
Gluon contribution to the angular momentum distribution
of a dressed quark state

Asmita Mukherjee ,* Sudeep Saha ,† and Ravi Singh ‡

Department of Physics, Indian Institute of Technology Bombay, Powai, Mumbai 400076, India

(Received 5 December 2024; accepted 22 April 2025; published 12 May 2025)

We compute the contribution of the gluonic component of the energy-momentum tensor (EMT) to the
angular momentum (AM) density in various decompositions. We use the light-front Hamiltonian technique,
and a two-component formalism in light-front gauge, where the constrained degrees of freedom are
eliminated. Instead of a nucleon,we consider a simple composite spin-1=2 state, namely a quark dressedwith
a gluon. We present two-dimensional light-front distributions in transverse impact parameter space and
compare the different angular momentum decompositions at the density level. Incorporating also the
contribution coming from the quark part of the EMT, we verify the spin sum rule for such a state.
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I. INTRODUCTION

Understanding the spin structure of a nucleon has been a
major challenge in hadron physics. Over three decades ago,
the quark model provided a simple, nonrelativistic, con-
stituent-based explanation for proton spin [1,2]. However,
the European Muon Collaboration’s deep-inelastic scatter-
ing experiments revealed that quark spin contributes only a
small fraction to the proton’s spin [3–6]. With the advent of
QCD, it was thought that the rest of the nucleon spin could
come from the intrinsic spin of the gluons. However, even
the gluon spin measured through different experiments
could not account for the total proton spin [7–13]. These
findings show that the nucleon is a highly relativistic bound
state, with its spin arising largely from the interactions
among its constituents, rather than solely the result of the
intrinsic properties of its constituents. Therefore, a signifi-
cant fraction of the spin budget has to be accounted for by
the orbital angular momentum (OAM) of both quarks and
gluons. Present experiments like JLab 12 GeV [14] and the
upcoming Electron-Ion Collider at Brookhaven National
Lab [15] aim to measure the OAM and spin of all partons
with increased accuracy; this will help us understand the
origin of proton spin. On the theory side, for a long time,
issues like gauge invariance of the spin decomposition
of the nucleon puzzled researchers. With significant

advancement in the past decade, this issue now has been
resolved [16]. The quark-gluon interactions, as well as the
intrinsic transverse motion of the quarks and gluons, play a
major role in the spin of the nucleon. In fact, the decom-
position of the nucleon spin-1=2 into orbital and intrinsic
parts coming from quarks and gluons is not unique. For a
long time, Ji [17] and Jaffe-Manohar (JM) [18] decom-
positions were used in this context. The Jaffe-Manohar
approach gives the decomposition of spin into intrinsic and
orbital parts coming from quarks and gluons. This has a
partonic interpretation but it is not gauge-invariant, while
Ji’s method is gauge-invariant but doesn’t separate the
contribution of the gluon into spin and orbital parts. Ji’s
method is an improvement upon the longest-known
Belinfante decomposition [19–21] which only decomposes
proton spin into total angular momentum of quarks and
gluons, each gauge-invariant. Recent advances suggest that
by introducing the physical component of the gauge field,
both Ji’s and JM’s decompositions can be made gauge-
invariant and complete, resulting in two distinct classes of
decomposition, that are called canonical and kinetic,
respectively [16,22–26]. This gauge-invariant extension
of angular momentum decomposition is essential in relat-
ing the theoretical quantities to experimental observables.
A thorough overview of these decompositions, including
the related theoretical challenges and their solutions, and
the latest developments, are provided in [16,27].
While collider experiments and theoretical developments

have provided valuable insights into the origin of nucleon
spin, most efforts have focused on integrated quantities,
such as the total spin and the orbital angular momentum
contributions of quarks and gluons. Little attention has
been given to how these quantities are distributed spatially
inside the nucleon. For instance, all the aforementioned
decompositions differ from each other by the addition of
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boundary terms or what are also called superpotentials. In
the integrated quantities, these do not contribute. However,
the presence of superpotentials can affect the different
decompositions of the nucleon spin at the density level. In
particular, total angular momentum densities computed
using different decompositions do not agree with each
other in the absence of superpotentials [28,29]. So it is
interesting to investigate the role of superpotentials at
the density level. In the literature, spatial distributions
of angular momentum are typically constructed in two
different frames in order to give them a probabilistic or
density interpretation. The first involves calculating three-
dimensional distributions in the Breit frame, but these
require relativistic corrections unless the nucleon is
assumed to be infinitely massive [30,31]. The alternative
approach is to construct two-dimensional distributions
within the light-front framework, which, due to Galilean
symmetry in the plane transverse to the direction of motion
in the light-front approach, are free from relativistic
corrections. This gives the picture of nucleon spin distri-
bution in the impact parameter space. A phenomenological
way to study the spatial distribution of angular momentum
is through the generalized parton distributions (GPDs)
which play a vital role in the hard exclusive reactions like
deeply virtual Compton scattering and deeply virtual
meson production [32–37]. GPDs do not have a probabi-
listic interpretation. However, when the momentum transfer
in the process is purely in the transverse direction, the
Fourier transform of GPDs with respect to transverse
momentum transfer gives access to the impact-parameter
distribution of partons. Such impact-parameter distribu-
tions have a probabilistic interpretation [38] and their
moments give various gravitational form factors which
are essential in studying the distribution of energy, pres-
sure, shear, and also angular momentum in nucleons
[39–42]. Superpotential terms that link different decom-
positions of angular momentum influence the relationship
between the Fourier transform of the GPDs in impact
parameter space and the angular momentum distributions in
the transverse plane.
Different definitions of the angular momentum distribu-

tions were investigated in [28,29] using a scalar-diquark
model, and it was shown that when all the superpotential
terms are included, the total angular momentum distribu-
tion is the same for Belinfante and Ji decomposition.
Distributions of quark angular momentum have also been
studied in a light-front quark-diquark model using soft wall
AdS/QCD [43] and in the Basis Light Front Quantization
(BLFQ) framework [44]. Although a few model-dependent
studies have been conducted on understanding the effect of
superpotential terms on the nucleon spin decomposition
problem, they lack two important ingredients. First is that
none of these models have a gluonic degree of freedom;
because of which contribution of the gluon to the angular
momentum or its distributions cannot be calculated in these

models. Secondly, due to the absence of gluons in these
models, it is not possible to verify the integrated spin sum
rule for any of the decompositions, where the gluon
contribution plays an important role. Only very recently
have several spectator models been proposed to explore
gluon parton distributions [45–49], but none of them have
discussed the effect of superpotential terms to the distri-
bution of gluon angular momentum. This is partially due to
the absence of a direct observable, unlike the quark spin
density, which can be linked to the axial-vector form factor.
This is not solely due to the gluon’s color-gauge-variant
nature, as even color-gauge-invariant quantities, like quark
spin density in a world without weak interaction, would be
unobservable without an external probe [50]. Observability
depends on the existence of an external probe that couples
to the quantity, not just gauge invariance. Also, in spectator-
type models for the nucleon, it is very difficult to satisfy the
momentum sum rule [51] as well as the spin sum rule [52].
This is because, in most spectator-type phenomenological
models for the nucleon, the model parameters are fitted
using the data on form factors and parton distributions.
Due to a multitude of complexities associated with

including a gluon in a model for the nucleon, in this work
we consider a simpler, relativistic, composite spin-1=2
state, namely a quark dressed with a gluon at one loop
in QCD, using which we can perturbatively calculate the
contribution of both quark and gluon OAM and spin
density [53,54]. We have recently utilized this state to
study pressure and shear distributions related to gravita-
tional form factors [55,56]. We compute spatial distribu-
tions on the light front using overlaps of light-front wave
functions (LFWFs) within the framework of light-front
Hamiltonian perturbation theory. One key advantage is that
the LFWFs for this state can be calculated analytically
using the light-front QCD Hamiltonian, incorporating
complete quark-gluon interactions up to one loop [57].
These LFWFs are boost-invariant since they are expressed
in terms of internal coordinates, which are independent of
the reference frame [58]. We adopt the two-component
formalism from [59], where constrained degrees of freedom
are eliminated in the light-front gauge using constraint
equations. This enables the analytical calculation of matrix
elements for all components of the energy-momentum
tensor (EMT) relevant to angular momentum distributions.
Additionally, the Galilean nature of the transverse boost in
light-front dynamics allows for a clear separation between
the dynamics of the center of mass and the internal
dynamics when calculating the longitudinal component
of angular momentum [60]. In the previous work [61],
we computed the spatial densities of total angular momen-
tum coming from the quark part of the EMT. We
observed that these densities, when calculated using differ-
ent decompositions, do not agree. We also calculated the
missing superpotential term in the dressed quark state
which is responsible for this disparity. In this work, we
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present the spatial densities of various angular momentum
decompositions coming from the gluon part of the EMT,
and by combining the results of both papers, we verify the
integrated spin sum rule for each of the decompositions.
The paper is arranged in the following manner: In Sec. II,

we review the different decompositions of angular momen-
tum density in the literature; in Sec. III, we define angular
momentum densities in the front form; in Sec. IV, we
describe the two-component formalism and a dressed quark
state in the light-front Hamiltonian approach; in Sec. V, we
present the calculation of angular momentum densities in
the front form; in Sec. VI, we verify the spin sum rules.
Numerical results are given in Sec. VII and the conclusion
in Sec. VIII.

II. ENERGY-MOMENTUM AND GENERALIZED
ANGULAR MOMENTUM TENSORS

The Lorentz transformation affects a multi component
field in two ways: by shifting the space-time coordinates on
which the fields depend and by mixing different compo-
nents of fields among each other. By virtue of Noether’s
theorem, requiring the field theory to be invariant under this
transformation leads to a conserved current, identified as
the generalized angular momentum tensor (Jμνρ). Similarly,
invariance under space-time translations yields another
conserved current, the EMT. These tensors are related to
each other,

Jμνρ ¼ xνTμρ − xρTμν þ Sμνρ ¼ Lμνρ þ Sμνρ; ð1Þ

where Tμν, Lμνρ, and Sμνρ denote the EMT, OAM and
intrinsic spin angular momentum tensor, respectively. In
QCD, multiple decompositions of EMT are possible. This
in turn leads to nonuniqueness in the way that the angular
momentum of a nucleon is shared among its constituents,
i.e., quarks and gluons.
The QCD Lagrangian can be written as

LQCD ¼ ψ̄

�
i
2
γμ ∂

↔
μ −m

�
ψ þ gψ̄γμAμψ

−
1

2
Tr½GμνGμν�; ð2Þ

where ∂

↔
μ ¼ ∂⃗

μ − ∂⃖
μ and the field strength is Gμν ¼

∂
μAν

a − ∂
νAμ

a − ig½Aμ
a; Aν

b�. We begin with the Belinfante-
improved EMT [19,20] which can be derived from this
Lagrangian by considering the EMT as a conserved current
under local space-time translations [62],

Tμν
Bel ¼ Tμν

Bel;q þ Tμν
Bel;g

¼ 1

4
ψ̄ðγμiD↔ ν þ γνiD

↔
μÞψ − 2Tr½GμλGν

λ�; ð3Þ

where D
↔

μ ¼ ∂

↔
μ − 2igAμ for derivatives acting on quark

fields. Tμν
Bel is symmetric and gauge-invariant. Another

rigorous way to obtain the Belinfante EMT is through
functional variation of an action of QCD coupled to a
weak external gravitational field with respect to the
metric [42,63]. Using this EMT, we can find an expression
for the angular momentum density that is also symmetric
and gauge-invariant,

