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We study the semi-inclusive hadroproduction of doubly bottomed tetraquarks (X ;) as well as fully
bottomed ones (T4,), to which we collectively refer as “bottomoniumlike” states. We rely upon the
variable-flavor number-scheme fragmentation at leading power, where a single parton perturbatively splits
into the corresponding Fock state, which then hadronizes into the color-neutral, observed tetraquark. To
this end, we build new sets of DGLAP/HF-NRevo consistent, hadron-structure oriented collinear fragmenta-
tion functions, which we name TQHL1 . 1 and TQ4Q1 . 1 parametrizations. They extend and supersede the
corresponding 1.0 versions recently derived in previous works. The first family describes the
fragmentation of doubly heavy tetraquarks and is based on an improved version of the Suzuki model
for the heavy-quark channel. The second family depicts the fragmentation of fully heavy tetraquarks and
embodies initial-scale inputs for gluon and heavy-quark channels, both of them calculated by the hands of
potential nonrelativistic QCD. As a phenomenological application, we provide novel predictions for
tetraquark-plus-jet high-energy distributions, computed within the NLL/NLO™ hybrid factorization from

(sym)JETHAD, at 14 and 100 TeV FCC.
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I. INTRODUCTION

The true nature of exotic hadrons, such as tetraquarks
and pentaquarks, remains an open question in particle
physics. These exotic states differ from conventional
mesons and baryons in that they contain more than two
or three valence quarks, which suggests more complex
internal structures and interactions.

Hadronic collisions at current and next-generation col-
liders, such as the Large Hadron Collider (LHC), and future
facilities such as the Electron-Ion Collider (EIC) [1-6] and
the Future Circular Collider (FCC) [7-10], offer us a
powerful avenue for studying these exotic states. By
producing and analyzing these particles in high-energy
collisions, one can probe their internal structure, including
the core configuration of quarks and gluons, and their
formation mechanisms.
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Recent advancements in all-order perturbative tech-
niques and QCD factorization provide us with new theo-
retical tools to investigate these processes. These
approaches allow for precise computations of cross sections
and distributions that can be compared with experimental
data, leading to a better understanding of the dynamics
underlying exotic-matter production.

An ambitious joint program, involving progress in exotic
spectroscopy and complemented by the systematic employ-
ment of precision-QCD techniques, could reveal insights on
the nature of strong-force interactions at play, the role of color
confinement, and the basic properties of multiquark bound
states. Ultimately, these studies could deepen our under-
standing of QCD and the fundamental nature of matter.

Exotic hadrons essentially fall into two primary catego-
ries: those with active gluon content, such as quark-gluon
hybrids [11-13] and glueballs [14—17], and those contain-
ing multiple quarks, like tetraquarks and pentaquarks
[18-20]. Hybrid states involve unconventional combina-
tions of quarks and gluons, while glueballs are composed
solely of gluons. On the other hand, tetraquarks and
pentaquarks are thought to be described in terms of three
and four valence-quark leading Fock states, respectively.

The observation of the X(3872) particle by the Belle
experiment at KEKB in 2003 [21], then confirmed by other
Collaborations (see, e.g., Refs. [22-25] and references
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therein), marked the turn of the so-called “exotic-matter
revolution” or “second quarkonium revolution.”" This par-
ticle, characterized as a hidden-charm state containing a
charm quark (c¢) and its corresponding antiquark (¢), repre-
sents the first observed hidden-charm tetraquark [29,30].
More recently, in 2021, the LHCb experiment reported the
detection of the X(2900), marking the first observation of an
exotic state with open-charm flavor, thus broadening our
understanding of the exotic-matter domain [31].

Although X(3872) has conventional quantum numbers,
its decay patterns violate isospin conservation, indicating a
more intricate internal structure than that of traditional
quarkonium states. This has led to the development of
several alternative dynamical models, which extend beyond
the standard quarkonium framework and align with the
tetraquark hypothesis. They include:

(1) Compact diquarks: This approach suggests that the
X(3872) consists of a tightly bound diquark-
antidiquark pair, where two quarks are bound
closely together in a configuration different from
traditional mesons and baryons [32—40].

(2) Meson molecules: This model proposes that the
X(3872) is a loosely bound state formed by two
mesons, akin to a molecular bond, where the mesons
are weakly interacting through the residual strong
force [40-47].

(3) Hadroquarkonium states: In this scenario, the
X(3872) is envisioned as a quarkonium core (a
compact quark-antiquark state) surrounded by an
orbiting light meson, thus resembling a hadronic
analog of an atom, where the quarkonium acts as a
nucleus [48-53].

These models aim to capture the complex nature of the
X(3872) and of similar exotic hadrons, providing a richer
understanding of their structure and interactions. Insights
into the nature of the X(3872) hadron could emerge from
investigations of high-multiplicity proton collisions [54], as
well as from the application of potential models to under-
stand its hadronic thermal behavior [55].

In 2021, the first doubly charmed tetraquark, T, was
observed by the LHCb Collaboration [56,57]. This state is
described in Refs. [58-60] as a nonrelativistic molecule
composed of two D mesons, modeled using the XEFT
nonrelativistic effective field theory [61-66].

Until recently, X(3872) was the only exotic state
identified in prompt proton collisions. This scenario dras-
tically changed with the discovery of the doubly charmed
T, tetraquark and the observation of a new resonance in
the double J/y invariant-mass spectrum [67]. This newly
observed resonance, named X (6900), is widely considered
a strong candidate for either the ground state 0™ or, more

"It chronologically followed the (first) “quarkonium revolu-
tion,” characterized by the remarkable discovery of the first
doubly charmed hadron, the J/yw quarkonium [26-28].

likely, the radial resonance 2™+ of the fully charmed
tetraquark 7, [68].

From a theoretical perspective, singly heavy-flavored,
Xppqg tetraquarks, as well as fully heavy flavored, T4
ones, may be among the most straightforward exotic states
to investigate. On the one hand, exploring the core structure
of Xpp4q states gives us a faultless opportunity to directly
probe the strong force via QCD interactions among heavy
and light quarks, and heavy-light intermediate subystems,
like diquarks. Being their lowest Fock state |QQqg), the
velocities of the Q and Q constituent heavy quarks in the
parent-tetraquark center-of-mass system are expected to be
nonrelativistic.

On the other hand, given that the heavy-quark mass m,
lies above the perturbative-QCD threshold, a T4, hadron
can be seen as a composite system of two heavily non-
relativistic charm or bottom quarks and two heavily non-
relativistic anticharm or antibottom ones. Its leading Fock
state, |QQQQ), is not influenced by valence light quarks or
dynamical gluons, which makes it analogous to quarkonia
where the leading state is |QQ).

This suggests that theoretical techniques used for study-
ing quarkonia are applicable to singly and doubly heavy
tetraquarks as well. Consequently, just as charmonia are
often likened to QCD “hydrogen atoms™ [69], X p,; and
T4 particles might be viewed as QCD “heavier nuclei” or
“molecules,” depending on the theoretical framework
adopted [70]. In the present work we propose another
epithet for these exotic hadrons, collectively referring to
them as “quarkoniumlike” particles. This clearly follows
from the fact that their leading Fock states contain one
(X0047) Or two (T4p) |QQ) subsystems.

Although impressive advancements have been made
toward a deeper and more comprehensive understanding
of mass spectra and decays of exotics since the discovery
of the X(3872) particle, understanding their dynamical
production mechanisms remains elusive. To date, only a
few model-dependent approaches, such as those based on
color evaporation [71] and hadron-quark duality [72-74],
have been proposed.

Further studies have addressed the impact of multiparticle
interactions on heavy-tetraquark production at hadron col-
liders [75,76] and unveiled possible signals of high-energy
dynamics for tetraquark structures [77]. Additionally,
research has been conducted on exclusive radiative
emissions of T4, states at bottom factories [78] and T4
photoproduction at lepton-hadron colliding machines [79].

Concerning the bottom-tetraquark sector, our level of
knowledge is at an early stage. The observation of two
charged bottomoniumlike resonances in Y(5S) decay
events was first reported by the BELLE Collaboration
[80], this strongly suggesting that exotic mechanisms are
contributing to that channel. Nonetheless, no tetraquark
states containing bottom quarks, either |bbbb) or |bbqg),
have been experimentally confirmed.
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The observation of a resonance with a mass of
18.15 GeV in Cu + Au collisions was recently made by
the ANDY Collaboration at the Relativistic Heavy-lon
Collider (RHIC) [81]. That signal was found to be
compatible with predictions of 74, masses [82]. On the
lattice side, investigations on bottom-charmed and doubly
bottomed tetraquarks were recently carried out in
Refs. [83-87], respectively.

The notably large cross sections for X(3872) at high
transverse momenta, as observed by LHC experiments
[88-90], have significant implications for unraveling its
formation dynamics. These results provide a unique oppor-
tunity to refine theoretical models and decipher production
mechanisms intrinsically linked to high-energy QCD, such
as the leading-power fragmentation of a single parton into
the detected tetraquark.

