuitive sense

FIG. 6. The left (right) panel shows the σ8 (Ωc) parameter scalings for the four moments computed using different sets of simulations:
from Fisher simulations with parameters increased by 1% or 3% and from the example simulations, where parameters are increased by
20%. The errors are obtained by considering the lowest and highest scaling within the errors for a given moment.

14For example, if we assume that the constraints would
approximately scale by the square root of the sky area, the errors
are expected to be ∼12 times tighter for fsky ¼ 0.4.
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why this statistic may contain less information in com-
parison to the peaks, for example.
Finally, we find that the four moments also achieve

worse results compared to the power spectrum,
Aps
68=A68 ¼ 0.75, and do not break the degeneracy between

the two cosmological parameters. This is possibly due to
the fact that the moments do not contain all the scale
information captured by the power spectrum. The moments
of gradients contain some spatial/scale information but
likely not all of it. Additional scale information could
further be included by combining moments measured for
different smoothing scales, as we explore for the MFs
in Sec. VI.
While the most striking effect of using MFs or combin-

ing all the summary statistics is the breaking of the Ωc − σ8
degeneracy and a substantial shrinkage in the contour area,
the marginalized errors on σ8 are also considerably
improved. With MFs, the error on σ8 is almost 3 times
smaller than the error obtained using the power spectrum.
On the other hand, all other observables give σ8 errors
comparable to that from the power spectrum.
Looking at the constraints from each of the observables

combined with the power spectrum, we see that using the
power spectrum and MFs results in 23 times improvement
over the power spectrum alone (as compared to the 21×
improvement found using the MFs alone, compared to the
power spectrum). This suggests that the MFs do not contain
all the information captured by the power spectrum and the
two observables could be combined for better constraints. It
is possible that the MFs are not sensitive to some of the

angular scales that we measure with the power spectrum.
We find similar results for peaks, minima, and moments,
which when combined with the power spectrum give ∼3.4,
1.9, and 1.2 times tighter constraints compared to using the
power spectrum alone, respectively. This shows that each of
these summary statistics is complementary to the power
spectrum, probing different information in the tSZ maps. In
particular, we note that the constraints from using the peaks
and power spectrum are much tighter than using peaks
alone. Similarly, combining minima counts and moments
with the power spectrum achieves much better results
than when each of those statistics is used individually.
In general, this suggests that using the power spectrum in
combination with one of these additional observables, in
particular MFs or peak counts, achieves the best results.
In Fig. 8 (left), we show the correlation matrix for all the

observables combined, defined as ρij ¼ Cij=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
CiiCjj

p
,

where C is the covariance. For clarity, we also show the
correlation matrices for peaks, MFs, minima, and moments
separately in the right panel. We can see the strong
correlation across most multipoles for the power spectrum.
Only the lowest bin has weak correlation with the rest. For
the peaks, intermediate thresholds show the most correla-
tion, while the second and the last bin contain independent
information. Similar dependence is observed for the min-
ima, except the correlations (and anticorrelations) are much
stronger across the bins. V0 shows strong correlations
across the different bins. As expected, similar results were
shown in Ref. [18] for the one-point PDF. As previously
suggested, this is likely due to the same clusters

FIG. 7. Left: 68% credible contours for the noiseless maps (smoothed with a Gaussian kernel with θFWHM ¼ 1.4 arcmin). The MFs
yield 21×, and all statistics combined yield 29×, improvement over the power spectrum, as quantified via the area of the 1σ contours.
Right: results obtained with each of the MFs separately. The improved constraints are driven by the combination of the three MFs, and
dominated by V1 and V2 roughly equally.
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contributing to multiple Compton-y bins, as is most likely
the case for the peaks and minima counts as well. V1 and V2

show less correlation between further-separated bins. The
correlation is also low for some of the cross-elements
between the three MFs. Finally, the moments show overall
low correlation with one another. While there is significant
correlation for the different bins for most of the observ-
ables, the cross-covariance between the different summary
statistics, in particular between the power spectrum and the
other descriptors, is mostly low. This is consistent with the
results discussed above and the tight constraints that can be
achieved by combining the various observables.
We summarize the 1σ contour areas for each of the

statistics and the marginalized errors on σ8 in Table III. We
do not include the errors on Ωc because the σ8 −Ωc
degeneracy is not broken in all cases, including for the
power spectrum, which serves as our baseline statistic.

C. Convergence with respect
to the number of simulations

We check that we have a sufficient number of realizations
for the covariance estimation by computing the contours
using half of the simulations at the fiducial cosmology
(Nfid ¼ 17; 280 for both the covariance and the mean
summary statistic at the fiducial cosmology). With this
number of simulations, the confidence area from all the
summary statistics combined remains the same (< 1%
difference). Note that some of the other summary statistics

require a larger number of simulations based on the
individual covariance convergence tests described below
(Fig. 9). However, this initial check shows that the con-
straints from all summary statistics combined, which give

FIG. 8. Correlation matrix for the noiseless observables. The elements correspond to (1) power spectrum (77 bins), (2) peaks (9 bins),
(3) MFs (60 bins), (4) minima (7 bins), and (5) moments (4 values). For the latter four observables, the correlation matrices are also
shown separately on the right for clarity. All observables exhibit significant correlation across neighboring bins. The MFs show
relatively low cross-correlation between the three MFs, and V1 and V2 have relatively low autocorrelation among their own bins. The
cross-correlations between the different summary statistics are generally lower than the autocovariances within each statistic.

TABLE III. Constraints obtained from different summary
statistics on noiseless maps (10.5 × 10.5 deg2 and smoothed
with a Gaussian kernel θFWHM ¼ 1.4 arcmin): 68% contour area
(A68), comparison to the power spectrum area (Aps

68=A68), and the
mean value and marginalized error on σ8 (σ̂8). We highlight the
most significant improvement in the constraining power over
the power spectrum in boldface.

Observable A68×104 Aps
68=A68 σ̂8

Power spectrum 7.82 1.0 0.810þ0.01
−0.009

Peaks 4.92 1.6 0.810� 0.012
MFs 0.367 21 0.811þ0.004

−0.003
Minima 9.31 0.84 0.811� 0.011
Moments 10.4 0.75 0.810� 0.011
All combined 0.267 29 0.811� 0.003
Power spectrumþpeaks 2.28 3.4 0.810� 0.012
Power spectrumþMFs 0.346 23 0.811þ0.004

−0.003
Power spectrumþminima 4.11 1.9 0.811� 0.011
Power spectrumþmoments 6.73 1.2 0.810� 0.011
V0 6.21 1.3 0.816þ0.013

−0.019
V1 2.16 3.6 0.810� 0.008
V2 2.32 3.4 0.811� 0.006
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smooth contours, are stable to the number of simulations
used at the fiducial cosmology to ∼percent-level.
Next, we check that we have simulated enough realiza-

tions at each of the other cosmologies (i.e., that the mean
statistics across the suite are converged). Although we have
determined this via convergence tests performed prior to
running the suite of simulations (see Appendix A), we can
check this directly by computing the credible contour areas
using a different number of simulations to compute the
mean summary statistic at each cosmology (while keeping
the number of simulations for the covariance estimation at
Nfid ¼ 34; 560). For these tests, we compute the constraints
using all of the summary statistics combined and each
summary statistic individually. We plot the ratio between
the 1σ area computed using allNsim ¼ 5; 112 realizations at
each cosmology and an area computed using some subset
of the realizations in the upper panel of Fig. 9. We see that
for all the observables, the contours are converged to within
∼1% at 2,500 realizations and to within ∼2% at 2,000
realizations.
Similarly, we can explicitly check the convergence as a

function of the number of simulations used for the

covariance estimation (while using 5,112 maps for the
mean, including the fiducial cosmology). We see that the
covariance is converged for each of the summary statistics
(lower panel of Fig. 9). For MFs, as few as ≈3, 500 are
needed.

