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In this paper, we define absorptive Compton amplitudes, which capture the absorption factor for waves
of spin-weight-s scattering in black hole perturbation theory. At the leading order, in the GM® expansion,
such amplitudes are purely imaginary and expressible as contact terms. Equipped with these amplitudes
we compute the mass change in black hole scattering events via the Kosower-Maybee-O’Connell
formalism, where the rest mass of a Schwarzschild/Kerr black hole is modified due to absorption of
gravitational, electromagnetic, or scalar fields sourced by other compact object. We reproduced the
power loss previously computed in the post-Newtonian expansion. The results presented here hold for
similar mass ratios and generic spin orientation, while keeping the Kerr spin parameter to lie in the

physical region y < 1.
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I. INTRODUCTION

Characterizing the dynamics involving compact objects
in general relativity (GR) has received tremendous attention
in the last decade due to its importance for analyzing data
collected in gravitational wave detectors [1]. In general,
studying the dynamical evolution of such gravitating objects
is a very difficult problem as the nonlinearity of the
gravitational field induces dynamical changes of the sources
themselves, and those at the same time change the structure
of the spacetime. Fortunately, typical systems composed of
compact objects admit a hierarchical separation of scales
[2,3], which allows modeling compact objects as point
particles, with the finite-size effects introduced in a con-
trolled, systematic manner either via effective multipole
moments associated with the compositeness of the compact
object [4-11], mass-changing amplitudes [12,13], and
hidden sectors [14] or by solving directly the field equations
given the initial state of the source in the region where the
finite-size effects become manifest [15-24]. The object’s
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finite-size imprints on a gravitational wave signal can be
divided into three categories: tidal deformations, induced
spin multipole moments, and tidal heating and absorption.
In this paper, we will be concerned with the latter.

The simplest system involving dynamical evolution of
gravitating compact objects is given by a plane wave
scattering off black holes (BHs) of GR. According to
Einstein’s theory, the incident wave can be absorbed by
the BH as long as its wavelength is comparable or smaller
than the object’s size. From the point of view of an
asymptotic observer, the fluxes of energy and angular
momentum entering the BH’s horizon are seen as induced
mass and current quadrupole (and higher) moments on the
BH [15]. Indeed, due to the no-hair theorem, the physical
effects the absorbed waves have on the BH is simply to
change its macroscopic properties such as its mass and
angular momentum.

From a more microscopic perspective, absorption is
expected to be excitations of low-lying BH internal modes
during the wave scattering process [8]; the states describing
the excitation of such modes are hidden behind the BH
horizon and are therefore inaccessible from outside the BH.
Therefore, for an asymptotic observer, the Einsteinian
elastic evolution' of the wave + BH system seems nonuni-
tary, with the nonunitarity caused by the absorption of
energy and angular momentum by the BH.

1By elastic we mean the binary system does not emit energy
and angular momentum toward infinity.

Published by the American Physical Society
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While models of absorptive effects in binary black hole
systems have been focused mostly on the bounded orbit
scenario [4,5,9], and aligned spins in the case of Kerr BH
binaries, a few results are available for the scattering
scenario in the case of Schwarzschild BHs [8,14] (the
worldline actions modeling absorptive effects presented in
Refs. [5,9] are, in principle, usable for both bounded or
unbounded scenarios, but in those references the authors
restricted to solve the equations of motion for BHs in closed
orbits). In this work, we expand on studying the absorptive
dynamics for spinning BHs in hyperbolic encounters, while
allowing for generic BH spin orientations.

In the low frequency approximation [or simply the
post-Minkowskian (PM) approximation € := 2GMo < 1],
existing effective models of BH absorptive effects in the
literature typically rely on a spectral expansion of the
two-point correlation functions of quadrupole moments
(or effective operators), with the effective coefficients in
the expansion matched to the BH absorption cross section
[4,5,9,13,14,25,26]. At face value, this appears to be taking
a detour; one introduces an Ansatz for the spectral function
fixed against black hole perturbation theory (BHPT) and
recycles it to compute other classical observables. It would
be desirable to identify directly the relevant information
from the solution in BHPT itself. Here we bypass the need
for a spectral decomposition and show that at leading PM
order, the absorptive effects in the elastic Compton ampli-
tude obtained from the solutions to the Teukolsky equation
can be isolated in what we call the leading order “absorptive
Compton amplitude.” Such an amplitude is then recycled to
compute leading PM absorptive observables in the binary
black hole problem for hyperbolic encounters.

Our approach is somewhat a hybrid between the UV
gravitational approach (see, for instance, Ref. [15]) and the
modern amplitudes approach. That is, we do not rely on an
effective description to model the absorptive effects by a
single BH, but we directly take the UV solutions as dictated
by the Teukolsky equation in the wave + BH scattering
problem and then incorporate absorptive effects in the
binary-BH problem via the in-in Kosower-Maybee-
O’Connell (KMOC) formalism [27], closely following
recent worldline [8] and on-shell [14] computations done
for scattering of Schwarzschild BHs. In addition, we note
that, at the leading PM order, the computation of absorptive
observables is greatly simplified by noticing that it is
equivalent to computing the triangle leading singularity
(LS) for one-loop two-body observables. Furthermore, we
also clarify how to obtain absorptive Schwarzschild observ-
ables as the spinless limit of the Kerr counterpart; this limit
was previously known to be discontinuous in the PM
expansion [15]. We remark that such a limit is well defined
when the Kerr BH spin parameter lies in the physical region
x <1 and nonrational functions of y in the Teukolsky
solutions are kept, which are the famous polygamma

contributions [28] characterizing the finite-size linear
response of the Kerr BH to small wave perturbations [29].

This paper is organized as follows: In Sec. II, we discuss
how to isolate the leading PM abortive contributions to the
elastic Compton amplitude obtained from BHPT analysis
and provide explicit covariant amplitudes for Schwarzschild
BHs in Sec. II B and Kerr BHs in Sec. II C, for waves of
generic spin-weight-s scattering off the BH. The leading
PM absorptive contribution is controlled by the leading
¢ = |s| harmonic in the absorption factor. In Sec. II D, we
show the leading PM absorptive Compton amplitudes can
be obtained from the effective model of inaccessible
reaction channels excited by absorption in the framework
of mass-changing three-point amplitudes. In particular, we
show that the imaginary part of the spectral gluing of two
mass-changing three-point amplitudes recovers the absorp-
tive Compton amplitude, while the real part provide addi-
tional constraints on the near-threshold “off-shell” spectral
function of the BH. In Sec. III, we use absorptive Compton
amplitudes to compute the change in mass for a BH in a
binary scattering event based on KMOC formalism and
triangle LS computation, providing explicit results for
Schwarzschild BH absorbing spin-weight-s waves in
Sec. III B and Kerr BH in Sec. III C. We also discuss the
aligned spin, Schwarzschild, and nonrelativistic limits of the
Kerr case, finding agreement with reported results in over-
lapping regions of validity. In Sec. IV, we conclude with a
discussion and future directions. We provide a set of
Appendixes: In Appendix A, we review inelastic scattering
processes in GR and quantum mechanics. Appendix B
provides the technical details to obtain the absorption factor
in the BHPT computation via the Nekrasov-Shatashvili
function. In Appendix C, we include useful expressions for
polarization vectors and discuss the forward limit of the
elastic Compton amplitude, and in Appendix D we review
the extraction of one-loop integral coefficients via Forde’s
method and comment on the connection of the triangle
coefficient with the triangle LS.

II. ABSORPTIVE COMPTON AMPLITUDES
FROM BHPT

In this section, we isolate the leading order—in a post-
Minkowskian sense—absorptive contributions to the BH
Compton amplitude obtained directly in the framework
of BHPT.

Consider an incoming plane wave of momentum k5,
energy @, and spin-weight” s = {0, —1/2, -1, -3/2, -2},
scattering off a Kerr BH with momentum p* = Mu* and

These spin-weight values correspond to scalar, neutrino,
photon, gravitino, and gravitational waves, respectively. In the
case of half-integer spin perturbations, we refer to them as waves
in the sense of Chandrasekhar (see, e.g., Chapter 10 of Ref. [30]).
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spin vector a. The angle formed by the incoming wave and
the BH’s spin direction is y, while the scattered wave has
outgoing momentum ks parametrized by the (6, ¢) direction
on the celestial sphere. Such a scattering process is tradi-
tionally studied in the framework of linear BHPT where the
dynamical evolution of the perturbations is dictated by the
so-called Teukolsky master equation (TME) [31]. TME is a
second order partial differential equation obeyed by the
Teukolsky scalar . Nontrivially, this scalar admits sepa-
ration of angular and radial perturbation equations, which
are respectively known as the angular Teukolsky equation
(ATE) and the radial Teukolsky equation (RTE). Both the
ATE and RTE are ordinary differential equations of con-
fluent Heun type [32-34] and do not possess closed form
solutions in terms of traditional mathematical functions.
Therefore, analytic solutions to the TME can be obtained
only under certain perturbative expansions such as, e.g., the
PM approximation and the spin multipole expansion (SME),
as we discuss below.

A formal solution to the RTE imposing physical boun-
dary conditions of purely incoming waves at the black hole
outer horizon can be written. The radial functions (R, (r)
have the asymptotic r — oo behavior

inc ref
_ ST lm —iwrt ST lm —iwrt
stm(r)_Te +m€ : (1)

The ratio of the incoming and reflection coefficients
define a partial wave scattering operator (see, e.g.,
Refs. [35-38)),

ref
SBfm
inc
SBfm

— P __ 2i .68
= sSfm = sMgme€™ 70 (2)

We refer to (SP  as the “elastic-channel” (2 — 2) partial
wave scattering matrix obtained by computing the total real
elastic phase shift ;60 = 8,%" 4 6¥2—where the near-
and far-zone components are individually purely real—and
the real factor (#,,,, accounting for inelastic contributions in
the scattering process. Such inelastic contributions are, in
general, expected to be present in BH scattering scenarios
as waves with sufficiently short wavelengths can be
partially absorbed by the BH. Absorptive effects therefore
open additional “reaction-scattering channels” inaccessible
for an observer outside the BH, and the elastic-channel
partial wave scattering matrix of Eq. (2) is nonunitary, but

rather satisfies the inequality S | = (74, < 1.

A. Elastic scattering in the presence
of inelastic processes

Even in the presence of reaction channels, the elastic-
channel partial wave scattering matrix ,S? . introduced

in Eq. (2), defines an elastic 2 -2 (wave+ BH —
wave + BH) scattering amplitude.3 However, since ,SP
is nonunitary, the simultaneous excitation of other reaction
channels in the wave 4+ BH scattering process is needed to
restore unitarity, which we address in Sec. I D; see also,
e.g., Ref. [39] and Appendix A. For waves of generic spin
weights scattering off the BH, we can define two elastic
helicity amplitudes describing the helicity-preserving and
helicity-reversing scenarios. We call these elastic ampli-
tudes the spin-weight-s Compton amplitudes, which are
given, respectively, by the partial wave sums [35,40]

© ‘
sf(g) =N Z Z sSme/’ 0; aw)ssfm(e’ ¢; aa))
t=|s| m=—¢
x > (84, = 1) (3)
P==l1
© 2
sg(Q) =N Z Z SSme/’ 0; aw)sSfm(ﬂ - 67 ¢; aa))
C=|s| m=—¢
X P(_)K(SSI;m - 1)’ (4)
P—tI
where N = # Q stands for angular variables (y, 0, ¢),

and P is the parity label. The sum over parity P = +£1
appears as a consequence of changing from the parity basis
to the helicity basis. The only parity-dependent contribu-
tion to the phase shift is in the far-zone phase shift and can
be traced to the phase of the Teukolsky-Starobinsky

constant, which has an imaginary part only in the s = -2
case. This implies (05~" = (657 for s # 2; therefore, the

helicity-reversing amplitude ,¢g(€2) vanishes for waves of
spin-weight s # 2 due to the linear in P factor inside the
asymmetric P sum in Eq. (4). Finally, the partial wave
amplitudes defined above recover the Compton amplitudes
in the Schwarzschild limit (¢ — 0). In this case, the spin-
weighted spheroidal harmonics Sy,,(6, ¢; aw) reduce to
the spin-weighted spherical harmonics Y, (6, ¢).

