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The torsion pendulum is a prevailing instrument for measuring small forces acting on a solid body or
those between solid bodies. While it offers powerful advantages, the measurement precision suffers from
thermal noises of the suspending wires giving rise to stochastic torque noises. This paper proposes a new
scheme to reduce the effect of such noise by employing a double torsion pendulum and cross-correlation
technique. Cross-correlating two synthesized data streams which are composed of the rotation angles of
two torsion stages, it yields the power spectral density estimate of external forces acting on the lower stage
with the reduced effect from the thermal torque noises. As an example use case, we discuss the application
to the study on the coupling strength of ultralight dark matter to standard model particles. Our evaluation
indicates that the upper limit may be improved by an order of magnitude than the previous experiments at

2 mHz, which corresponds to about 8 x 1078 eV.
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I. INTRODUCTION

Precision measurement of small forces acting on a solid
body has played an indispensable role in exploring modern
physics. In these measurements, the torsion pendulum has
been often employed as a core instrument. Since the epoch-
making measurements of the Coulomb force and gravita-
tional constant [1] in the late 18th century, the torsion
pendulum has remained as a powerful experimental tool.
Nowadays, it has been successfully utilized in multiple
disciplines such as Casimir force measurements [2], tests of
the equivalence principle [3], verification of gravitational
inverse square law [4] and test of gravitational coupling
between small masses [5]. Moreover, using optical spring
have made torsion pendulum technique more sensitive
sensor [6,7].

The torsion pendulum offers advantages critical for the
precision force measurement, including the provision of
a low mechanical resonant frequency and decoupling of
the rotational mode from the gravitational pull from the
Earth [8]. However, it has been known that the measure-
ment precision for external forces is limited by thermal
noise from the suspending wire(s) [9,10]. A straightforward
workaround is to cryogenically cool down the apparatus to
reduce the magnitude of thermal noise [11]. However, in
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practice, it could introduce a set of complex systems and
therefore the design must be carried out with a great care.
Furthermore, very low temperature may not be preferable
in the special setups such as the ground test of inertial
sensors for space application where the test environment
must simulate those in orbit.

In this paper, we propose a new measurement concept for
reducing the effect of thermal noise in the torsion pendulum
while maintaining the ability to measure small torques or
equivalently forces acting on the torsion pendulum. The
core idea is to synthesize two measurement signal streams
such that the cross correlated spectrum between the two
provides an estimate of power spectral density (PSD) of
the forces where the contamination from thermal noise is
integrated away due to the lack of coherence. We deter-
mined that the scheme can be implemented in a double
torsion setup as opposed to the single one. This scheme can
be implemented together with a cryogenic system and other
noise attenuation systems.

Albeit the drawback of losing the phase information
associated with the forces being measured, it offers a way
to probe the magnitude of the forces in the form of PSD. A
number of experiments may benefit from this scheme,
including test of gravitational inverse square law [12], gravi-
tational coupling between small masses [5], dark matter search
[13] and the ground verification of the gravitational reference
sensors for space gravitational wave antennas [14—17].

Additionally, this paper discusses the application to the
study on the coupling strength of ultra light dark matter to
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standard model particles, gg_;, [13], as an example. We
show that our scheme can improve the sensitivity level by
an order of magnitude than the previous record at 2 mHz.

II. SETUP AND DEFINITIONS

Let us assume the torques or forces being measured to be
stationary stochastic. The quantity we desire to estimate in
the measurement is the torques in an amplitude spectral

density in Nm/v/Hz. The torque can be subsequently
converted into the effective force acting on a mass by
taking the lever arm into account.

As discussed later, thermal noise from the suspending
wire would not be reduced if a single-stage torsion
pendulum was employed. For the reason, we begin the
discussion with a two-stage torsion pendulum as shown in
Fig. 1. The lower wire suspends the first torsion mass. The
upper wire and second torsion mass suspends the lower
wire underneath. Each stage rotates about the wire hori-
zontally with natural frequencies at some mHz. For
simplicity, the discussion hereafter is focused on these
rotational degrees of freedom only.