D. Minkowski functionals

To determine if the constraining power is driven by any
specific MFs, we look at the credible contours for each of
the MFs separately, which are shown in Fig. 7 (right). V0,
V1, and V2 all have distinct degeneracy directions. Thus,
the tightest constraints are achieved when all three are
combined. Conceptually, V0 is equivalent to the one-point
PDF, while V1 and V2 probe spatial information beyond
what is captured in the “area.” It has been previously
proposed that the one-point PDF is a near-optimal
cosmological statistic for the tSZ field, since the tSZ
field is dominated by the one-halo term and the one-point
PDF captures information from all zero-lag moments up
to arbitrarily high order [18,24]. However, here we see
that the 1σ contour area is roughly 2.9× and 2.7× smaller
for V1 and V2, respectively, and 17× smaller when all
three MFs are combined, compared to using V0 alone.
One interpretation of these results is that each of the MFs
are sensitive to a different range of halo masses, which
leads to the different degeneracy directions for each of
the MFs.
Next, we look at which MF bins contain the most

sensitivity to cosmology. To do this, we compute credible
intervals using only a subset of the thresholds over which
we have measured the MFs (recall that we use 20 linearly-
spaced bins between thresholds ν∈ f−1σfid; 3σfidg). In the
case of V0, most of the constraining power lies in the lowest
significance bins. In Fig. 10, we show the constraints
computed for different subsets of the thresholds, from
lowest to highest values, and show that the constraints are
almost entirely coming from the lowest five bins (e.g., the
area of the 1σ contour is just ∼20% larger than when using
all the thresholds). This can be explained by the large
sample variance of the high threshold bins. Even though the
tail of V0 contains significant cosmological information as
seen in Fig. 5, the sample variance reduces its constraining
power. Note also how the degeneracy direction of the
ellipse is different for each of the threshold bin subsets,
suggesting that different parts of the halo mass function are
probed.
In the case of V1 and V2, the lowest half of the bins

contains most of the sensitivity to cosmology. For these
MFs, the full shape is important in capturing the informa-
tion (e.g., the first 10 of the thresholds), while much less
information lies in the high-significance tails. This is most
likely due to the noticeably different degeneracy directions
between the lowest bins and the rest (see Fig. 10). On the
other hand, the intermediate and the high threshold bins
seem to be probing similar information. From a practical

FIG. 9. Convergence of the constraints with respect to the
number of simulations. We show the ratio of the 68% confidence
area obtained using a subset of simulations to the constraints
obtained using all available simulations. Top: convergence of the
mean summary statistic. Bottom: convergence of the covariance.
Horizontal dashed lines mark �1%.
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standpoint, this means that we do not necessarily need to
measure the MFs at the highest threholds. We can thus
avoid possible numerical noise that can arise from the low
values in those bins. Moreover, since the sample variance
is the most difficult to capture at the variance levels
corresponding to the most rare, massive clusters, possibly
fewer simulations would be needed to obtain stable
results with respect to the number of simulations
and HMPDF halo mass function discretization settings
when the threshold range is even more limited (e.g.,
to ν∈ fνmin; νmaxg∈ f−σfid; σfidg).

E. Comparison to Fisher forecast

In our analysis, we directly compute the posteriors for
the cosmological parameters through the likelihood com-
putation on a fine grid. This is possible via the suite of
simulations that allow us to build an interpolator and
predict the value of the summary statistics at any other
cosmology. We compare our results to constraints obtained
using the Fisher matrix formalism in order to:
(1) Further cross-check that our results from the suite

are converged.
(2) Determine if Fisher forecasts may be sufficient for

predicting the constraints from the MFs (given how
close the constraints from the MFs are to an
ellipse).

The Fisher matrix Fij for the parameters θi;j, and a
likelihood L, can be written as follows

Fij ¼
�
∂ lnL
∂θi

∂ lnL
∂θj

�
: ð19Þ

The marginalized errors can then be estimated via

σi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF−1Þii

q
ð20Þ

and the 68% Fisher ellipse area using

AFisher ¼ πΔχ2ab; ð21Þ

where a and b can be computed using Eq. (3) and Δχ2 ≈
2.3 for 68% CL More precisely, to compute the Fisher
matrix from simulations assuming a Gaussian likelihood,
we need the derivatives of the mean summary statistic
vectors (x) with respect to parameters θi;j and the inverse
covariance matrix computed at the fiducial cosmology
(Ĉ−1

fid ) using Nfid ¼ 34, 560 simulations and rescaled with
the Hartlap factor, as previously defined in Sec. IV. The
Fisher matrix can then be calculated using

Fij ¼
∂x̄
∂θi

Ĉ−1
fid

∂x̄
∂θj

: ð22Þ

To determine the derivatives, we consider three
setups, where Ωc and σ8 are perturbed one at a time
by 0.5%, 1%, and 3% from their fiducial values (a total of

FIG. 10. Upper: constraints from each of the MFs using a subset of the thresholds over which each is measured (the fiducial threshold
bins are between ν∈ f−1σfid; 3σfidg). For V0, almost all of the constraining power is in the five lowest significance thresholds, while for
V1 and V2, it is in the lowest half of the bins. Lower: each of the MFs at the fiducial cosmology. The vertical (dashed) lines and the
shades of the markers correspond to the intervals considered for the constraints in the upper panel.
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12 cosmologies in addition to the fiducial). We calculate
the derivatives from these simulations using a central
difference scheme:

∂x̄
∂θi

≈
x̄jθ¼θiþδθi

− x̄jθ¼θi−δθi
2δθi

ð23Þ

We compute the Fisher forecasts for the noiseless case,
both for the MFs and the power spectra. It has been shown
in previous works that simulation-based Fisher forecasts
can give overly confident parameter error bars if the
derivatives are not numerically converged, i.e., an insuffi-
cient number of simulations have been used [71,72]. To
check for numerical convergence, we plot the 1σ errors as a
function of the number of simulations in Fig. 11 for the
MFs. We see good convergence for the 1% and 3% cases—
the Fisher error bars are stable with respect to the number of
simulations used to compute the derivatives. In the case of
MFs, the Fisher constraints are also in very good agreement
with the results obtained from using the full suite. In
Fig. 11, we show the Fisher forecast ellipse using the 1%-
variation cosmologies and the contours computed from the
entire suite. The contour areas agree to ≈2% from the two
methods. While the marginalized errors are numerically
converged for the 3%-variation simulations, the Fisher
forecast using these simulations gives overly optimistic
constraints (ellipse area is smaller by ≈15% compared to
the constraints computed using the full suite), suggesting
the derivatives computed using these simulations are not
accurate. As an additional numerical convergence check for
the 1%-variation Fisher simulations, we split the simula-
tions used to compute the derivatives into subsets of 1,700
and 3,412 simulations and compute the Fisher forecast
using these two sets of simulations. From this comparison,
we conclude that the contours computed from the full suite
are consistent with Fisher forecasts. This suggests that in
future work, we can use Fisher forecasts for the MF-based

forecasts instead of generating a full simulation suite if, for
example, we want to compute the forecasts using more
expensive simulations such as hydrodynamical simulations
or N-body simulations with painted pressure profiles.
For the power spectrum case, we do not see the same

numerical convergence with the number of simulations.
One possibility is that the power spectrum has much less
sensitivity to Ωc, as is evident in the shape of the contours
and the degeneracy in the Ωc − σ8 direction. We experi-
ment with discarding some of the power spectrum bins that
lead to the noisiest derivatives but that does not improve
the convergence of the Fisher errors. We compute the
forecast for σ8 alone and find good convergence both as a
function of the number of simulations and across all
δθ ¼ 0.5; 1; 3%. The 1σ unmarginalized error on σ8 is
σσ8 ¼ 0.004, consistent with the suite-based results.