The emerging complexity in the description of the
production mechanism(s) of exotic tetraquarks calls for
the use of a hadron-structure oriented approach. To this
end, we will derive two new families of fragmentation
functions (FFs), named TQHL1.1 and TQ4Q1.1 sets,
respectively depicting the collinear fragmentation of a
single parton into the given tetraquark.

The TQHL1 . 1 determinations portray the fragmentation
of doubly heavy tetraquarks: X .z,a, X czs5> Xppun> a0d Xpj5-
These functions take, as initial energy-scale inputs, calcu-
lations done by the hands of an enhanced version of the
Suzuki model for the constituent heavy-quark channel
[91-94].

They supersede the corresponding 1. 0 version released
in our previous work [95] (see also Ref. [96] for a review)
by encoding a proper treatment of the normalization and
other defining parameters.

The TQ4Q1 . 1 determinations portray the fragmentation
of fully heavy tetraquarks: T,4.(0""), T,,(0""), and the
corresponding radial excitations: Ty4.(27F), T4, (27T).
Building on a well-suited extension of modern quarkonium
theory, these functions embody, as initial inputs, non-
relativistic QCD (NRQCD) [97-103] treatments for gluon
and heavy-quark channels [104,105].

They represent the successors of the corresponding 1.0
sets, recently released for 7. states [106] and partially
based on NRQCD (gluon channel) and Suzuki (heavy-
quark channel). Being the experimental information on
tetraquark fragmentation still very limited, we believe that
both the TQ4Q1 . 0 FFs and their 1 . 1 upgrade can serve as
useful guidance for explorations at the LHC as well as at
new-generation colliders.

Whereas the Suzuki picture and the NRQCD effective
theory serve as building blocks to model the initial-scale
inputs of our FFs, an essential ingredient is still missing to get
a collinear factorization consistent description. Indeed, our
functions need to evolve in energy according to the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equa-
tions [107-111].

Moreover, being our tetraquarks heavy-flavored par-
ticles, a correct description of their collinear-fragmentation
production at moderate to large transverse momenta must
rely on a zero-mass variable-flavor number-scheme (ZM-
VENS, or simply VENS) treatment [112—-114]. Within the
VENS, all quark flavors are treated as massless particles
and take part into the DGLAP evolution. The number of
flavors grows by one every time a heavy-quark threshold is
crossed. The effect of finite heavy-quark masses is even-
tually retained in the initial-scale input of the heavy-
hadron FFs.

To properly combine the heavy-flavor, hadron-structure
oriented inputs of our FFs with a VFNS DGLAP, we will
take advantage of key ingredients of the newly developed
heavy-flavor nonrelativistic evolution (HE-NREVO) setup
[115,116].

Finally, for our phenomenological study, we will employ
the NLL/NLO™ hybrid factorization scheme, which inte-
grates the resummation of energy leading logarithms (LL),
next-to-leading ones (NLL) and beyond within the standard
collinear framework. We will employ the JETHAD numerical
interface and the symJETHAD symbolic calculation plugin
[96,117-120] to generate predictions for high-energy
observables related to tetraquark-plus-jet tags. Our analysis
will cover center-of-mass energies from the 14 TeV LHC to
the 100 TeV nominal energy of the FCC.

The structure of this article is the following. Section 1I
gives us technical details on the way the novel TQHL1 .1
and TQ4Q1.1 heavy-tetraquark FFs are constructed.
Section III provides us insight on the hybrid-factorization
framework within the NLL/NLO" accuracy. In Sec. IV we
present and discuss our predictions for rapidity-interval and
transverse-momentum differential rates sensitive to the
emissions of a bottomoniumlike hadron (/3 state) accom-
panied by a jet. Finally, in Sec. V we present our
conclusions and offer some perspectives for future studies.

II. HEAVY-FLAVOR FRAGMENTATION: FROM
QUARKONIA TO TETRAQUARKS

In this Section we present our strategy to build the two
TQHL1.1 and TQ4Q1.1 FF families, respectively
describing the production of singly and doubly heavy-
flavored tetraquarks. For the sake of completeness, in
Sec. I A we briefly review the NRQCD-inspired frag-
mentation production of vector quarkonia and charmed B
mesons, discussing general features of the corresponding
ZCW19" [119,121] and ZCFW22 [122,123] VENS FF
determinations. Then, initial energy-scale inputs and
DGLAP/HF-NRevo evolution of TQHL1.1 and TQ4Q1.1
functions are respectively highlighted in Secs. IIB
and IIC.

All the symbolic computations needed to obtain our
functions were performed through symJETHAD, the novel
Mathematica plugin of JETHAD, suited to the symbolic
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manipulation of analytic expressions for hadronic structure
and high-energy QCD [96,117-120].

Before starting our journey into the fragmentation
production of quarkonium and quarkoniumlike states, we
quickly introduce some general lore about the fragmenta-
tion of partons into hadrons with heavy flavor.

In contrast to light-flavored hadrons, the fragmentation
mechanisms leading to the hadronization of heavy-flavored
ones contain a further level of complexity. This follows from
the fact that the masses of heavy quarks in their lowest Fock
state fall into the perturbative-QCD region. As a result, while
FFs for light hadrons are genuinely nonperturbative, the
initial-scale inputs for heavy-hadrons’ ones are believed to
incorporate some perturbative elements.

For heavy-light hadrons, like D or B mesons or A,
baryons, the initial-scale fragmentation input can be envi-
sioned as a two-step process [113,124—127]. In the first
step, a parton i, produced in a hard scattering event with
large transverse momentum |K| >> m,, fragments into a
heavy quark Q with mass mg: charm or anticharm for D
mesons and A, baryons, bottom or antibottom for B
mesons and A, baryons. Given that a,(my) < 1, we can
compute this step perturbatively at an initial reference scale
of O(mg). Since its timescale is shorter than that of
hadronization, this part is often referred to as the short-
distance coefficient (SDC) of the (i — Q) fragmentation
process. The first next-to-leading-order (NLO) calculation
of SDCs for singly heavy hadrons can be found in
Refs. [112,128]. Related studies at next-to-NLO were
performed in Refs. [129-134].

At larger times, the constituent heavy quark Q hadro-
nizes into the physical hadron. This second step of the
fragmentation is fully nonperturbative and can be obtained
via phenomenological models [135-140] or effective field
theories [141-145].

The final step in constructing a comprehensive VFNS FF
set for heavy-light hadrons involves accounting for the
energy evolution. Starting from the initial-scale nonpertur-
bative inputs discussed earlier, and assuming that these
inputs are free from scaling-violation effects, numerical
methods are typically used to solve the coupled DGLAP
evolution equations at a specified perturbative accuracy.

A. Vector quarkonia and charmed B mesons

Let us now focus on quarkonia, which are mesons with a
lowest Fock state given by |QQ). The concurrent presence of
a heavy quark Q and its antiquark Q makes the depiction of
quarkonium formation mechanisms more complex com-
pared to that of heavy-light hadrons. As previously men-
tioned, modern quarkonium theory bases on a nonrelativistic
treatment of constituent heavy quarks, encapsulated in the
NRQCD formalism [97-103] (for a pedagogical review, we
refer the reader to Refs. [146-148]).

NRQCD offers us a systematic approach to disengage
the short-distance and long-distance dynamics in the

production of quarkonia. By treating the heavy-quark
and antiquark fields in the effective Lagrangian as non-
relativistic degrees of freedom, NRQCD allows for a
consistent factorization between SDCs, which describe
the perturbative production of the (QQ) system, and
long-distance matrix elements (LDMEs), which capture
the hadronization phase. LDMEs are inherently nonper-
turbative and must be determined from experimental data
(typically from corresponding leptonic widths), estimated
using potential model calculations [149], or obtained
through lattice-QCD analyses [150,151].

According to NRQCD, the physical quarkonium state
reads as a linear superposition of all possible Fock states,
organized by doubly expanding in the strong coupling («)
and the relative velocity (vo) between Q and Q. Notably,
both the color-singlet dynamics [152,153] and the color-
octet one [154] contribute to this expansion. The latter
becomes essential to cancel divergences arising in NLO
calculations of P-wave-quarkonium hard factors [154,155].

NRQCD is based on the premise that quarkonium
production begins with the short-distance creation of a
(QQ) pair through a hard-scattering process. This pair then
hadronizes to form the final quarkonium state. The relative
transverse separation between the quark and the antiquark
is of the order of 1/ug, where puy represents the relevant
energy scale for the process [156].

At large transverse momentum, where up~ [K|, the
short-distance production mechanism decreases signifi-
cantly as || grows. This decline is due to the reduced
time available for the quark-antiquark pair to establish the
correct color configuration, shrinking to approximately
1/|€|. Similarly, the space in which the pair can organize
is also restricted to a volume of roughly 1/|«|3, lowering the
probability that the quarkonium state will form [156—158].

At this point, the fragmentation mechanism becomes
crucial. As transverse momentum increases, a single parton
generated in the hard scattering gains sufficient energy to
fragment into the final quarkonium state, accompanied by
inclusive hadronic radiation. Although fragmentation usu-
ally arises at higher perturbative orders with respect to the
short-distance process, it gains a significant boost due to a
(|K|/mg)?* factor. As a result, the fragmentation mechanism
prevails at high energies [159-163].