The upper and lower stages receive external torques as
well as thermal torque noises from the wires. The rotational
angles of the two stages, ¢; and ¢,, are continuously
measured and recorded. The equations of motion for the
two stages in the rotational degrees of freedom can be

expressed by
<11¢}',>_<—11w% L} ><¢1>+<T1>
12¢"2 Ilw% —12(0% —Ilw% ¢2 (%) ’
(1)

where /;, w; and 7; are the moments of inertia, resonant
frequencies and torques applied to the j-th stage with
j€1,2. In our convention, j = 1 corresponds to the lower
stage while j = 2 for the upper (see Fig. 1). To reduce
clutter, damping effects are implicitly incorporated in the

FIG. 1. Illustration of two stage torsion pendulum.

resonant frequencies, such that a)Jz- can be later replaced in
the frequency domain by w?(l + i Q]T') with Q; a constant
representing the Q value for structural damping. The
definitions of w; and Q; are chosen so that they represent
the dynamics of a jth torsion stage with the other stage
absent or fixed.

Fourier transforming Eq. (1), we obtain

D, (T,
—a( ). 2)
o, T,
where 7 ;(w) and ®;(w) are the Fourier domain represen-

tations of the torques 7;(¢) and rotational angles ¢;(1),

respectively. M (w) is a transfer matrix of the system
defined by

A <I2(0)%—(1)2)+11(U% Ilw% )

M=a ,
Lot I (0} — @?)

1

- 1112604 — I] (Ilw% + 1260% + 1260%)0)2 + Illza)%a)% '
(3)

It is obvious that the rotational motions are consequences of
the torques which are linearly combined.

Now, even if no external forces exist, the stages rotate in
stochastic manner due to the presence of torques generated
by thermal noise of the two wires. Such thermal torque
noise in the lower stage can be calculated by directly
applying the fluctuation dissipation theorem [9] as,

Sy = 4kBT§R{ } IN?m?/Hz]. (4)

iw 11

where M, is the (1,1) element of the transfer matrix M, k
is the Boltzmann constant and 7 the temperature.

An important remark is that Eq. (4) is consistent with the
physical process that thermal torque noise of the lower wire
drives both upper and lower stages in differential fashion.
For this reason and later convenience, we redefine the
torque vector in Eq. (2) as,

%—N1<(1)> +Nth2<?> +Nm1<_11>, (5)

where we have introduced three independent and uncorre-
lated torques, N; and Ny,; (jE€1,2). N; represents an
external torque acting on the lower stage with thermal noise
torques removed. This is the quantity we desire to measure.
On the other hand, Ny,; and Ny,, represent thermal torque
noises from the lower and upper wires, respectively.

One can verify that the physical process of differen-
tial torque Ny, 1s incorporated in Eq. (4) by deriving
the thermal torque noises from Egs. (2) and (5), instead.
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The rotation angle of lower stage is givenas ®; = M| N, +
(My; =M 5)Ngi + M ,Nyp. Then, the apparent thermal

torque noise in the lower stage is expressed as A%‘l:

(1 M‘?)Nthl + 2Ny where N;p is set to  zero.
Converting this 1nto PSD with the PSD of each thermal
torque noise being Sth] 4kpTI ja)i /@wQ;, one can reach
the expression identical to Eq. (4).

III. CROSS-CORRELATED FORCE
MEASUREMENT

Plugging torque vector (5) into Eq. (2), one can explicitly
write down the rotational angles as,

&, =M N, + M3Nyo + (My; —M)Ngy,  (6)
@, = My Ny + MpyNy, + (Mg — Myp)Nyy. (7)

There are three unknown quantities, i.e., Ny and Ny, ;, while
the number of equations is only two. Therefore, given the
measurement of angles ®;, one cannot solve the equation
for Ny without a contamination from Ny,;.