F. Mass range

In addition to the statistical approach, the tSZ effect can
be used to constrain cosmological parameters via cluster
counts. It is therefore interesting to determine whether the
tight constraints obtained via MFs are primarily driven by
halos within a similar range of masses as those that would
be detected in tSZ cluster surveys or by less massive halos,
below the detection threshold. A careful comparison
between cluster count cosmology analyses and the tSZ
MFs, which would incorporate the subtleties regarding
selection functions for cluster surveys, and the marginali-
zation over unknown astrophysics (e.g., modeling the
mass-observable relation for clusters or varying the pres-
sure profile parameters in the tSZ map simulations) is
outside the scope of this paper. Instead, we perform a
simple test to see if the MF-based constraints are predomi-
nantly sourced by the most massive halos in our simu-
lated maps.
To do this, we generate several sets of tSZ maps for

which we restrict the maximum halo mass to a different

FIG. 11. Comparison of the constraints from MFs obtained using the Fisher formalism versus using the full suite of simulations to
compute the confidence contours as described in Sec. IV. From left to right, panels (1) and (2) show the convergence of the Fisher errors
onΩc and σ8 with respect to the number of simulations used to compute the derivatives: the ratio between the error computed usingNsims
as indicated and all 5,112 simulations. The convergence is shown using Fisher cosmologies perturbed by 0.5%, 1%, and 3%. Horizontal
black dashed lines mark �5%. Figure 3 shows the Fisher ellipse (computed for δθ ¼ 1%) and the credible contours computed using the
full suite. The contour areas are in agreement to ≈2%.
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value than the fiducial Mmax ¼ 1016M⊙ and check how
significantly the forecasts are impacted.15 Instead of sim-
ulating several additional full suites, we focus on a Fisher
forecast comparison. As we have shown in the previous
section, a Fisher forecast using MFs is in good agreement
with our results from the full suite. Therefore, we choose to
simulate tSZ maps for only five cosmologies: the fiducial
model and four cosmologies withΩc, σ8 perturbed by�1%
one at a time (see Sec. II for the exact Ωc, σ8 values).
We set the upper mass limit to Mmax ¼ 5 × 1014M⊙,

motivated by the minimum mass in the latest ACT cluster
catalog from Ref. [73]. As with the rest of the forecasts in
this paper, we use 34,560 random realizations at the
fiducial cosmology and 5,112 realizations at the per-
turbed cosmologies. In the upper panel of Fig. 12, we
compare the Fisher constraints obtained using the full
mass range in our fiducial analysis to the one with the
reduced upper limit. We find that the constraints do not
degrade by excluding the most massive halos. In fact, the
Fisher errors somewhat tighten (the Fisher ellipse area is
smaller by ≈18%). We check the convergence of the
results by splitting the simulations used to compute the
derivatives in the Fisher forecast into two separate
batches (1,700 and 3,412 realizations) and computing
the forecasts using each of the sets separately. We find
that the constraints are in good agreement from both sets
of maps, which means that we have a sufficient number of
simulations to compute the derivatives. Similarly, we split
the simulations at the fiducial cosmology in half and
obtain the constraints using each separate half of the
simulations for the covariance estimation. We find that
our results are consistent.

As additional tests, we compute Fisher errors using
additional sets of maps with even more aggressive upper
mass cuts of Mmax ¼ 1013M⊙ and 1012M⊙, which we also
include in Fig. 12. In theMmax ¼ 1013M⊙ case, we see that
the marginalized constraints for ðΩc; σ8Þ weaken by
≈ð58%; 57%Þ, respectively. The total contour area, how-
ever, remains roughly the same (< 1% change). The Fisher
ellipse stretches out in the Ωc direction but tightens along
the σ8 direction. To cross-check this result, we compute the
constraints adding a small amount of noise to the maps
(white noise 0.01 μK-arcmin with no filters applied) as,
realistically, the faint tSZ signal from low-mass halos will
be washed out by noise. In this case, the overall constraints
are indeed worse than those with Mmax ¼ 1016M⊙. For
Mmax ¼ 1012M⊙, we lose roughly half of the constraining
power and the errors on ðΩc; σ8Þ become larger by a factor
of ≈ð3.2; 3.8Þ. We note that the convergence of the Fisher
errors requires more simulations for the cases with lower
maximum halo mass cuts. We still confirm that the size of
the errors converges to within ≈5% as a function of the
number of simulations used for computing the derivatives
(i.e., the convergence test shown in Fig. 11).
We speculate that the improvement in the constraints

when usingMmax ¼ 5 × 1014M⊙ is due to a decrease in the
sample variance when removing the most massive objects
in the maps. To show this, we plot the variances for each of
the MF bins in the right panel of Fig. 12. It can be clearly
seen that the MF variance decreases as we lower the
maximum halo mass. As expected, we observe that the
variance is very similar for the Mmax ¼ 1013M⊙ and
1012M⊙ cutoffs. We show the full absolute covariance
matrices for the four maximum mass cases in Appendix D
(see Fig. 21), which similarly show a reduction in the
amplitude of the off-diagonal terms when using lower
maximum mass cutoffs. We also include the correlation
matrices, which show less correlation across the different
MF bins as the halo mass upper limit is lowered.

FIG. 12. Left: Fisher forecast constraints computed using simulations with a different maximum halo mass. The constraints tighten
when the most massive halos are excluded (dark green). Lowering the maximum mass to 1013M⊙ (cyan) weakens the 1D marginalized
constraints, but does not affect the total Fisher ellipse area. Right: variance for each of the MF bins computed at the fiducial cosmology
using simulations with the different mass cuts. The variance is reduced as the maximum mass is lowered, since the sample variance is
highest for the most massive, rare halos.

15We choose to set a different Mmax rather than computing the
forecast for the most massive halos directly (i.e., settingMmin to a
higher value) to avoid computing MFs over maps with a large
number of zero-value pixels.
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These Fisher forecast tests with different maximum halo
mass bounds have two main takeaways:
(1) The constraints from MFs are driven primarily by

the halo masses below the mass range that is
individually detected in tSZ cluster surveys. In
particular, the constraints improve by ≈1.2× when
we set the maximum mass to Mmax ¼ 5 × 1014M⊙,
and remain roughly the same when we set Mmax ¼
1013M⊙. This suggests that the masses driving the
MF constraints are lower than those that are
directly detected for cluster cosmology analyses.
Joint analyses using tSZ MFs and cluster counts,
therefore, have the potential to achieve even tighter
constraints on the cosmological parameters, since
the two observables probe different halo mass
ranges and can thus be highly complementary to
each other. This conclusion is consistent with what
has been learned about the tSZ power spectrum.
For example, Ref. [20] has found that there is a
lack of correlation between the high-l tSZ power
spectrum and cluster counts, as the two observ-
ables predominantly probe clusters at different
redshift ranges.

(2) Removing the most massive halos improves
the constraints that can be achieved with the tSZ
MFs by reducing the sample covariance, since the
most massive objects have the highest sample
variance. This again is consistent with the results
found for the tSZ power spectrum (e.g., see
Refs. [15,27,74–76]).

We summarize the results from these comparisons in
Table IV. For each of the constraints, we measure the
MFs using 20 bins between ν∈ f−σxfid; 3σxfidg with the
following variances: σ5×10

14

fid ¼ 1.1 × 10−6; σ10
13

fid ¼ 8.2×

10−8; σ10
13þnoise

fid ¼ 9.1 × 10−8; σ10
12

fid ¼ 1.1 × 10−8.

VI. RESULTS: INCLUDING NOISE

A. Minkowski functionals

First, we study the impact of noise on the MFs, which are
the most constraining summary statistic in the noise-
less case.