JμνρBel ¼ xνTμρ
Bel − xρTμν

Bel

¼ 1

4
ψ̄γμx½νiD

↔
ρ�ψ þ 1

4
x½νψ̄γρ�iD

↔
μψ

− 2Tr½Gμλx½νGρ�
λ �: ð4Þ

Due to the symmetric nature of the EMT, the spin of the
nucleon can only be decomposed into the total angular
momentum contributions from quarks and gluons. These
contributions cannot be further broken down into orbital
and spin parts because the antisymmetric component of the
EMT, which is associated with spin density, is absent in
the EMT,

∂μJμαβ ¼ 0 ⇒ ∂μðLμαβ þ SμαβÞ ¼ 0 ⇒ ∂μLμαβ

¼ −∂μðSμαβÞ ⇒ Tαβ − Tβα ¼ −∂μðSμαβÞ: ð5Þ

Nonetheless, it is possible to further decompose the total
angular momentum coming from the quark part into orbital
and spin contribution by the subtraction of a boundary term
or what are also called superpotentials. This procedure
gives a new decomposition known as kinetic EMT [17],

Tμν
kin ¼ Tμν

Bel −
1

2
∂λS

λμν
q ¼ Tμν

kin;q þ Tμν
kin;g ð6Þ

¼ 1

2
ψ̄γμiD

↔
νψ − 2Tr½GμλGν

λ�; ð7Þ

where Sλμνq ¼ 1
2
ϵλμνρψ̄γργ5ψ . Ji proposed the use of asym-

metric EMT and angular momentum tensor

Jμνρkin ¼ Lμνρ
kin;q þ Sμνρkin;q þ Jμνρkin;g

¼ 1

2
ψ̄γμx½νiD

↔
ρ�ψ þ 1

2
ϵμνρσψ̄γσγ5ψ

− 2Tr½Gμλx½νGρ�
λ �: ð8Þ

Using Eqs. (4) and (8), it can be shown that the Belinfante
and kinetic decompositions are related as

JμνρBel;q −Mμνρ
q ¼ Lμνρ

kin;q þ Sμνρkin;q; JμνρBel;g ¼ Jμνρkin;g; ð9Þ

where Mμνρ
q ¼ 1

2
∂λ½xνSλμρq − xρSλμνq �.

However, even in the kinetic decomposition, the total
angular momentum coming from the gluon part of the EMT
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is not decomposed further. It is because of the absence of an
antisymmetric part in the gluon EMT that is associated with
the total derivative of the gluon spin density. This can be
remedied by subtraction of a superpotential corresponding
to gluon

Tμν
kin;g − 2∂λTr½GμλAν� ¼ −2Tr½Gμλ

∂
νAλ� − gψ̄γμAνψ ; ð10Þ

where we have used the relation Gν
λ ¼ ∂

νAλ − ∂λAν −
ig½Aν; Aλ� ¼ DνAλ − ∂λAν since DνAλ ¼ ∂

νAλ − ig½Aν; Aλ�
for derivatives acting on gluon fields and the QCD equation
of motion

2Tr½DλGμλAν� ¼ −gψ̄γμAνψ : ð11Þ

Thus, subtracting a superpotential from the full kinetic
EMT, we get

Tμν
kin − 2∂λTr½GμλAν� ¼ 1

2
ψ̄γμi∂

↔
νψ − 2Tr½Gμλ

∂
νAλ�

¼ Tμν
can;q þ Tμν

can;g ¼ Tμν
can; ð12Þ

where Tμν
can is the canonical EMTwhich was first proposed

by Jaffe-Manohar [18]. The term gψ̄γμAνψ gives rise to the
potential angular momentum [64–66]. Similar to the
Belinfante EMT, the canonical EMT can also be obtained
directly by using Noether’s theorem but now by demanding
invariance under global instead of local space-time
translations [62]. Nonetheless, the calculation shown above
illuminates the fact that different EMTs are related by
superpotential terms. The generalized angular momentum
tensor obtained from canonical EMT given in Eq. (12) is

Jμνρcan ¼ Lμνρ
can;q þ Sμνρcan;q þ Lμνρ

can;g þ Sμνρcan;g

¼ 1

2
ψ̄γμx½νi∂

↔
ρ�ψ þ 1

2
ϵμνρσψ̄γσγ5ψ − 2Tr½Gμλx½ν∂ρ�Aλ�

− 2Tr½Gμ½νAρ��: ð13Þ

Comparing the kinetic and canonical decompositions we
get

Lμνρ
can;q þ Pμνρ

q ¼ Lμνρ
kin;q;

Jμνρkin;g þMμνρ
g ¼ Lμνρ

can;g þ Sμνρcan;g; ð14Þ

where Pμνρ
q ¼ gψ̄γμx½νAρ�ψ is the potential angular momen-

tum and Mμνρ
g ¼ −2∂λTr½Gμλx½νAρ�� is the superpotential

associated with gluon.
Although a complete decomposition of angular momen-

tum is obtained using the canonical EMT, it is not gauge-
invariant because it contains an ordinary derivative
instead of a covariant one. To decompose the gluon part
of EMT in a gauge-invariant way, one can follow the
covariant formulation proposed by Wakamatsu [25]. It is

based on the idea of decomposing gluon fields into two
parts [22,23],

Aμ ¼ Aμ
pure þ Aμ

phys; ð15Þ

where Aμ
pure is a pure-gauge term that transforms like the

full gauge potential and has a null field strength

Gμν
pure ¼ ∂

μAν
pure − ∂

νAμ
pure − ig½Aμ

pure; Aν
pure�

¼ Dμ
pureAν

pure − ∂
νAμ

pure ¼ 0; ð16Þ

and Aμ
phys is the physical part that transforms covariantly.

The gauge transformation properties of the two parts are:

Aμ
pure ⟶ U

�
Aμ
pure þ i

g
∂
μ

�
U−1;

Aμ
phys ⟶ UAμ

physU
−1: ð17Þ

Two decompositions of EMT—gauge-invariant canonical
(gic) and gauge-invariant kinetic (gik)—are obtained using
this procedure, each of which decomposes the nucleon spin
into five components: spin and OAM of quarks and gluons
and potential angular momentum. The Chen et al. or gic
decomposition is a gauge-invariant extension (GIE) of the
canonical decomposition and it is given as

Tμν
gic ¼ Tμν

gic;q þ Tμν
gic;g

¼ 1

2
ψ̄γμiD

↔
ν
pureψ − 2Tr½GμλðDν

pureA
phys
λ Þ�; ð18Þ

where Dμ
pure ¼ ∂

μ − 2igAμ
pure and Dμ

pureA
phys
λ ¼ ∂

μAphys
λ −

2ig½Aμ
pure; A

phys
λ �. Using this EMT, we obtain the gauge-

invariant canonical angular momentum tensor,

Jμνρgic ¼ 1

2
ψ̄γμx½νiD

↔ ρ�
pureψ þ 1

2
ϵμνρσψ̄γσγ5ψ

− 2Tr½Gμλx½νDρ�
pureA

phys
λ � − 2Tr½Gμ½νAρ�

phys�: ð19Þ

The canonical and gic decompositions are also related by a
superpotential,

Tμν
gic ¼ Tμν

can þ 2∂λTr½GμλAν
pure�; ð20Þ

Jμνρgic ¼ Jμνρcan þ 2∂λTr½Gμλx½νAρ�
pure�: ð21Þ

The gik EMT, i.e., GIE of kinetic decomposition [24,25],
can be obtained from the gic EMT just by subtracting
gψ̄γμAν

physψ , i.e., the potential momentum, from the quark
part and adding it to the gluon part using the QCD equation
of motion. The EMT and generalized angular momentum
tensor is thus given as
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Tμν
gik ¼

1

2
ψ̄γμiD

↔
νψ þ 2Tr½ðDλÞGλμAν

phys�
− 2Tr½GμλðDν

pureA
phys
λ Þ�; ð22Þ

Jμνρgik ¼ 1

2
ψ̄γμx½νiD

↔
ρ�ψ þ 1

2
ϵμνρσψ̄γσγ5ψ

− 2Tr½Gμλx½νDρ�
pureA

phys
λ − ðDλGλμÞx½νAρ�

phys�
− 2Tr½Gμ½νAρ�

phys�: ð23Þ

In summary, the decompositions can be divided into two
categories, kinetic and canonical [16]. The kinetic class
includes Belinfante, Ji, and Wakamatsu decomposition.
The canonical class includes Jaffe-Manohar and Chen et al.
decomposition. The covariant way of decomposing the
QCD angular momentum tensor leads to five separately
gauge-invariant terms. These terms are spin and OAM of
quarks and gluons and potential angular momentum. The
potential angular momentum, being gauge-invariant in
itself, can be added to the OAM of the quark or gluon
part giving canonical and kinetic families, respectively. All
these decompositions differ from each other by super-
potential terms at the level of densities. Thus, it is
interesting to investigate the effect of the superpotentials
on the distributions of angular momentum.

III. ANGULAR MOMENTUM DISTRIBUTIONS
IN LIGHT-FRONT FORMALISM

To calculate the spatial distribution of angular momen-
tum in different decompositions, we evaluate the matrix
element of the angular momentum tensor. However,
when such matrix elements are computed between plane
wave states, the orbital angular momentum operator
xνTμρ − xρTμν leads to ambiguities, as the spatial integra-
tion of the EMT can yield either infinite or zero values [16].
A standard solution is to use wave packet states [67]. In this
work, we start with the off-forward matrix element of the
EMT following the approach of [18,68]; this method
resolves the ambiguity and also relates the matrix element
of the EMT to angular momentum densities [16,28,67]. We
use this approach to evaluate angular momentum distribu-
tions in light-front (LF) framework. As discussed in the
Introduction, this avoids issues related to relativistic effects
in the Breit frame, which are not present in the front form
due to the Galilean nature of the transverse Lorentz
subgroup [58]. We begin with the definition of OAM
distribution,

hLziðxÞ ¼ ϵ3jkxj⊥
Z

dΔþd2Δ⊥
ð2πÞ3 eiΔ·xhTþkiLF; ð24Þ

where hTþkiLF ¼ hp0;sjTþkð0Þjp;si
2

ffiffiffiffiffiffiffiffiffiffi
p0þpþ

p .