As mention above, knowledge of all the nondiagonal
reaction channels is needed to restore unitarity of the
scattering matrix. However, at leading order in the PM
expansion we can identify the piece in the elastic amplitude
given in Eq. (3), responsible for the violation of the
unitarity of condition of (SZ ; we refer to this piece as
the leading order absorptive contribution to the elastic
amplitude, and to isolate it we proceed as follows: Let us
further split the total elastic amplitude in Eq. (3) as

sf(g) = sfl (Q) + sz (Q)v (5)

3Following the terminology of scattering in quantum mechan-
ics, elastic scattering is defined as the scattering process where
the nature of the scattered particles is unaltered.
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where
S1Q) > Sem(r:aw), S (0.:a00) (1 — 1),€%%n,
N Z.m,P
(6)
and
sf2 (Q) = Sf(Q) - sfl (Q) (7)

The key observation is the scaling of different contributions
to the phase shift and absorption factor in the PM
expansion, recall ¢ = 2GMw,

OeP ~ 0(e), (8a)
5.5?51‘2,'1~€2\s\+2(1+10g€+...)+...’ (8b)

+ 23 (1 +log(€) +-+-) + . (8¢)

In other words, the leading PM contribution of the near
zone comes from the ¢ = |s| harmonic. Isolating the
identity from the scattering matrix,

P CTP 28"
SSfm =1+ lsTfm = sMems€ s%m (9)

we see from Eq. (8) that absorption effects first appear
at €251*1 order, which become the leading contribution to
the imaginary part of STl;m. This contribution is precisely
the leading term in f; (). We will show shortly that the
imaginary leading terms suggest that they are polynomial
contact terms in the elastic amplitude.

At leading PM order we can isolate purely absorptive
pieces in the BH Compton amplitudes as

g ]AO(Q) - Sf] (Q)|LO - NZ“‘ng(Sﬂfm - 1) + 0(€2|s|+3)’
‘.m
(10)

which is the main object of study in this work. Notice that
the identification of | f,(Q) with pure absorptive effects is
valid only at the leading PM order, as in general, ,f,(Q) as
defined in Eq. (6) mixes absorptive and conservative far-
zone effects at subleading PM orders.

To simplify the expressions, we have denoted in
Eq. (10) the two copies of the spheroidal harmonics as
$S% = Sem(7,0;aw)Sz,(0, ¢; aw). In principle, there
are O(¢?#1*2) terms due to interference between g,
[Eq. (8¢)] and ,6¥% [Eq. (8a)], which are of iteration type

m
and contribute to the real part of the Compton amplitude.
The iteration contributions are expected to be absent in

observables, as prescribed, for instance, by the KMOC

formalism [27]. We therefore expect the absorptive ampli-
tude in Eq. (10) to be exact up to corrections of order
O(€?1+3). This observation will be crucial for recovering
Schwarzschild observables from that of Kerr in the
y — 0 limit.

The leading PM separation of the absorptive contribu-
tions in the helicity-reversing amplitude in Eq. (4) can be
done analogously. It is not hard to show that, due to the
linear P factor in Eq. (4), the purely absorptive piece in
sg(w) vanishes for wave perturbations of generic spin-
weight s at leading PM order, including the gravitational
case. Vanishing of such amplitude has been associated with
a hidden self-duality symmetry of the inelastic contribu-
tions to the BH Compton amplitudes [14,25].

As for the real contributions in the elastic Compton
amplitudes, up to order €2*2, f,(Q) as given by Eq. (10)
can be interpreted as a purely conservative contribution to
the Compton amplitude; indeed, for s = —2 perturbations,
this piece was recently used in Ref. [29] to study the
conservative dynamics of the gravitational spinning two-
body problem up to sixth order in the SME, i.e., the
expansion in powers of (aw).

As a consequence of the separation discussed above, at
leading PM order the inelastic cross section accounting for
all reaction channels excited in the BH + wave scattering
process follows from the imaginary part of the forward
inelastic amplitude in the visible “input channel” (see also
Appendix A),

Tl fformio g (1)

Lo _

sOinelastic —
Finally, in light of the discussion for the remaining sections,
it is convenient to write the PM expansion of the absorption
factor for the leading # = [s| harmonic ), as

1
] 2 1
Mism = 1+ Z€2M+1+nsﬂ‘(s|‘;:l|+ +”)' (12)
n=0

B. Leading order absorptive Compton amplitudes
for Schwarzschild

As a warm-up, we start by studying absorptive effects in
the Compton amplitudes describing scattering of waves off
the Schwarzschild BH. Notice that due to the spherical
symmetry of the BH background, only the angular momen-
tum number # is important in the absorptive factor (#,,,. We
refer the reader to Appendix B for details on how to
compute the absorption factor (7., within the framework
of BHPT and its modern connection to conformal field
theory and supersymmetric gauge theories [33,34,37,41].

For wave perturbations of spin-weight s = —2, the
leading absorptive contribution comes from the £ =2
harmonic. In such a case, the f coefficients entering in
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Eq. (12) are nonzero starting at n = 1. We obtain

2

6 _ 2
P = 225°

(13)

The sum in Eq. (10) can now be easily performed. We can
set y = 0 without loss of generality4; this localizes the sum
in the azimuthal number m to the m = [ = |s| harmonic.
The £ = m = 2 spin-weighted spherical harmonic is

1 /5, 0
2Y5,(0.¢) = 3 \/;eQ"”cos4 <§> , (14)

therefore Eq. (10) gives

ie®e?Pcos*(9)

L0 (Q) — 2
—ZfA.SChW( ) 45@ N

(15)

The amplitude in Eq. (15) can be written in a more
covariant manner using the scalar helicity factor

(2]u[3]*

LA = cos*(0/2) = 2wy

(16)

where u# = (1,0,0,0) is the velocity of the black hole in

its rest frame, and we used the spinor parametrization of
Ref. [28],

|/1> — /2w(_e—i4’/2 sinf/2, e/2 cos 9/2),
A = V2w (—e®/?sin0/2, e7%/? cos 0/2). (17)

We can construct momentum matrices for the momenta of
incoming (k,) and outgoing (k) waves from these spinors
as (kua); = (J4)0)i([4]4);» where we set ¢ = 0 = 0 for the
former and ¢ = O for the latter.

With this parametrization at hand, Eq. (15) becomes’

LO —

(i)e®
—2J ASchw = —2A(0> e, (18)

450
Finally, the absorption cross section is obtained from the
imaginary part of the forward limit of this amplitude, as

indicated in Eq. (11). For scalar waves, the forward limit is
simply obtained by sending € — 0, which aligns the

4Alternatively, one can keep y generic. In such a case, all
possible values of m contribute to the sum in Eq. (10) as a
consequence of the nonspherical nature of the plane wave. After
summing over m, any dependence on y drops out from the final
result.

The phase eI is due to normalization of spin-weighted
spheroidal harmonics and can be reabsorbed by the helicity
factors of Eq. (16) via a little group transformation for the
massless spinors |2),[3) and [2|,[3| (see, e.g., Ref. [13]). We
chose to keep it explicit in this section, but we will drop it
in Sec. III.

momenta of the incoming and outgoing wave. For waves
of nonzero spin-weight, however, the forward limit also
requires alignment of polarization in the incoming and
outgoing waves. Since in the BHPT computation the
polarization of the incoming wave is fixed by ¢ = 0, as
discussed below Eq. (17), the polarization of the outgoing
wave also needs to be set to ¢» = 0 in the forward limit (see
Appendix C). In summary, the forward limit of the
absorptive amplitudes involving spin-weight-s waves is
taken via (6, ¢) — (0,0). In this limit, the helicity factor
LA — 1, whereas the ¢*¢ phase in Eq. (18) vanishes.
This produces the well-known absorption cross section [42]

. 256
—2"5(31}15:& :E”(GM)%’L‘- (19)

In a similar manner, absorptive Compton amplitudes for
wave perturbations of spin-weight s =0, —-1/2,—1,-3/2
can be obtained from the Teukolsky solutions. The scalar
helicity factor for generic spin-weight ;A% is generalized to

(2luf3p

5A<0> — COSZM(H/z) = W ,
w

(20)

and the amplitude picks up a phase proportional to el*#
from the spin-weight-s spherical harmonics. In Table I we
summarize the leading order contribution to the absorptive
amplitudes for wave perturbations of different spin-weight
values off the Schwarzschild BH. Notice that, for genetic
spin weights, the leading # = |s| absorptive cross section
for Schwarzschild can be put in a unified form

s inelastic Is|

1
SLOSchw _ ”(2|_SC|U:F 1) Z €2|s\+1+nsﬂ(2|x\+]+n)
n=0

+ O(es1+3), (21)

Interestingly, we have obtained absorptive Compton
amplitudes without relying on an effective field theory
(EFT) spectral decomposition, and more importantly, we
have landed on amplitudes without a z-channel pole. In
Sec. IIC, we show that Kerr BH Compton amplitudes
share this feature. The nonexistence of the #-channel pole is
not surprising since at leading PM order, the absorptive
Compton amplitude can also be obtained from the light
mode spectral integration [14,25] by gluing two mass-
changing three-point amplitudes [13], where graviton
exchange does not occur as indicated in Fig. 1. We expand
on this in Sec. II D.

C. Leading order absorptive Compton
amplitudes for Kerr

Let us now proceed with the extraction of the leading
absorptive contribution to Compton amplitudes for Kerr.
Since Kerr’s spin breaks spherical symmetry, one has to

044043-5
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TABLE 1.

Leading order absorptive Compton amplitudes for waves of different spin weights s, scattering off the

Schwarzschild black hole as obtained from Eq. (10). The scalar amplitudes are given in Eq. (73). The leading order
absorption cross section is obtained from the leading order absorptive amplitudes in the forward limit, as indicated in
Eq. (11). Alternatively, it can also be obtained directly from Eq. (A9).

Spin-weight s Py (2lsft+1n) 5 k%chw s h,(e)[fscﬁhcw

0 n=0: —2, n=1: -2x WA (i)2GMe(me + 1) 162G*M?(1 + 2zGMw)
-1 n=0-Ln=1-% _1A<o><;;>GM€(,[€+ 1)e 22G*M?*(1 + 22GMw)
-1 n=0:0,n=1: -3 2 _1A<0)%)2GM€36"4’ 8 7G*M* o?

-3 n=0: -t n=1 -3 0)<3LZ>GM€3(,,€+1)9%¢ 1G*M*@? (1 + 22GMw)
-2 n=0:0n=1: —5% LAO %2@1\46532@ BE2GMow*

225

consider the contributions to the partial waves from all
azimuthal numbers (m). In addition, since finding explicit
formulas for the Heun spin-weighted spheroidal harmonics
to all orders in the BH spin is an open problem, to get
explicit analytic expressions for the absorptive Kerr
Compton amplitudes we perform an additional SME, in
powers of (aw). In particular, in this subsection we obtain
explicit results for the absorptive Compton amplitudes up
to order (aw)?*I*!, which only needs # = |s| contributions
in the absorption factor ,#,,,. This is also the order at which
transcendental functions of the Kerr spin parameter y
start to appear and, more importantly, the order that
Schwarzschild results can be recovered as the a — 0 limit
of Kerr.