Nonetheless, we discovered a generic solution to esti-
mate the PSD of N, namely S¥, |1 independently of the other
two. Linearly combining Eqs (6) and (7), one can obtain
two synthesized data streams as,

(Myy — My )@y — (M, — My;)®,

Ni+ Ny = det il ,(8)
M D, — M, D
N1+Nthlzw, 9)

where det M is the determinant of matrix M. Subsequently,
taking the cross correlated spectrum of two synthesized
datasets, one obtains,

(My — My,)*SE,

Sfl\’l — %{Mzz
| det M|?
— My (Myy — Myy)*SE, —

+M12(M12—M11)*S§I’2}, (10)

My(May — My )* S5,

where the asterisk denotes the complex conjugate and
cross spectrum is defined as S?; = (®;®;). Ny and Ny,; are
assumed to be independent of each other, i.e., Sﬁh i =
SN 14 = O for infinite long duration of time. Therefore, one
can estimate S7 using the above where uncertainties for S}
reduces by a factor of k=!/? with k the number of averages.
We note that since an external torque acting on the upper
stage come into the system in the manner identical to Ny,
it is also rejected as long as it is incoherent to the others.

Plugging Eq. (3) into (10), one can explicitly write down
the PSD of torque acting on the lower stage as,

SV = Ba*(0? — 0?)ST, + Ba*w?SS
+ 1L 1L (0 - a3") (0 — 0]) ST
+ L1 (0? - 03} SP. (11)

where a) shall now be replaced as a) - W] 21+ 05 N to
1nc0rp0rate the damping effects. ThlS serves as a recipe for
obtaining the cross-correlated force estimate. The rotation
angles ¢; must be continuously monitored and recorded to
obtain the auto- and cross-correlated spectra, S%. Note that,
in real experiment, one may take the real part of Eq. (11) to
estimate the PSD as opposed to taking the absolute value.
In fact, the estimation error would be smaller when the real
part is evaluated. Besides, the mechanical properties must
be characterized to obtain six parameters, namely / o
and Q;. An implicit assumption is that the mechanical
properties are time-invariant throughout the measurements.
In addition, we omit gas damping noise [18] and other
noises that exert torques on the lower stage. They would
increase the magnitude of SV, if unaddressed. Gas damping
noise is found to be negligible in the numerical analyses
discussed later as long as the vacuum level is at 107 Pa or
better.

We remark that the single-stage torsion pendulum cannot
adopt this cross-correlated force estimate. In the case
of a single-stage torsion pendulum, it is equivalent to set
I, — oo, resulting in det M — 0 in Eq. (3). This means that
N; and Ny, are degenerate unless another information is
incorporated.

One drawback in this scheme is that the phase informa-
tion becomes inaccessible. The resulting estimation of
external torque n; is presented in the form of PSD.
Therefore, it is not possible to bring this quantity back
into a set of time series data representing n;.

IV. PRACTICAL LIMITATIONS

The discussion so far has been restricted to an ideal
situation. However, in practice, the performance of the
force estimation would be deteriorated in three aspects,
namely an estimation bias, residual thermal noise torques
and sensing noises. While the first two effects arise due to
inaccurate knowledge on the system parameters, the last
adds another noise into the estimation independently of the
accuracy for the system parameters.

As written in Eq. (11), the system parameters /;, @; and
Q; have to be known accurately. Any errors in the system
parameter values would lead to an incomplete result. In
fact, the resulting PSD estimate would underestimate or
overestimate the true value S)) and simultaneously leave
residual thermal noise torques. When the system param-
eters are inaccurate, the right hand side in Eq. (11) can be
expressed by,
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TABLE I. Summary of various contributions to the resulting
torque estimate.