We have taken the momentum of the initial state to be p
and the final state p0. The helicities, s, of the initial and final
states are the same as the operator structure of the angular
momentum component does not involve a helicity flip. We
define the average momentum of the initial and final states
to be P and the momentum transfer Δ:

pμ ¼ ðpþ;p⊥;p−Þ; Pμ ¼ 1

2
ðp0 þpÞμ; Δμ ¼ ðp0−pÞμ:

ð25Þ

The initial and final state are on-mass-shell, this gives the
constraint P · Δ ¼ 0 and P2 ¼ m2 − Δ2

4
. Using these rela-

tions, we get the light-front energy transfer Δ− and the
average light-front energy P− as

Δ− ¼ P⊥ · Δ⊥ − P−Δþ

Pþ ;

P− ¼ 1

2

�ðP⊥ þ Δ⊥
2
Þ2 þm2

ðPþ þ Δþ
2
Þ þ ðP⊥ − Δ⊥

2
Þ2 þm2

ðPþ − Δþ
2
Þ

�
: ð26Þ

We calculate spatial densities in LF formalism using the
Drell-Yan (DY) frame where Δþ ¼ 0 and P⊥ ¼ 0⊥. Thus,

pμ ¼
�
Pþ;−

Δ⊥
2

;
1

2Pþ

�
m2 þ Δ⊥2

4

��
;

p0μ ¼
�
Pþ;

Δ⊥
2

;
1

2Pþ

�
m2 þ Δ⊥2

4

��
; ð27Þ

and the invariant momentum transfer,

Δμ ¼ ðp0 − pÞμ ¼ ð0;Δ⊥; 0Þ: ð28Þ

In this frame, we find that

∂

∂Δj
⊥
eiΔ·x ¼ ∂

∂Δj
⊥
eið

Δþx−
2

þΔ−xþ
2

−Δj
⊥x

j
⊥Þ ¼ −ixj⊥e−iΔ:x

⇒ i
∂

∂Δj
⊥
eiΔ·x ¼ xj⊥eiΔ·x;

and we obtain

hLziðxÞ ¼ −iϵ3jk
Z

dΔþd2Δ⊥
ð2πÞ3 eiΔ·x

�
∂hTþkiLF
∂Δj

⊥

�
: ð29Þ

Now, integrating the above expression over x− which
means taking Δþ ¼ 0, and using Eq. (24), we getZ

dx−hLziðxÞ¼ hLziðb⊥Þ

¼−iϵ3jk
Z

d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥
�
∂hTþkiLF
∂Δj

⊥

�
; ð30Þ
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where b⊥ is the impact parameter. As shown in Ref. [16],
zero energy transfer ensures that the matrix elements of
angular momentum components of quark and gluon both
are separately time-independent. Similarly, the expression
of the spatial distribution of intrinsic spin is given as

hSziðb⊥Þ ¼ 1

2
ϵ3jk

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥hSþjkiLF: ð31Þ

For any decompositions in which the total angular momen-
tum of a quark or gluon is not decomposed further into
orbital and spin contributions, the impact-parameter dis-
tribution for total angular momentum is given as

hJziðb⊥Þ ¼ −iϵ3jk
Z

d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥
�
∂hTþk

BeliLF
∂Δj

⊥

�
: ð32Þ

The general form of the impact-parameter distribution of
the superpotential differs from the other expressions of
distributions shown above. So, we derive it using the
general form of total divergence terms, i.e., Mμνρ ¼
κ∂αðxνSαμρ − xρSαμνÞ, where κ is a constant. This constant
is just introduced because, as seen from Eqs. (6) and (12),
the prefactor to the total divergence term is different for
quark and gluon. To derive the distribution of the
z-component of the total divergence term we have to use
the component Mþjk:

MzðxÞ ¼ κ

2
ϵ3jk

Z
dΔþd2Δ⊥

ð2πÞ32
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþp0þp eiΔ·x∂lhp0; sjxjSlþk − xkSlþjjp; si

¼ −
κ

2
ϵ3jk

Z
dΔþd2Δ⊥

ð2πÞ32
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþp0þp ðiΔlÞ

��
i
∂eiΔ·x

∂Δj

�
hp0; sjSlþkjp; si −

�
i
∂eiΔ·x

∂Δk

�
hp0; sjSlþjjp; si

�
¼ κ

2

Z
dΔþd2Δ⊥

ð2πÞ32
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþp0þp ðΔlÞ

�
−ϵ3jkeiΔ·x

∂

∂Δj hp0; sjSlþkjp; si þ ϵ3kjeiΔ·x
∂

∂Δj hp0; sjSlþjjp; si
�

¼ κϵ3jk
Z

dΔþd2Δ⊥

ð2πÞ32
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþp0þp eiΔ·xðΔlÞ ∂

∂Δj hp0; sjSlþkjp; si

∴ hMziðb⊥Þ ¼ κϵ3jk
Z

d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥Δl ∂

∂Δj hSlþki: ð33Þ

IV. DRESSED QUARK STATE AND
TWO-COMPONENT FORMALISM

As discussed in the Introduction, to investigate the
contribution to the angular momentum distributions com-
ing from the gluon, instead of a nucleon state, we choose a
quark dressed with a gluon. In comparison to a nucleon, it
is a simple state with a gluonic degree of freedom [57,69].
This composite state with momentum p and helicity σ is
defined as

jp; σi ¼ ψ1ðp; σÞb†σðpÞj0i

þ
X
λ1;λ2

Z
dkþ1 d

2k⊥1 dkþ2 d2k⊥2
ð16π3Þ ffiffiffiffiffiffiffiffiffiffiffi

kþ1 k
þ
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16π3pþ

q
× ψ2ðp; σjk1; λ1; k2; λ2Þδð3Þðp − k1 − k2Þ
× b†λ1ðk1Þa

†
λ2
ðk2Þj0i: ð34Þ

In Eq. (34), ψ1ðp; σÞ in the first term corresponds to the sin-
gle particle Fock space contribution with momentum (hel-
icity) pðσÞ. The two-particle LFWF, ψ2ðp; σjk1; λ1; k2; λ2Þ,
is related to the probability amplitude of finding two
particles, namely a quark and a gluon with momentum

(helicity) k1ðλ1Þ and k2ðλ2Þ. b† and a† correspond to the
creation operator of quark and gluon, respectively.
The LFWFs can be written in terms of relative momenta

so that they are independent of the momentum of the
composite state [58]. This is due to the Galilean transverse
boost in the light-front framework. The relative momenta
xi, κ⊥i satisfy the relation x1 þ x2 ¼ 1 and κ⊥1 þ κ⊥2 ¼ 0:

kþi ¼ xipþ; k⊥i ¼ κ⊥i þ xip⊥; ð35Þ

where xi is the longitudinal momentum fraction for the
quark or gluon, inside the two-particle LFWF. The boost-
invariant two-particle LFWF can be written as

ϕσ
λ1;λ2

ðx; κ⊥Þ ¼ gffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3

p �
xð1 − xÞ

κ2⊥ þm2ð1 − xÞ2
�

Taffiffiffiffiffiffiffiffiffiffiffi
1 − x

p

× χ†σ1

�
−
2ðκ⊥ · ϵ⊥�

λ2
Þ

1 − x
−
1

x
ðσ̃⊥ · κ⊥Þðσ̃⊥ · ϵ⊥�

λ2
Þ

þ imðσ̃⊥ · ϵ⊥�
λ2
Þ 1 − x

x

�
χσψ

σ
1; ð36Þ

where ϕσ
λ1;λ2

ðxi; κ⊥i Þ ¼
ffiffiffiffiffiffi
Pþp

ψ2ðP; σjk1; λ1; k2; λ2Þ, and g is
the quark-gluon coupling. Ta and ϵ⊥λ2 are color SU(3)
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matrices and polarization vector of the gluon. The quark
mass and the two-component spinor for the quark are
denoted bym and χλ, respectively, and λ ¼ 1, 2 correspond
to helicity up/down of the quark. We have used the notation
σ̃1 ¼ σ2 and σ̃2 ¼ −σ1 [57]. In the expression above, x and
κ⊥ are longitudinal momentum fraction and the relative
transverse momentum of quark, respectively. So, to do
calculations of angular momentum of the gluon part, we
substitute x → 1 − x and κ → −κ in Eq. (36) in accordance
with the constraints on the relative momenta [60],

ϕσ
λ1;λ2

ðx;κ⊥Þ ¼ gffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3

p �
xð1− xÞ
κ2⊥ þm2x2

�
Taffiffiffi
x

p

× χ†σ1

�
2ðκ⊥ · ϵ⊥�

λ2
Þ

x
þ 1

1− x
ðσ̃⊥ · κ⊥Þðσ̃⊥ · ϵ⊥�

λ2
Þ

þ imðσ̃⊥ · ϵ⊥�
λ2
Þ x
1− x

�
χσψ

σ
1; ð37Þ

where ψ1 gives the normalization of the state,

jψ1j2¼1−
g2

8π2
Cf

Z
dx

�
1þx2

1−x
log

�
Λ2

m2ð1−xÞ2
�
−

2x
1−x

�
:

ð38Þ
In the above expression, Λ is the cutoff on the transverse

momentum integration. We use the two-component
formalism [59] of light-front Hamiltonian QCD, where
in the light-front gauge Aþ ¼ 0, one can eliminate the
unphysical degrees of freedom using the equations of
constraint. Using the light-front representation of gamma
matrices, the quark field can be decomposed as ψ ¼
ψþ þ ψ−, ψ� ¼ Λ�ψ ¼ 1

2
γ0γ�ψ ,

ψþ ¼
�
ξ

0

�
; ψ− ¼

�
0

η

�
; ð39Þ

where Λ� are projection operator, ξ represents the two-
component light-front quark field, and η is the constrained
field:

ξðyÞ¼
X
λ

χλ

Z ½dk�ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3

p ½bλðkÞe−ik·yþd†−λðkÞeik·y�; ð40Þ

ηðyÞ ¼
�

1

i∂þ

�
½σ⊥ · ði∂⊥ þ gA⊥ðyÞÞ þ im�ξðyÞ; ð41Þ

where ½dk� ¼ dkþd2k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3kþ

p . The dynamical components of the

gluon field are given by

A⊥ðyÞ¼
X
λ

Z ½dk�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3kþ

p ½ϵ⊥λ aλðkÞe−ik·yþϵ⊥�
λ a†λðkÞeik·y�;

ð42Þ

where χλ is the eigenstate of σ3 and ϵiλ are the polarization
vectors of the transverse gauge field. The ψ− component
and the longitudinal component of the gauge field A− are
constrained fields and can be written in terms of ψþ and A⊥
in the following way:

i∂þψ− ¼ ðiα⊥ · ∂⊥ þ gα⊥ · A⊥ þ βmÞψþ; ð43Þ

1

2
∂
þE−

a ¼ ð∂iEi
a þ gfabcAi

bE
i
cÞ − gψ†

þTaψþ; ð44Þ

where Ta are the Gell-Mann SU(3) matrices: ½Ta; Tb� ¼
ifabcTc and TrðTaTbÞ ¼ 1

2
δab, m is the quark mass, α⊥ ¼

γ0γ⊥, β ¼ γ0, and E−;i
a ¼ − 1

2
∂
þA−;i

a , (i ¼ 1, 2).
Following the approach of [55,56,70,71], to make

smooth plots of the spatial distributions, we use a
Gaussian wave packet state in momentum space centered
at the origin. The state is confined in transverse momentum
space with definite longitudinal momentum and can be
expressed as

1

16π3

Z
d2p⊥dpþ

pþ ϕðpÞjpþ; p⊥; λi; ð45Þ

with ϕðpÞ¼pþδðpþ−pþ
0 Þϕðp⊥Þ. We a choose a Gaussian

shape for ϕðp⊥Þ in transverse momentum:

ϕðp⊥Þ ¼ e−
p⊥2

2σ2 ; ð46Þ

where σ is the width of the Gaussian.