Similar to the Schwarzschild case, we discuss in detail
how to extract the LO absorptive amplitude for s = —2
perturbations and provide directly the results for wave
perturbations of other spin weights. For gravitational wave
scattering, the f coefficients entering in Eq. (12) are now
more complicated as both azimuthal numbers m and the
black hole spin parameter y = a/(GM) enter the absorp-
tion factor. Explicitly, we get contributions to Eq. (12) for
n =0 and n = 1 given, respectively, by

RN

/

1

Z

/

\
Px
FIG. 1. Schematic representation for the off-shell propagation

of absorptive degrees of freedom in the elastic Compton
amplitudes.

my
oo = g (M2 =422 +4) ((m? = D72 + 1),

900
-2ﬂ2m = 3100 {4577K2m3)(3 + 36K (wmy — 1) — 9zwmy

X (4k* +m*y* 4 5k>m?y?) coth <ﬂ>
K

+ (2 (97zm’y — 20m? 4 5(m* — 5m* 4 4)y* +95)

- 115)m2)(2} . (22)
We used x = /1 — »2. This is also the PM order consid-

ered in the analysis of Ref. [9]. The _,4Y") for m = 0 is
divergent due to the factor coth(=¥). To evaluate this mode,

one has take the physical limit m — 0, which produces a
finite answer

© __ 1 4 )
_2'32',],,122) 225/('( +K') ( 3)
Indeed, in the Schwarzschild limit x — 1, we have

—zﬁ;(iz,limm,o — —3%  which the coefficient
reported in the s = —2 row of Table I. Importantly, the
Schwarzschild limit can only be obtained when the
transcendental functions of the Kerr spin parameter y are
included; we return to this discussion at the end of this
subsection.

In order to obtain a more compact expression for
/5% it is convenient to match the partial wave sum
in Eq. (10) to a covariant amplitude Ansatz. Details on the
matching procedure can be found in Ref. [43]. We use the
customary spin basis

récovers

u-ky )
23] (2|0"3].

The spin-weighed spheroidal harmonics need to be
expanded up to order (aw)' and the sums in Eq. (10)

{kz.a’ka,-a’w-a,aa)}, with wH = (24)

044043-6
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receive contributions from the # = 2, 3 modes. An Ansatz
fully capturing the nontrivial BHPT solution has the form
(p1 +ky=ks + ps)

LO
—2J A Kerr
L,AO¢

:GMKQ,IH%(W@Z) (aw)(w-a)+ (w-a)?

N2
) <(W§a) (esaw-a+cs am)
+Z(C5'3W'H+C5'4aa))>

(58 2
+ <C5’7Z+? w~a) )(aw)(w-a)(k2+k3)-a
#2(esswatesan)e] . 25)

We have introduced the optical parameter

M3t

. G —sin?(6/2), (26)

and to ensure the cancellation of the spurious pole & = —
at order (aw)>, one needs to impose C55 = —Cs51 + Cs3.
The helicity factor ,A(") is given explicitly in Eq. (16).

Importantly, all contributions in Eq. (25) are contact
terms, i.e., they are polynomial in the Mandelstams. The
t-channel pole due to the factor of &~! on the lhs of Eq. (25)
is canceled either by factors of &' or the combination
z=(ky-a—w-a)(ks-a—w-a) on the rhs, whereas the
s- and u-channel poles are canceled by a copy of either
w-a, or wa, with o = (s — M?)/(2M).

Via a matching procedure, we identify the free coef-
ficients

4i(9%* + 8) 32i(3y%* + 1)

Cq1 = 45){3 > Cap = 45)(3 ) (27)
4i 241 ] 241

- % cos — %;6) (28)
32i Ty 5 ("X

Cs50 = 357 <37z(3;( + );(tanh< p; ) (coth (K) + 1)

+6x* + 35 + 3), (29)

8i 2y

Cs54 = 135, = <97z(7)( +4);(coth< - )

2
+37(4 — 3y?)y csch (ﬂ) + 9t + 157% + 24),
K

(30)

4i
C56 = 135¢ 25 <37r)(tanh< K) <500th2< ) + 3% + 1)

+34)(2—|—24—|—9K5>, (31)
8i(9r* + 8) 64i(3y* + 1)
Cs7 = —W’ Cs58 = _W' (32)

It is interesting to make connection of the results
obtained from these expressions with those of Ref. [28]
obtained in the superextremal limit. For the latter, the only
terms that produce an amplitude with tree-level scaling are

64 16 4

s2lymc0 = i‘ga Csalymco = i?’ Cs6lymc0 = ig,

(33)

where the sign indicates the branch choice in the analytic

continuation of k = /1 — y2. These analytically continued
coefficients agree with the coefficients reported in Ref. [28]
labeled by an 7 tag. We remark that the superextremal limit
is only considered for comparison and we will keep the
Kerr spin parameter to lie in the physical region y < 1 for
the rest of this work.

Returning to the discussion, we now comment on how to
obtain the inelastic cross section for gravitational wave
scattering off Kerr. It is obtained via the forward limit of the
absorptive amplitude, Eq. (25), as prescribed by Eq. (11).
For this we use the parametrization for the spin operators
given in Eq. (24) as

ky-a = —awcosy, (34a)

k3 a = aw(siny sin@cos ¢ — cosy cos ), (34b)
o 0

w-a = —aw| cosy — e siny tan 7)) (34c)

and arrive at

LOKerr
7_2(5;;2‘)5;” =3 iny*e3(cy, siny sin(2y) + 2¢4,c08° (7))
- % imy e*(8(csgsinty + cs,costy
+ 2c5gcosty + sin’y cosy((cs54 + 2¢57) cosy
—¢s53)) —4cs 1 (cosy 4 cos(3y))). (35)

We have checked that by replacing the coefficients (27)—(32)
into Eq. (35) one gets the same result as that obtained by
using directly Eq. (A9). Therefore both operators propor-
tional to |a|w and those proportional to w - a in the Compton
amplitude in Eq. (25) contribute to the absorption cross
section. In Ref. [28], the |a|w operators were viewed as
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remnants of analytically continuing absorptive effects to the
superextremal limit. In this work, we learn that, in the
physical region y <1, both |a|w and w-a operators
contribute to absorption.

In the Schwarzschild limit (y — 0, x — 1) the absorption
cross section in Eq. (35) reduces to that reported in Table I
for gravitational waves. The relevant coefficients are cs ; for
i =2,4, 6, with all of them having rational and transcen-
dental functions in y. These transcendental contributions

come directly from _2,82?,)” in Eq. (22). For instance, typical

hyperbolic functions appearing in these coefficients have
the small spin expansion

1
tanh <%) =y + 6”(3 =223 + O(x*), (36)
K

coth(%) :é+ (g-;-ﬂ);ﬁooﬂ). (37)

This translates into the small spin expansion of the
relevant coefficients

3i(a+ 1) )

Cs52 = T)ﬁ +0(™), (38)
6di(a+1) _

4= g5 +0(r™), (39)
4i(5a + 11) )

C56 = T a5s +0(™), (40)

where we introduced an auxiliary parameter @ = 1 to track
contributions from the hyperbolic functions. The final
contribution to the cross section in Eq. (35) is of order
O(a). The remaining coefficients scale as O(y=~*) and do
not contribute to the Schwarzschild cross section. In
summary, the Schwarzschild observable is contained in
the (aw)’ terms in the SME of the absorptive Compton
amplitude in Eq. (25), and to obtain the correct result we
have to keep the Kerr spin parameter y < 1.

This thus clarifies how to recover absorptive
Schwarzschild observables from the small spin limit of
Kerr observables, which was reported as an issue in
Ref. [15]. In Sec. III, we return to this discussion in the
context of the Kerr binary black hole scattering problem.

A second interesting limiting case of the absorptive cross
section in Eq. (35) is given by the polar and antipolar
scattering scenarios; these are obtained by setting y — 0
and y — 7 in Eq. (35), respectively. In such cases, the
absorption cross section drastically simplifies to

0,K
orokKer 1

inelastic |polar . . 4.3

W— ﬂ:ilﬂ)( €7Can
1.

izlﬂ)(5€4(cs,1 F csp F 20s3), (41)

with the upper/lower sign for the polar/antipolar case. After
substituting the coefficients ¢4, of Eq. (27), the first line
agrees with the result reported in Eq. (26) in Ref. [41.5 As
we show in Sec. III C, the polar scattering result is enough
to recover two-body absorptive observables in the aligned
spin limit, at least for the first few orders in the post-
Newtonian (PN) expansion.

Finally, in the equatorial limit (y — z/2), Eq. (35)
becomes

LO,Kerr| . 1
—2%inelastic lequatoria . 54

= ——iny’c’csg, 42
(GM)Z 4 )u/ 5.6 ( )
which as y >0 and with csg¢ —>465% recovers the
Schwarzschild cross section reported in Table I, as

expected.

The leading PM absorptive Kerr Compton amplitudes
and cross sections for waves of spin weights s = 0, —1/2,
—1,—-3/2 can be obtained analogously. We summarize our
findings in Table II.

It is interesting to understand the behavior of the
absorption cross sections computed above as a function
of the energy of the perturbing wave. As it is well known,
for a given £ mode, different superradiant m modes can be
excited if the energy of the wave satisfies

®—w., <0, (43)

my
—_ wc’m - k)
2GM(1 + /1 =4?)

where the critical superradiant frequency . ,, becomes
maximal for m = |#|. When a superradiant m mode is
excited, the absorption cross section for that given mode
becomes negative as energy and angular momentum have
been taken away from the BH. However, when the
azimuthal sum in Eq. (A9) is performed, superradiant
effects in the total absorption cross section are expected
to average to zero, see Ref. [4].

To illustrate this phenomena and specializing to gravi-
tational wave absorption, in Fig. 2 we have plotted the
absolute difference between the Kerr gravitational absorp-
tive cross section given in Eq. (35) and its absolute value, as
a function of both the direction of the incoming wave y and
the frequency of the wave inside the superradiance region;
in the top plot we included the leading G> contributions,
whereas in the bottom one we included up to the G® order.
We see in the top plot apparent negative values for the total

*We believe Eq. (26) in this reference is missing a multipli-
cative factor of a,. This is most likely a typo.
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TABLE 1I. Leading order absorptive Compton amplitudes and cross section for spin-weight s =0,—1/2,—1,-3/2 wave
perturbations off Kerr as obtained from BHPT analysis. The coefficients d;, e;, and n; entering in each amplitude Ansatz,
are obtained directly from the Teukolsky solutions. We have checked that in the Schwarzschild limit we recover the results presented
in Sec. II B.

n=0:—-(1+«k)
1+n
0(<)+) n=1:—7x(l+«)
0 o e oAk + 1)(1 + ex)GMet
0Cinciasic 821G M? (k + 1)(ze + 1)
R n=0:—§(K*+4m’y?)
-1 imﬂl) n=1:25(=97(k + 4m*y*) + 9n(k + 4m*»*) tanh (™£) + 8my (—4m?y* + y*> + 8))
LO aw w-a)? aw 5
_% AKerr A<0)§GM[d1 e + dz(Z + ( 5) ) + E (d3(k2 -a+ k3 . (1) + d4W . a)}eZ‘ﬁ
1
— 5 . i ir i {(37 tanh % 11
2 d; dlz—g, dzz—?, d3:@, d4:—’( 7t 3)({22)+ x)
_jorOKer (GM)*z[-2ix*e(dy — (2d5 + dy) cos(y)) — 4ixd,]
2 inelastic
_jotOKer| (GM)*z[-2iy’e(dy F (2d5 + dy)) — 4ixd,]
7 inelastic 'POfar
n=0:5my((m*—1)*+1)
lﬂ(l3+ﬂ) n= 1.36 [Azmy(—((m? — 1)y*) — 1) coth(%)
- m
+aldam((n? = g +1) + 2B =3 43) +4)) - 4
1 1S i Kerr L AOEGM [% + 2(eaw - a + e3(aw)) + (W‘“>2(€2W;+€4(“w)) n es(aw)w'a(ékz‘aJrkra)} oit
) 2i(2k3 + 2y coth (% 4 4i(2my coth (%) +352 42 i
‘ = e oy < M) | _ o
_ oroKer (GM)er[Zz)( ejecos(y) — iy>e*(ezsin®(y) + (e4 + 2es)cos?(y) — e, cos(y))]
ookl (GMPaE2izene - iR (es + 2e) F €3)
n=0: (K2+4m2)(2])1(;)K2+4mz)(2)
g+ n=1: 28800( —2257x* — 16m3y3 (my (16my + 257) — 100) — 144x*my
=373
" +257(k* + 4m?y*) (96> + 4m*y* ) tanh (2£) — 40k my (my (16my + 257) — 50))
LO ny(w-a)? (w-a)?(ny(w-a)?>+aw(n -a-++ngw-a
_%fA.Kerr _%A<O)§GM[(H12 + 2(5 ) Yaw + (n3z2¢f + )2 (4 (w-a)*+ (fs(kz‘FkS) +ngw-a))
+2(ny(w- a)? + aw(ng(ky + ks) - @ + nogw - a)))] €37
. _ i3 _ i(8)(2+1) _ (4P H3)in _ (82 +))in
3i(8y2 157(8y%+1) tanh(5%)+(88y%+191 (4243
ns = (2)(;;(+1)’n6 _ _i(sx(8y )1an3(())( )+x(88¢° )),n7 =yt ngng = (2)%;3- )’
_i(57(32¢%+9) tanh(3Z)+57(87>-9) sinh(5)sech(3Z) +567°+382)
o = 0
,olOKerr (GM)?z[— g ix*e* (4nssin (y) + nysin®(2y) + 4nycos* (y) — 8nscos® (y) — (3ng + 2ng + ng) cos(y)
2 inelastic .39 . 9 >
+(=n6 + 2ng + ng) cos(3y)) — ix’e*(nsin*(y) + nycos?(r))]
_;0;21’§2|p01ar (GM)*z[~gix*e* (4ny F 8ns F (3ng + 2ng + no) + (=ng + 2ng + no)) — iy’ ny]

absorption cross section which appears inside the super-
radiance bound. These negative values are present as a
consequence of the truncation of the PM expansion as can
be seen from the bottom figure and are expected to totally
disappear for the all orders in G result.