By extending NRQCD to the fragmentation framework,
leading-order (LO) calculations for FFs of both gluon and
charm quarks into a S-wave color-singlet charmonium were
conducted in Refs. [159,164]. Shortly after, similar work
was carried out for the P-wave states [165-167].

Notably, a nonrelativistic treatment can also be applied to
charmed B mesons. The lowest Fock state of these bound
states contains both the charm and the bottom quark: |cb) for
positive-charged hadrons, |¢b) for negative-charged ones.

Due to the presence of two heavy quarks, charmed B
mesons can be viewed as generalized quarkonium states.
Unlike charmonia and bottomonia, however, they cannot
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annihilate into gluons, making them exceptionally stable
with narrow decay widths [168—170].

Since top quarks are extremely short-lived and unable to
hadronize, charmed B mesons represent the ultimate
frontier in meson spectroscopy [171]. The B..('S,) particle
was first observed by the CDF Collaboration at Tevatron in
1998 [172], while the B,(3S;) resonance was detected by
ATLAS in 2014 [173].

The validity of an NRQCD-inspired approach for
describing the perturbative component of the collinear
fragmentation of a single parton into the observed BE*
meson, or whether it is more appropriate for modeling only
the short-distance production of a charm-bottom system
directly within the hard subprocess, critically depends on
the transverse momenta at play.

Early phenomenological studies aimed at understanding
the transition region between these two regimes were
primarily conducted in the context of charmonium pro-
duction [162,174—-177]. These investigations revealed that
the (gluon) fragmentation contribution begins to dominate
at transverse momenta larger than 10-15 GeV. A similar
threshold was subsequently found for B(C*> mesons [178],
though more recent analyses [179] suggest that this lower
bound could be higher.

Given that a rigorous approach to the fragmentation
mechanism must rely upon collinear factorization, it is
essential to establish a coherent bridge between nonrela-
tivistic analyses and a fragmentation-correlator perspective.
Modern advancement in heavy-flavor theory, particularly
regarding quarkonium fragmentation, has been driven by
recognizing NRQCD as a robust and versatile framework
for modeling the initial-scale FF inputs [180-182].

This approach offers two key advantages. First,
NRQCD permits to factorize the initial inputs into a
convolution of perturbative SDCs and nonperturbative
LDMESs, much like the treatment of singly heavy-flavored
hadrons [113,124,125]. Additionally, NRQCD provides
an efficient method for computing SDCs and offers us a
clear physical interpretation of the LDMEs. Starting from
those NRQCD inputs, we can derive quarkonium VFNS
FFs by switching DGLAP evolution on.

The zCW19" [119,121] and ZCFW22 [122,123] families
stand as a first determination of VENS collinear FFs for
vector quarkonia [J/y or Y(1S)] and charmed B mesons
[B.(!Sy) or B.(3S;)] based on NLO NRQCD inputs for
gluon and constituent heavy-quark fragmentation channels
[159,183-189].

For the sake of illustration, we show in Fig. | the
energy-scale dependence of ZCW19" FFs for Y(1S) and
ZCFW22 FFs for B.('S;) and B.(3S;), and we compare
them with KKSS07 determinations [190,191] for H,
hadrons. These latter represent an inclusive combination
of singly bottomed hadrons, comprising noncharmed B
mesons and A, baryons. To be concise, here we focus on a
single value of the momentum fraction, specifically

z=0.425, which approximately corresponds to (z).
This value represents the average range at which FFs
are typically evaluated in semihard final states (see, e.g.,
Refs. [117,121-123,192-196]).

As explained in previous studies (see, e.g.,
Refs. [95,121-123,194,195,197]), the gluon collinear FF
plays a key role in the description of semi-inclusive
emissions of hadrons in high-energy proton scatterings.
Notably, the gluon fragmentation channel controls the
stability of high-energy resummed distributions under
radiative corrections and missing higher-order uncertainties
(MHOQUs). Its dependence on u significantly influences
the behavior of the high-energy logarithmic series in our
distributions.

In the semihard regime, matter of phenomenological
applications of this work (see Sec. V), proton PDFs are
typically accessed in the range 10~ < x < 1072, where the
gluon PDF dominates over the quark ones. Since the gluon
FF combines diagonally with the gluon PDF in the LO
partonic hard factors, its contribution to the cross section
is amplified. This dominance persists even at NLO, where
(q9) and (ggq) nondiagonal channels also contribute
[194,195].

Those studies brought a corroborating evidence that
gluon FFs exhibiting a nondecreasing, smooth behavior
with pp act as a “stabilizer” for high-energy resummed
Cross sections sensitive to semi-inclusive emissions of
hadrons. This remarkable property, which holds for
singly [194,195,198] as well as multiply heavy flavored
[95,106,121,122] bound states takes the name of natural
stability of the high-energy resummation [197].

Beyond the phenomenology of the high-energy resum-
mation sector, FFs for (generalized) quarkonium states serve
as valuable tools for precision studies of collinear physics and
hadronization. A notable example can be found in a recent
result from Ref. [123]. In that study, analyses of rapidity and
transverse-momentum distributions of charmed B mesons,
described by the ZCFW22 FF determinations, confirmed the
LHCb Collaboration’s estimate [199,200] that the produc-
tion-rate hierarchy between B.(!S;) mesons and singly
bottomed B mesons does not exceed 0.1.

This result provided a benchmark for the VFNS frag-
mentation scheme applied to these particles at large trans-
verse momentum. Moreover, it reinforced the reliability of
employing NRQCD initial-scale FF inputs at leading
power, subsequently evolved via DGLAP.

From explorations conducted using vector-quarkonium
7zZCW19* FFs and BE*)—meson ZCFW22 ones, it became
evident that a consistent scheme is needed to integrate
NRQCD inputs with collinear factorization, ensuring the
proper definition of DGLAP evolution thresholds across all
parton fragmentation channels.

To address this requirement, the novel heavy-flavor
nonrelativistic evolution (HF-NRevo) method [115,116]
was developed, specifically designed to describe the
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depicting H,, Y, B.('Sy), and B.(3S,) particle formation at z = 0.425 ~ (z).

DGLAP evolution of heavy-hadron fragmentation from
nonrelativistic inputs. HF-NRevo bases on three key building
blocks: interpretation, evolution, and uncertainties.

The first building block enables the interpretation of the
short-distance mechanism, dominant at low transverse
momentum, as a fixed-flavor number-scheme (FFNS, see
Ref. [201] for insights) two-parton fragmentation process,
which goes beyond the leading-power approximation (see
Ref. [202] for a discussion).

This statement is reinforced by the observation that
incorporating transverse-momentum dependence reveals
distinct singularity behaviors, especially in the transition
regions between low-|k| shape functions [203] and large-|x|
FFs [204].

Then, the DGLAP evolution of HF-NRevo FFs can be
separated in two steps. On one side, an expanded and
semianalytic decoupled evolution (EDevo) properly
accounts for the evolution thresholds of all the parton
channels. On the other side, the standard all-order evolu-
tion (AOevo) is numerically switched on.

Finally, the third building block addresses the evaluation
of MHOUs arising from scale variations associated with the
evolution thresholds. For our exploratory study on the
collinear fragmentation of doubly and fully heavy tetra-
quarks, we defer the investigation of the first and the second
aspects to future research, focusing instead on evolution.

Shifting our focus now to the exotic sector, recent
findings suggest that NRQCD factorization can be applied
to investigate the true nature of double J/y excitations
[67,205,206], offering us an interpretation of these states as
fully charmed tetraquarks [207,208]. In this framework, the
formation of a T,. state begins with the short-distance
emission of two charm and two anticharm quarks, occur-
ring at a scale of approximately 1/m,.. Asymptotic freedom
then allows the fragmentation process to be described as a
two-step convolution, involving a short-distance phase
followed by a long-distance component.

The first calculation of the NRQCD initial-scale input for
the [g — T4.] color-singlet S-wave fragmentation channel
was presented in Ref. [104]. Then, in our recent work on
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the determination of TQ4Q1 .0 FF sets, the initial-scale
input for the [¢ — T4.] channel was modeled by adapting
the Suzuki-model-inspired calculation [91-93], recently
utilized to describe the fragmentation of heavy-light X5 ;
states [94]. Building on this approach, the first determi-
nation of VENS FFs for such heavy-light tetraquarks,
referred to as the TQHL1.0 functions, was introduced
in Ref. [95].

In Secs. II B and II C we will describe our methodology
to derive the new TQHL1.1 and TQ4Q1.1 functions,
respectively. The TQHL1 .1 family contains FF sets for
four distinct doubly heavy states: X z,u, Xcesso Xphuns and
X5+ 1t takes, as initial-scale input, an enhanced calcu-
lation of the Suzuki-driven function obtained in Ref. [94].
The TQ4Q1 .1 family contains FF sets for the fully heavy
states, T4.(07") and T4, (0"), plus their radial resonan-
ces, T4.(277) and T4, (27 1). It takes, as initial-scale input,
the NRQCD calculation for the [g — T4.] channel [104],
suitably adapted also to the [g — T4;] case [209], plus the
NRQCD model for the [¢ — T,.] and [b — T4,] channels,
recently presented in Ref. [105]. Both TQHL1.1 and
TQ40Q1.1 FF families rely upon a threshold-consistent
DGLAP evolution that incorporates fundamental aspects of
the HE-NRevo methodology.