V. ANGULAR MOMENTUM DISTRIBUTIONS
FROM GLUON PART OF EMT

In this section, we discuss the spatial densities of the
gluon angular momentum in a dressed quark state, by
taking different decompositions. The impact-parameter
distribution of gluon OAM in canonical decomposition
is given by Eq. (30),

hLz
can;giðb⊥Þ ¼ −iϵ3jk

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥
�
∂hTþk

can;giLF
∂Δj

⊥

�
¼ i

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥

×

�
∂hTþ1

can;giLF
∂Δð2Þ

⊥
−
∂hTþ2

can;giLF
∂Δð1Þ

⊥

�
DY

; ð47Þ

where b⊥ is the Fourier conjugate of the transverse
momentum transfer Δ⊥. In order to calculate these den-
sities, we must first evaluate the matrix element of the EMT
to which they are associated. So, we consider the gluon part
of the canonical EMT given by Eq. (12),
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Tþk
can;g ¼ −2Tr½Gþα

∂
kAα� ¼ Gþ⊥

a ∂
kA⊥

a ¼ ð∂þA⊥
a Þð∂kA⊥

a Þ ð48Þ

¼
X
λ;λ0

Z
dkþd2k⊥dkþd2k0⊥

ð16π3Þ2k0þ k0k½−ðϵ⊥λ · ϵ⊥λ0 ÞaλðkÞaλ0 ðk0Þe−iðkþk0Þ·y þ ðϵ⊥λ · ϵ⊥�
λ0 ÞaλðkÞa†λ0 ðk0Þe−iðk−k

0Þ·y

þ ðϵ⊥�
λ · ϵ⊥λ0 Þa†λðkÞaλ0 ðk0Þeiðk−k

0Þ·y − ðϵ⊥�
λ · ϵ⊥�

λ0 Þa†λðkÞa†λ0 ðk0Þeiðk
0þkÞ·y�: ð49Þ

We calculate the matrix elements of Tþk
can;gð0Þ by sandwiching the above expression between dressed quark state given in

Eq. (34). Only the two-particle diagonal term is nonzero which is then expressed in terms of boost-invariant LFWF and
Jacobi momenta ðx; κ⊥Þ. We have shown the form of the diagonal matrix element in Eqs. (E4) and (E5) in the Appendix,
which are obtained after performing the integration over the Jacobi momenta. Substituting these expressions in Eq. (47),
we get

hLz
can;giðb⊥Þ

¼ g2Cf

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx
8π2

x−2

ðx−1ÞΔ2ω0

�
ð2m2x2þðx−1Þ2Δ2Þ log

�
1þω0

−1þω0

�
− ðx−1Þ2Δ2ω0 log

�
Λ2

m2x2

��
; ð50Þ

where ω0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2x2

ð1−xÞ2Δ2

q
and Λ is the ultraviolet cutoff on the transverse momentum. Λ gives the scale dependence of the

results.
For the spatial distribution of the intrinsic part of the gluon, we write the operator structure of the gluon spin term in

Eq. (13) as

Sþjk
can;g ¼ −2Tr½Gþ½jAk�� ¼ −Gþj

a Ak
a þ Gþk

a Aj
a ¼ −ð∂þAj

aÞAk
a þ ð∂þAk

aÞAj
a

¼ i
X
λ;λ0

Z
dkþd2k⊥dk0þd2k0⊥

ð16π3Þ2k0þ ½ðϵjλϵkλ0 − ϵkλϵ
j
λ0 ÞaλðkÞaλ0 ðk0Þe−iðkþk0Þ·y þ ðϵjλϵk�λ0 − ϵkλϵ

j�
λ0 ÞaλðkÞa†λ0 ðk0Þe−iðk−k

0Þ·y

− ðϵj�λ ϵkλ0 − ϵk�λ ϵjλ0 Þa†λðkÞaλ0 ðk0Þeiðk−k
0Þ·y − ðϵj�λ ϵk�λ0 − ϵk�λ ϵj�λ0 Þa†λðkÞa†λ0 ðk0Þeiðkþk0Þ·y�: ð51Þ

Again, after evaluating the diagonal and off-diagonal (vanishes) matrix element in terms of LFWF and Jacobi momenta and
substituting them in Eq. (31), we get

hSzcan;giðb⊥Þ ¼ g2Cf

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx
8π2Δ4

×

�ððx − 2Þðx − 1Þ2Δ4 þ 2m2x2ðð3x − 4ÞΔ2 − ðx − 2ÞΔ2ÞÞ log
	

1þω0
−1þω0



ðx − 1Þ2ω0 − ðx − 2ÞΔ4 log

�
Λ2

m2x2

��
: ð52Þ

Similarly, the impact-parameter distribution for the gluon part of the kinetic total angular momentum is calculated using
Eqs. (7) and (32):

hJzkin;giðb⊥Þ ¼ g2Cf

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx
16π2

1

ð1 − xÞ2Δ4ω03

×

�
xð8m4x3 þ 6m2ðx − 2Þx2Δ2 þ ðx − 2Þðx − 1Þ2Δ4Þ log

�
1þ ω0

−1þ ω0

�
þ Δ2ω0

�
ðx − 1Þð4m2x2 þ ðx − 2Þðx − 1ÞΔ2Þ − ðx − 2Þxð4m2x2 þ ðx − 1Þ2Δ2Þ log

�
Λ2

m2x2

���
: ð53Þ

The relevant κ⊥ integrations and the steps of the calculation are given in Appendixes B, C, and E.
In order to make a proper comparison between the canonical and kinetic decomposition, it is important to include the

correction term to the kinetic total angular momentum. This term corresponds to the superpotential given in Eq. (12). It’s
expression at the distribution level is given as
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hMz
giðb⊥Þ ¼ κϵ3jk

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥Δl ∂

∂Δj hSlþk
g i:

Substituting the matrix element of Slþk
g given in Eqs. (E15) and (E16) in the above expression, we get the spatial distribution

of the superpotential term:

hMz
giðb⊥Þ ¼ g2Cf

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx
8π2ð1 − xÞ3Δ4ω03

×
�
2m2x3ð4m2xþ ðx − 1ÞΔ2Þ log

�
1þ ω0

−1þ ω0

�
− Δ2ω0ðx − 1Þ2ð4m2x2 þ ðx − 2Þðx − 1ÞΔ2Þ

�
: ð54Þ

Since the gluon part of Belinfante decomposition is exactly
same as that of kinetic decomposition,

hJzBel;giðb⊥Þ ¼ hJzkin;giðb⊥Þ: ð55Þ

Now, consider the relevant light-front components of gic
decomposition given in Eqs. (18) and (19),

Tþk
gic ¼

1

2
ψ̄γþiD

↔
k
pureψ − 2Tr½GþλðDk

pureA
phys
λ Þ�; ð56Þ

Sþjk
gic ¼ 1

2
ϵþjk−ψ̄γ−γ5ψ − 2Tr½Gþ½jAk�

phys�; ð57Þ

and the relevant light-front components of gik decompo-
sition given in Eq. (23),

Tþk
gik ¼

1

2
ψ̄γþiD

↔
kψ þ 2Tr½ðDλGλþÞAk

phys�
− 2Tr½GþλðDk

pureA
phys
λ Þ�; ð58Þ

Sþjk
gik ¼ 1

2
ϵþjk−ψ̄γ−γ5ψ − 2Tr½Gþ½jAk�

phys�; ð59Þ

where Ak
pure ¼ Ak − Ak

phys. Due to Stuckelberg symmetry
[16,72], the separation of the gauge field into a pure and
physical part is not unique [73–76]. As shown by Hatta
in [75] and [77], in light-front gauge with antisymmetric
boundary conditions, Ak

pure ¼ 0 and Ak
phys ¼ Ak. In the two-

component framework, we use antisymmetric boundary
condition in light-front gauge [59]. The OAM and spin
distribution of quark and gluon calculated from the gic
decomposition of EMT is the same as the canonical OAM
and spin distribution. Due to the same reason, distributions

in gik decomposition coincide with the kinetic one in the
light-front gauge, for a dressed quark.

VI. VERIFICATION OF THE SPIN SUM RULE

In this section, we verify the longitudinal spin sum rule
for a dressed quark state, using different decompositions of
angular momentum. The spin sum rule states that at the
integrated level, the sum of all the angular momentum
contributions of any decomposition should be equal to 1=2.
The total angular momentum of the nucleon is related to a
conserved operator, and this is independent of the renorm-
alization scale. However, individually the orbital and
intrinsic parts of the quark and gluon angular momentum
in different decompositions are not related to conserved
operators [78] and their matrix elements depend on the
renormalization scale. As discussed in the Introduction, it is
difficult to verify the spin sum rule in phenomenological
spectator-type models of the nucleon. A field-theory-based
perturbative model like ours, on the other hand, is a very
useful tool to explicitly verify the sum rule at the level of
one loop.

A. Kinetic decomposition

Mathematically, the spin sum rule for the kinetic
decomposition can be given as follows:Z

d2b⊥½hLz
kin;qiðb⊥Þ þ hSzkin;qiðb⊥Þ þ hJzkin;giðb⊥Þ� ¼

1

2
:

ð60Þ

From Eqs. (C1), (C6), and (C15), we see that the expres-
sions on the LHS involve a two-dimensional inverse
Fourier transform over Δ⊥. These expressions, when used
in the above equation, lead to a simplification. Since, b⊥ is
a Fourier conjugate of Δ⊥, integrating over b⊥ amounts to
taking the limit Δ⊥ ¼ 0 in these expressions. Thus, we get
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Z
d2b⊥hLz

kin;qiðb⊥Þ ¼ −
g2Cf

8π2

�
1

9
þ 2

3
log

�
Λ2

m2

��
;Z

d2b⊥hSzkin;qiðb⊥Þ ¼
1

2

Z
dx

�
1 −

g2Cf

8π2

�
1þ x2

1 − x
ln

�
Λ2

m2ð1 − xÞ2
�
−

2x
1 − x

�
−
g2Cf

8π2

�
2ð1 − xþ x2Þ

1 − x
−
1þ x2

1 − x
log

�
Λ2

m2ð1 − xÞ2
���

¼ 1

2
þ g2Cf

8π2

Z
dxðx − 1Þ ¼ 1

2
−
g2Cf

16π2
;Z

d2b⊥hJzkin;giðb⊥Þ ¼ −
g2Cf

8π2

Z
dxð1 − xÞ

�
x − ðxþ 1Þ log

�
Λ2

m2

�
þ 2ð1þ xÞ logð1 − xÞ

�
¼ g2Cf

8π2

�
11

18
þ 2

3
log

�
Λ2

m2

��
:

Here, x is the fraction of longitudinal momentum taken by a
quark, and 1 − x is the momentum fraction of the gluon. In
the expression of hSzkin;qi, the first line (second line) of the
integrand represents the single-particle contribution (two-
particle contribution) to the matrix element. The single-
particle contribution as shown in Eq. (38) is the normali-
zation factor of the dressed quark state. It is crucial
for verifying the spin sum rule. As seen above, the
Λ-dependent term in the two-particle contribution to
the quark spin distribution is precisely canceled by a
Λ-dependent term coming from the single-particle contri-
bution, yielding a cutoff-independent result for the quark
spin distribution. Substituting these expressions in Eq. (60),
we find that the longitudinal spin sum rule is indeed
verified for the kinetic (Ji) decomposition

hLz
kin;qi þ hSzkin;qi þ hJzkin;gi ¼

1

2
: ð61Þ

In fact, by adding all the terms, all terms of Oðg2Þ get
canceled. As stated before, the total angular momentum of
the dressed quark does not depend on the renormalization
scale. In our approach, Λ introduces the scale dependence.
Cancellation of Λ dependent terms verifies the scale
independence of the total angular momentum. As we show
below, this is true for all decompositions.

B. Belinfante decomposition

The longitudinal spin sum rule for the Belinfante
decomposition is given as

Z
d2b⊥½hJzBel;qiðb⊥Þ þ hJzBel;giðb⊥Þ� ¼

1

2
: ð62Þ

Integrating Eq. (D9) and (C15) over the impact parameter
space gives

Z
d2b⊥hJzBel;qiðb⊥Þ ¼

1

2

Z
dx

�
1 −

g2Cf

8π2

�
1þ x2

1 − x
log

�
Λ2

m2ð1 − xÞ2
�
−

2x
1 − x

��
−
Z

dx
g2Cf

8π2

�
x2ð2 − xÞ
1 − x

þ ð1 − 2x − 3x2 þ 2x3Þ
2ð1 − xÞ log

�
Λ2

m2ð1 − xÞ2
��

¼ 1

2
þ g2Cf

8π2

Z
dx

�
xð1 − xÞ þ ðx2 − 1Þ log

�
Λ2

m2ð1 − xÞ2
��

;Z
d2b⊥hJzBel;giðb⊥Þ ¼ −

g2Cf

8π2

Z
dx

�
xð1 − xÞ þ ðx2 − 1Þ log

�
Λ2

m2ð1 − xÞ2
��

:

In the expression of hJzBel;qi, the first line (second line)
of the integrand represents the single-particle contribu-
tion (two-particle contribution) to the matrix element. It
can be seen from above that Oðg2Þ terms in the matrix
element of quark and gluon total angular momentum

exactly cancel each other, thus giving the Belinfante spin
sum rule:

hJzBel;qi þ hJzBel;gi ¼
1

2
: ð63Þ
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The explicit factor of 1
2
is present due to the single-particle

contribution to the quark total angular momentum matrix
element. Thus the normalizationof thedressedquark state, i.e.,
ψ1, plays a vital role in the verification of the spin sum rule.