High frequency

Low frequency w < w1, KW
12 12
Residual o (8l +512 +2w’ow2 sN 3l _ 3L\ gN
thermal o \ il Y
2[10) mlﬁw] N
+ Iam mI Sthz
Relative (& o 2a7]5wl n 20} (5(1) ) S,l\,l 2;31, SN
uncertainty h :
. . o
Sensing noise 1 Lw}w3 S, *S%

(RHS(11)) =S¥ + ASY, + ASY, + ASY,,  (12)
where AX denotes the error associated with quantity X.
While the first term represents the true value, the second
term acts as an estimation bias against the true value. The
last two terms are residual thermal torque noises which
would mask the true value in the spectrum.

Table I summarizes the contributions of various errors to
the estimation. An error respect to the true value o
(a€lj,wj, Q;) is represented by oéa. The errors were
expanded up to the first order and propagated to the
resulting estimate in two distinct frequency regimes,
namely w < w; and w; < w. Similar to Q;, 6Q; are
incorporated in 5a)j so w;éw; can be replaced by
w;6w;(1 4+ iQJTI) - 2Q2
signs between the errors matter.

To quantitatively highlight such effects, we ran a
numerical simulation with a concrete set of system para-
meters as T =300 K, I, =3x 107 kgm?, w,;/(2x) =
103 Hz and Q ;=10. In the simulation, the system

.. As seen in the table, the relative

Amplitude Spectrum [Nm/V Hz]

Frequency [Hz]

parameters were deliberately changed by o+ da. We
adopted the Monte Carlo analysis [19], where we assumed
oa to obey a Gaussian distribution with zero-mean and
fractional standard deviation of 0.01. In total, 100,000
realizations were computed. The system parameters were
randomly sampled at each time.

The left panel in Fig. 2 shows the effect from the residual
thermal torque noises in the PSD. As summarized in
Table I, the dominant contributors at frequencies higher
than the resonances were identified to be errors in the
moment of inertia or 6/,,/1;,. This is because the
mechanical responses of the system resemble a free mass
response in this regime. In contrast, residual thermal torque
noise was confirmed to scale as w® in PSD at frequencies
lower than the resonances. Therefore, thermal noise is
further suppressed at low frequencies.

The right panel in Fig. 2 shows the simulation results for
the estimation bias against the true value in Si\{ - The
relative bias normalized by the true value is almost flat
across the frequency band with amplification structures at
around the resonant frequencies.

Finally, the effect of sensing noise is studied. We add

Sy = 1078 rad/v/Hz [20] to

the measurements of the rotational degrees of freedom.
Substituting Sy, into ST, the sensing noise after cross-
correlation can be written as [Fo?(w? — »?)S® +

1 Lw} (0 — 3*)S%,. S, and ST do not affect the sensing
noise because sensing noise of (151 and ¢, are independent
of each other. As shown in Table I, the lower moment of
inertia and the lower resonant frequency, the smaller level
sensing noise limit lie. This is because a small moment of
inertia and resonant frequencies lead to mechanically soft
system which gives a large response in rotation angles for

moderate sensing noise of

@ )

(aSH? + stysiey

10 10 10° 10 10
Frequency [Hz]

FIG. 2. Left: contribution of residual thermal torque and sensing noises to the torque sensitivity of lower stage. The colored contours
represent the occurrence intervals of 99.7%, 95% and 68% at given frequency points. (a) Red line represents the most frequent value.
(b) Dashed line shows thermal noise without cross-correlated technique using Eq (4) for comparison. (¢) Dash-dotted line shows sensing
noise. Right: relative bias in the estimate of S},. Filled contours obey the same color scheme as the left panel based on the occurrence.

(d) Red line represents the most frequent value.
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given torques. At frequencies above w ;, sensing noise reaches
the level as high as those without the cross-correlation
scheme. In this region, the sensing noise scales as w* in PSD.