B. Doubly heavy tetraquarks

Our approach to modeling the initial-scale input for the
constituent heavy-quark fragmentation into a color-singlet
S-wave X g, tetraquark bases on a calculation originally
introduced in Ref. [94]. This method leverages a spin-
physics-inspired Suzuki framework [91-93] that incorpo-
rates transverse-momentum dependence. The collinear limit
is retrieved by neglecting the relative motion of the con-
stituent quarks within the bound state [93,210,211].
Calculations done in Refs. [91-94] served as a basis for
modeling the initial-scale inputs of [c¢c — X .z,;] and
[b = X,j,;) fragmentation channels encoded in our pioneer-
ing TQHL1 . 0 set [95]. The release of [¢ — X 4] and [b —
Xppua) TOHLL . 0 functions soon followed [96].

The proposed approach parallels the factorization struc-
ture of NRQCD, where the (QQ) pair is generated
perturbatively, with the subsequent hadronization described
by the corresponding LDME:s. Similarly, in this framework,
a (QQqq) system is first produced perturbatively through
above-threshold splittings of the outgoing heavy (anti)
quark, as illustrated in Fig. 2. The production amplitude
is then convoluted with a bound-state wave function,
representing the nonperturbative tetraquark hadroniza-
tion-dynamics, following Suzuki’s prescription.

Assuming full symmetry between Q and Q fragmenta-
tion channels, the explicit form of the [Q — X yp,,] initial-
scale TQHL1 .1 FF is given by

XQu0q

FIG. 2. LO representative diagram for the collinear fragmen-
tation of a constituent heavy quark into a color-singlet
S-wave doubly heavy tetraquark. The firebrick blob represents
the nonperturbative hadronization part of the corresponding
FF.

(1-2)°
ECER

« Z Z2(1+2)p§Q.,q) (2) {@}l’ (1)
=0

mg

X0 -
D™ (2. 1) = N

where

N;Q) = {1287 fgCrla,(2ux +mg)|*}?, (2)

and py = mg + m,. Here, fp = 0.25 GeV is the hadron
decay constant [212], C = (N> —1)/(2N,) the Casimir
constant related with the emission of a gluon from a quark,
mg =m, =15 GeV (my =m;, =4.9 GeV) the charm
(bottom) quark mass, m, = m, ,, the light quark mass.
Furthermore, we define

q

(0.9)
- Fx " (2)
=(0.9) (Z) = m’ (3)
q

and

FE(2) = {[(2 - 2)mg + 2m, > + 22(G3)}
3 {[2 = 2)mg + (1 = 2)m,]? + 2(F) 12
x {4(1 = 2 + 2(md + (@)} (4)

The ng’q)(z) coefficients in Eq. (1) read
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Pe(2) = 32RE (2= 32+ 2%) = 64R3 (6 — 102 + 327 + 2°) + 8RY ,(—120 + 2367 — 158> +422° — 67 + 2°)
+16R; (=80 + 192z — 1962% + 982° — 24z* + 32°) — 2R}, (480 — 1424z + 187277 — 12327
+ 4227 = 712° 4 62°) —4R,;0(96 — 352z + 54472 — 42427 + 182z* — 4025 + 329)

—(4-2z+7%)(4—-8z+37%)%, (5)

P2 (2) = =8RE (=6 + 62— 62 + 2%) = 16R? (—12 + 142 = 1222 +32%) + 4R2 (72 = 1122 + 10227 = 372
+62%) + 8R,/0(24 — 52z + 5427 — 222° 4 3z%) 4 48 — 144z + 1682 — 84z + 1977, (6)
P (2) = 6R2,5(2 = 2+ 22%) + 4R (6 — 4z + 32%) + 12— 182 + 1127, (7)

and

(@) =1, (8)

where R, /o = m,/my.

Our [Q — X(p,;) initial-scale TQHL1 .1 FF basically
differs from the one originally introduced in Ref. [94], and
thus from its TQHL1 . 0 counterpart [95,96], in two aspects.

First, in that work the A/ &Q) factor in Eq. (2) was not
calculated, but fixed via certain normalization conditions.
On the other hand, the selection of the (g%) parameter in
Egs. (1) and (4) warrants closer examination.

As mentioned earlier, the original approach proposed by
Suzuki effectively integrates spin correlations and serves as
a model for transverse-momentum dependent (TMD) FFs
[91-93]. To achieve the collinear limit, rather than inte-
grating over the squared modulus of the transverse momen-
tum of the outgoing charm quark, one can substitute it with
its average value, (g2). This renders (g) a free parameter,
which then must be determined through phenomenologi-
cally motivated criteria. As discussed in Ref. [213], increas-
ing values of (g2) progressively shift the peak of the FF
toward the low-z limit, making at the same time its bulk
smaller and smaller.

The [Q — Xyp,;] FF presented in Ref. [94] was
obtained by setting (g>) = 1 GeV?, which represents an
upper-bound estimate for the average squared transverse
momentum. Here, we propose an improvement in choosing
the value of the (%) parameter, which reflects a balanced
and reasonable assumption, consistent with the exploratory
nature of our study. It takes inspiration from a first
adjustment derived in our previous study on the collinear
fragmentation of T, states [106].

There, the initial-scale input of the charm FF channel
was modeled by suitably adapting the original calculation
in [94] to a fully charmed state, 74.. Besides enhancing the
treatment of the normalization [see Eq. (14)], in that work
we relied upon phenomenological indications coming
from the fragmentation production of hadrons in proton

collisions. In particular, we noted that (heavy-quark) FFs of
both light-flavored species [117,192,193,214] and heavy-
flavored ones [121,122,194,195] are typically probed at an
average value of longitudinal fraction almost always larger
than (z) > 0.4.

Furthermore, we required constituent-quark FFs to be of
roughly the same order of magnitude as corresponding
gluon ones. This assumption is supported by an analogy
with the simplest quarkonium case: a scalar, color-singlet
S-wave charmonium, namely the #,. meson. The production
of 7. via fragmentation can be described using NRQCD,
where the SDCs have been computed up to O(a?) for gluon
[159,215,216], charm [164,217], and nonconstituent-quark
[218] channels. Notably, in the range z > 0.4, both the LO
gluon [159] and charm [164] fragmentation are of the same
order of magnitude.

From a numeric scan, we found that, for a [¢ — Ty
initial-scale FF, fixing (§7) = (¢7)r,, = 70 GeV” leads to
(z) Z 0.4. In line with our requirements, that choice also
makes the [c — Ty4.] channels of the same order as
corresponding [g — T,4.] ones taken from potential
NRQCD (see Sec. 2.3 of Ref. [106] for more details).

Coming back to doubly heavy-flavored tetraquarks, there
is no currently available calculation for [g — X5,,] initial-
scale functions, unfortunately. Therefore, to set the value of
the (%) parameter, we can only rely upon its correlation with
the peak position of the [Q — Xyp,,] initial FFs.
Analogously to what we have done for the (g7 1,, PArameter,
we performed a numeric scan over the (g%) = (g%)

=4 GeV?, so that

X004z

range to fix its value to (g3) Xooun

_ (@),
TN S (9)

Beyond the heuristic nature of the previous relation,
there exists a deeper rationale supporting our choice. As it
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was observed in seminal studies on heavy-flavor fragmen-
tation [91,137,219,220], heavy-quark FFs peak in the large-
z region, while binding effects scale proportionally to the
heavy-quark mass.” To explain this feature, let us take as an
example the fragmentation production of a singly heavy-
flavored meson D, ,, with lowest Fock state |Qg),
momentum «, and mass m.

In this scenario, it is essential for the constituent heavy
quark and the light antiquark to share approximately the same
velocity, v = vy ~v,. Consequently, their momenta are
expressed as ky = zk = mgv for the heavy quark, and x, =
A, v for the light antiquark, where A stands for a hadronic
mass scale of the order of Agcp. Since m = m, for a heavy-
light meson, we can write mov R K =Ko + K, = 2mov+
A4v. This leads to the relation (z), & 1 — A,/mg, the “Q”
subscript denoting the [Q — Dy, ,] collinear-fragmentation
channel.

As discussed in Ref. [106], this feature may not
necessarily apply to fully heavy-flavored states, like quar-
konia and 7', particles. In these cases, there is no soft scale
since the lowest Fock state does not involve light constitu-
ent quarks. Concerning T, tetraquarks, the interactions
among the four constituent heavy quarks are expected to
complicate the prediction of the FF peak position, making it
unlikely to be determined solely from kinematic-based
statements.

Conversely, the fragmentation of a doubly heavy tetra-
quark, X p,z, Tepresents an intriguing intermediate situa-
tion. In this case, the simultaneous presence of a heavy-quark
pair (QQ) and a light-quark pair (¢g) in the lowest Fock state
makes it reasonable to expect the [Q — Xp,,] FFs to be
peaked in a moderate to large z-range.