C. Canonical decomposition

The longitudinal spin sum rule for the canonical (Jaffe-
Manohar) decomposition has the following form:

Z
d2b⊥½hLz

can;qiðb⊥Þ þ hSzcan;qiðb⊥Þ þ hLz
can;giðb⊥Þ

þ hSzcan;giðb⊥Þ� ¼
1

2
; ð64Þ

where

Z
d2b⊥hLz

can;qiðb⊥Þ ¼ −
g2Cf

8π2

�
1

9
þ 2

3
log

�
Λ2

m2

��
;Z

d2b⊥hSzcan;qiðb⊥Þ ¼
1

2

Z
dx

�
1 −

g2Cf

8π2

�
1þ x2

1 − x
ln

�
Λ2

m2ð1 − xÞ2
�
−

2x
1 − x

�
−
g2Cf

8π2

�
2ð1 − xþ x2Þ

1 − x
−
1þ x2

1 − x
log

�
Λ2

m2ð1 − xÞ2
���

¼ 1

2
þ g2Cf

8π2

Z
dxðx − 1Þ ¼ 1

2
−
g2Cf

16π2
;Z

d2b⊥hLz
can;giðb⊥Þ ¼

g2Cf

8π2

Z
dx

�
xðxþ 1Þ

�
1 − log

�
Λ2

m2

�
þ 2 log ð1 − xÞ

��
¼ −

g2Cf

8π2

�
17

9
þ 5

6
log

�
Λ2

m2

��
;Z

d2b⊥hSzcan;giðb⊥Þ ¼ −
g2Cf

8π2

Z
dx

�
2x − ðxþ 1Þ log

�
Λ2

m2

�
þ 2ðxþ 1Þ logð1 − xÞ

�
¼ g2Cf

8π2

�
5

2
þ 3

2
log

�
Λ2

m2

��
:

Once again, the single-particle contribution to the quark
spin proves integral in making the quark spin independent
of the cutoff. Other Λ-dependent terms in OAM of quark
and OAM and spin of gluon cancel amongst each other.
Substituting these components in Eq. (64), we find that the
canonical decomposition also follows the spin sum rule,

hLz
can;qi þ hSzcan;qi þ hLz

can;gi þ hSzcan;gi ¼
1

2
: ð65Þ

It is noteworthy that the Λ-dependent terms in hLz
can;qi,

hLz
can;gi, and hSzcan;gi align precisely with the results

obtained for the canonical decomposition in [60]. However,
the finite parts differ because in [60] quark mass effects
were ignored to avoid introducing higher twist contribu-
tions to the quark and gluon OAM. Another key difference
is that their approach derived the canonical decomposition
by using a Belinfante EMT and neglecting surface terms.
While this leads to a similar result to ours when considering
the total (integrated) values, as we will demonstrate in the
next section, choosing the Belinfante or canonical EMT
yields different results for the total angular momentum at

the density level. It is to be noted that in this work we have
used the two-component method in light-front QCD in
light-front gauge, and eliminated the constrained fields.
The equation of constraints cannot be solved for kþ ¼ 0
(light-front zero modes) [59]. In coordinate space this
means that the light-front gauge has a singularity at the
longitudinal boundary. Using antisymmetric boundary
conditions, the zero modes are removed. The results in
this section thus do not include the zero modes, and they are
not needed in the verification of the spin sum rule. We have
also restricted ourselves to the topologically trivial sector of
the theory [60].

VII. NUMERICAL ANALYSIS

In this section, we show the plots of the longitudinal
component of the angular momentum distribution of
gluons. The analysis in the previous section shows that
the AM distribution for gluons is the same for Belinfante
and Ji decomposition. So, we only plot the results for JM
and Ji decomposition. As we stated before, we use a
Gaussian wave packet state in transverse momentum space
with fixed pþ. For the analysis, we have chosen the
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following parameters: the quark mass m ¼ 0.3 GeV, the
coupling constant g ¼ 1, the color factor Cf ¼ 1, and the
ultraviolet cutoff Λ ¼ 2.63 GeV. Here we show the varia-
tion of the angular momentum with respect to jb⃗⊥j. Also,
the y-axis is multiplied by a factor of jb⃗⊥j to correctly
represent the data in radial coordinates.
In Fig. 1, the plot on the left panel is a graphical

representation of hJzcan;giðb⊥Þ¼hLz
can;giðb⊥ÞþhSzcan;giðb⊥Þ.

The OAM has a positive contribution whereas the spin
density has a negative contribution. In the right panel, we
show that the kinetic (also valid for Belinfante) total AM
distribution, hJzkin;giðb⊥Þ, is not equal to the total AM
density of the gluon. A correction term corresponding to
the superpotential, hMz

giðb⊥Þ, which is ignored in a
symmetric gluon part of the EMT like the Belinfante or
kinetic decomposition, has to be added to hJzkin;giðb⊥Þ to

FIG. 1. Plots of longitudinal angular momentum distribution of gluons as a function of b⊥. Left: Sum of the hLz
can;gi (dashed line) and

hSzcan;gi (dot-dashed line) given by hJzcan;gi (solid line). Right: hJzcan;gi (solid line) is given by the sum of hJzkin;gi (dashed line) and hMz
gi

(dot-dashed line). Here, m ¼ 0.3 GeV, g ¼ 1, Cf ¼ 1, and Λ ¼ 2.63 GeV.

FIG. 2. Plot of the dependence of different components of AM distribution on transverse momentum UV cutoff. Top-left: Variation of
hLz

can;giwith Λ. Top-right: Variation of hSzcan;giwith Λ. Bottom: Variation of hJzcan;giwith Λ. Five different values of Λ are considered for
the analysis: Λ ¼ 2.4, 2.5, 2.6, 2.7, 2.8 GeV.
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get the same total AM distribution for both decompositions.
It is also evident from the comparison between these plots
and those of the previous work that the gluon contribution
to the AM density is significantly smaller than the quark
contribution for the state that we have considered.
As we discussed earlier, in systems with nontrivial

interactions, such as in the dressed quark state, the quark
and gluon contributions to the Ji angular momentum are
dependent on the renormalization scale [78–80]. In our
framework, the scale dependence arises from imposing a
cutoff on the integration over transverse momentum
[55,56]. In Fig. 2, we show the cutoff dependence of
different terms of the gluon AM density in our model. The
correction terms used to compare the three definitions are
cutoff-independent. In the previous work where we calcu-
lated the spatial densities of quark angular momentum, the
expected equality Jzkin;q ¼ JzBel;q þMz

q did not hold for
different values of Λ so we chose a suitable value for
the cutoff to get the equality. However, in the case of gluon,
the equality Jzcan;g ¼ Jzkin;g þMz

g ¼ JzBel;g þMz
g holds irre-

spective of the value of cutoff. Thus, the spatial density of
the total angular momentum of gluon is the same for all the
decompositions irrespective of the value of cutoff.
However, the individual terms of the decompositions are
still cutoff-dependent as expected. Figure 3 shows the

variation of the results with the width of the wave packet
state, σ. The width indicates the spread of the distribution.
We observe that in all cases, the peaks of the distributions
shift away from the center, and the distributions become
broader in b⊥ space with an increase of the width of the
Gaussian.

VIII. CONCLUSIONS

In this work, we have conducted a detailed investigation
into the spatial distribution of angular momentum using
various decomposition methods. We demonstrate that
boundary terms, which vanish upon integration, play a
crucial role when analyzing distributions in position space.
Previous studies addressing spatial distributions of angular
momentum components have predominantly relied on
models of nucleon states without the inclusion of gluons.
In contrast, our study employs a relativistic spin-1=2 state
consisting of a quark dressed with a gluon, treated
perturbatively within the one-loop approximation in
QCD. This state incorporates gluonic degrees of freedom
and enables the analytical calculation of quark-gluon
LFWFs using light-front Hamiltonian QCD. These
LFWFs are frame-independent due to their dependence
on internal coordinates. Using a two-component formalism

FIG. 3. Plots showing the dependence of different components of AM distribution on the width of the Gaussian wave packet, σ. Four
different values of σ are considered for the analysis: σ ¼ 0.05, 0.10, 0.15, 0.20 GeV. Here, m ¼ 0.3 GeV, Λ ¼ 2.63 GeV,
and g ¼ Cf ¼ Nf ¼ 1.
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in the light-front gauge, we examine the distributions of
longitudinal components of gluon spin, OAM, and total
angular momentum, all derived from the overlaps of these
two-particle LFWFs. Our study explicitly presents the
gluonic contributions to the EMT, complementing previous
work that focused on quark contributions to these observ-
ables. Furthermore, we illuminate the distinctions between
the Ji and Jaffe-Manohar angular momentum decomposi-
tions coming from the superpotential term that becomes
significant at the distribution level. We compute the missing
superpotential term in the context of the dressed quark
state. Additionally, in the light-front gauge, where the
physical gauge field coincides with the total gauge poten-
tial, the decompositions by Wakamatsu and Chen et al.
yield results consistent with Ji and JM decompositions.
Lastly, we explicitly verify the longitudinal spin sum rule
for all decomposition—we show that the contribution from
the single particle sector of the Fock space expansion of the
state plays an important role in the spin sum rule. We also

explicitly show that by adding the quark and gluon
contributions, the scale dependence in the total spin is
canceled, as expected.
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APPENDIX A: INTEGRALS USED
TO CALCULATE QUARK TERMS

The following integrals are used to calculate the ana-
lytical expressions of the spatial distributions:

Z
d2κ⊥ 1

D1

¼ π log

�
Λ2 þm2ð1 − xÞ2

m2ð1 − xÞ2
�
; ðA1Þ

Z
d2κ⊥ 1

D1D2

¼ π

ð1 − xÞ2
1

q2
f2
f1

; ðA2Þ

Z
d2κ⊥ κðiÞ

D1D2

¼ −
π

ð1 − xÞ
qðiÞ

q2
f2
2f1

; ðA3Þ

Z
d2κ⊥ κð1Þκð2Þ

D1D2

¼ π
qð1Þqð2Þ

q2

�
−1þ

�
1þ 2m2

q2

�
f3
2f1

�
; ðA4Þ

Z
d2κ⊥ ðκðiÞÞ2

D1D2

¼ π

�
−f1f3 þ

1

2
þ ðqðiÞÞ2

q2

��
1þ 2m2

q2

�
f3
2f1

− 1

�
þ 1

2
log

�
Λ2

m2ð1 − xÞ2
��

; ðA5Þ

Z
d2κ⊥ ðκðiÞÞ3

D1D2

¼ πð1 − xÞ
�
−
3

4
qðiÞ

�
1þ log

�
Λ2

m2ð1 − xÞ2
��

þ 3

2

ðqðiÞÞ3
q2

þ
�
6f1
4

qðiÞ −
ðqðiÞÞ3
q2

4f21 − m2

q2

2f1

�
f3

�
; ðA6Þ

Z
d2κ⊥ ðκ

ð1ÞÞ2κð2Þ
D1D2

¼πð1−xÞ
�
−
1

4
qð2Þ

�
1þ log

�
Λ2

m2ð1−xÞ2
��

þ3

2

ðqð1ÞÞ2qð2Þ
q2

þ
�
2f1
4

qð2Þ−
ðqð1ÞÞ2qð2Þ

q2
4f21−m2

q2

2f1

�
f3

�
; ðA7Þ

Z
d2κ⊥κ

ð1Þðκð2ÞÞ2
D1D2

¼πð1−xÞ
�
−
1

4
qð1Þ

�
1þ log

�
Λ2

m2ð1−xÞ2
��

þ3

2

qð1Þðqð2ÞÞ2
q2

þ
�
2f1
4

qð1Þ−
qð1Þðqð2ÞÞ2

q2
4f21−m2

q2

2f1

�
f3

�
: ðA8Þ

where i ¼ ð1; 2Þ and

D1 ≔ κ⊥2 þm2ð1 − xÞ2; D2 ≔ ðκ⊥ þ ð1 − xÞq⊥Þ2 þm2ð1 − xÞ2; ðA9Þ

f1 ≔
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

q2

s
; f2 ≔ log

�
1þ q2ð1þ 2f1Þ

2m2

�
; f3 ≔ log

�
1þ 2f1
−1þ 2f1

�
: ðA10Þ
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APPENDIX B: INTEGRALS USED TO CALCULATE GLUON TERMS

The following integrals are used to calculate the analytical expressions of the spatial distributions:Z
d2κ⊥ 1

d1
¼ π ln

�
1þ Λ2

m2x2

�
; ðB1Þ

Z
d2κ⊥ 1

d1d2
¼ 2π

Δ⊥2ð1 − xÞ2
ef2ef1 ; ðB2Þ

Z
d2κ⊥ κðiÞ

d1d2
¼ −

πΔðiÞ

Δ⊥2ð1 − xÞ
ef2ef1 ; ðB3Þ

Z
d2κ⊥ κð1Þκð2Þ

d1d2
¼ πΔð1ÞΔð2Þ

Δ⊥2

�
−1þ

�
1þ ef12
2 ef1

� ef2�; ðB4Þ

Z
d2κ⊥ ðκðiÞÞ2

d1d2
¼ π

�
−
1

2
ef1 ef2þ 1

2
þ ðΔðiÞÞ2

Δ⊥2

�
−1þ

�
1þ ef12
2 ef1

� ef2��þ π

2
ln

�
Λ2

m2x2

�
; ðB5Þ

Z
d2κ⊥ ðκðiÞÞ3

d1d2
¼ 3π

4
ð1 − xÞΔðiÞ

�
−1þ f̃2 − ln

�
Λ2

m2x2

��
þ πð1 − xÞ ðΔ

ðiÞÞ3
Δ⊥2

�
3

2
þ 1

f̃1

�
1þ 3m2x2

ð1 − xÞ2Δ⊥2

�
f̃2

�
; ðB6Þ

Z
d2κ⊥ ðκ

ð1ÞÞ2κð2Þ
d1d2

¼ π

4
ð1−xÞΔð2Þ

�
−1þ f̃2− ln

�
Λ2

m2x2

��
þπð1−xÞðΔ

ð1ÞÞ2Δð2Þ

Δ⊥2

�
3

2
þ 1

f̃1

�
1þ 3m2x2

ð1−xÞ2Δ⊥2

�
f̃2

�
; ðB7Þ

Z
d2κ⊥ κ

ð1Þðκð2ÞÞ2
d1d2

¼ π

4
ð1−xÞΔð1Þ

�
−1þ f̃2− ln

�
Λ2

m2x2

��
þπð1−xÞΔ

ð1ÞðΔð2ÞÞ2
Δ⊥2

�
3

2
þ 1

f̃1

�
1þ 3m2x2

ð1−xÞ2Δ⊥2

�
f̃2

�
; ðB8Þ

where

d1 ≔ ½κ⊥2 þm2x2�; d2 ≔ ½ðκ⊥ þ ð1 − xÞΔ⊥Þ2 þm2x2�; ðB9Þ

ef1 ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2x2

q⊥2ð1 − xÞ2

s
; ef2 ≔ ln

�
1þ ef1
−1þ ef1

�
: ðB10Þ

APPENDIX C: SPATIAL DISTRIBUTION OF ANGULAR MOMENTUM COMPONENTS
OF KINETIC (JI) DECOMPOSITION

1. Quark OAM distribution

The distribution of kinetic quark OAM has already been derived in the previous work.1 We just state the final result here
for completion:

hLz
kin;qiðb⊥Þ ¼ i

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
�
∂hTþ1

kin;qiLF
∂Δð2Þ

⊥
−
∂hTþ2

kin;qiLF
∂Δð1Þ

⊥

�
DY

¼ g2CF

72π2

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
�
−7þ 6

ω

�
1þ 2m2

Δ2

�
log

�
1þ ω

−1þ ω

�
− 6 log

�
Λ2

m2

��
; ðC1Þ

where ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

Δ2

q
.

1Refer to [61] for the complete derivation of kinetic quark OAM and the corresponding discussion on the vanishing of the off-
diagonal matrix element of EMTand thus the vanishing of the potential angular momentum in a two-body system like the dressed quark
state.
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2. Quark spin distribution

Consider the quark spin operator from Eq. (8):

Sþjk
kin;q ¼

1

2
ϵþjk−

X
λ;λ0

Z
dk0þd2k0⊥dkþd2k⊥

ð16πÞ2
ffiffiffiffiffiffiffiffiffiffiffiffi
k0þkþ

p b†λ0 ðk0ÞbλðkÞ ðχ†λ0σð3ÞχλÞ: ðC2Þ

Nondiagonal matrix element of Sþjk
kin;qð0Þ:

h1jSþjk
kin;qð0Þj2i ¼ h2jSþjk

kin;qð0Þj1i ¼ 0: ðC3Þ

Diagonal matrix element of Sþjk
kin;qð0Þ:

The single-particle contribution is given as

h1;↑jSþjk
kin;qð0Þj1;↑i
2pþ ¼ ϵþjk−

4
jψ1j2 ¼

ϵþjk−

4

�
1 −

g2

8π2
Cf

Z
dx

�
1þ x2

1 − x
log

�
Λ2

m2ð1 − xÞ2
�
−

2x
1 − x

��
: ðC4Þ

The two-particle contribution is

h2;↑jSþjk
kin;qð0Þj2;↑i
2pþ ¼ g2Cf

4
ϵþjk−

Z
dxd2κ⊥
8π3

1

ð1− xÞD1D2

× ½κ⊥2ð1þ x2Þþ κ⊥ ·Δ⊥ð1− xÞð1þ x2Þþ ið1− xÞð1− x2Þðκð1ÞΔð2Þ − κð2ÞΔð1ÞÞ−m2ð1− xÞ4�: ðC5Þ

After performing the κ integration in the above equation using Appendix A and using Eq. (31), we get:

hSzkin;qiðb⊥Þ ¼ −
1

2
ϵ3jk

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥hSþjkiLF
����
DY

¼ −
ϵ3jkϵþjk−

2
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d2Δ⊥
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−iΔ⊥·b⊥
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dx
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1
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−
g2Cf

32π2

�
1þ x2

1 − x
ln

�
Λ2
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�
−

2x
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−
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1þ ω

−1þ ω

�
þ
�
1 − ω2

ω

�
x log

�
1þ ω

−1þ ω
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− ð1þ x2Þ log

�
Λ2

m2ð1 − xÞ2
���

¼
Z

d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥
Z

dx

�
1

2
þ g2Cf

16π2ð1 − xÞ
�
2x −

�
ωð1þ x2Þ þ

�
1 − ω2

ω

�
x

�
log

�
1þ ω

−1þ ω

���
: ðC6Þ

3. Gluon total AM distribution

The operator structure of gluon EMT in the kinetic decomposition is given by Eq. (7):

Tþk
kin;g ¼ −2Tr½GþλGk

λ�

¼ 2Tr

�
1

2
Gþ−Gþk þGþ⊥Gk⊥

�
¼ 1

2
Gþ−

a Gþk
a þGþ⊥

a Gk⊥
a

¼ ð∂þAk
aÞð∂⊥A⊥

a Þ þ ð∂þA⊥
a Þð∂kA⊥

a Þ − ð∂þA⊥
a Þð∂⊥Ak

aÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
D

þ 2gð∂þAk
aÞ
�

1

∂
þ

�
ðξ†taξÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ND

: ðC7Þ

The notations D and ND in the above expression denote the diagonal and nondiagonal overlap contributions to the matrix
elements, respectively. For our analysis, we ignore the higher-order terms that contain three gluon fields.
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Diagonal matrix element of Tþk
kin;gð0Þ:

Substituting the expressions of gluon fields in the diagonal terms we get

ð∂þAk
aÞð∂⊥A⊥

a Þ þ ð∂þA⊥
a Þð∂kA⊥

a Þ − ð∂þA⊥
a Þð∂⊥Ak

aÞ

¼
X
λ;λ0

Z
dkþd2k⊥dk0þd2k0⊥

ð16π3Þ2k0þ ½f−ϵkλðk0⊥ · ϵ⊥λ0 Þ − k0kðϵ⊥λ · ϵ⊥λ0 Þ þ ϵkλ0 ðk0⊥ · ϵ⊥λ ÞgaλðkÞaλ0 ðk0Þe−iðkþk0Þ·y

þ fϵkλðk0⊥ · ϵ⊥�
λ0 Þ þ k0kðϵ⊥λ · ϵ⊥�

λ0 Þ − ϵk�λ0 ðk0⊥ · ϵ⊥λ ÞgaλðkÞa†λ0 ðk0Þe−iðk−k
0Þ·y

þ fϵk�λ ðk0⊥ · ϵ⊥λ0 Þ þ k0kðϵ⊥�
λ · ϵ⊥λ0 Þ − ϵkλ0 ðk0⊥ · ϵ⊥�

λ Þga†λðkÞaλ0 ðk0Þeiðk−k
0Þ·y
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λ0 Þ þ ϵk�λ0 ðk0⊥ · ϵ⊥�

λ Þga†λðkÞa†λ0 ðk0Þeiðk
0þkÞ·y�: ðC8Þ

The diagonal contribution coming from this operator is given by

h2;↑jTþk
kin;gj2;↑i
2pþ ¼ 1

2
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λ1;λ2;λ02
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dxd2κ⊥ϕσ0�
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Þ þ
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λ0
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�
· ϵ⊥λ2

− ϵkλ2

�
κ⊥ − x

Δ⊥
2

�
· ϵ⊥�

λ0
2

�
ϕσ
λ1;λ2

ðx; κ⊥Þ: ðC9Þ

By substituting the two-particle LFWF in the above expression, evaluating the spinor products, and performing the kappa
integrals, the following expression for the components of the matrix element of gluon EMT is given:

h2;↑jTþ1
kin;gð0Þj2;↑i
2pþ ¼ g2Cf

Z
dxd2κ⊥
16π3

1

xd1d2
½κð1Þ3ð4−2xð2−xÞÞþ κð1Þκð2Þ2ð4−2xð2−xÞÞþm2x4ðΔð1Þ−xΔð1Þ− iΔð2ÞÞ

× κð2Þ2ðð1−xÞð2− ð2−xÞxÞΔð1Þ− ið2−xÞxΔð2ÞÞþ κð1Þκð2Þð2ð1−xÞð2Δð2Þ− ið2−xÞxðΔð1Þ− iΔð2ÞÞÞÞ�

¼ ig2Cf

Z
dx
16π2

Δð2Þ
�
−
xð4m2x− ð2−xÞΔ2Þ logð 1þω0

−1þω0Þ
Δ2ω0 þ ð2−xÞ

�
1−x−x log

�
Λ2

m2x2

���
ðC10Þ

h2;↑jTþ2
kin;gð0Þj2;↑i
2pþ ¼ ig2Cf

Z
dx
16π2

Δð1Þ
�xð4m2x − ð2 − xÞΔ2Þ log

	
1þω0
−1þω0



Δ2ω0 − ð2 − xÞ

�
1 − x − x log

�
Λ2

m2x2

���
; ðC11Þ

where ω0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2x2

ð1−xÞ2Δ2

q
and the kappa integrals are given in Appendix B.