In a related front, the absorptive cross section given in
Eq. (35) (and its analogs for wave perturbations of other
spin weight shown in Table II) predicts an asymmetry of
absorption when gravitons in a given circular polarization

state are absorbed more than those in the other polarization
state depending on the incidence angle, leading to a net
polarizing effect on the outgoing flux of gravitons7; this is
the equivalent of the ‘“spin-induced polarization” that
appeared in the conservative sector as given, for instance,

"The authors would like to thank the anonymous referee for
bringing this point to our attention.
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a=0.5, Wc,n-2-0.53 @, Okerr- AbS[Okerr] + O(G®)

FIG. 2. Absolute difference for the gravitational (s = —2)
absorptive cross section and its absolute value, up to O(G?)
(top) and O(G®) (bottom) as a function of the wave’s incoming
orientation y, and the frequency  inside the superradiant region
as defined by the inequality in Eq. (43). We have used GM = 1,
m =72, and a = 0.5 as the value for the Kerr spin parameter.
Notice in the Schwarzchild limit (o — 0), the absorptive cross
section is always positive.

in Eq. (3.18) in Ref. [43], but now in the absorptive sector.
For the latter, the absorption cross section for positive
helicity gravitons _ ,o can be obtained from that of negative
helicity gravitons _,o by time reversal (w — —w) or parity

inversion (y - 7 —y). The latter is used to obtain the

. . LO,Kerr
absorptive cross section +20inelastic *

manifestly time-asymmetric process.
The net spin-induced polarization can then be quantified
by (P, defined by the ratio [40,43-451°

since absorption is a

¥Since the LO helicity-reversing amplitude in the absorptive
sector vanishes for any spin-weight s, here we define the spin-
induced polarization with respect to the absorption cross section
computed in the helicity states rather than the circular polariza-
tion states as done in Refs. [40,43-45].

LO,Kerr
[—Sainelastic:| - [
P =

st ’
LO,Kerr LO,Kerr
[—Sainelastic} + {+50inelastic:|

which vanishes for Schwarzschild BHs. For instance, for
integer spin-weight s = -2, —1, 0 perturbations, in the
small spin expansion we have

LO,Kerr
+s% inelastic

(44)

A

P=reos(y)(a) 5000 69

The positivity of the cross sections | 6 >0 imply the
bound |P| <1, where saturation of the bound P ~ +1
implies maximal polarizing effects from absorption; only
one circular polarization is absorbed, while the other is not.
Note that saturation of the bound does not imply total
absorption of one polarization.

The spin-induced polarization _,P for gravitational
perturbations of Kerr is plotted in Fig. 3 for fast-spinning
(a =0.5) and slow-spinning (a = 0.05) black holes for
various incidence angles y € [0, z] and frequencies above
the critical frequency @ > o, ,,,—,, where we set GM = 1.

The lower cutoff w.,_, was introduced because the

: : LO.Kerr - .
absorptive cross section oy, & 1s not perturbatively well

controlled due to PM truncation errors; see the discussions
around Eq. (43). It is evident from Fig. 3 that the polarizing
effect is stronger for faster-spinning black holes, polar
incidence angles (y = 0 or y = x), and graviton frequencies
near the superradiance threshold o 2 @, ,,—5.

D. Absorptive Compton amplitudes
from spectral integration

Finding a prescription that separates the absorptive
contributions to the elastic scattering operator (SL = to
all orders in the PM expansion is, in general, a very hard
task. The difficulties are twofold; first, elastic and inelastic
contributions at a fixed PM order mix at higher PM orders
due to interference, and second, the knowledge of all
possible reaction channels excited in the BH + wave
scattering process is necessary. In other words, we need
to supplement the diagonal (input channel) 1 + 1" - 1 + 1/
elements ;S” by all possible nondiagonal processes, e.g.,
1+1" - 14 1’ scatterings, 1+ 1’ — 1” excitations, and
so on (see Chap. XVIII in Ref. [39] and also Appendix A).
Unfortunately, in the classical BHPT computation such
nondiagonal elements are inaccessible since the BH states
describing the energy and angular momentum absorbed by
the BH cannot be accessed from an observer outside the
BH. This problem is circumvented in classical GR com-
putations by restoring unitarity (by hand) through flux
balancing laws at the BH horizon, which is enough to
restore unitarity at the level of observables.

Several proposals for EFT parametrizations of BH
reaction channels can be found in the literature. At leading
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g, - o

a=0.5, wem2 = 0.53 a, P =

g, + 0

o, -0
a=0.05, wep2 = 0.50 a, P =
o, +0
1.0
[
W > We m=2 ///\ T~
c, —
05 TS
/

FIG. 3. Spin-induced polarization _, P for gravitational scatter-
ing for fast-spinning (a = 0.5, upper) and slow-spinning
(a = 0.05, lower) Kerr black holes (GM = 1). Fast-spinning
black holes have stronger polarizing effect than slow-spinning
black holes. The polarizing effect becomes stronger as the
graviton’s frequency approaches the superradiance threshold
(toward the front) and as the incidence angle approaches the
polar axis (y — 0 or y — m).

PM order the channels are expected to be described by on-
shell mass-changing three-point amplitudes [12,13] or by
amplitudes involving operators parametrizing hidden sec-
tors coupled to gravity [14]. In both of these approaches,
the introduction of an EFT spectral function to model the
invisible sector is necessary. The problem of restoring
unitarity can be rephrased as “what is the spectral density
for a black hole?”

Finding such a spectral density is a nontrivial task and in
this section we show that the absorptive amplitudes of
Eq. (10) can be reproduced from a spectral integral, which
takes the “on-shell” near-threshold part of the spectral
density as the main input. Off-shell contributions are also
necessary to ensure the vanishing of the BH’s Love
numbers, as we discuss below. Other prescriptions

considered in the literature for modeling absorptive effects
are based on writing Ansditze for the spectral decomposition
of two-point functions of hidden-sector operators localized
on the compact objects [4,5,9,11].

Following the treatment of Refs. [13,14,25], we proc-
eed to derive the absorptive Compton amplitudes for
Schwarzschild’ BHs using the EFT mass-changing three-
point amplitudes, where a BH of mass M; and momentum
pl{ absorbs a graviton (or a massless quanta of helicity
h < 2) with momentum k* and transitions into an excited
state X of momentum p’;, mass M,, and spin s,, where the
details of the “microstate” are inaccessible to a distant
observer. Such an amplitude is uniquely determined by
kinematics and takes the form

A3(p2s s2|pro ki, h) = QLIZI((Z’)MTZ& (2k)*>"[2K)%= ", (46)

where @ = 21"’/1‘2'1‘ is dimensionless. In the classical limit, the

1

amplitude is proportional to spin-weighted spherical har-
monics [13] (see Ref. [25] for discussions on the Kerr case).

The “Wilson coefficients” thz‘(a)) and the spectral
density p;(u*) parametrize our ignorance associated with
the possible set of states X. However, we can impose
constraints by matching to the BH absorption cross section.
For example, the inclusive absorption probability for the
leading # = |h| harmonic leads to the constraint [13]

252h)+1
P =) [l @P | @)

Using the PM decomposition of Eq. (12), we can relate the
lhs to the f coefficients as

1
2|h|4+14n
hP|h\ - 1= h’ﬁl.m — _262\h|+1+nhﬂ|(h|| [+1+ ). (48)
n=0

Combining the two, we can partially determine the BH
spectral function. Note that due to the “squared” nature of
the matching procedure, one can only account for the
product of the spectral density and the modulus square of
the EFT coefficients, and information about their phases
cannot be obtained from the matching.

The mass-changing three-point amplitude also induces
absorptive effects for the Compton amplitude. This process
is captured via a tree-level exchange diagram as shown in
Fig. 1. Schematically, such a contribution is given by

[ > puy ) A XAy oy 9
B (o} s—u> +i0 )

9, . . .
The case for Kerr is analogous and we do not discuss it here.
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Importantly, the above integral requires the knowledge
of the off-shell spectral function p,,(u*), where u* #
2Miw + M % This information cannot be obtained from the
matching procedure of the absorptive cross section, since
the matching only involves the on-shell three-point ampli-
tude and hence is only relevant for strict threshold kin-
ematics y?> = 2M @ + M2.

We expect the absorptive effect contained in Eq. (49) to
be the leading contribution to the imaginary part of the
elastic scattering matrix (;S£ —1). To isolate absorptive
terms from the amplitude in Eq. (49), as discussed near
Eq. (9), we need to remove the phase associated with the
spin-weighted harmonics. Since the three-point amplitudes
entering in Eq. (49) are spin-weighted spherical harmonics,
we take them outside of the spectral integral and the
imaginary part of TZ arises from taking

1

Thus, although the gluing of the three-point amplitudes
involves an integration over a continuous spectrum, the
imaginary part is a simple polynomial contact term, i.e., on
the support of Eqgs. (47) and (48),

Zp{b} (luz)sA%b}sA?b} |;42:2M1a)+M% = sf],ZO- (51)
{0}

In other words, when parametrizing the momenta of the
incoming and outgoing gravitons by the spinors of Eq. (17),
we recover the absorptive amplitude for Schwarzschild,
defined in Eq. (10), at leading PM order for the leading
! = |h| harmonic.

In summary, we learned that, at leading PM order,
cutting the propagating line in Fig. 1 is equivalent to
making an insertion of the absorptive contributions to the
Compton amplitude. This observation will be useful in the
two-body context and allows us to obtain absorptive two-
body observables from the triangle LS, rather than box LSs
as naively expected from the KMOC formalism.

Finally, the real part of the spectral integral in Eq. (49)
requires the knowledge of off-shell spectral functions; we
comment on these issues in Sec. IV.

III. MASS CHANGE FOR A BLACK HOLE
IN A BINARY SCATTERING

A. Absorptive binary observables
from KMOC formalism

In this section, we compute the mass change of a
Schwarzschild or a Kerr BH with initial mass m; and
incoming momentum p/ = muf, due to the absorption of
massless fields of spin-weight s sourced by another
compact body of mass m, and initial incoming momentum
ph = mouh, in a massive 2 — 2 scattering process.

For mass-changing Kerr, we denote its spin as a; and
the dimensionless spin parameter as y = a;/(Gm;) =
S/(Gm?). The binary system’s impact parameter is b¥.
We will utilize the KMOC formalism [27], where change
in the expectation value of an observable O is given by

(AO) = i(in|[T, O]|in) + (in|TT[O. T]jin).  (52)

The two contributions here are conventionally termed
“virtual” and “real” kernels, respectively. In Ref. [14], it
was shown that, for O = P/ at leading order in the two-
body PM expansion, the transverse (with respect to p) part
of the virtual kernel cancels against the real kernel, while
the longitudinal piece is determined by the real kernel.
Moreover, the absorptive contribution to the impulse AP
is proportional to the mass shift, (APY) = (Am, )i}, where
i) is the dual velocity vector satisfying &; - u; = 6;; for i,
Jj = 1, 2. This suggests that, at leading order, we can simply
compute (AP?) as the contribution to the impulse.