1. Initial energy-scale inputs

For the sake of illustration, in this section we present the
z-dependence of [Q — Xp,;] initial-scale inputs for our
TQHL1 .1 FFs. To provide a first determination of uncer-
tainties associated to our functions around their lowest energy
value, we follow a procedure similar to the one adopted in our
previous study on T4, states [106]. There, we benchmarked
the [g — T4 initial-scale inputs of the TQ4Q1 . 0 functions
against the original analysis in Ref. [104] by performing a
simplified, expanded DGLAP evolution encoding just the
gluon-to-gluon timelike splitting kernel, P,, (for more
details, see Sec. 2.2 of [106]).

As for our [Q — Xp,;] initial-scale TQHL1.1 FFs,
here we follow a similar strategy, namely we perform a
simplified, expanded DGLAP evolution, where only the

quark-to-quark timelike splitting kernel, P,,, is active.

Because of the peak at large hadron energy fractions, heavy-
quark FFs are very sensitive to soft, threshold logarithms, which
need to be resummed as well. For advancements on this topic, we
refer the reader to Refs. [112,128,221-233].

Plots of Fig. 3 show the z-dependence of our constituent
quark to doubly heavy tetraquark fragmentation channels.
Shaded bands are for the variation of the factorization scale
in a window centered at upo = 3mg + 2m,, and ranging
from pip /2 to 2pur o. As explained in Sec. I B 2, the value
HEo = 3mg + 2m, will serve as the starting scale for the
TQHL1 .1 constituent heavy quark fragmentation channel.

The [Q - X QQqq] initial-scale FFs, multiplied by z,
exhibit a clear pattern, with a pronounced peak in the
window 0.65 < z < (.85, and a vanishing behavior at both
the [z — 0] and [z — 1] endpoints. The presence of a peak
in the moderate to large z-range is in line to our expect-
ations, as discussed in Sec. II C

We also note that doubly bottomed FFs (Fig. 3, lower
plots) are almost five times larger than doubly charmed
ones (Fig. 3, upper plots), and they are peaked at larger
values of z. This behavior is encoded in the dependence of

the pEQ'q)(z) coefficient functions on the R, /o = m,/mg

ratio, which distinctly modulates the weight of the poly-
nomial terms in Egs. (5)—(8), depending on the mass of the
fragmenting heavy-quark species.

2. The TQHL1. 1 functions

The final step in constructing our TQHL1 . 1 collinear FFs
for doubly heavy tetraquarks involves performing a consis-
tent DGLAP evolution of the [Q — X;p,,] initial-
scale inputs defined in Sec. IIB1 and depicted in
Fig. 2. Kinematics suggests us that the minimal invariant
mass for the [Q — (QqgQ Q)+ Q.0] splitting is
1ro(Q = Xpp4z) = 3mg + 2m,, which we adopt as the
threshold for Q-quark fragmentation. The same threshold
holds for the Q-antiquark, which is not shown in Fig. 2.

As mentioned in Sec. IT A, the DGLAP evolution within
the HF-NRevo scheme generally consists of a first step, in
which we perform an expanded and decoupled evolution
(EDevo), and of a second step, where an all-order
evolution (AOevo) is carried out. Since, however, in our
treatment only the [Q — X p,2] channel is modeled at the
initial energy scale, we can skip the EDevo step and
proceed directly with the AOevo, which is performed
numerically.” In this way, starting by the [Q — X 0043
initial-scale input of Eq. (1) taken at the evolution-ready
scale Qg = ppo(Q — Xppyq)> We build our TQHL1 . 1 sets
via DGLAP evolution and release them in LHAPDF
format.

One might contend that our methodology neglects the
initial-scale contributions from light partons and noncon-
stituent heavy quarks, as these only emerge through
evolution at scales ur > Qp. On the one hand, Authors
of Ref. [94] raised arguments supporting the statement that

3To the best of our knowledge, no models for the remaining
parton fragmentation channels have been developed to date.
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Constituent heavy-quark to doubly charmed (upper) and bottomed (lower) tetraquark collinear fragmentation. Left and right

panels are for initial-scale inputs of [Q — Xp,;] and [Q = X p,;] channels, respectively. For illustrative scope, an expanded DGLAP
evolution is performed in the range (3mg 4 2m,)/2 to 2(3mg + 2m,).

these contributions are expected to be very small at the
initial scale Q,. A similar observation also applies to
vector-quarkonium FFs, as discussed in Ref. [121].

On the other hand, analyses on FFs for fully heavy states
have highlighted how the presence of a nonzero initial-
scale input for the gluon channel plays a role in the DGLAP
evolution of the other parton channels, which can be
relevant for precision studies of the fragmentation process
in hadronic collisions. We believe that, given the relevance
of the [Q — Xp,5] channel over the other parton channels
around pr 2 Qy, our approach is well-defined and adequate
to exploratory studies. At the same time, further efforts are
required to develop models for the remaining initial-scale
inputs in the near future.

In Figs. 4 and 5 we present our TQHL1 .1 FFs, as
functions of ug, for doubly charmed and doubly bottomed
tetraquarks, respectively. As done in the previous case
(Fig. 1), we select just one value of the momentum fraction,
7 = 0.425 ~ (z). It approximately represents the average
value at which FFs are typically probed in semihard final
states (see, e.g., Refs. [117,121-123,192-196]).

From the analysis of plots in Figs. 4 and 5, the [Q —
X QQqq] fragmentation channel strongly dominates over the
light-parton and the nonconstituent heavy-quark channels.
It also remains approximately one order of magnitude (or
more) higher than the gluon channel across the entire
energy range examined. Moreover, in line with results for B
mesons, vector bottomonia, and charmed B particles
(Fig. 1), we observe that the [g — X QQqq] functions smoothly
increase as up grows. As explained in Sec. IT A, this feature is
responsible for stabilizing heavy-flavor high-energy
resummed distributions, matter of our phenomenological
study (see Sec. 1V).

C. Fully heavy tetraquarks

NRQCD factorization provides a robust framework for
investigating the intrinsic nature of double J/y resonances
[67,205,206], interpreting them as fully charmed tetraquark
states [207,208]. The production of a 7. state involves the
short-distance emission of two charm and two anticharm
quarks within a region of approximately 1/m,. Thanks to
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asymptotic freedom, this mechanism can be effectively
described as a two-step convolution, separating the short-
distance dynamics from the long-distance hadroniza-
tion phase.

Working within this framework, a prime calculation for
the NRQCD-based input of the [¢g — T,.| color-singlet S-
wave fragmentation channel (Fig. 6, left diagram) was
presented in Ref. [104]. This result was subsequently
compared with short-distance production mechanisms
within LHC kinematic ranges [209].

For the sake of exploration, in Ref. [106] the Suzuki
model calculation [91-94], employed to describe our
TQHL1.1 FFs for X,p,; states (see Sec. IIB 1), was
suitably adapted to model the initial-scale input of the [¢ —
T,.] FF (Fig. 6, right diagram). In the present work we
enhance the description of the constituent heavy-quark
fragmentation by relying upon a quite recent, NRQCD-
based computation performed in Ref. [105].

X sz5 collinear fragmentation
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For a fully heavy tetraquark, T4o(J7C), with total
angular momentum, parity, and charge J’¢ = 0"+ or
2", considering the leading-order terms of the perturba-
tive expansion of the nonrelativistic velocity, v, the initial-
scale input for the collinear fragmentation of a parton i into
the observed exotic hadron reads

Tup(JPC 1 PC
DY N ziupg) = —5 > DYz [n])
Mo T

x (O™ ([n])), (10)

where my = m, = 1.5 GeV (mgy = m;, = 4.9 GeV) is the
charm (bottom) quark mass, D,(-JPC) (z.[n]) the SDCs depict-
ing the [i —» (QQQQ)| perturbative component of the
fragmentation, and (OT+")([n])) the color-composite
LDME:s portraying the T,(J"¢) purely nonperturbative
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Tiq Tig

FIG. 6. LO representative diagrams for the collinear fragmentation of a gluon (left) or a constituent heavy quark (right) into a color-
singlet S-wave fully heavy tetraquark. The green blobs represent the nonperturbative hadronization part of the corresponding FFs.

hadronization. Furthermore, the composite quantum num- spin 0, 1, or 2, while the (6 ® 6) configuration is restricted
ber [n] runs over the combinations [3, 3], [6, 6], [3, 6], to spin 0. Additionally, we note the symmetry relations
(6, 3].