1. Different experimental setups

We show the effects on the constraints of applying
additional filters to the maps in panel (a) of Fig. 13. As
described in Sec. II, we low- and high-pass filter the tSZ
maps when combining with noise maps. We do this to
avoid any problematic numerical behavior due to the high
noise at the smallest scales and to avoid extrapolation
beyond the l range available in the public SO tSZ noise
power spectra. Since we want the signal maps to contain the
same angular scale range as the noise realizations, we apply
the same filter to both the tSZ maps and the GRFs
generated from the noise power spectra. As shown in
panel (a) of Fig. 13, applying the filter increases the
contour area by a factor of ≈2.3 due to the loss of modes.
In the same plot, we also show the effects of applying a
Fourier-space Wiener filter to noisy maps [see Eq. (5) in
Sec. II]. To obtain the noisy constraints, we combine the
smoothed tSZ maps with a GRF generated from the post-
component-separation tSZ noise power spectra (more
details are included in Sec. II). We apply this filter to
up-weight the scales where the signal is more dominant
and down-weight the scales where the noise is large. For
the SO goal noise levels, the Wiener filter improves the
constraints by a factor of ≈1.1. For these contours,
we compute the MFs using 30 bins between
ν∈ f−3σxfid; 3σxfidg with σSOgoal

fid ¼ 1.9 × 10−6 and

σ
SOgoal without FWiener

l
fid ¼ 3.2 × 10−6. Adding noise makes

the maps more Gaussian and thus the measured MFs
are more symmetric around the zero-value threshold (i.e.,
the tails span similar numbers of negative and positive-
value threshold bins) and broader compared to the noise-
less cases in Fig. 5. We therefore choose to extend the
range of thresholds over which we measure the MFs in
order to capture their full shape.
Next, in panel (b) of Fig. 13, we show the results for

three possible experimental setups: SO baseline, SO
goal, and CMB-S4 noise levels. In each case, we have
applied a corresponding Wiener filter. For these con-
straints, we again compute the MFs using 30 bins between
ν∈ f−3σxfid; 3σxfidg with the following variances:

σSO;basefid ¼ 2.1 × 10−6, σSO;goalfid ¼ 1.9 × 10−6, σCMB-S4
fid ¼

1.7 × 10−6. With CMB-S4-level noise, the MF constraints
are improved by ≈1.6× compared to the constraints using
SO goal noise. The SO baseline noise level gives con-
straints that are ≈0.9× as tight compared to the SO goal
noise level. These results are summarized in Table V.

TABLE IV. We compare the Fisher forecast constraints from
MFs using simulations with different mass ranges. We list the
maximum halo mass, AF (the Fisher ellipse area), A16

F =AF

(comparison to the fiducial constraints with Mmax ¼ 1016M⊙),
and the marginalized errors on Ωc and σ8. We set Mmin ¼
1011M⊙ in all cases. For the noise in the fourth case, we use
0.01 μK-arcmin white noise and apply no filters to the maps. We
find that in the idealized noiseless case, most of the constraining
power of the MFs lies in the lower-mass halos, as the most
massive objects contribute more to the variance than to the signal
(see Sec. V).

Mmax [M⊙] AF × 105 A16
F =AF σσ8 σΩc

1016 3.75 1.0 0.004 0.006
5 × 1014 3.08 1.2 0.003 0.005
1013 3.76 1.0 0.006 0.01
1013 þ noise 5.63 0.7 0.007 0.011
1012 7.42 0.5 0.014 0.02
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2. Smoothing scales

It has been shown in previous works that combining
different smoothing scales can tighten the constraints from
MFs (e.g., [29]). Smoothing has the effect of adding some
spatial or scale information, especially to V0, which
otherwise has none [29]. To test this on our noisy maps,
we compute the MFs on two additional sets of noisy maps
that have been additionally smoothed using a Gaussian
kernel with θFWHM ¼ 5 arcmin and θFWHM ¼ 20 arcmin.
Note that in this case we smooth the total tSZþ noise map.
For these results, we use the SO goal noise power spectra to
generate the noise maps. We show the results in panel (c) of
Fig. 13. The constraints are shown for:

(a) (b)

(c) (d)

FIG. 13. Constraints from MFs (V0, V1, and V2) using various setups in comparison to the results for the noiseless maps (solid
magenta in all panels). We emphasize that these results are computed for 10.5 × 10.5 deg2 maps, not maps covering the expected survey
footprints of upcoming experiments. The panels show, starting from top left: (a) Effects of low- and high-pass filtering on the noiseless
constraints and the impact of the Wiener filter on the noisy constraints for the SO goal experimental setup. (b) Constraints obtained using
MFs on noisy maps for various experimental setups: SO baseline, SO goal, and CMB-S4. (c) Effects of combining MFs measured for
different smoothing scales. (d) Constraints for various levels of white noise.

TABLE V. We compare the constraints from MFs for different
experimental setups, as shown in panel (b) of Fig. 13. The results
here are shown for 10.5 × 10.5 deg2 maps that have been low-
and high-pass filtered, smoothed, combined with noise maps and
Wiener-filtered as described in Sec. II. ASO goal

68 corresponds to the
68% confidence area for the SO goal noise setup to which we
compare the SO baseline and CMB-S4 constraints.

Noise level A68 × 104 ASO goal
68 =A68 σ̂8

SO baseline 9.18 0.9 0.810� 0.011
SO goal 7.92 1.0 0.810� 0.011
CMB-S4 5.07 1.6 0.810� 0.011
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(i) tSZþ noise with a Wiener filter applied [denoted as
SO goal, the same setup as the one in panels (a) and
(b) in Fig. 13 in black solid curve];

(ii) tSZþ noise with θFWHM ¼ 5 arcmin and θFWHM ¼
20 arcmin smoothing applied to the composite map
(denoted as 5’ and 20’);

(iii) constraints from combining the different cases.
We again compute the MFs using 30 bins between

ν∈f−3σxfid;3σxfidg with σSO;5 arcmin
fid ¼ 2.0 × 10−6 and

σSO;20 arcmin
fid ¼ 0.9 × 10−6. When we look at the two addi-

tional smoothing cases (5’, 20’) individually, simply
smoothing the maps only weakens the constraints since
we lose some of the small-scale information. The tightest
constraints are from the fiducial case where simply a
Wiener filter is applied. We find that combining the
Wiener filter case with the 5 or 20 arcmin cases does not
in any notable way improve the constraints over the
Wiener filter constraints. In practice, combining scales
increases the total dimension of the observable data
vector and as such, the size of the covariance matrix
and the number of simulations needed to properly
estimate it. Our current results suggest that the gains
from combining with 5 or 20 arcmin smoothing scales
may not be large enough to be worth pursuing, but it may
be worth testing smaller smoothing scales in future work.
The 68% confidence areas for the different smoothing
cases are listed in Table VI.
The tests using different smoothing scales indicate

that much of the information captured by the MFs is lost
if the maps are smoothed with a Gaussian kernel at
θFWHM ≳ 5 arcmin. In future works, it will be useful to
explore additional smoothing scales, or different filters to
determine which scales the MFs are most sensitive to.