To do so, it is more convenient to work with the
following version of the KMOC formula:

(AO) = (in|STOS — Oin),
= i(in|OT — T'Olin) + (in|T*OT|in). (53)

If the wave packet state |in) consists of O eigenstates
with a common eigenvalue, we can pull out O as the
eigenvalue O;, = (in|O|in) and write Eq. (53) as

in|T|in) — (in|T"|in)
; +

= (in|T"(O = Oy,)T|in), (54)

(AO) = -0y, < (in|T*OT|in),

where unitarity of the S matrix was used to obtain the
second line and the O, insertion is understood to be
multiplied by the identity operator. Setting O = P?,

P2 — m? A
0-0, =1 ml:Aml{l—kO(ﬂ)}, (55)

2m1 m

we can compute the mass change at leading order from
Eq. (54). In a nutshell, by computing (AP?), we extract the
longitudinal piece of the impulse for P¥. We remark that
Hawking’s area theorem is trivially satisfied when pos-
itivity of the operator (55) is assumed, i.e., when we only
consider absorption effects.

Note that, in Eq. (54), one is essentially inserting an
operator in a unitarity cut. To isolate the absorptive effect,
one inserts a spectral projector P W2.n2) which projects onto
the intermediate two-particle states with masses y* and m3,
where 4 is the mass of the hidden states associated with the

absorptive process. The spectral projector ‘,B(szmg) contains
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FIG. 4. KMOOC representation for the BH mass-change observable and the triangle reduction sequence. Left: the product of two four-
point amplitudes in the original definition. Middle: we isolate classical terms by extracting the nonanalytic terms in each four point.
Right: extracting the imaginary part from the spectral integral collapses into contact terms.

PHYS. REV. D 111, 044043 (2025)

the information of the spectral function p,(u?) discussed earlier in the gluing of three points into the Compton amplitude.
The leading order mass change can then be written as

. P} —mi} . > —mi .
<Aml>LO—/dﬂ2<ln|T“’B(ﬂ2.m§) 1Zml +Tlin) —/dﬂ271WIHIT“B(ﬂ2.m§)T|m>

n O(q-u))d(q - e
:/d“qwel@b/ dSS,O,,ﬂ(S)

4mymy 0
S /d‘prldq)rzflﬂpl +q,p2—q;1r1,12) Ag(p1. pai Ty r2)34(l71 +pa—ri—1), (56)

where S = ”22%:1%, o
(LIPS) measure associated with the cut momentum 74 ,, and Ay is the BH + BH — BH + X scattering amplitude. The ~ in
the second line denotes that we have neglected the terms that trivialize in the classical limit, such as the integration over
wave functions of the wave packet w(p;)y*(p, + ¢) or the positive energy condition ©( p(l) + ¢°). The expression can be

diagrammatically expressed as the left diagram of Fig. 4. Reparametrizing the cut momenta by r| = p/ + ¥, the LIPS

7 (ry) are the momenta of the particle with mass p* (m3), d®,,  are the Lorentz invariant phase space

integral in the classical limit reduces to

/chrldq)rQAZ(pl +q.pr— @11, 1) A (P pair1. 1) (p1 + Py — 1 — 1)

ny Oy 1= )01y - 1
Z/d“l (s im ,31< : )Ai(pn+q,pz—q;p1+l,pz—l)¢44(p1,pz;p1+l,pz—l)- (57)
177t

Since the time component of the “loop momentum” /# is
constrained by the § constraints, we have simplified the
positive energy conditions to ©(p! + 1°)0(p) — I°) = 1.

As discussed in Ref. [14], classical dynamics is governed
by nonanalytic terms in .44, which at leading order arises
from pole contributions corresponding to the exchange of
one massless mediator. We can write the integrand of
Eq. (57) as

w Sy 1= 5)5(uy - 1
/d4l ( ! ) ( 2 )XN(plvpblvq’S)’ (58)

4m1m212(l - ‘1)2

to make the poles manifest, where N is the numerator of the
“loop” integrand. Importantly, the only terms relevant in N
are those nonvanishing on the support of 7 = (I — ¢)> = 0.

Terms that vanish correspond to pinch contributions and do
not affect the classical dynamics. Thus, we isolate the
classical terms by imposing the cut conditions on N, as
illustrated in the middle of Fig. 4. On the locus of cut
constraints, the numerator N can be written as products of
three-point amplitudes and Sp,(s),

N =8FAY(pr—q;l—q.pr — )As(pr. =L pa— 1),
F =ps(8)A5(p1 +q.1—q;py + DAs(pr. py +1). (59)

Naively, this would correspond to computing the leading
singularity of a box integral, since the two cut conditions
are already present in Egs. (57) and (58). However, we may
exchange the order of integration in Eq. (56) and evaluate
the spectral integral f ds first, which localizes to S = u; - [
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by removing one of the § constraints. Then F can be
identified exactly with the imaginary part of the absorptive
Compton amplitude O, as discussed around Eq. (51). In
the two-body computation, this is illustrated in the right-
most diagram of Fig. 4. The resulting integral has a triangle
topology,

A

~ay O(ua - 1)
< Mpa=gp

where Cut;, extracts the triangle LS of the numerator
Nls—y, .- This follows from the fact that computation of the
triangle LS can be identified as integral reduction for the
triangle integral as demonstrated in Appendix D. Finally,
using that [14]

Cutyyiy[ (1 - 1) X A3 x Ay x f5O]
4m1m2

wy O(uy - 1) 1
/d4llz(l2—q)28x/—q2’ o

we arrive at

lqb

(Amy)io /d4q5q 11)5(q - uz)8
X Cutma[(ul I) x Ay x Az x f19]

/ Pgb(q - u)3(g  up) e Im[M,],
16m1

(62)

Q

where the last line defines Im[M,]. Note that we have
implicitly used crossing symmetry and converted A3 to A;.
We now turn to extracting the triangle LS for spin-s
massless mediators.

1. The real kernel and triangle leading singularity

We have learned that the change in mass in a binary BH
scattering process is controlled by the absorptive contri-
bution to the 2 — 2 elastic amplitude [14], and at leading
PM order, such contributions are determined from the
triangle cut depicted in the rightmost diagram of Fig. 4,
where the leading absorptive effects are fully captured by
the absorptive Compton amplitudes studied in Sec. II.

To evaluate the triangle LS and mass change as pre-
scribed by Eq. (62), let us relabel the loop momentum in
Fig. 4 to match the conventions of the original LS and
holomorphic classical limit (HCL) parametrization of
Refs. [46-49]. In the remaining parts of this section, we
follow the loop momentum labeling of Fig. 5.

We use helicity amplitudes to compute the triangle cut in
Eq. (60), i.e., we compute the triangle LS as

[(ul : kl)sAIz:bs. X SAE X sA3+] (63)

Cut conditions*

FIG. 5. Triangle leading singularity configuration [47].

This is enough to compute the mass change since the
helicity-reversing absorptive Compton vanishes at leading
PM order. The helicity-preserving absorptive Compton
A4 s 1S given by
+- _ Lo

SA4.abs - SfA,Schw/Kerr|k3—>—k3’ (64)
due to all-incoming convention for the cut computation, in
contrast to the in-out convention for the momenta in the

BHPT analysis.
The mass-preserving three-point amplitudes involving

one massless particle of spin-weight s = {0, —1, -2} can
be written in a compact form,lO
) (Pl
A3(p2. k™, p =SQ< : 65
3( 2 3) <kC> ( )
k| pa|¢]\ 2l
As(pa. kT, p3) = 07 << gk2]| ]> ) (66)

where |£),|¢] are reference spinors, and QF is the spin-

V322G

weight-s coupling constant; for example, _,0* = —¥2=

for gravitons.

Our strategy in the following is to provide an explicit
parametrization of the three-point and Compton amplitudes
that allows one to evaluate the triangle LS as a contour
integral, while allowing generic spin orientations for the
BH. We proceed by introducing the LS and HCL

lOHalf—intf:ger spin three-point couplings are forbidden due to
the spin statistics theorem.
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parametrization of Refs. [46—48], where a generalization
for the LS-HCL construction for BHs with generic spin
orientation was introduced in Appendix A of Ref. [49]. The
labeling of momenta can be found in Fig. 5. The para-
metrization for the massless momenta k,, k3 are

lq|Vz? = 1(myp —mioph) +mimyovg” + izE*

k#: )

2 2m;myov

v _alVZ = 10mpl —mioph) —mimyovg + ize"
3 2mmy6v '
i — a2 = Hmypliz+ moph(v—2)) +i(22 — 1)&"

’

2mimy(1 —vz)o
(67)
where the momentum transfer is ¢# = k4 + k4. The null

vector w# is built from the spinors of the exchanged
massless momenta and provides an extra handle needed

for computing spin effects. It is defined as w* = 2“16"; /.
2lo"3]
where 62 VTR We have also defined ¢ = u; - u, =

m to denote the relativistic Lorentz factor, and the vector
EF = ePrrq,p, sP2y,- These expressions contain the leading

in |g| = \/—¢* contributions to the classical amplitude.
The parameter z was introduced to simplify the expression,

and the relation z = ';—; needs to be inserted when
computing the LS.

On the triangle cut, the product (u, - k,) evaluates to

lq|Ve? —1(y* - 1)
2y ’

U ky = w.(y) = (68)

In other words, the expectation value of the mass change
can be thought of as the expectation value of the absorbed
energy @, carried by the massless mediator.

Using this LS construction, Eq. (60) is reduced to the
contour integral

¥)sAd s ({A})sAT ({B}),A5 ({C}).

(69)

8v/—q° Jris 2”)’

where we have used Eq. (61). The contour I'; g computes the
residue at y =0 minus that at y = o0 471" we
also included the momenta for the three- and four-point
amplitudes, which follow the conventions of Fig. 5:
{Ay={p1.—(p1+q).k5.k3}. {B} = {p>.—l.—k3 }, and
{C}={-(p2—q).1.-k3 }.

"The correct prescription is to take the average (see Appen-
dix D), but we can compensate the missing factor of 3 by only
evaluating the (kj, k3) helicity configuration.

Thus, to compute the change in mass in the scattering
process, we simply evaluate the LS integral [Eq. (69)] and
substitute the result into the mass-changing formula
[Eq. (62)]. In the remainder of this section, we evaluate
the change in mass in the BH-BH scattering for different BH
binary components, as well as different spin-weight
mediators.

B. Schwarzschild black hole mass change

As a warm-up, we study the change in mass in a
Schwarzschild BH-BH scattering scenario using absorptive
Compton amplitudes in Table I, obtained from the solutions
to the Teukolsky equations in the a — O limit. The
computation serves as a check against reported PM results
in the literature.

From the LS parametrization in Eq. (67), the product of
three-point amplitudes to be included in Eq. (69) takes the
simple form

AT X AT =,07,07m)" (70)
Similarly, the wave scattering PM parameter is

_ Gmyq|Vo® —1(* - )'

2y

e =2Gmw

(71)

Finally, we also introduce the LS parametrization of the
helicity factor for the spin-weight-s absorptive Compton
amplitudes

lq|(Ve? =1+ Ve? — 1y = 20y)

(23] = 5 ,

(72)

which then produces

40 _ lu]3P
s (2&)0)2‘5‘
—25(02 = 1)’ (y* = 1)* (Vo2 = 1(32 + 1) = 26y) .

(73)

These are the building blocks for evaluating the LS integral,
Eq. (69), involving only Schwarzschild BHs.

Specializing to the case of gravitons (spin-weight
s = —=2) and using the LS parametrization introduced
above, the LS integral in Eq. (69) produces

7

G
—mimi|q)’(1 = 6%)(216* — 146 + 1).