In this context, we utilize the color diquark-antidiquark
basis to express a color-singlet tetraquark state as either a

(§.® 3ora(6® 6) configuration. According to Fermi— ’DEJPC)(Z, 3,6]) = DEJPC)(Z, 6,3]),
Dirac statistics, when considering the S-wave state, both —— —
the diquark-antidiquark systems and the overall diquark- (O el )([3’6]» =(0 o )([6’ ). (11)

antidiquark cluster, the (3 ® 3) configuration can exhibit
|

1. Short-distance coefficients

The perturbative component of the gluon to 7,4, (0" ") fragmentation process at the initial energy scale is portrayed by the
following SDCs

2 4

(0t+) 0 (4mQ)
DY (2. [3.3]) = 0]
v (@33 49766447 z)

+42(1 = z)(2—2)(3 —z)(—144 4+ 634z — 385z + 70z In(1 — 2) + 36(2 - z)(3 — 2)

X | 186624 — 4302727 + 51107272 — 42581473 + 217337z* — 619157° + 74662°

x (144 — 634z + 74972 — 3642° + 74z*) In (1 - %) +122-2)(3-2)

x (72 =362z +361z> — 13623 + 23z*) In <1 —gﬂ (12)

m*ag(4mgp)
331776dP(z)
+14378z° — 6(1 — 2)(2 — 2)(3 — ) (=144 — 2166z + 1015z + 70z3) In(1 — z)
—156(2 — 2)(3 — 2)(144 — 12427 4 169372 — 8762 + 170z*)

DY ) (z.[6.6]) = [186624 — 430272z + 6178247 — 63490223 + 37448974 — 11538775

x In (1 —§> +300(2 — 2)(3 — 2)(72 — 714z + 95322 — 47223 + 87z4) In <1 —gﬂ (13)
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(0++) mai(4mg) 2 3 4 5 6
DY (2, [3,6]) = o 00 | 186624 — 4302727 4 49072072 — 3944227 + 1995297* — 5754725 + 70822
16588847 (2)

+6(1=2)(2-2)(3 —z) x (=432 + 3302z — 1855z> + 210z%) x In(1 — z) = 12(2 - 2)(3 — 2)

x (720 — 2258z + 232972 — 10527% + 226z%) x In (1 - %) +122-2)(3-2)
x (936 — 4882z + 4989z — 19367 + 331z*) In <1 - ;)} , (14)

with d(z) = z(2 - 2)*(3 - 2).

As for the gluon to T4 (27) initial-scale perturbative-fragmentation component, only the [3, 3] term survives. Indeed,
since the NRQCD operator representing the 6 ® 6 state is not compatible with the Fermi-Dirac statistics for a diquark-
antidiquark system in a 2** configuration, both the [6, 6] term and the [3, 6] interference one vanish. We have

(2+) ot (4mg)
Dy (z,[3,3]) = ) x | (46656 — 4905367 + 116255272 — 1156308z> + 595421z* — 1705787

622080zd7 (2
+21212z%)2z 4+ 3(1 — 2)(2 — 2)(3 — z)(—20304 — 31788z
+ 730362 — 3657473 +7975z*) In(1 — z) + 33(2 — 2)(3 — 2)(1296 + 1044z

—92247% + 9598z —3943z* + 7252°) x In <1 - g)} , (15)
whereas D (z.[6,6]) = 0 and D} (z.[3.6]) = 0.
Analogously, the perturbative component of the constituent heavy-quark to 74, (0*) fragmentation process at the initial

energy scale is depicted by the following SDCs

2 4

(0+F) m°a(Smy) 2 4 3 2
D ,13,3]) = ———+— —264(z—4)(11z—-12 — 16z + 16 1327 — 57z° — 656z° + 14247 — 512
o] (Z [ ]) 559872d5(z) X (Z )( < )(Z < ) X ( < < < < )

X (3z —4)’log(z?> — 162+ 16) + 6(11z — 12)(z> — 16z + 16) x (1273z° — 16764z* + 118407°
+ 247808z — 472320z + 171008) x (3z —4)° log(4 — 3z) — 3(11z — 12)(z%> — 16z + 16)

11
x (1292° — 7172z* 4 4950473 — 10841622 4 739847z — 9216)(3z — 4)° x log {(4 - TZ’) (4 - z)}

+16(z — 1)(657763z'2 — 10028192z'! + 188677968z'0 — 26008997122° + 1801805644878
— 7168500019277 + 1794143805447 — 2948346511367 + 321642168320z* — 2293888450567>

+ 1020180561927% — 25480396800z+2717908992) |, (16)

++ 2 4(5}7’! )
DO (7.76.6]) = 2 0OMQ) 11207 —4)(112 — 12)(22 — 162 + 16) x (35z* — 53573 + 347222 — 42407 + 512
o (z,[6,6]) 373248d5(z)>< (z=4)(11z-12)(z 7+ 16) x (357 2>+ 34727 7+ 512)

x (3z —4)log(z> = 16z + 16) — 30(11z — 12)(z> — 16z + 16)
x (339577 — 48020z* + 1261447° — 757767 — 386567 + 62464) x (37 —4)3 log(4 — 3z)
+75(11z = 12)(z% = 16z 4 16) x (735z° — 10684z* + 34208z — 44160z% 4 20224z + 9216)(3z — 4)°

11
x log {(4 - TZ> (4 - z)] +16(z —1)(7916587z'% —263987840z'" + 3125201872710
— 169936943367° + 518146890247% — 996382832647 + 1334594232327° — 1401363988487°

+1271612047367* — 9669574656073 + 5337251840072 — 17930649600z+2717908992) |, (17)
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ﬂ2a§*(5mg)

D(0++) Z, 3,6 __ T s\vwrYs
o (B.6) 186624v/6d5(2)

X [24(z —4)(11z = 12)(z% = 16z + 16) x (225z* — 3085z + 174567>

— 19760z + 1536) x (3z — 4)° log(z*> — 16z + 16) — 6(11z — 12)(z> — 16z + 16)
x (5557 +52428z* — 36332823 + 616448z% — 270080z + 70656) x (3z —4)% log(4 — 3z2)
+75(11z = 12)(22 — 16z + 16) x (12457> — 84308z* 4 6016967> — 1333120272 + 9146887

11z

— 119808)(3z — 4)° x log {(4 - —> (4 - z)] +16(z — 1)(18299597'2 — 449609127

3

+ 28579265679 — 10900939527° + 512308454478 — 2439072460877 + 774508175362°
— 153897779200z° + 1941020344327* — 15564354355273 + 7709130752022

—21705523200z+27 17908992)} ,

with d5(z) = (4 —32)°(z — 4)%z(11z — 12)(z* — 162 + 16).

(18)

As mentioned before, due to the Fermi-Dirac statistics, the only surviving SDC for the T, (2" ) initial-scale perturbative

fragmentation is the [3, 3] one. Thus we write

m*ai(5myp)

D(2++) B3 =Y
0o (@[3 2799360245 (z)

{672(z —4)(11z = 12)(z% — 162 + 16) x (472° + 12186z* — 4460873

+ 40000z — 7936z + 4608) x (3z — 4)° log(z*> — 16z + 16) + 6(11z — 12)(z> — 16z + 16)
x (107645z° — 1088988z° + 7805536z* — 207349767° + 893350472 — 60139527 + 1695744)
x (3z —4)°log(4 —3z) —33(11z — 12)(z* — 16z + 16) x (35812°> — 53216z* — 3261762°

11z
3

+ 41945672 — 6912z + 55296)(3z — 4)° x log {(4 - > (4 - z)] +16(z — 1)(964495077'2

— 158520388z'! — 262282068967'° + 2817430378887 — 135525736243278 + 135525736243277
— 66374529597447° + 75957972828167° — 5643951472640z* + 266298851328073

— 7889349509127% + 1618288312327—24461 180928)} . (19)

2. Long-distance matrix elements

The color-composite LDMEs, (O7+")([n])), encap-
sulate the genuinely nonperturbative contributions to the
initial-scale FFs. Since experimental data are currently
unavailable and lattice QCD studies of tetraquarks are still
at primeval stage, potential model calculations serve as a
practical means to estimate these matrix elements. An
effective approach involves calculating the radial wave
functions at the origin using potential models and then
connecting them to the LDMEs through the vacuum
saturation approximation [78].

Reference [104] introduced three potential-based models
[234-236]. All of them adopt a Cornell-like potential
[237,238] and incorporate certain spin-dependent correc-
tions. The first [234] and third models [236] are rooted in

nonrelativistic quark dynamics, while the second [235]
includes relativistic effects. The first model tends to
significantly overestimate cross sections when compared
to data for J /y production at 13 TeV CMS [239], which are
expected to exceed the 7, production rate [104].

Furthermore, numeric evaluations (not detailed in this
work) reveal that FFs based on the LDMEs from the third
model exhibit extreme sensitivity to even minor parameter
variations, on the order of 0.1%. Given these limitations,
we construct the initial-scale components of our TQ4Q1 .1
FFs using LDMEs derived from the second model [235].
For a detailed comparison of these values with those from
the other two models, we refer to Table I in the published
version of Ref. [104].

As for T4.(07") and T4.(27") fully charmed states,
one has
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OT+07)(]3,3]) = 0.0347 GeV?,

OT(0")([6,6]) = 0.0128 GeV?,

OT(0")([3,6]) = 0.0211 GeV?,

OT(2")([3,3]) = 0.072 GeV?,
O"«27([3,6]) = O™«")([6,6]) = 0. (20)

Given that exact values for the LDMEs of T,,(0") and
T4, (271) fully bottomed states have not been computed
yet, as a reasonable ansatz we assume that a 7, tetraquark
consists of a compact diquark-antidiquark cluster, where
the binding is primarily governed by attractive color
Coulomb forces. Under this assumption, the ratio of the
four-body Schrodinger wave functions at the origin
between the particles 74, and T4, can be estimated by
means of dimensional analysis.