3. White noise

Next, we compute the constraints for three different
white noise levels and show the results in the last panel of
Fig. 13. We perform this exercise to determine the
approximate noise levels at which we recover close to
noiseless results. We use flat (white) noise power spectra,
as opposed to realistic tSZ post-component-separation
noise, to be able to tune the exact noise amplitude in a
simple way. For these tests, we generate the noise maps
assuming a flat power spectrum (recall that the tSZ signal
maps are already beam-convolved with a FWHM ¼
1.4 arcmin beam) and convert them from μK-arcmin to
y-rad units at 150 GHz, as described in Sec. II. We low- and
high-pass filter the maps and apply a Wiener filter. For the
0.1 and 1 μK-arcmin noise levels, we compute the MFs
using 20 bins between ν∈ f−1.5σxfid; 2.5σxfidg, where
σ0.1fid ¼ σ1fid ¼ 1.5 × 10−6. For the 10 μK-arcmin noise
level, we compute the MFs using 20 bins between
ν∈ f−2σ10fid; 2σ10fidg with σ10fid ¼ 1.2 × 10−6. Again, we have
chosen these ranges to capture the shape of the MFs since
the maps are different for these three cases, as can be clearly
seen in Fig. 20.
The credible contours in panel (d) of Fig. 13 show that

the constraints are converging toward the results from the
noiseless maps as the noise level decreases. This can also be
visually seen in Fig. 20 and from the fact that the variance
σ0.1fid ¼ σ1fid ¼ 1.5 × 10−6 is similar to the noiseless case.
The areas of the 68% contours are 0.883 × 10−4,
1.14 × 10−4, and 8.82 × 10−4 for the 0.1, 1, and 10 μK
noise levels, respectively. The ratios between the 68%
contour areas obtained using MFs computed for the noise-
less maps and the different white noise levels are 0.4, 0.3,
0.04 (also listed in Table VII). For the 0.1 and 1 μK-arcmin
noise levels, the contour areas are larger only by ≈3% and
≈33% compared to the noiseless case where a low- and
high-pass filter has been applied [see panel (a) in Fig. 13].
This suggests that for upcoming experiments such as CMB-
S4, which will have ≈1 μK-arcmin noise levels, improved
component-separation techniques (e.g., via combination

TABLE VI. Constraints from MFs for the SO goal noise setup
using different smoothing scales, as described in Sec. VI and
shown in panel (c) of Fig. 13. The results here are shown for tSZ
maps that are low- and high-pass filtered, smoothed with
θFWHM ¼ 1.4 arcmin, combined with noise maps and either
Wiener filtered or additionally smoothed using θFWHM ¼ 5 or
20 arcmin. The bottom four rows correspond to cases in which
MFs measured from several setups are combined. We compare all
the results to ASO goal

68 , which corresponds to constraints from
noisy maps that only include the effects of the θFWHM ¼
1.4 arcmin beam and a Wiener filter (row 1).

Smoothing scale(s) A68 × 104 ASO goal
68 =A68 σ̂8

SO goal 7.92 1.0 0.810� 0.011
5’ 22.6 0.35 0.809þ0.015

−0.014
20’ 60.6 0.13 0.804þ0.036

−0.027
SO goal, 5’ 7.82 1.01 0.810� 0.011
SO goal, 20’ 7.83 1.01 0.810� 0.011
5’, 20’ 22.4 0.35 0.810þ0.015

−0.014
SO goal, 5’, 20’ 7.70 1.03 0.810� 0.011

TABLE VII. Constraints from MFs for various white noise
levels, as described in Sec. VI and shown in panel (d) of Fig. 13.
The results here are listed for 10.5 × 10.5 deg2 tSZ maps that
have been smoothed and combined with white noise maps. We
list the 68% contour area (A68), comparison to noiseless con-
straints (Anoiseless

68 =A68), and the mean value and marginalized
error on σ8 (σ̂8).

Noise
[μK-arcmin] A68 × 104 Anoiseless

68 =A68 σ̂8

0.1 0.883 0.4 0.811þ0.006
−0.005

1 1.14 0.3 0.811� 0.006
10 8.82 0.04 0.810þ0.012

−0.013
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with CCAT-p data [77]) can push the constraints close to
the noiseless scenario.

B. All summary statistics and realistic survey area

We show the noisy results for all the summary statistics
in the left panel of Fig. 14. These are computed using the
SO goal post-component-separation tSZ noise power spec-
tra and include the Wiener filter (i.e., the setup matches the
constraints shown for the MFs in the top two panels of
Fig. 13, plotted in solid black). We find that in the noisy
case, the MFs are still the most constraining observable
(≈1.6× tighter constraints than when using the power
spectrum alone). Combining the MFs and power spectrum
yields ≈1.7× improvement over the power spectrum alone.
We find that the moments, peaks, and minima give worse
constraints than the power spectrum. When combined with
the power spectrum, peaks and minima result in < 10%
improvement over the power spectrum, while moments can
achieve 1.2× tighter constraints than from the power
spectrum alone. When we combine all the statistics, we
achieve a ≈1.8× improvement over the power spectrum
alone. We note that the contours from all summary statistics
combined are somewhat jagged and the relative improve-
ment in constraining power can be ≈1.7× if fewer cosmol-
ogies in the suite are used to compute the likelihood
surface. Nonetheless, we see that the constraints are
primarily driven by power spectrumþMFs with slight
improvement from the other statistics. As the tSZ map
becomes more Gaussian once the noise is added, the MFs
contain less additional information. As described in

Sec. III, MFs can be written in terms of the moments
for a weakly non-Gaussian field. Since we find that the MFs
still perform better than the four moments and better than
the combination of the full set of nine moments as
described in Appendix E, it suggests that even in the
presence SO-like levels of noise, the field is still highly
non-Gaussian. This motivates a derivation of the analytic
form of the MFs to higher-order corrections, which would
allow determination of the exact set of moments needed to
capture the information for the noisy tSZ maps, which
could then be expressed analytically via, e.g., halo model
tSZ polyspectra.
Examining each of the MFs individually, we find that

V1 and V2 are notably more constraining than V0 in the
noisy case and that the combination of the MFs leads to
the tightest results. In the noisy case, however, either
using V1 or V2 results in constraints close to what can be
achieved from combining all three (≈1.4× or 1.5× versus
≈1.6× improvement over the power spectrum). We
find that peaks, minima, and moments are not as con-
straining in the noisy case. This could possibly be due to
noise washing out the peaks that are most sensitive
to cosmology and Gaussianizing the field. Still, we find
that combining the power spectrum with moments
improves the constraints, suggesting that the two are
complementary.
We show the correlation matrix for the noisy maps in

Fig. 15. As expected, the noise significantly reduces
the correlation across the different bins for most of the
observables. We summarize the constraints for all the
summary statistics in Table VIII.
Finally, we scale the results from the power spectrum,

MFs, and moments to a realistic sky fraction fsky ¼ 0.4 to
approximately quantify the size of the parameter error bars
that could be obtained from surveys like SO. Note that we
do not include foregrounds in our simulated maps, apart
from the residual foreground power in the post-component-
separation tSZ noise power spectra, or marginalize over
pressure profile parameters in this analysis. Therefore,
these scaled forecasts represent an approximate idealized
upper limit on how well we could constrain cosmological
parameters with tSZ statistics.
The noisy posteriors hit the prior bounds, as shown in

Fig. 14. This makes scaling the marginalized errors on Ωc
and σ8 computed directly from these posteriors not
entirely accurate. Thus, instead, we compute the margin-
alized error on the best-constrained parameter combina-
tion Σ8 ¼ σ8ðΩc=0.264Þα, where α is the slope of the line
passing through the constraints, determined from the
parameter covariance. The degeneracy directions
vary for the observables: we find α ¼ 0.07 and 0.11 for
the power spectrum and MFs, respectively. Therefore,
it is best to compare how constraining each of the
summary statistics is along its best-constrained
parameter combination. We find Σps

8 ¼ 0.810þ0.006
−0.005 , and

FIG. 14. 68% credible contours obtained using 10.5 ×
10.5 deg2 noisy maps. Noise maps are generated using SO goal
tSZ noise power spectra. The MFs give 1.6× tighter constraints
than the power spectrum. All summary statistics combined
perform 1.8× better than the power spectrum alone. The
corresponding constraints are listed in Table VIII.
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ΣMFs
8 ¼ 0.810� 0.004. Taking the average of the error

bars (due to assymmetry), the MFs give error bars tighter
by ≈33% than the power spectrum. Dividing the errors on
Σ8 by ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16501 deg2=110 deg2

p
≈ 12.2, we find that the

MFs can constrain Σ8 to ≈0.04% precision, while the
power spectrum alone can place an ≈0.06% constraint. We
emphasize again that the proper inclusion of foreground
contamination and marginalization over ICM astrophysics
parameters will weaken these constraints, but nevertheless
it is clear that the tSZ field contains significant cosmo-
logical information.