Schw] _
—ZIm [M4 ] 720

(74)

When inserted in the KMOC mass-change formula
[Eq. (62)], the mass change is obtained as

5G" zm$m3Vo? —1(216* — 146> + 1)

A Schw _ ,
22 16[5]7

(75)
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TABLE III.
Schwarzschild BH scattering.

LS coefficients for electromagnetic (s = —1) and gravitational (s = —2) exchange in Kerr BH +

ieIGm%Q:ﬁﬂ

_ Gm3Q%(c*—1)(e5(56>—4)+3e4—2es)

5¢,Gm3Q20(c*—1)

—1 A.. o _ _
17 Ay = A’ 1Ay = 512m A = 512m}
Aws = — Gm2Q%(e3(7-56%)+¢4(56*=7)+2(5es6° +es)) A, = — Gm3Q%(c*—1)(3e3—-3e4+2e5)
-1433 — 512m3 P—1734 512m3
-2 —2Aji A = iG*m3o((16°=6)cy 1 +3¢42) A —_ 21iG*m5o(cy 1 —cs) A= 3iG*m3o(can—can)
’ -27%4.1 256m‘]1 1 —21742 256m‘1‘ * 27743 256m‘l1
A _ ”szg("z_1)(215455&_280‘255.6_14‘7255.7+(70'2_6)55.4+505.2+8C5.6+4C5.7_255AX)
—24551 1024m3
A — 712G my0(6”—1)((36°=7)cs 1 +(4—36%)cs ) A — _7ﬂsz§5(362—5)(2651—c5.3)
—24352 1024m; > 24754 1024m3
A — 7G> mj((46—420%)cs5,—7(36%—106%+7)cs5 4+2((9-216%)c5 7+ (216 —4962 +26) 5 s —8cs 5) )
—24353 — 1024m>
A o 7IrG2m§(302c5_5—6o’2c'5.7 +602cs53+(362=7)cs,+(7-30%)cs 4—Tcs g—2¢57+2¢58)
2455 = 1024m
A — 7G2my (6> =1)((T6*~11)cs 4=2((762=6)cs 4 +(T02=3)cs 7+2¢5.5)+10c5 )
=256 — 1024m?
A . 217!G2m;z7(62—1)(265_]—05.3) A o _ﬂszg(Gz—l)(5(‘5_2—565‘44*5!,‘5‘6+2L‘5<7—2C‘5_g)
—2457 — 1024m3 120859 1024m3
A _ 72G*m5(216% ¢56+(216°=23)cs ,+(23-216%) 5 4—23¢56—8¢57+8¢5 5)
—27758 7 512m3

where |b| is the magnitude of the impact parameter.
Equation (75) recovers the results reported in Refs. [8,14].

The mass change can also be evaluated for scalar and
photon exchange between the BHs. We recover the change
in mass expressions reported in Egs. (3.36) and (3.38)
of Ref. [14].

C. Kerr black hole mass change

We now move to the mass-change analysis for Kerr
BH + Schwarzschild BH scattering. In particular, we
obtain new results for the change in mass of the Kerr
BH with generic spin orientations, which we validate by
comparing against existing results in the PN literature for
the aligned spin configuration. We also discuss in detail
how to recover the Schwarzschild results presented in
Sec. III B, as the spinless limit of the Kerr observables.

In order to obtain compact expressions, we expand the
result of the evaluation of the LS integral in terms of the
following spin operators:

H= {01 = 8(q,u1,u2,S),02 =q-S,0;3
= |qluy - S, 04 = |4|S|}. (76)

At the ith order in BH SME, the LS can be written in a
symbolic form

. T i
A\‘Im[M4]l’Kerr = _q2 Z\Al,]H;@ s (77)
J

where the (A;; coefficients are determined by explicit
evaluation of the contour integral in Eq. (69).

1. Graviton exchange

The _,A; ; coefficients in Eq. (77) for graviton exchange
can be obtained from the absorptive Compton amplitude
[Eq. (25)] written in the SME. This implies that the leading
order for absorptive effects is the fourth order in the SME.
The basis of spin operators [Eq. (24)] can be evaluated
using the LS parametrization [Eq. (67)], whereas the optical
parameter is given by

2(”1 ‘k2)2 ) (1 _y2)2
= = — R 7
3 Tkl s (78)

At fourth order in the SME, the triangle LS [Eq. (69)]
evaluates to

LIMMHET = 0104 (03_,A4 5 + 05 5A4; + 03544 5)-

(79)
For fifth order in the SME,

LIMM PR = 0,4(05_,A5 5 + 0303 _,As 5 + 03 ,As,
+ 0305 As, + 035 5As;s
+03(03 A5 6 + 035As33)
+04(03,As 4 + 0303_,As 7). (80)
The coefficients (A, ; are reported in Table IIL
We take the center of momentum (c.m.) frame to

simplify comparison with the results available in the PN
literature. The momenta of the BHs are parametrized as
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(see, e.g., Ref. [50] for details)
p1=—(E..p), pr=—(E3 —p),

q=1(0,q),

0],

pq= (81)
Here, p is the asymptotic incoming three-momentum and g
is the three-momentum transfer in the scattering process.
The total energy is E = E| + E,, whereas the Lorentz

factor o2 = ”"12252.
1772
|
Am4,Kerr _ 15E|S|b ) (p S S)
= b’mim3ve? — 1

where §| =S — p";—zs is the transverse component of S.

The A coefficients generally contain negative powers of
the Kerr spin parameter y. In particular, the mass change
[Eq. (83)] has coefficients that scale as O(y*) and higher
in y. Therefore, although the norm of the multipole
operators o; scales as |o;| ~ O(y), the net scaling of
Eq. (83) starts linear in y [see, for instance, Eq. (85) for
the aligned spin configuration]. This means the small-y
expansion and the SME are not the same. To correctly
capture absorptive effects for BHs with generic spin

4 Kerr

The covariant spin operators can analogously be mapped
to their c.m. representations via

E
S - , =q-S+0(g%),
0 o (pxq) 0, =4¢q (4%)
q|E =|S
0y = Lp.s+0(q2), o4 = |S||ql. (82)
myms

The remaining Fourier transform in the KMOC integral
[Eq. (62)] can be easily evaluated to give

(3D E?_,A ,(p - S)* + mim3(_,A,5(7(b-S1)* —b*ST) +3b°S* A, ).  (83)

orientations, one needs to keep at least to fourth order in
the SME for the Compton amplitude, which is different
from the scaling of y in the observable.

Next we specialize to the aligned spin configuration,

Vo —1|S||b|

b 0S8 = Emmy)

$2 =S p-S=b-S, =0.
(84)

The change in mass [Eq. (83)] becomes

B 15G4m?;(4(3_2A4_] ) A4,3)

_Am|

aligned o

6,12
b°m3;

’

_ 7G mim3oy (16 (9% + 8) + 33y — 24)

4 Kerr
_HAm|

_ 7Gmimay(1 + 3%

64b° '

aligned,c—1 o

where we have written b = |b| and |S| = yGm3. In the
second line, we inserted the LS coefficients of Table III and
the Teukolsky solutions in Eqs. (27)—(32). In the last line,
we extracted the leading order nonrelativistic limit (¢ — 1)
contributions.

Up to an overall factor (which can be attributed to the
difference between unbound and bound orbits) the result in
the last line of Eq. (85) is consistent with the absorbed
power computed in Eq. (35) of Ref. [4]. The latter
computation is based on the PN expansion, where the

2b° '

worldline absorptive degrees of freedom were matched to
the Kerr absorption cross section in the polar limit.
Therefore, the aligned spin observable is determined by
polar scattering of gravitational waves from a Kerr BH, at
least to this order in the PM and SME.

The second special case is given by the Schwarzschild

limit (y — 0). The leading order mass change vanishes in
this limit, ,Am "™ — 0, as none of the ¢, coefficients
scale as )(‘4 (see Table III). As discussed in Ref. [15],

taking the Schwarzschild limit of the Kerr result is
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discontinuous since the mass change for Kerr [Eq. (83)] and
that for Schwarzschild [Eq. (75)] scale with different
powers of G.

We observed a similar behavior in Sec. II and argued that
the correct Schwarzschild result is obtained by keeping
contributions from transcendental functions of the Kerr
spin parameter y, which appear at order €2*/*2 in the PM
expansion of the absorptive factor (#,,. In the case of
J

AmS.Kerr 45|S|

ilb|"" mim§ve? — 1

gravitational scattering, those transcendental-in-y contribu-
tions are encapsulated by some of the coefficients cs;
appearing at fifth order in the SME for the absorptive
Compton amplitude given in Eq. (25). We therefore need to
compute the mass change for Kerr at this order to correctly
approach the Schwarzschild case. Inserting the LS result of
Eqg. (80) into Eq. (62) and evaluating the Fourier transform,
we obtain the mass change for Kerr as

=— (7b2m%m%(b . SL)Z(EZ_ZAS’S(p -8)? - Emmy|S|_,Asp-S

—2mim3_,Aso|S | [* + mim3|S|?_,As ) + b (SE*_,As5(p - S)* + S|(Emim3}_,Asp - SIS, |*
—5E3m1m2_2A5.4(p‘S) )+ |S| (5E2m m2 2 53(17 S) —m mg 2 56|SL| )

- Ezm%m%—zAs,s(P ’ S)2|SL|2

— SEmim3|SPp - S_,As, + mimj_,Aso|S . |*
+ 5mim3|S|* ,As) + 21mim;_,As (b - S, )%).

(86)

To obtain the Schwarzschild limit, we first take the aligned spin limit using the map in Eq. (84), and then take y — 0,

45G5 (5545, -

2Ase+ 2Asg)

~ AmS.Kerr dlisned = i ]7
2 1 |1g d zb7m%m ( )
45 G7 6,,2./~2 _ 1 5
=2 ".11‘(';121; 2 (1050 cs g — 154025 g — 8402cs 5 + (4207 —46)cs 4+ 4055 +5Tcs 6 + 28¢5 — 16¢55),  (88)
; :
5 Ker 52G'mbm3Ve* — 1(216* — 146% + 1)
—ZAm |aligned,;(—>0 16b7 (89)
In the second line, we inserted Teukolsky coefficients < G*(k + 1)m}Q*Vo? — 1
of Table III into the LS coefficients. In the last line, oAmyet = 64D3 mé . (90)

we approach the spinless limit (y — 0) following the
arguments around Eq. (36). The result [Eq. (89)] is
consistent with the Schwarzschild result [Eq. (75)]. The
computation clarifies how the discontinuity in the Kerr
and Schwarzschild absorptive observables can be ad-
dressed in the two-body problem, an issue first raised
in Ref. [15].

2. Other spin-weight exchanges

For completeness we also comment on the mass change
for Kerr when other species of massless particles (spin-
weight s # —2) mediate the interaction. The simplest case
is the scalar (s = 0) particle. The computation is very
similar to the Schwarzschild case since the absorptive
Compton amplitude for Kerr differs from that of
Schwarzschild by an overall multiplicative factor of 1,
yielding

The Schwarzschild limit (x — 1) recovers Eq. (3.36)
of Ref. [14].

The mass change of Kerr due to s = —1 exchange is
more interesting. The relevant Compton amplitude is given
in Table II. The LS [Eq. (69)] evaluates to

m[My]>KeT = 0,0, 1A, ;. (o1)
—1Im[/\/l4]3’KeIT = 04(0%—1142,4 + 0421—1A2,1
+ 0304_1A2’2 + 0%142‘3), (92)

where once again LS coefficients are given in Table III. The
change in mass from Eq. (62) is
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3E|S|—1A2,1b (pxS)

_ AmZ,Kerr — 93

s R 3
err RIN

-1Am?’K = il <3b2(E2(P‘S>2—1A3.1

ib’'mm3Veo® — 1
— Emymy|Slp - S_1A3 , + mim3|S|*_ Ay )
+mimd_ Ay, (5.5} -7SY)). (94)

In the aligned spin configuration and in the Schwarzschild
limit,

G3m3 20}(
A 2,Kerr — 1<e
—187 aligned 16b* -0 as = 0, (95)
AmKer _ 3G3mZZ3(3—1A3$1 — _1A34) (96)
- ! aligned ib5m%,/62 -1 ’
pp Ko 3GV — 1(56° ~ 1)
-1 ! aligned,y—0 320 '
(97)

where we inserted the LS and Teukolsky solutions given in
Table III. The last line recovers Eq. (3.38) of Ref. [14] for
the change in mass of Schwarzschild BH due to the
absorption of electromagnetic waves.