Following the strategy proposed in Ref. [209], we write

(O [n])) _ {Ocou) (mbaﬁb)f 400, (1)
(OT () (Ofdou) )

Here, aﬁQ) stands for the strong coupling, a;(myvg) ~ vg,
with v, the relative velocity between the two constituent
heavy quarks. The [Coul] label tells us that the LDME is
evaluated within the Coulomb potential diquark model.

3. Initial energy-scale inputs

As anticipated in Sec. II B 1, in Ref. [106] the [g — T4.]
initial-scale inputs of the TQ4Q1 . 0 FFs were benchmarked
with the original calculation of Ref. [104] by performing a
simplified, expanded DGLAP evolution, where only the
gluon-to-gluon timelike splitting kernel, P,, was consid-
ered (see Sec. 2.2 of [106] for technical details).

For the sake of illustration, in Fig. 7 we present the z-
dependence of [g — T,p] inputs of our TQ4Q1.1 func-
tions, multiplied by z. Error bands here reflect the variation
of the factorization scale in a range centered at o = 4m
with a width of 2m,. As elaborated in Sec. II C 4, the value
Uro =4mgy will serve as the starting scale for the
TQ40Q1.1 gluon fragmentation channel.

Given that the gluon [g— T4 channels remain
unchanged when passing from TQ4Q1.0 to the 1.1
update, upper plots of Fig. 7 are identical, apart from
the color code, to the ones of Fig. 2 of [106]. Novel results
for the TQ4Q1.1 [g - Ty4,] channels are presented in
lower plots of Fig. 7. As a consequence of the ansatz made
in Eq. (21), they share the same pattern of corresponding
T,. channels, but with a different magnitude.

We note that all initial-scale FFs shown in Fig. 7 do not
vanish as z tends to one. This feature is somewhat
surprising and might raise questions about its compatibility

with collinear factorization. Indeed, at leading twist, the
fragmentation process involves a single parton transitioning
into the observed hadron. As such, the probability of the
parton transferring its entire momentum to the hadron (as
z — 1) should theoretically go to zero.

However, encountering nonzero FFs near the z-endpoint
is not uncommon within the framework of NRQCD. For
instance, the color-singlet (g — 7.,) FFs at LO exhibit
growth with z, reaching a peak as z reaches one [159]. At
NLO, these same functions negatively diverge due to
DGLAP evolution. Some authors argue that this behavior
is not problematic because the collinear convolution of the
divergent FF with the remainder of the cross section remains
well-defined [215]. Others interpret the endpoint singularity
as indicative of perturbative instability and propose resum-
mation techniques as a potential remedy [216].

We believe that further investigation is required to
establish the correct endpoint behavior of NRQCD-based
FFs. This could involve extending or generalizing the
NRQCD factorization framework as applied to fragmenta-
tion. While such developments are beyond the scope of our
exploratory analysis, they undoubtedly warrant attention in
future studies.

Let us now shift our focus to the [Q — T,,] initial-scale
inputs for our TQ4Q1 . 1 FFs. As done for the gluon case, to
benchmark our functions we perform again a simplified,
expanded DGLAP evolution. This time, however, we keep
both the gluon-to-gluon timelike splitting kernel, P, and
the quark-to-quark one, P,,. As explained in Sec. I1C4,
since the starting threshold for our [Q — T4y] fragmenta-
tion is ppo = Smy, we expect that also the [g— T4p]
channel, whose threshold is up o = 4m, participates into
the evolution.

For the sake of illustration, in Fig. 8 we show the
z-dependence of [Q — T, initial-scale inputs for our
TQ4Q1 .1 FFs. In this case, the shaded bands reflect the
variation of the factorization scale in a range centered at

We observe that the [Q — T4, (0%")] initial-scale FFs,
multiplied by z, exhibit a distinctive pattern (left plots): a
decreasing trend with z up to approximately z = 0.6,
followed by a pronounced peak in the z > 0.8 region,
before eventually vanishing as z approaches one. In
contrast, the [Q — T4o(2"")] FFs (right plots) display a
less pronounced peak, forming a shape more akin to a
plateau. As it happens for the gluon channels, because of
the ansatz made in Eq. (21), also quark to 7, initial-scale
FFs share the same pattern of corresponding 7,4, ones, but
with a different magnitude.

The [Q — T4p] initial-scale FFs inputs for our
TQ4Q1.1 FFs, calculated by the hands of NRQCD, are
quite different from TQ4Q1 .0 corresponding ones, taken
from Suzuki. Comparing upper plots of Fig. 8 with plots of
Fig. 3 of Ref. [106], we immediately note that they differ

034037-15



CELIBERTO and GATTO

PHYS. REV. D 111, 034037 (2025)

[g = Ty.(071)] fragmentation channel

N
o

A symJETHAD v0.5.3

[y

(S
T

/

3mc < HF < 5mn

2D (z) x 10

0.0 0.2 0.4 0.6 0.8 1.0

[g — Ty (071)] fragmentation channel

o
=)

symJETHAD v0.5.3

o o N o
o ) 'S B

zDI")(z) x 10

o
oo

0.6 0.8 1.0

=)
=)
oL
o
=)
'S

[g — Tu.(271)] fragmentation channel

N
(=)

i symJETHAD v0.5.3

=
(S

3mc < HF < 5mc

zD§4C(2++)(z) x 10°

0.6

o o N o
o @ IS B

zD§4b(2++)(z) x 108

3mp < prp < 5my

o
)

0.6 0.8 1.0

(=)
=}
S
)
=}
I

FIG. 7. Gluon to fully charmed (upper) and bottomed (lower) tetraquark collinear fragmentation. Left and right panels are for initial-
scale inputs of [g = T4, (0")] and [g — T4 (2"")] channels, respectively. For illustrative scope, an expanded DGLAP evolution is

performed in the range 3m, to Smy.

not only in shape but also in bulk magnitude, the latter
being much smaller for the 1.1 update.

4. The TQ4Q1. 1 functions

The final step in constructing our TQ4Q1 .1 collinear
FFs for fully heavy tetraquarks involves performing a
consistent DGLAP evolution of the initial-scale inputs
introduced throughout this section. A striking distinction
from light-hadron fragmentation is that, in this case, both
the heavy-quark and gluon channels exhibit evolution
thresholds. This feature arises from the [¢g — (QQQQ)]
and [Q,0 — (Q0QQ) + Q,Q] perturbative splittings,
which correspond to the left and right initial-scale inputs
in Fig. 6, respectively, and are mathematically defined by
corresponding SDCs, given in Sec. I1C 1.

Kinematics suggests us that the minimal invariant mass
for the first splitting is up (g = Tsp) = 4mg, which we
adopt as the threshold for gluon fragmentation. Similarly,
the minimal invariant mass for the second splitting is

iro(Q = T4.) = Smy, which we designate as the thresh-
old for heavy-quark (or antiquark) fragmentation.

To perform a threshold-consistent DGLAP evolution, we
make use of features of the novel HF-NRevo scheme [115,116].
As mentioned in Sec. II A, the DGLAP evolution within
HF-NRevo is split in two steps: first EDevo, then AOevo. We
start from the fragmentation channel having the lowest
threshold. It is the gluon one, with yp (g = T4g) = 4my,.
By keeping in the DGLAP equation only the P, splitting
kernel, we evolve the gluon FF input up the initial scale of the
heavy-quark one, pipo(Q = Tasp) = Smy. Thus, we gener-
ate collinear gluons, and only gluons, between the two scales.
Because this evolution is expanded in powers of a, and
decoupled from any other quark channel, it can be done
analytically by the hands of the symJETHAD plugin.

We now proceed to the second step, where we combine
the gluon FF, evolved at O = 5m,, with the corresponding
heavy-quark input. From this point, we perform an all-order
DGLAP evolution to obtain our NLO TQ40Q1 . 1 functions,
which are then made available in LHAPDF format. Q is
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[c = Ty4(0T1)] fragmentation channel
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[c — Ty(27T)] fragmentation channel
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Constituent heavy-quark to fully charmed (upper) and bottomed (lower) tetraquark collinear fragmentation. Left and right

panels are for initial-scale inputs of [Q — T45(07")] and [Q — T4, (2%)] channels, respectively. For illustrative scope, an expanded

DGLAP evolution is performed in the range 4m,, to 6m,,.

referred to as the evolution-ready scale, as it represents the
largest threshold among all parton species. It also serves as
the starting point for the numerical DGLAP evolution
process.