VII. CONCLUSIONS

In this work, we have studied the cosmological infor-
mation content of several tSZ summary statistics: the power
spectrum, MFs, peaks, minima, and moments. To do this,
we have generated a large suite of simplified tSZ simu-
lations (more than 800,000 maps of size 10.5 × 10.5 deg2

each, with 0.1 arcmin pixels) with varying cosmological
parameters Ωc and σ8. This is the first systematic study of
several beyond-Gaussian tSZ statistics to our knowledge.
Our main findings can be summarized as follows:
Noiseless maps
(1) MFs significantly outperform all the other summary

statistics. Using MFs, we can achieve ∼21× tighter
constraints compared to those obtained from the tSZ
power spectrum, as quantified by the area of the 68%
contour in the Ωc − σ8 plane. The constraints are
driven by the combination of the three MFs—mostly
by V1 and V2—due to their different degeneracies.
Thus, we find that the MFs contain substantial
additional information beyond the one-point PDF
(i.e., since V0 contains the information from the

TABLE VIII. Constraints obtained from different summary
statistics on noisy maps (10.5 × 10.5 deg2): 68% contour area
(A68) in the Ωc − σ8 plane, comparison to the power spectrum
contour area (Aps

68=A68), and the mean value and marginalized
error on σ8 (σ̂8). For the noise maps, we use the SO goal tSZ noise
power spectra, and apply both a low-/high-pass filter and a
Wiener filter.

Observable A68 × 104 Aps
68=A68 σ̂8

Power spectrum 12.3 1.0 0.810þ0.01
−0.009

Peaks 38.6 0.32 0.809� 0.023
MFs 7.92 1.6 0.810� 0.011
Minima 31.0 0.40 0.809� 0.018
Moments 12.2 1.01 0.810þ0.011

−0.01
All combined 6.78 1.8 0.810þ0.01

−0.009
Power spectrum þ peaks 11.7 1.1 0.810� 0.023
Power spectrum þMFs 7.23 1.7 0.810� 0.011
Power spectrumþminima 11.9 1.04 0.810� 0.018
Powerspectrumþmoments 10.6 1.2 0.810þ0.01

−0.009

V0 28.4 0.43 0.810� 0.019
V1 8.48 1.5 0.810þ0.012

−0.013
V2 9.02 1.4 0.811� 0.012

FIG. 15. Correlation matrix for the tSZ statistics measured on noisy maps (the associated parameter constraints are shown in Fig. 14).
The elements correspond to (1) power spectrum (77 bins), (2) peaks (9 bins), (3) MFs (90 bins), (4) minima (7 bins), and (5) moments
(four values). Noise reduces the correlation between the bins for the power spectrum, peaks, MFs, and minima, as well as the cross-
covariance between the different observables.
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one-point function of the field). Combining all
five summary statistics leads to a ∼29-fold im-
provement over the constraints from the power
spectrum alone. Combining each of the four
summary statistics with the power spectrum yields
≈23; 3.4; 1.9; 1.2× improvement for MFs, peaks,
minima, and moments, respectively, over using the
power spectrum alone.

(2) We compute a Fisher forecast for several additional
sets of simulations, which have a lower maximum
halo mass cutoff: Mmax ¼ 5 × 1014; 1013; 1012M⊙.
We find that the MF-based constraints are improved
by ≈1.2× when we exclude the most massive halos,
i.e., those that would be individually detected in tSZ
cluster surveys (Mmax ¼ 5 × 1014M⊙), while the
marginalized errors on Ωc and σ8 tighten by
≈12% and 8%, respectively. Such improvement in
the constraints is likely due to a reduction in the
sample variance from excluding the most massive
halos. This suggests that combined analyses using
tSZ MFs and cluster counts may provide powerful
constraints.

Noisy maps
(1) In the noisy case, MFs again yield the best

constraints, outperforming the tSZ power spec-
trum by a factor of ∼1.6. Combining the five
summary statistics gives a factor of ∼1.8 improve-
ment over the power spectrum alone. Combining
each of the four summary statistics with the power
spectrum gives ≈1.7; 1.2; 1.1; 1.04× tighter con-
straints for MFs, moments, peaks, and minima,
respectively, over using the power spectrum alone.
We note that recently Ref. [40] has similarly
shown that MFs achieve the tightest constraints
compared to peaks, minima, and the one-point
PDF, when applied to weak gravitational lensing
convergence maps from the Subaru Hyper Su-
prime-Cam first-year data.

(2) For the MFs, we show that the results approach the
noiseless case for white noise levels of 0.1 or
1 μK-arcmin at 150 GHz. We also demonstrate that
combining MFs measured with different smoothing
scales does not improve the constraints.

(3) For a realistic fsky ¼ 0.4, we find that the MFs and
power spectrum respectively achieve an ≈0.04%,
and 0.06% error bar on the best-constrained param-
eter combination Σ8 ¼ σ8ðΩc=0.264Þα. Here, α ¼
0.11 and 0.07 for the MFs and power spectrum,
respectively.

We note that there are several simplifying assumptions in
this analysis that would be important to study in follow-
up work:
(1) Varying astrophysical parameters: We fix all param-

eters associated with the ICM gas pressure profiles
and focus only on the sensitivity to cosmological
parameters. In practice, we would need to jointly fit

the astrophysical parameters and cosmological
parameters, since the ICM pressure profile is cur-
rently not well-constrained over the full mass and
redshift range of interest here. It would, therefore, be
interesting and important to see how well these
summary statistics can perform when astrophysical
parameters are allowed to vary and if they can
constrain some of the astrophysical parameters just
as effectively. For example, Ref. [16] used the
different dependence of the variance and skewness
on cosmological and astrophysical parameters to
construct a statistic that cancels out the dependence
on cosmology and can thus be used to constrain the
astrophysical parameters. We can test this breaking
of the degeneracies between ICM physics and
cosmology by applying some of the statistics studied
in this work.

(2) Effects of clustering: We use simplified tSZ simu-
lations that do not account for realistic clustering of
halos in this work. Although clustering effects are
expected to be small for tSZ statistics [15,24,45], it
would be important to quantify this via a direct
comparison with hydrodynamical or N-body
simulations.

(3) Realistic noise: Another simplifying assumption in
our noisy results is that we model both the fore-
ground residuals in the tSZ maps after component
separation and instrumental noise as GRFs using
the estimated tSZ noise power spectra. In practice,
there will be residuals in the maps that are non-
Gaussian and correlated with tSZ signal (e.g.,
cosmic infrared background and point sources).
In order to properly account for these effects, it
will be important to forward model the astrophysi-
cal foregrounds and tSZ signal, processing the
simulated maps through a component separation
pipeline.