IV. DISCUSSION

In this paper, we separated purely absorptive contribu-
tions in the elastic Compton amplitudes of massless linear
perturbations of Kerr BH and further used this amplitude to
compute leading order mass change of black holes in
scattering binary dynamics, based on the leading £ = |s|
contributions to the partial wave solutions. While absorp-
tive and conservative contributions can be completely
separated at the leading PM order, this is not true for
higher PM contributions; the purely conservative far-zone
contributions in Eq. (8a), the near-zone phase shift Eq. (8b),
and the absorptive factor Eq. (8c) all mix at higher orders.
We leave identifying the iteration-type mixing terms and
removing them for computation of two-body observables
for future work, perhaps exploring the gravitational self-
force approach to separate conservative from dissipative
contributions via the time-symmetric and -asymmetric
contributions to the Green’s functions, respectively [51].

While the work presented here avoided constructing an
effective model parametrizing the absorptive degrees of
freedom in the BH by directly using the absorptive
contributions to the BHPT solutions, it is desirable to
make connections to the effective models. In particular, in
Sec. II D we showed that, although the imaginary part of
the spectral integral in Eq. (49) near the threshold
reproduces the imaginary Compton amplitudes, the real

part of the spectral integral induces a naive €>**!log(e)
correction to the static Love numbers of Kerr. As 8™ in
Eq. (8) starts at €>*2, matching would require vanishing of
the naive log contribution. This implies that the spectral
integral formula [Eq. (49)] needs to be modified, most
probably by the use of a proper off-shell parametrization of
the spectral function in Eq. (47), rather than the on-shell
spectral density fixed from the absorption cross section.
The situation is similar to the challenge of providing a
microscopic description of the vanishing of static Love
numbers. In this approach, the tidal operator arises as the
leading term in the @ expansion of Eq. (49), where one
integrates over the heavy states. The matching of these to
the vanishing Love number in the BHPT computation
presents a nontrivial constraint on the spectral function for
the BH. Construction of this spectral function is left for
future exploration, including possible semiclassical exten-
sions provided by Hawking particle exchanges [52] and
connections to emergent BH macroscopic properties from
microscopic dynamics [53].

Absorption can also induce changes in spin for macro-
scopic BHs. The study of BH spin change and its
connection to superradiance [4,54] is also an interesting
avenue for future investigation.

This research used the Black Hole Perturbation
Toolkit [55].

Note added. Recently, the work of Ref. [56] appeared,
which addresses Schwarzschild BH absorptive effects
using a similar multichannel scattering language.
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APPENDIX A: REVIEW ON INELASTIC
SCATTERING

In this appendix we review different approaches to study
inelastic scattering processes in quantum mechanics and
general relativity, placing emphasis on their similarities and
differences.

1. Inelastic scattering in quantum mechanics

For this section, we follow the discussion presented in
Chap. XVIII of Ref. [39]. Consider a system of quantum
mechanical particles scattering one another. After the
scattering process, the particles of the system can either
retain their initial internal states, or they can change it;
when the former scenario happens, we say that an “elastic
interaction” took place, and in the latter case, the interaction
is called “inelastic.” Examples of inelastic interactions
include ionization of atoms, nuclear disintegration, exci-
tation of atoms, and so on. When various of these physical
processes happen simultaneously in a particle collision
experiment, we refer to each of them as different scattering
“channels.” The wave function of the system of colliding
particles is obtained by the direct sum of all terms
corresponding to each possible channel.

It the presence of more than one scattering channel, the
scattering operator S, controlling the unitary evolution of
the system of colliding particles will be given, in general,
by a matrix whose components are scattering operators
dictating the evolution of the particles in the different
channels. The scattering operator for the elastic channel,
also called the input channel, corresponds to the diagonal
elements of the scattering matrix, let us call it S’,»,». The
nondiagonal elements S',-f will control the evolution of
particles in other channels, which we refer to also as the
“reaction” channels and label them with the suffix f. Notice
that, due to the existence of different reaction channels,
neither Sii nor S'if are unitary, but S is unitary.12

The wave function of the input channel has an asymp-
totic expansion consisting of the sum of an incident plane
wave and an elastically scattered outgoing wave. Let us
consider for simplicity the system of interacting particles is
composed of only scalar particles. Then, the collision
happens in a plane. In such case,

eik,-r

w; = et 4+ £,,(0) (A1)

Similarly, the wave function for the other channels is
represented by outgoing waves

lenitarity of the scattering matrix is the requirement that the
flux in the ingoing waves must be equal to the sum of the fluxes in
the outgoing waves in all scattering channels. This is then equal to
require the sum of the probabilities of all processes (elastic and
inelastic) that can occur in the collision must be unity.

ik;r
m r elki
= f(0)y ] — . A2
l//]‘ f fl( ) m; r ( )
Here k; is the momentum of the relative motion of the
reaction products, and m; and m are the reduced masses of
the initial and final particles, respectively.

We can define the elements of the scattering matrix using
the scattering amplitudes f , in the different scattering
channels as
Therefore, the differential cross section for the elastic
channel—defined as the probability per unit time that a

scatter particle passes a surface r>dQ, normalized to the
incident current density—is given by

1 N
dbeasiic = doj; = |fii|2dQ = m |1 - Sn’|2dQ~

1

(A4)

In the same way, the differential cross section for one of the
reaction channels f is

k 1
doy; = |ff,»|2FfdQ —

e 1S 2.

(AS)

The total reaction differential cross section resulting from
the sum over all possible nonelastic channels is thus

1 .
dUinelastic = ngfi = 24_162 |Sfi|2dg
f f !

1 A
T

1

(A6)

where in the last equality we have use the unitarity
condition of the total scattering matrix. Finally, the total
cross section for the collision is given by the sum of the
total elastic and total inelastic contributions

Ototal = Oelastic T Oinelastics (A7)
which is well known to be also obtained from the imaginary

part of the forward limit of the total elastic cross sec-
tion Oelastic-

2. Inelastic scattering in general relativity

In the previous section, we learned that both the total
elastic cross section and the total reaction (inelastic) cross
section in a quantum mechanical scattering process involv-
ing different scattering channels are obtained purely from
the (nonunitary) diagonal element of the scattering matrix
S ;i- This statement holds also true for scattering processes
in general relativity. However, whereas, in principle, in a
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quantum mechanical experiment both the diagonal and
nondiagonal elements of the scattering matrix can be
measured by an observer doing the experiment, in scatter-
ing processes involving BHs, the nondiagonal elements S‘f,»
are not available for observers sitting outside the BHs.

In the wave scattering off Kerr process discussed in the
main text, the scattering amplitude for the elastic (input)
channel in the presence of absorptive (reaction) channels,
analog to the quantum mechanical amplitude f;; in
Eq. (A3), was written in the partial wave basis in
Eq. (3). From such amplitude, the total elastic cross section
is obtained as

sOclastic — /dlef(Q)|2

B 47

0)2

2
sSfm(71 0; aw)‘ |:1 + si/];m
P.Cm

= 21w 05(4,8%,,)] (A8)
were in the second line we have replaced the helicity-
preserving amplitude in Eq. (3) with the diagonal partial
wave scattering element for the given spin-weight s,
(8:)pm = ;SE  as parametrized in Eq. (2), and we made
use of completeness relations for the spin-weighted sphe-
roidal harmonics to remove the integral and double sum.

For s = —2, the elastic cross section in Eq. (A8) receives an
extra contribution from the helicity-reversing ampli-
tude, Eq. (4).

Since in the BH scenario we cannot access the individual
nondiagonal reaction channels producing the individual
scattering amplitudes f f;, the best we can do to account for
unitarity is to sum over all such nondiagonal scattering
processes, accounting for the total flux of energy and
angular momentum lost in these “hidden” channels. Then,
from the last equality in Eq. (A6), and using the partial
wave elastic scattering matrix SSme, the total absorption
cross section for waves scattering off the BH will be simply
given by [57]

|

K=|L|

4n?
sOinelastic — ~ 72
Z.m

2
sSfm (]/, 0; (1(1)) [1 - snf”m]' (A9)

Similar to the quantum mechanical setup, the total cross
section in the wave scattering off Kerr process is given by
the sum of the total elastic and total inelastic cross sections

sOtotal = sOelastic + sOinelastic

87[2 2 »
T Z $Sem(7,0; aa))‘ [1 —Nm cos(435fm)},
P.tm

(A10)

which by the optical theorem can also be recovered from
the forward limit of the total scattering amplitude in Eq. (3),

4z )
sOtotal = ;Im[sfl:mward(g’ ¢)] (Al 1)

At leading order in the PM expansion, the inelastic cross
section follows from the imaginary piece of the absorptive
contribution to the elastic amplitude in the forward limit, as
mentioned around Eq. (11).

APPENDIX B: ABSORPTION FACTOR FROM
THE NEKRASOV-SHATASHVILI FUNCTION

In this appendix, we provide all of the ingredients needed
to obtain the explicit expressions for the absorption factors
sNem Used in the main body of this work; we provide them
for wave perturbations of generic spin weight. We start
from the representation of the absorptive factor in the
language of the Nekrasov-Shatashvili (NS) function intro-
duced in Ref. [37],

1+e—iﬂDK
stem = (2(my—1)) K . (Bl)

D COS
14 e™ cos(z(m3+0))

The BH’s tidal response function is given by

oy TR0+ D) (my =0+ )0(my =0+ 35)0(my —0+3)

where the dictionary of parameters is [34]

.my —¢€
m; =1 s
K

U= —Agn —s(s+ 1)+ e(isk — my) + €*(2 + «),

D(=20)0(1 = 20)T(m3 + D+ )0 (my + 7 + )0(my + D+ )

my = —s — i€,

et (B2)

ms = i€ — s, L = 2iexk,

(B3)

and (4., are the spheroidal eigenvalues. We further use the Matone relation [58,59] to solve for the “shifted-renormalized
angular momentum” o, order by order in the instanton expansion L,
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1
u21—172+L()LF(ml,m2,m3,I7,L)- (B4)

To obtain the absorptive coefficients at leading PM order as needed in this paper, it is enough to provide the NS function
up to second order in L. Recall the NS function was provided up to order L° in Ref. [37], and here we import such data up to
the order of interest for this work,

Lms(r? —4mym,) L?
F= 27 Ty = =)+ 4 (12m 4 ) + Ami (1205 + )
+4m3(4m3(5r* = 12) + 3r%))) + O(L?), (B5)

where we have further used > = 1— 472 to simplify the expressions. In the same way, the Matone relation (B4) can be
solved up to the same order to give

1 L(mz(u—mym;)) L?

D= _Em_ 2(3 . 4uu>2 R rrE) (U(4u — 1)(u(=m3 +u+ 1) — m}(3m3 + u))
—m3(u*(3m3(4u — 1) + u(12u + 5)) + m(m3(60U* 4 5u — 3) + 3(4u — 1)u?) — 2m;m,(4u + 3)(6u — 1)u))
+0(L%). (B6)

Finally, the last ingredient for the computation is the spheroidal eigenvalues (4,,,. Since there is no closed form solution for
these eigenvalues, as these are the eigenvalues of the angular confluent Heun differential equation, here we provide explicit
analytical expressions up to second order in the SME as obtained from the Black Hole Perturbation Toolkit [55]: we have

2ama(s? +£*+7¢)

sAem =— f(l/ﬂ—i-l) _S(S+1)+fz+l/ﬂ
2(aw)2 (M2 (s*(SE(E+1) +3) —6522(£ + 12 + £3(£+ 1)) + (£ + 12(=35* +2824(6 + 1) + (£ +2) - £))
+ BT @20 +1)-3)
+0((aw)?). (B7)

This completes the required ingredients to compute the absorption factor in Eq. (B1). Notice that since K scales as

(GMw)?sI+1+0(G) " the absorption factor needs to be computed individually for each type of wave perturbation. For the
different spin weights, we obtain the coefficients entering into the PM expansion in Eq. (12), as indicated in the main body
of this work.