The system parameters may be fine-tuned offline to
maximize the signal to noise ratio. Even if such an
optimization is implemented, sensing noise would persist
as a major source limiting the torque sensitivity. Nonethe-
less, sensing noise can be also reduced if a pair of inde-
pendent angular sensors are introduced for each stage. In
fact, such a scheme has been used in the development of the
gravitational reference sensor [20]. Therefore both thermal
and sensing noises would be eliminated with the meas-
urement for infinitely long time. In reality, the measurement
time of approximately two months is required for the
cross-correlated spectrum to reach the level limited by the
inaccuracy of system parameters as shown in Fig. 2
above 1 mHz.

V. DISCUSSION

One of the experiments that may benefit from the cross-
correlated force measurement is the dark matter search using
a torsion pendulum. Ultra light dark matter (ULDM), a
candidate for dark matter, has the possibility to be composed
of vector field [21] and could couple to B-L with B and L
being baryon and lepton numbers, respectively. Using the
torsion pendulum, one can experimentally study the cou-
pling strength of ULDM to standard model particles, gg_j -
The Eot-Wash equivalence principle experiment [22] limits
gp_1 < 1 x 1072* below tens of mHz. At 2 mHz, the upper
limit for gg_; is set to be less than 1 x 1072 [13], which is
the most stringent limit to our best knowledge.

In this application, a Lorentzian excess in the PSD
estimate [23] should be searched for. Unlike the coherent
data analysis, the lack of phase information makes it
difficult to determine the parameters such as phase evolu-
tion. Nonetheless, the cross-correlated force measurement
is capable of improving these limits below a few mHz
including the one at 2 mHz by an order of magnitude as
shown in Fig. 3. Our expectation is derived based on [23].
We ran another set of Monte-Carlo simulation using the
system parameters T =300 K, I; = 3.78 x 10~ kgm?,
w;/(2r) =05x 107 Hz, Q; =200, [=0.05m, m=
19.4 x 1073 kg, 7 = 91.4 days and Ag_; = 0.0359, where
[ is the arm length of torsion pendulum, m is the mass of
test bodies, 7 is the data measurement time and Ap_; the
difference in the charge to-mass ratios of the two atomic
species in the dipole. Uncertainties in /;, w; and Q; are
assumed to obey a Gaussian distribution with zero-mean
and fractional standard deviation of 0.01. We chose small Q
values comparing to [13] in which Q =460, 000 is
achieved. This is because we consider this setup also as

fom [Hz]

FIG. 3. Expected upper limits on the coupling strength of
ULDM to standard model particle. (a) Upper limits on the
amplitude of field along the x-axis in geocentric celestial
coordinates [13]. (b) Upper limit by MICROSCOPE [24,25].
(c) Upper limit by Eot-Wash equivalence principle experiment
[22]. (d) Thermal noise without cross-correlation. (e) Quadrature
sum of the most frequent value obtained from the Monte Carlo
simulation and sensing noise.

a demonstrator for the cross-correlated force measurement.
Small Q values make it less stringent for reaching the
thermal noise limit while it maintains the significance to
dark matter search.

VI. CONCLUSION

This paper proposes a new scheme, the cross-correlated
force measurement. The scheme utilizes the cross-
correlation to overcome the sensitivity limit of thermal
torque noises which would otherwise limit the sensitivity of
precision force measurement in the torsion pendulum. Both
qualitative and quantitative analyses for the sensitivity are
presented. Inaccurate knowledge on the system parameters
would limit the practical sensitivity, which invites a
concrete idea for offline optimization scheme to further
reduce residual thermal torque noises. The scheme can be
implemented with the sensing noise reduction method [20],
enabling an apparatus to be significantly less sensitive to
both thermal and sensing noises. As a use case, the applica-
tion to the ultralight dark matter search is discussed. The
cross-correlated force measurement is capable of improving
the upper limits of gg_; at frequencies below tens of mHz.
The scheme, however, shall be experimentally verified.
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