(4) Gaussian likelihood assumption and constant
covariance: In this work, we assume a Gaussian
likelihood for all observables. We have performed
some checks on this assumption. As an example, in
the noiseless case, the distribution of the signal
realizations at the fiducial cosmology in most MF
bins are close to Gaussian-distributed. Similarly,
Refs. [78–80] have shown that the Gaussian
approximation is sufficient for many WL NG sta-
tistics. Nevertheless, it is important to directly
quantify the effects of the Gaussian likelihood
assumption on the tSZ constraints via, for example,
simulation-based inference frameworks (e.g.,
[40,81]). Since the tSZ simulations in this work
are very inexpensive, such a comparison is not
impeded by the availability of simulations and can
thus be studied in great detail. Similarly, the effects
of using a cosmology-dependent covariance should
be quantified in future work.
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In summary, our results show that there is significant
non-Gaussian information in the tSZ field, both in the
noiseless and noisy cases. We find that the majority of this
constraining power comes from halos that are not likely to
be individually detected in upcoming tSZ cluster surveys,
so the derived cosmological constraints are complementary
to those found from tSZ cluster counts. This work is an
important step toward characterizing the full information
content of the tSZ field, with many interesting avenues for
follow-up work.
In addition to the software listed in the paper, we also

make use of NumPy [82], SciPy [70], Matplotlib [83], PIXELL,16

and COLORGORICAL [84] throughout this work.
We make some data used in this analysis available

at [85]:
(1) The simulations at the fiducial cosmology and those

with Ωc; σ8 perturbed by �1% for Fisher forecasts.
We share the full fsky ¼ 0.1 maps at the simulated
0.1 arcmin resolution (960 maps for the fiducial
model and 142-144 for the four others).

(2) Fiducial noiseless and noisy summary statistic data
vectors (816; 696 × 5 × 2 ¼ 8, 166, 960 files).

We also make the main analysis pipeline available
at [86]. Due to the large storage requirements for
the full simulation suite, all other simulations can be
provided upon reasonable request to the corresponding
author.
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APPENDIX A: NUMERICAL
CONVERGENCE OF TSZ MAPS

Our tSZ simulations draw the number of halos from a
Poisson distribution by discretizing the halo mass function
into bins of redshift and mass. Since the tSZ signal is
dominated by the most massive halos, we must determine
how many simulations are needed to capture the associated
sample variance and if the mass function discretization
settings are sufficient, before running the suite of different
cosmologies. To do this, we simulate 5,184 maps using
different choices for the number of bins in redshift (Nz) and
mass (NM) and look at the mean of each of the five
summary statistics with respect to the number of simu-
lations, Nsims.
The top panel in Fig. 16 shows the angular power

spectrum values for 3 of the 159 linearly spaced l bins
centered between l ¼ f50; 7950g, which are consistent
between Nz ¼ NM ¼ 150 and Nz ¼ NM ¼ 200 at Nsims ∼
5; 000 within the standard errors.
In the second and third panels, we show the results for

peak and minima counts. We determine the fiducial peak-
count bin definitions by taking a realization of a single tSZ
map and binning the peaks into 10 bins in such a way that
every bin has an equal number of peaks. We merge the two
highest-significance bins to ensure the peak counts are
consistent within the standard errors for the three highest-
precision numerical settings and end up with a total of 9
bins in our fiducial setup. We check the three highest-
precision numerical settings for this bin because of the
more significant variation across different numerical set-
tings compared to other observables. We show the first,
fifth, and the last histogram bin in the figure. We see that
the peak counts for the highest bin are significantly
different when low values for Nz and NM are used, but
converge to the same mean for the higher values of Nz
and NM.
Similarly, the bottom panel includes the results for

minima counts. Since minima represent “valleys” in the
tSZ field rather than possibly individual halos, we do not
see such substantial effects. We follow a similar approach
of determining 10 bins with equal number of minima and
merging the bins to ensure convergence of the mean
between Nz ¼ NM ¼ 150 and Nz ¼ NM ¼ 200. We adopt
7 bins in our fiducial setup, three of which are shown in the
figure. To further illustrate the effects of numerical dis-
cretization, in Fig. 17 we plot the peak and minima counts
for 100 linearly spaced bins between f−0.75; 3gσfid and
f−1; 0.5gσfid, respectively. The peak histogram clearly
shows wiggles in the high-significance tail due to insuffi-
cient discretization at low values of Nz and NM.

16https://github.com/simonsobs/pixell
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FIG. 16. Convergence of the mean of the different statistics with respect to the number of simulations and discretization of the halo
mass function (i.e., Nz and NM correspond to the number of bins in redshift and mass, respectively). Top: angular power spectrum at
l ¼ 200, 1000, 7000 as a function of the numerical settings. Middle: the convergence of some of the fiducial bins for peak counts. Note
the discrepancy in peak counts for low Nz and NM. Bottom: convergence of the minima counts.

FIG. 17. We show the finely binned peak (minima) histograms in the left (right) panel (100 linearly spaced bins). Note the numerical
wiggles in the high-significance peak count bins when the halo mass function is not sufficiently discretized (i.e., when using low
Nz and NM).
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For theMFs (Fig. 18), we showone bin for each ofV0,V1,
andV2.We check that all the bins for eachV0,V1, andV2 are
consistent between Nz ¼ NM ¼ 150 and Nz ¼ NM ¼ 200
within one or two standard errors. We also show the
convergence for some of the moments (Fig. 18) and check
that they are converged to the same mean. Based on these
results,weadopt thenumerical settingsNz ¼ NM ¼ 150and
conclude that ∼5000 maps suffices for each cosmology.
Additionally, we compare the power spectra computed

from the maps generated at different resolutions to

determine the lowest map resolution that we can use
without losing the accuracy of the signal, given the
θFWHM ¼ 1.4 arcmin beam smoothing, which we apply
in all the forecasts. The left panel in Fig. 19 shows the ratios
for power spectra computed from several sets of maps at
different resolutions compared to the power spectrum at
0.05 arcmin resolution. For this comparison, we use 300
realizations of ∼10 × 10 deg2 maps, remove the square
pixel window function, and multiply each power spectrum
by the mean of the apodization mask, or

P
n¼N
n¼1 MðnÞ=N,

FIG. 18. Convergence of the mean value of MFs and moments with respect to the number of simulations and the discretization of the
halo mass function (i.e., Nz and NM correspond to the number of bins in redshift and mass, respectively).

FIG. 19. Validation of the simplified tSZ simulations via power spectrum comparisons. The black (gray) dashed lines indicate 1%
(2.5%) difference levels. Left: The ratio between the average of 300 power spectra computed from maps with different resolutions to the
power spectrum from the maps at 0.05 arcmin resolution, when smoothed using a Gaussian kernel with θFWHM ¼ 1.4 arcmin. Right:
Comparison of the estimated power spectra for our fiducial cosmology to that computed from the halo model code CLASS_SZ. The power
spectra are estimated using 5,112 realizations of 10.5 × 10.5 deg2 maps.
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where M is the apodization mask value at each pixel n and
N is the total number of pixels in the given map (i.e.,
approximating that there is an equal suppression of power
across all scales due to the apodization mask). We have
checked that this simple multiplicative factor is sufficient in
this case by comparing to the power spectra estimated with
the full MASTER pseudo-Cl approach for masked fields
implemented in NaMaster [87].17 Based on the results in
Fig. 19, we conclude that 0.1 arcmin resolution is
sufficient.
To check the accuracy of the simulated tSZ signal, we

compare the power spectrum from the maps against the
halo-model code CLASS_SZ [12,22,27,52,53]. In this com-
parison, we show the results averaged over 5,112 map
realizations. We divide out the pixel window function,
account for the apodization mask, and multiply the theo-
retical halo model prediction by the same Gaussian beam.
The power spectra are in good agreement (close to percent
level at most l) as shown in the right panel of Fig. 19.

APPENDIX B: WHITE NOISE

In Fig. 20, we show tSZ maps combined with different
levels of white noise (see Sec. II for a description).