Nondiagonal matrix element of Tμν
kin;gð0Þ:

The operator structure of the nondiagonal component is

2gð∂þAk
aÞ
�

1

∂
þ

�
ðξ†taξÞ

¼ 2g
X
λ0;λ;λ3

Z
dkþd2k⊥dk0þd2k0⊥dkþ3 d2k⊥3

ð16π3Þ3
ffiffiffiffiffiffiffiffiffiffiffiffi
k0þkþ

p ½ϵkλ3aλ3ðk3Þb
†
λ0 ðk0ÞbλðkÞ − ϵk�λ3 a

†
λ3
ðk3Þb†λ0 ðk0ÞbλðkÞ�

χ†λ0 t
aχλ

kþ − k0þ
: ðC12Þ

The contribution to the matrix element coming from this operator is given by
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1

2pþ

�
h1; σ0j2gð∂þAk

aÞ
�

1

∂
þ

�
ðξ†taξÞj2; σi þ h2; σ0j2gð∂þAk

aÞ
�

1

∂
þ

�
ðξ†taξÞj1; σi

�
¼ gffiffiffiffiffiffiffiffiffiffi

16π3
p

X
λ1;λ2

Z
dxd2κ⊥

��
−
ϵkλ2ffiffiffi
x

p
�
ðχ†σ0taχλ1Þϕσ

λ1;λ2
ðx; κ⊥Þ þ ϕσ0�

λ1;λ2
ðx; κ⊥Þðχ†λ1taχσÞ

�
−
ϵk�λ2ffiffiffi
x

p
��

; ðC13Þ

where x and κ⊥ are the longitudinal and transverse momentum fraction of the gluon inside the dressed quark state. This
spinor product gives an integrand that is odd in κ. Thus, after κ integration, this term vanishes. We have no contribution from
the off-diagonal terms. So, we only have to evaluate the contribution of diagonal terms. We evaluate the contribution to
hTþk

kin;giLF from the diagonal term, i.e., Eqs. (C10) and (C11):

hJzkin;giðb⊥Þ ¼ i
Z

d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
�
∂hTþ1

kin;giLF
∂Δð2Þ

⊥
−
∂hTþ2

kin;giLF
∂Δð1Þ

⊥

�
DY

: ðC14Þ

From Eq. (C14) we get

hJzkin;giðb⊥Þ ¼ g2Cf

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx
16π2

1

ð1 − xÞ2Δ4ω03

×

�
xð8m4x3 þ 6m2ðx − 2Þx2Δ2 þ ðx − 2Þðx − 1Þ2Δ4Þ log

�
1þ ω0

−1þ ω0

�
þ Δ2ω0

�
ðx − 1Þð4m2x2 þ ðx − 2Þðx − 1ÞΔ2Þ − ðx − 2Þxð4m2x2 þ ðx − 1Þ2Δ2Þ log

�
Λ2

m2x2

���
: ðC15Þ

4. Spatial distribution of superpotential for quark

The distribution of the correction term corresponding to the superpotential in Eq. (6) can be evaluated using Eq. (33) with
κ ¼ 1=2 and Slþk

q ,

hMz
qiðb⊥Þ ¼

1

2
ϵ3jk

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥Δl ∂

∂Δj hSlþk
kin;qi: ðC16Þ

Diagonal matrix element of Slþk
kin;qð0Þ:

Using Eqs. (C4) and (C5) with κ integration carried out, we get

hSlþk
kin;qi ¼

h1jSlþk
kin;qð0Þj1i
2pþ þ h2jSlþk

kin;qð0Þj2i
2pþ

¼ ϵlþk−
�
1

4
−

g2

32π2
Cf

Z
dx

�
1þ x2

1 − x
ln

�
Λ2

m2ð1 − xÞ2
�
−

2x
1 − x

��
− ϵlþk−

�
g2Cf

32π2

Z
dx

1 − x

��
ωð1þ x2Þ þ

�
1 − ω2

ω

�
x

�
log

�
1þ ω

−1þ ω

�
− ð1þ x2Þ log

�
Λ2

m2ð1 − xÞ2
���

: ðC17Þ

Nondiagonal matrix element of Slþk
kin;qð0Þ:

h1jSlþk
kin;qð0Þj2i ¼ h2jSlþk

kin;qð0Þj1i ¼ 0: ðC18Þ

Substituting these expressions in Eq. (C16), we get

hMz
qiðb⊥Þ ¼

g2Cf

16π2

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥
Z

dx
ð1 − xÞω3Δ4

½ðωΔ2 − 2m2Þðð4m2 þ Δ2Þð1þ x2Þ − 4m2xÞ þ 4m2xΔ2�: ðC19Þ
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APPENDIX D: SPATIAL DISTRIBUTION OF ANGULAR MOMENTUM COMPONENTS
OF BELINFANTE (BEL) DECOMPOSITION

1. Quark total AM distribution

Consider the quark part of Belinfante EMT in Eq. (3):

Tμν
Bel;qðxÞ ¼

1

4
ψðxÞ½γμiD↔ ν þ γνiD

↔
μ�ψðxÞ

∴ Tþk
Bel;q ¼

1

2
Tþk
kin;qðxÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}

1st term

þ 1

4
ψ̄ðxÞ½γki∂

↔ þ�ψðxÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2nd term

; ðD1Þ

the first term in this expression has already been calculated.
The second term has the following operator structure:

¼ 1

4

X
λ;λ0

Z
dk0þd2k0⊥dkþd2k⊥

ð16π3Þ2
ffiffiffiffiffiffiffiffiffiffiffiffi
k0þkþ

p eik
0·yχ†λ0

�
σkðkþ þ k0þÞ

�
1

kþ

�
ðσiki þ imÞ þ ðσik0i − imÞ

�
1

k0þ

�
σkðkþ þ k0þÞ

�
χλ

× e−ik·yb†λ0 ðk0ÞbλðkÞ þ
g
4

X
λ;λ0;λ3

Z
dk0þd2k⊥dkþd2k⊥dkþ3 d2k3⊥

ð16π3Þ3kþ3
ffiffiffiffiffiffiffiffiffiffiffiffi
k0þkþ

p

× eik
0·yχ†λ0

�
σk
�
kþ þ kþ3 þ k0þ

kþ þ kþ3
ðσiϵiλ3Þaλ3ðk3Þe−ik3·y þ

kþ − kþ3 þ k0þ

kþ − kþ3
ðσiϵi�λ3Þa

†
λ3
ðk3Þeik3·y

�
þ
�
ðσiϵiλ3Þ

kþ þ k0þ − kþ3
k0þ − kþ3

aλ3ðk3Þe−ik3·y þ ðσiϵi�λ3Þ
kþ þ k0þ þ kþ3

k0þ þ kþ3
a†λ3ðk3Þeik3·y

�
σk
�
χλe−ik·yb

†
λ0 ðk0ÞbλðkÞ: ðD2Þ

Diagonal matrix element of Tμν
Bel;qð0Þ:

We know from the calculation of Tþk
kin;q that it does not have any single-particle contribution; so the only single-particle

contribution comes from the second term and it is a diagonal overlap:

h1;↑jTþk
Bel;qj1;↑i
2pþ ¼ 1

8
jψ1j2χ†σ0 fΔiðσiσk − σkσiÞgχσ

h1;↑jTþ1
Bel;qj1;↑i
2pþ ¼ −

i
4
½jψ1j2Δð2Þχ†σ0σ

ð3Þχσ� ¼ −
i
4
jψ1j2Δð2Þ ðD3Þ

h1;↑jTþ2
Bel;qj1;↑i
2pþ ¼ i

4
½jψ1j2Δð1Þχ†σ0σ

ð3Þχσ� ¼
i
4
jψ1j2Δð1Þ ðD4Þ

h2;↑jTþk
Bel;qj2;↑i
2pþ ¼ 1

2

X
λ2;λ1;λ01

Z
dxd2κ⊥ϕ�σ0

λ0
1
;λ2
ðx; κ0⊥Þχ†λ0

1

��
κk þ ð1 − xÞΔ

k

2

�
þ
�
σi
�
κ0i þ x

Δi

2

�
− im

�
σk

2

þ σk

2

�
σi
�
κi − x

Δi

2

�
þ im

��
χλ1ϕ

σ
λ1;λ2

ðx; κ⊥Þ; ðD5Þ

where x is the quark momentum fraction and κ0⊥ ¼ κ⊥ þ ð1 − xÞΔ⊥.

h2;↑jTþ1
Bel;qj2;↑i
2pþ ¼ g2CF

Z
dxd2κ⊥
32π3

1

ð1− xÞ
m2ð1− xÞ4ð4κð1Þ þ 2ð1− xÞΔð1Þ þ iΔð2ÞÞ

D1D2

×
ð4κð1Þ þ 2ð1− xÞΔð1Þ − iΔð2ÞÞ½ð1þ x2Þðκ⊥2þð1− xÞκ⊥ ·Δ⊥Þþ ið1− xÞð1− x2Þðκð1ÞΔð2Þ− κð2ÞΔð1ÞÞ�

D1D2

:

ðD6Þ
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h2;↑jTþ2
Bel;qj2;↑i
2pþ ¼ g2CF

Z
dxd2κ⊥
32π3

1

ð1− xÞ
m2ð1− xÞ4ð4κð2Þ þ 2ð1− xÞΔð2Þ − iΔð1ÞÞ

D1D2

×
ð4κð2Þ þ 2ð1− xÞΔð2Þ þ iΔð1ÞÞ½ð1þ x2Þðκ⊥2þð1− xÞκ⊥ ·Δ⊥Þþ ið1− xÞð1− x2Þðκð1ÞΔð2Þ− κð2ÞΔð1ÞÞ�

D1D2

:

ðD7Þ

Nondiagonal matrix element of Tμν
Bel;qð0Þ:

1

2pþ ½h1;↑jTþk
Bel;qj2;↑iþ h2;↑jTþk

Bel;qj1;↑i� ¼
g

4
ffiffiffiffiffiffiffiffiffiffi
16π3

p
Z

dxd2κ⊥ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffið1− xÞp ½χ†σ0 ðσkðσiϵiλ2Þþ ðσiϵiλ2Þσkþ 2ϵkλ2Þχλ1ϕσ
λ1;λ2

ðx;κ⊥Þ

þϕ�σ0
λ1;λ2

ðx;κ⊥Þχ†λ1ððσiϵi�λ2Þσkþ σkðσiϵi�λ2Þþ 2ϵk�λ2 Þχσ�:

This spinor product gives an integrand that is odd in κ. Thus, after κ integration this term vanishes and so we have no
contribution from the off-diagonal terms. So, we only have to evaluate the contribution of diagonal terms, i.e., sum of
Eq. (D3) with Eq. (D6) and sum of Eq. (D4) with Eq. (D7). Belinfante total angular momentum distribution is given as:

hJzBel;qiðb⊥Þ ¼ i
Z

d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
�
∂hTþ1

Bel;qiLF
∂Δð2Þ

⊥
−
∂hTþ2

Bel;qiLF
∂Δð1Þ

⊥

�
DY

: ðD8Þ

After performing κ integration on Eqs. (D6) and (D7) and substituting them along with the single-particle contribution in the
above equation, we get

hJzBel;qiðb⊥Þ ¼
Z

d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx

��
1

2
−
g2Cf

16π2

�
1þ x2

1− x
log

�
Λ2

m2ð1− xÞ2
�
−

2x
1− x

��
þ g2Cf

16π2ð1− xÞΔ4ω3

×

�
ð8m4ð1− 2xÞð1− xð1− xÞÞþ 6m2ð1− ð2− xÞxð1þ 2xÞÞΔ2þð1− ð2− xÞxð1þ 2xÞÞΔ4Þ log

�
1þω

−1þω

�
−ωΔ2

�
4m2ð1− ð1− xÞxÞþ ð1þ x2ÞΔ2þð1− ð2− xÞxð1þ 2xÞÞð4m2þΔ2Þ log

�
Λ2

m2ð1− xÞ2
����

: ðD9Þ

APPENDIX E: SPATIAL DISTRIBUTION OF ANGULAR MOMENTUM COMPONENTS
OF CANONICAL (JM) DECOMPOSITION

1. Gluon OAM distribution

The impact-parameter distribution of orbital angular momentum of gluon can be found from

hLz
can;giðb⊥Þ ¼ i

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥
�
∂hTþ1

can;giLF
∂Δð2Þ

⊥
−
∂hTþ2

can;giLF
∂Δð1Þ

⊥

�
DY

; ðE1Þ

where

Tþk
can;g ¼ −2Tr½Gþα

∂
kAα� ¼ Gþ⊥

a ∂
kA⊥

a ¼ ð∂þA⊥
a Þð∂kA⊥

a Þ: ðE2Þ

The contribution to the matrix element from this term is only diagonal. The operator structure of this term is as follows:

MUKHERJEE, SAHA, and SINGH PHYS. REV. D 111, 094017 (2025)

094017-20



ð∂þA⊥
a Þð∂kA⊥

a Þ ¼
X
λ;λ0

Z
dkþd2k⊥dkþd2k0⊥

ð16π3Þ2k0þ k0k½−ðϵ⊥λ · ϵ⊥λ0 ÞaλðkÞaλ0 ðk0Þe−iðkþk0Þ·y þ ðϵ⊥λ · ϵ⊥�
λ0 ÞaλðkÞa†λ0 ðk0Þe−iðk−k

0Þ·y

þ ðϵ⊥�
λ · ϵ⊥λ0 Þa†λðkÞaλ0 ðk0Þeiðk−k

0Þ·y − ðϵ⊥�
λ · ϵ⊥�

λ0 Þa†λðkÞa†λ0 ðk0Þeiðk
0þkÞ·y�

∴
1

2pþ h2; σ0jð∂þA⊥
a Þð∂kA⊥

a Þð0Þj2; σi

¼ 1

2

X
λ1;λ2;λ02

Z
dxd2κ⊥ϕσ0�

λ1;λ02
ðx; κ0⊥Þ

��
κ0k þ x

Δk

2

�
ðϵ⊥λ2 · ϵ⊥�

λ0
2
Þ þ

�
κk − x

Δk

2

�
ðϵ⊥�

λ0
2
· ϵ⊥λ2Þ

�
ϕσ
λ1;λ2

ðx; κ⊥Þ: ðE3Þ

Diagonal matrix element of Tμν
can;gð0Þ:

To evaluate the matrix element of canonical EMT, we substitute gluon LFWF expressions in Eq. (E3):

1

2pþh2;↑jTþ1
can;gj2;↑i¼g2Cf

Z
dxd2κ⊥

16π3xD1D2

½ð2κð1Þ þð1−xÞΔð1ÞÞðm2x4þ2κð1Þðκð1Þ þð1−xÞΔð1ÞÞ

þxðκð1Þ þ iκð2ÞÞð−2þxÞðκð1Þ þð1−xÞΔð1ÞÞþð2κð2Þ þxð−iκð1Þ þκð2ÞÞð−2þxÞÞðκð2Þ þð1−xÞΔð2ÞÞÞ�

¼−ig2Cf

Z
dx
16π2

ðx−2Þðx−1ÞΔð2Þ
�
−1þω0 log

�
1þω0

−1þω0

�
− log

�
Λ2

m2x2

��
ðE4Þ

1

2pþh2;↑jTþ2
can;gj2;↑i¼ g2Cf

Z
dxd2κ⊥

16π3xD1D2

½ð2κð2Þ þð1−xÞΔð2ÞÞðm2x4þ2κð1Þðκð1Þ þð1−xÞΔð1ÞÞ

þxðκð1Þ þ iκð2ÞÞð−2þxÞðκð1Þ þð1−xÞΔð1ÞÞþð2κð2Þ þxð−iκð1Þ þκð2ÞÞð−2þxÞÞðκð2Þ þð1−xÞΔð2ÞÞÞ�

¼ ig2Cf

Z
dx
16π2

ðx−2Þðx−1ÞΔð1Þ
�
−1þω0 log

�
1þω0

−1þω0

�
− log

�
Λ2

m2x2

��
: ðE5Þ

Substituting these components in Eq. (E1), we get

hLz
can;giðb⊥Þ

¼ g2Cf

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx
8π2

x− 2

ðx− 1ÞΔ2ω0

�
ð2m2x2þðx− 1Þ2Δ2Þ log

�
1þω0

−1þω0

�
− ðx− 1Þ2Δ2ω0 log

�
Λ2

m2x2

��
: ðE6Þ

2. Gluon spin distribution

The impact-parameter distribution of spin angular momentum of gluon can be found from

hSzcan;giðb⊥Þ ¼
1

2
ϵ3jk

Z
d2Δ⊥
ð2πÞ2 e

−iΔ⊥·b⊥hSþjk
can;gi

����
DY

; ðE7Þ

where

Sμνρcan;g ¼ −2Tr½Gμ½νAρ��: ðE8Þ

The operator structure corresponding to the gluon spin in the canonical decomposition can be expressed as

Sþjk
can;g ¼ −2Tr½Gþ½jAk�� ¼ −Gþj

a Ak
a þ Gþk

a Aj
a ¼ −ð∂þAj

aÞAk
a þ ð∂þAk

aÞAj
a

¼ i
X
λ;λ0

Z
dkþd2k⊥dk0þd2k0⊥

ð16π3Þ2k0þ ½ðϵjλϵkλ0 − ϵkλϵ
j
λ0 ÞaλðkÞaλ0 ðk0Þe−iðkþk0Þ·y þ ðϵjλϵk�λ0 − ϵkλϵ

j�
λ0 ÞaλðkÞa†λ0 ðk0Þe−iðk−k

0Þ·y

− ðϵj�λ ϵkλ0 − ϵk�λ ϵjλ0 Þa†λðkÞaλ0 ðk0Þeiðk−k
0Þ·y − ðϵj�λ ϵk�λ0 − ϵk�λ ϵj�λ0 Þa†λðkÞa†λ0 ðk0Þeiðkþk0Þ·y�: ðE9Þ
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The contribution to the matrix element from this operator is also purely diagonal,

1

2pþ h2; σ0j − ð∂þAj
aÞAk

a þ ð∂þAk
aÞAj

aj2; σi

¼ i
2

X
λ1;λ2;λ02

Z
dxd2κ⊥ϕσ0�

λ1;λ02
ðx; κ0⊥Þ½ðϵjλ2ϵk�λ02 − ϵkλ2ϵ

j�
λ0
2
Þ − ðϵj�λ0

2
ϵkλ2 − ϵk�λ0

2
ϵjλ2Þ�ϕσ

λ1;λ2
ðx; κ⊥Þ: ðE10Þ

Substituting this matrix element in the Eq. (E7), we get

hSzcan;giðb⊥Þ ¼ g2Cf

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx
8π2Δ4

×

�ððx − 2Þðx − 1Þ2Δ4 þ 2m2x2ðð3x − 4ÞΔ2 − ðx − 2ÞΔ2ÞÞ logð 1þω0
−1þω0Þ

ðx − 1Þ2ω0 − ðx − 2ÞΔ4 log

�
Λ2

m2x2

��
: ðE11Þ

3. Spatial distribution of the superpotential for gluon

Using the expression given in Eq. (33) with κ ¼ 1 for gluon superpotential and the form of canonical spin angular
momentum operator given in the previous subsection, we get

hMz
giðb⊥Þ ¼ ϵ3jk

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥Δl ∂

∂Δj hGþlAki

¼
Z

d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
�
Δð1Þ

�
∂

∂Δð1Þ hGþ1Að2Þi − ∂

∂Δð2Þ hGþ1Að1Þi
�
þ Δð2Þ

�
∂

∂Δð1Þ hGþ2Að2Þi − ∂

∂Δð2Þ hGþ2Að1Þi
��

¼
Z

d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
�
Δð1Þ

�
∂

∂Δð1Þ hGþ1Að2Þi
�
− Δð2Þ

�
∂

∂Δð2Þ hGþ2Að1Þi
��

; ðE12Þ

where hGþlAki ¼ hp0;sjGþlAkjp;si
2pþ . The structure of the corresponding operator,

GþlAk ¼ ð∂þAlÞAk

¼ i
X
λ;λ0

Z
dk0þd2k0⊥dkþd2k⊥

ð16π3Þ2k0þ ½−ϵlλϵkλ0aλðkÞaλ0 ðkÞe−iðkþk0Þ·y − ϵlλϵ
�k
λ0 aλðkÞa†λ0 ðkÞe−iðk−k

0Þ·y

þ ϵ�lλ ϵ
k
λ0a

†
λðkÞaλ0 ðkÞe−iðk

0−kÞ·y þ ϵ�lλ ϵ
�k
λ0 a

†
λðkÞa†λ0 ðkÞeiðkþk0Þ·y�; ðE13Þ

and the matrix element of this operator is given by

hp0; σjGþlAkð0Þjp; σi
2pþ ¼ i

2

X
λ1;λ2;λ02

Z
dxd2κ⊥ϕs�

λ1;λ02
ðx; κ0⊥Þ½−ϵlλ2ϵ�kλ02 þ ϵ�lλ0

2
ϵkλ2 �ϕs

λ1;λ2
ðx; κ⊥Þ: ðE14Þ

We now evaluate the individual components by substituting the LFWF and then doing the κ integrations,

hp0; σjGþ1A2jp; σi
2pþ

¼ g2Cf

Z
dx

16π2Δ4

�ð−ðx − 2Þðx − 1Þ2Δ4 þ 2m2x2ðð4 − 3xÞΔ2 þ ðx − 2ÞΔ2ÞÞ log
	

1þω0
−1þω0



ðx − 1Þ2ω0 þ ðx − 2ÞΔ4 log

�
Λ2

m2x2

��
;

ðE15Þ
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hp0; σjGþ2A1jp; σi
2pþ ¼ g2Cf

Z
dx

16π2Δ4

�ððx − 2Þðx − 1Þ2Δ4 þ 2m2x2ðð3x − 4ÞΔ2 − ðx − 2ÞΔ2ÞÞ log
	

1þω0
−1þω0



ðx − 1Þ2ω0

− ðx − 2ÞΔ4 log

�
Λ2

m2x2

��
: ðE16Þ

Substituting these in Eq. (E12), we get the impact-parameter distribution of the correction term

hMz
giðb⊥Þ ¼ g2Cf

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥·Δ⊥
Z

dx
8π2ð1 − xÞ3Δ4ω03

×

�
2m2x3ð4m2xþ ðx − 1ÞΔ2Þ log

�
1þ ω0

−1þ ω0

�
− Δ2ω0ðx − 1Þ2ð4m2x2 þ ðx − 2Þðx − 1ÞΔ2Þ

�
: ðE17Þ
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