APPENDIX C: POLARIZATION VECTORS

From Eq. (17), we construct the polarization vectors as

PR U1l 7R S . . Ds -

el = V2] 775( ,co8 0 cos ¢ + ising, —i cos ¢ + cos @sin ¢, —sin ),

g = Grlo" |2 = L(0,—0056’00547 + isin¢, —icos ¢ — cos O sin ¢, sin ), (C1)
V2(ni) V2

where we choose

[n| = (e cos0/2,sin0/2),
(n| = (e sin@/2, —cos 0/2) (C2)

for the gauge spinors. Their limiting values as § — 0 and € — 7 are
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e’ )
(0 —0) :—I—E(O,l,—z,O), (C3)
e~ )
(0 0) == (0.1,7,0), (C4)
e~id )
(O —rm)=— \/5(0,1,1,0), (C5)
(0> 1) =+ (0,1,-1,0). (C6)

V2

Therefore, to approach the correct forward limit, we must
move on the same azimuthal slice ¢ = const. If the
incoming momentum is chosen to have ¢ = 0, then the
outgoing momentum must also have ¢ = 0.

APPENDIX D: ONE-LOOP INTEGRAL
COEFFICIENT EXTRACTION FOR
EIKONALIZED PROPAGATORS a la FORDE

The leading singularity computation of Guevara based
on the holomorphic classical limit [46] can be viewed as a
variant of one-loop integral coefficient extraction explored
by Forde [60]. As explained in Appendix D 2, Forde’s
method computes the triangle coefficient by reading the
residues of poles that appear when triple-cut conditions are
imposed on the loop momentum, which is exactly how the
triangle LS is computed.

The original argument by Forde relies on the para-
metrization of the loop integrand introduced by Ossola
et al. (OPP) [61] where the propagators are chosen to be the
Feynman type,

1 1

D] fz—mZ'

The purpose of this section is to show that the
method extends to integrals with eikonalized/linearized
propagators,

The argument naturally extends to cut conditions, since the
cut conditions can be converted to a linear combination of
propagators through the distributional identity ﬁ =
P() F i(x). We mainly follow the presentation of the
review in Ref. [62], where extension to nonrenormalizable
theories having higher-rank tensor integrals is new.

The key idea of OPP parametrization is that there is a
parametrization of the one-loop integrand where the non-
vanishing contribution can be solely attributed to the
constant part of the numerator [61]. Forde’s method can
be understood as extraction of the constant part using

(multivariate) complex analysis, where the loop momentum
is complexified and localized onto the relevant cut con-
ditions [60]. Therefore, it suffices to show that an OPP-like
parametrization of the one-loop integrand also exists for
eikonalized/linearized propagators and nonrenormalizable
theories. Since we are only interested in the classical limit,
we will limit the discussion to box- and trianglelike integral
coefficients.
A typical one-loop integrand takes the form

/de N(?’ﬂ) ,
DO"‘D3

where N(Z) is the numerator and D; are the inverse
propagators. To simplify the analysis, we limit to D =
4 — 2¢ and parametrize the inverse propagators as

(D1)

DO - lxﬂz,

D, = (¢-q).

Dy =2(¢ - uy),

D3 = 2(f : Mz). (D2)

The physical space is defined as the space spanned by the
external vectors appearing in the denominator, while the
transverse space is defined as the remaining complemen-
tary space. For Eq. (D1), the physical space is three
dimensional and spanned by the vectors {g*,u/,u}}.
The transverse space is (1 — 2¢) dimensional, and we span
the space by two basis vectors {n;, n¢}. All basis vectors
denoted by n* are unit vectors, i.e., nﬁ =1.

The one-loop integrand Eq. (D1) can be algebraically
decomposed into

/ [dom(f) L coin(?) n co13(%) +.-- (D3)
4

Do---D3  DyD\D,  DyD,D; ’

where the ellipsis denotes terms that do not contribute in the
classical limit. We show that a parametrization of the one-
loop integrand exists such that only the constant piece
d123(0) [c01;(0)] of the box (triangle) numerator dy;»3(2)
[co1;(£)] contributes to the integral.

1. Quadruple cut and box coefficient
We first analyze the box numerator dy;»3(¢). For the
physical space spanned by the vectors v} = {q¢", u}, 1)},
we define the dual vectors w/ = {g", @}, @} such that

13
Z)j Wy = 5]/(

BSuch a basis is known as the Van Neerven—Vermaseren
basis [63].
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The loop momentum £# can be parametrized as

3
=2 i,

J=1

£) + ihlng - €) + nng-£).  (D4)

Inserting this parametrization into dy;,3(¢), we can redis-
tribute the terms containing (v; - £) to lower-point integrals
(triangles, bubbles, etc.) by canceling them against the
denominator, e.g.,l4

q* + Dy — D,

(0r-6)=(g-6) =T (D3)

The resulting box numerator will be a polynomial of the
scalars (ny - ¢) and (n, - ¢). The polynomial dependence
on (ny - £) can be reduced to linear dependence using the
identity

(ng-£)* ==(n.-£)* +---. (Do)
where the ellipsis denotes terms polynomial in inverse
propagators D;. This relation is obtained by contracting
Eq. (D4) with £*.

The final form of the numerator dy;,;(¢) after redistrib-
uting all terms that cancel against the denominator takes the
general form"

(2j+1) ;
0123 +Zd0112§ (ng-€)(ne- €)%
+ Zdom

The constant piece 2183)23 is the only cut-constructible term

that contributes to the box coefficient; the odd-power terms
&’ézlgl) integrate to zero and the even-power terms d021’2§0>
become the rational part originating from dimensional
regularization D = 4 — 2e.

In D = 4 the quadruple-cut conditions Dy ; ;3 = 0 have
two solutions 7, when viewed as a system of algebraic
equations over the loop momentum ##. The two solutions

are exchanged under reflection by n,

d0123

(D7)

o= O =2nl(ny - ), (D3)
since all cut conditions are invariant under the reflection.
This means the wanted box coefficient can be obtained by
averaging the cut numerator d,3(¢) over the cut solutions

“This procedure is known as the Passarino-Veltman
reduction [64].
"The linear dependence in ( - ) is absent since all external

vectors are orthogonal to the n/ direction.

doio3(£) + doio3 (£-) _ 40
5 = do23>

(D9)

since (ny-¢,) =—(ng-7_).

2. Triple cut and triangle coefficient

We analyze the triangle numerator cy;,(#). Now the
physical space is spanned by the vectors 1)’; = {¢",u}} and

their dual vectors are w/; = {g*, @/ }. For the transverse
space, we use basis vectors {n}, n/j, nt}.
Similar to Eq. (D4), we parametrize £* as

4

2
=3 Wi(v;-£)+ Y _nli(n - €) + nk(n. - £). (D10)

J=1 k=3

Inserting this parametrization into c(;,(#) and redistrib-
uting terms containing (v; - #) to lower-point integrals, the
resulting triangle numerator &, (¢) becomes a polynomial
of the scalars

(ny-£).(ng- ), (n - 7). (D11)
The terms in ¢y, (£) with odd-power dependence in any of
the above scalars integrate to zero, but this is not the case
for the even powers. Therefore, we use the triangle
equivalent of Eq. (D6) to reorganize the numerator,

(n3- ) + (ng - €)* = =(n. - €)* + (D12)
Similar to Eq. (D6), the ellipsis denotes polynomial terms
in (v;-7) which (apart from the constant term) are
redistributed to lower-point integrals.

We first reorganize the triangle numerator &y;,(Z) by
converting all even powers of (ny - ¢) into (n3 - £) using
Eq. (D12),

. 12 ;
Conn(? —sz+ Z OJIZ "Ny - ) (ny- ) (ne - €)*"
Jj.m=0

02
+ Z COJI2 " (ny -

Jj.m=0

£)i(n, - £). (D13)

(j.1.2m)

Itis obvious that all ¢;;,”™" terms vanish in the integral due

to symmetry. On the other hand, the second line [¢;>>")

terms] of the triangle integrand do not vanish for even j.
Therefore, we use Eq. (D12) to recast the even terms as

(n3-0)% 2j-1
2j 2j

(n3- €)% — (n3-€)2(ny-¢)*.  (D14)

This combination integrates to zero, since the following
integral is independent of ¢) due to rotational symmetry in
the transverse space,
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/ [(n3 cos ¢ + ny sin ) - £]% ' (D15)
¢

DyD, D,

Taking the double derivative 5 ¢2 and setting ¢ =0, we
obtain the rhs of Eq. (D14) which vanishes under the

integral.
The final form of the triangle numerator ¢y;,() is

Conn(?) = C012+ Z ojlzlzm 3-6) (ng-€)(ne - €)™

Jj.m=0
(2 102m i m
+ > e s £ (-0
Jj.m=0
+ > @ g ) (e )
Jj=1,m=0
x [(n3 - €)? = (2j = 1)(ng - £)?]. (D16)

The coefficient Z‘f)(i)z is cut constructible and is the only term

that contributes to the triangle coefficient; other terms with
m = 0 vanish under the integral and the terms with m # 0
become the rational part.

In D = 4 the locus of triple-cut conditions Dy ; , = Oisa
complex one-dimensional manifold, when viewed as a
system of algebraic equations over the loop momentum
¢*. Because of rotational symmetry in the transverse space,
the triple-cut solution ## has a fixed (Euclidean) norm
when projected onto the transverse space. We parametrize
the triple-cut solution ## using the complex variable T as

1
o = vﬁz,+L<Tn’fF +?n’i>, (D17)
n'y =nf +in, (D18)

where V% is a fixed vector in physical space. Since n, are
null vectors, the projection of ¥ onto the transverse space
has fixed norm 4L2.

We now study the triangle numerator ¢y, as a function
of T. The terms contributing to the rational part, m # 0, are
removed by the loop momentum parametrization,

- 10 1\/ 1
Corn(T —Co1z+z o L’+1(T+T) (T—T)
1\ 2j+1
+Z 02112+100L2,+1(T+?)
2j-2
(2.0.0)
# S ()

(o) sermn(r-2)]. oo

As a Laurent expansion in 7, the only nonvanishing
coefficient of 77 is 58)2, which also is the only term that
contributes to the triangle coefficient. The remaining task is
to assure that quadruple-cut contributions dyo; do not
contribute to the T coefficient.

As a function of T, the quadruple-cut contribution
Eq. (D7) takes the form

Ziom 218?)23 ~(1)
> — +dyha L
Dy Dy(T) 9%

(nl : I’l+)T + (nJ_Y."n_) . (D20)
D5(T)
We have restored the uncut propagator D3 and renamed 1,
of Eq. (D7) to n/[, since it is not guaranteed that the basis
vectors of the transverse space are the same for both cuts.
The T dependence of the uncut propagator is given as

1

Dy(T) = (uz - n )T + ag + (uy - n_)f, (D21)

where a, is some constant that does not matter.
We now investigate the limiting behavior of Eq. (D20),

d0123_~(1) (ny-n_)
lim P2 = Aol (5 (D22)
. 210123_~(1) (ny-ng)
Th_{rolo D; = dyisl (- 1,) (D23)

When we average over the two limiting values, they cancel
against each other due to the identity

(ny-ny)(n-up) +(ny-n_)(ny-uy) o (ng -uy) =0,
The proportionality follows from the fact that n<+”n”_) is
proportional to the metric on the transverse space of the
triple cut and that the unit vector 7’| lives in this transverse
space. (ny - uy) = 0 follows from the definition of r/| [n),
in Eq. (D7)].

Based on the analyses, we conclude that the triangle

coefficient E(()(pz can be obtained by studying the Laurent

expansion of the triple-cut integrand. Given a triple-cut

loop momentum parametrization of the form Eq. (D17), the

triangle coefficient Eé?)z can be extracted from the triple-cut

integrand ¢(T) as the difference between the residues of LTU

at 7 =0 and at T = oo,

T
—— —Resy_q $T) .

(D24)
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