APPENDIX C: ADDITIONAL NOISELESS
CONSTRAINTS TESTS

In addition to testing the stability of the noiseless
constraints to the number of simulations used for the
covariance or mean summary statistic estimations
described in Sec. V C, we test the constraints against
interpolation errors and fiducial binning choices.
We check that the errors from interpolating the summary

statistics at the cosmologies where we do not have
simulations are negligible. We do this by testing the
accuracy of the interpolator by excluding the fiducial

cosmology in its construction (i.e., using 153 cosmologies)
and checking the difference in the predicted observable
values versus those measured directly from the fiducial
cosmology. We find that the difference between interpo-
lated and true values are all < 0.03σ with a median of
0.01σ, where σ refers to the rms in each observable bin. We
also check that the contours remain the same if we only use
a subset of cosmologies. For example, we compute the
contours using only 102 cosmologies from the initial LH
suite (see Sec. II) and confirm that the contours remain the
same (i.e., ∼1% difference in contour area in the case of
using all summary statistics combined). With these tests,
we conclude that any errors from interpolation are minor.
We check how stable our results are to binning choices

for the MFs, peaks, and minima. For peaks and minima, we
do so by computing the constraints using different bin
edges. For this exercise, we keep the outermost bins the
same (e.g., ½−100;−0.3;…1; 1000�σfid), while combining
or splitting the rest of the bins. We find that for peaks, the
results remain stable and almost the same regardless of the
number of bins (< 1% difference using 30 or 16 versus 9
bins, and ∼7% change when using 4 bins). The contour
area is only significantly impacted when we use a single bin
for the peak counts. For the minima counts, using 4, 12, or
22 bins similarly leads to small differences in the area:
∼18%; 3%, and 4% increase, respectively. The contour
sizes are most stable for 12 and 22 bins. For the MFs, we
find that the areas are stable when increasing the number of
bins to 50, 80, or 100. From these tests, we conclude that
the constraints presented in Sec. V are stable to these
choices.

APPENDIX D: DIFFERENT MAXIMUM MASS
CUTOFFS: COVARIANCE AND CORRELATION

MATRICES

In Fig. 21, we show the correlation and absolute values
of the covariance matrices for the MFs computed from
simulations with different maximum halo mass cutoffs, as

FIG. 20. Simulated tSZ map combined with a Gaussian random field generated from a flat (white) power spectrum with noise levels
corresponding to 10, 1, and 0.1 μK-arcmin at ν ¼ 150 GHz. In the cases of 1 or 0.1 μK-arcmin white noise, the field closely resembles
the noiseless map.

17https://github.com/LSSTDESC/NaMaster
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studied in Sec. Vand in Fig. 21. Both correlation across the
MF bins and the total covariance are lowered when the
most massive halos are excluded from the maps.

APPENDIX E: ADDITIONAL MOMENTS

The full set of moments required to write down the
perturbative expansion of the MFs up to second order in
variance consists of nine moments. In the main text, we
have restricted our results to a total of four moments by
including only one cubic and one quartic moment due to
possible lack of convergence of the rest of the cubic and
quartic moments (S0, S2, K0, K2, K3):

S0 ¼ hy3i; S2 ¼ hj∇yj2∇2yi ðE1Þ

K0 ¼hy4i; K2¼hy∇2yj∇yj2i; K3¼hj∇yj4i ðE2Þ

In Fig. 23, we show an example convergence plot for one
of these moments, K2, for three cosmologies: fiducial and
those with σ8 and Ωc increased by a factor of 1.2. In these
plots, we show the convergence of the mean value using
34,560 simulations for the fiducial and 15,552 for the
example cosmologies. The plot shows that K2 value is
likely unconverged using 5,112 sims at each of the
cosmologies in the suite. For completeness, we include a
table with the values for the rest of these moments at the

FIG. 22. Same as Fig. 6 for the additional two cubic and three quartic moments.

FIG. 21. Top: correlation matrices computed for the fiducial cosmology (34,560 realizations) using simulations with different
maximum halo mass cutoffs. Excluding massive halos reduces the correlation between the MF bins. Bottom: absolute covariance
matrices for the different mass cutoffs. The covariance is similarly reduced as the maximum halo mass used in the simulation is lowered.
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FIG. 23. Convergence of the K2 moment as a function of the number of simulations for three different cosmologies: fiducial and two
example cosmologies with σ8 and Ωc parameters increased by 1.2×. We show the mean at each number of simulations (dashed gray),
and the mean at the maximum number of simulations, Nfid ¼ 34; 560 and Nsim ¼ 15; 552 (black solid). The vertical line corresponds to
5,112 simulations, which is the number of simulations used for the mean value of the summary statistics at all cosmologies except the
fiducial.

TABLE IX. Same as Table II, but for the five additional moments not considered in the main text.

S0 × 10−17 S2 × 10−22 K0 × 10−21 K2 × 10−26 K3 × 10−25

Fiducial 5.74 −8.19 4.18 −7.52 1.10
1.2 × σ8 41.7 −60.9 53.1 −97.5 13.9
ασ8 10.9 11.0 13.9 14.1 13.9
1.2 × Ωc 6.07 −8.59 4.06 −7.69 1.15
αΩc

0.3 0.3 −0.2 0.1 0.2

TABLE X. Summary of the constraints obtained using nine moments in both the noiseless and noisy cases.

Observable A68 × 104 Aps
68=A68 σ̂8

Noiseless
σ0, σ1 16.9 0.46 0.81þ0.011

−0.01
σ0, σ1, S0 16.9 0.46 0.81þ0.011

−0.01
σ0, σ1, S0, S1 12.6 0.62 0.81þ0.011

−0.01
σ0, σ1, S0, S1, S2 12.5 0.63 0.81� 0.01
σ0, σ1, S0, S1, S2, K0 12.1 0.65 0.81� 0.01
σ0, σ1, S0, S1, S2, K0, K1 9.96 0.79 0.81þ0.011

−0.01
σ0, σ1, S0, S1, S2, K0, K1, K2 9.94 0.79 0.81þ0.011

−0.01
σ0, σ1, S0, S1, S2, K0, K1, K2, K3 9.86 0.79 0.81� 0.01
Noisy
σ0, σ1 18.3 0.67 0.809þ0.012

−0.01
σ0, σ1, S0 18.3 0.67 0.809þ0.012

−0.01
σ0, σ1, S0, S1 14.1 0.87 0.810þ0.011

−0.01
σ0, σ1, S0, S1, S2 13.2 0.93 0.810� 0.011
σ0, σ1, S0, S1, S2, K0 13.2 0.93 0.810þ0.011

−0.01
σ0, σ1, S0, S1, S2, K0, K1 11.9 1.04 0.810þ0.011

−0.01
σ0, σ1, S0, S1, S2, K0, K1, K2 11.2 1.1 0.810� 0.011
σ0, σ1, S0, S1, S2, K0, K1, K2, K3 11.1 1.1 0.810� 0.011
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three cosmologies and a plot of their scalings with
cosmological parameters in Table IX and Fig. 22, similar
to what we have shown in Sec. V.
In Table X, we summarize the results we obtain when we

include these additional moments both in the baseline
noiseless and noisy cases. We also show the constraints for
each moment individually, except σ0, which is not con-
straining on its own. In the noiseless case, we find that by
including all nine moments, we still obtain constraints
weaker than those from the power spectrum, with
Aps
68=A68 ¼ 0.79. But the constraints are ≈1.1× tighter than

when using only the four moments considered in the main
text. In the noisy case, we find that the constraints from all
moments are ≈1.1× better than the power spectrum alone
and ≈1.1× better than when using just the four moments.

Looking at the moments individually, we see that in the
noiseless case, the constraints are improved the most by
inclusion of each new higher-order moment of the deriv-
atives (e.g., when S1 or K1 are added), while adding
additional higher-order moments with or without the
derivatives has a less substantial effect. In the noisy case,
we see similar behavior, but adding additional higher-order
moments of the derivatives has larger effects (e.g., adding
S2 or K2). In the future, it may be advantageous to explore
various ways of Gaussianizing the tSZ field by applying a
nonlinear transformation to the maps before measuring
these moments to more easily reach convergence of their
mean values and take advantage of the additional con-
straining power from these moments (e.g., [88,89]). We
leave this exploration to follow-up work.
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