From a first perspective, our treatment might seem
incomplete because of the absence of nonconstituent light-
and heavy-quark FF inputs. As a result, in our two-step
evolution framework, nonconstituent quarks are introduced
only through the evolution process, without any initial-scale
inputs. However, drawing on analogies with NRQCD studies
of color-singlet pseudoscalar [159,164,215-218] and vector
[159,164,240] quarkonia, it is reasonable to expect these
channels to be significantly suppressed in comparison to
gluon and charm contributions. Nevertheless, to rely upon a
more complete set of NRQCD inputs, we plan to encode the
light-quark channel, recently studied [241] during the
preparation of this work, in a future analysis.

In Fig. 9 we present the factorization-scale dependence
of TQ4Q1.1 NLO FF determinations for T4.(0"") and
T4 (27%) fully charmed tetraquarks. Analogously,
TQ4Q1.1 NLO functions for T4, (0"") and T4, (271)

fully bottomed tetraquarks are shown in Fig. 10. As done
before (see Figs. 1, 4, and 5), we set z = 0.425 ~ (z). This
roughly corresponds to the mean value at which FFs are
generally sounded in semihard final states (see, e.g.,
Refs. [117,121-123,192-196]).

As a general trend, the constituent heavy-quark FF is
always five to 20 times larger than the other ones in the
scanned window of p. Although the contribution of [g —
T,p] fragmentation is significantly smaller than that of
[Q — T, one, the former is still crucial for accurately
describing production rates at hadron colliders. This is
primarily due to the much larger gluon PDF compared to
the quark PDFs, which makes the [gg — gg] partonic
channel far more important than the [gg — c¢] channel.

Given that our TQ4Q1 .1 NLO functions include the
charm FF at the initial scale, we can assess its influence on
the resulting DGLAP-evolved sets. To this end, we follow
the same strategy adopted for the TQ4Q1.0 case (see
Sec. 2.4 of Ref. [106]). For testing purposes, we derive
supplementary sets NLO FFs, named TQ4Q1.1". These
sets have been obtained by using the same methodology as

034037-17



CELIBERTO and GATTO

PHYS. REV. D 111, 034037 (2025)

T4.(07) collinear fragmentation

Ty.(27T) collinear fragmentation
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FIG. 9. Factorization-scale dependence of TQ4Q1.1 collinear FFs depicting T4.(0"1) (left) and T,.(27) (right) formation, at
7 = 0.425 ~ (7). First ancillary panels below primary plots show the ratio between TQ4Q1.1 and TQ40Q1.1 functions. Second
ancillary panels show the ratio between TQ4Q1 .1 and TQ4Q1 . 0 functions. For comparison purposes, the charm ratio in the latter has
been scaled down by a factor of 100.

the main TQ4Q1.1 functions, but with the [Q — T4p]
input excluded. Consequently, only the gluon FF is present
at the initial scale, while the charm channel, like the other
quark species, is generated entirely through evolution.
The first ancillary panels beneath the primary plots in
Figs. 9 and 10 display theratioof 1.1 to 1. 1~ FFs for both

gluon and constituent heavy-quark FFs. We note that the
gluon FF remains almost unchanged in all cases. On the
other hand, 1.1 [Q — T4p| channels are roughly 1.5 to 10
times higher than corresponding 1.1 counterparts.

This significant difference could critically affect the
accurate modeling of T4, production rates at lepton and
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FIG. 10. Factorization-scale dependence of TQ4Q1 .1 collinear FFs depicting T4, (0" ") (left) and T,,(2"") (right) formation, at

Ty, (07 T) collinear fragmentation

Ty,(271) collinear fragmentation

7 =0.425 ~ (7). Ancillary panels below primary plots show the ratio between TQ4Q1 .1 and TQ4Q1.1" functions.
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*

lepton-hadron colliders, where [y*)y0* - ¢¢] and [y*)g —
cc] subprocesses play an essential role. These findings
underscore that, by incorporating both gluon and charm
contributions at the initial scale, the TQ4Q1 .1 FFs offer a
versatile tool for describing a wide array of processes across
hadron, lepton, and lepton-hadron collider environments.

For the sake of comparison, the second ancillary panels
below plots of Fig. 9 show the ratio between TQ4Q1.1
gluon and charm FFs and their previous versions, embodied
in corresponding TQ4Q1 . 0 sets [106]. Notably, in all cases
the 1.1 NRQCD-updated gluon channel loses not more
than 10% of magnitude with respect to the 1.0 case.
Conversely, the 1.1 charm channel is smaller than the
corresponding 1 . 0 one. For 7,,.(07 ") states it roughly goes
from 0.2% to 2% as - increases, while for 7. (2*") ones it
grows from 2.5% to 3.5% with ug. This is not surprising,
since we already noted that NRQCD and Suzuki models lead
to distinct patterns, both in the shape as in the bulk magnitude
(see the discussion at the end of Sec. II C 3).

The TQ4Q1 .1 gluon FFs in Figs. 9 and 10 show a very
soft decline with increasing up. A similar behavior is
partially mirrored in the gluon—to-BE*) fragmentation chan-
nel (Fig. 1) as well as in gluon-to-X 55, ones (Figs. 4 and.
5). As discussed in Sec. I A, a smooth pr-dependence of
the gluon FF acts as a “natural stabilizer” for high-energy
resummed distributions sensitive to semi-inclusive emis-
sions of heavy-flavored hadrons (see Sec. IV for phenom-
enological applications).

III. HYBRID FACTORIZATION AT NLL/NLO*

The first part of this Sec. III A contains a short overview
of recent phenomenological studies of the QCD semihard
sector at hadron colliders. The second part (II B) provides
us with the core ingredients of the NLL/NLO™ hybrid
factorization well adapted to the description of bottomo-
niumlike states.

A. High-energy resummation at a glance

Final states sensitive to heavy-flavored hadron production
are essential for probing high-energy QCD, where large
energy logarithms significantly impact the perturbative
expansion in the strong coupling, and need to be resummed
to all orders. The Balitsky-Fadin-Kuraev-Lipatov (BFKL)
formalism [242-244] resums these logarithms both at the
leading level (LL), including terms proportional to
[, In(s)]", and the next-to-leading level (NLL), handling
contributions proportional to a,[a? In(s)]".

High-energy resummed production rates for hadron-
initiated reactions read as a transverse-momentum convolu-
tion of a universal Green’s function, known at NLO
[245,246], and two process-dependent, singly off-shell
emission functions, also named forward impact factors.
These emission functions embody collinear PDFs and

FFs. This collinear convolution, nested inside the aforemen-
tioned BFKL one, makes our formalism a hybrid collinear
and high-energy factorization [117,118,121,247-249] (see
also [250-255] for similar approaches to single-particle
detections).

BFKL studies within a full or partial NLL/NLO"
accuracy where done via the following processes: the
Mueller—Navelet [256] dijet production [247,257-267],
light dihadron [118,192,193,268], and hadron-jet
[117,196,214,268-270] emissions, Drell-Yan [271,272],
Higgs [198,248,273-278], and heavy-flavor tags
[119,121-123,194,195,197,279-284].

Additionally, forward emissions of single particles are
direct probes of the gluon content of the proton at low-x
through the unintegrated gluon distribution (UGD), which
relies upon the BFKL evolution kernel. Phenomenological
studies of the UGD have been performed through exclusive
light vector-meson electroproduction at HERA [285-291]
and the EIC [292-295], as well as through vector-quarkonium
photoemission [296-298]. These analyses enhance our
understanding of the UGD and its role in low-x physics.

Accessing the gluon content via the UGD has been crucial
in enhancing the collinear factorization framework, particu-
larly in determining resummed low-x PDFs [299-301]. It has
also been used to improve spin-dependent TMD PDFs at low
x [302-313]. References [314,315] explore the interplay
between BFKL and TMD dynamics, while Refs. [316,317]
link color-dipole production rates to the UGD.

A key advancement came recently out from high-energy
emissions of singly heavy-flavored bound states, like A,
baryons [194] or b-hadrons [195], which allowed us to
mitigate the well-known issues affecting the BFKL descrip-
tion of semihard final states at natural scales. These issues
are particularly pronounced when lighter particles are
involved [117,214,258,259]. In such cases, large negative
NLL corrections, together with unresummed threshold
logarithms, hinder the convergence of the resummed series.
This issue becomes manifest when examining the impact of
MHOU uncertainties through variations in factorization
and renormalization scales.

Conversely, as anticipated in Sec. Il A, a natural stabi-
lization trend [197] has been observed in reactions involv-
ing the (semi)inclusive production of heavy hadrons at high
transverse masses. In these cases, the primary production
mechanism is VENS collinear fragmentation. This stability
was further tested through doubly heavy-flavored mesons
using a collinearly enhanced nonrelativistic fragmentation
approach. As part of this research, new VENS, DGLAP-
evolving FFs were built on NRQCD inputs [159,164,183—
189,240], first for vector quarkonia [119,121], and later for
charmed B mesons [122,123].

Thus, the natural stability of the high-energy resumma-
tion acted as a phenomenological bridge between the high-
energy QCD regime and the exotic-matter domain. In
Ref. [95] (see Ref. [96] for a review), novel VFENS FF
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determinations, named TQHL1 . 0 functions, were built to
address the formation mechanism of neutrally charged,
doubly heavy tetraquarks: X,p,;. The analysis was sub-
sequently extended to fully heavy tetraquarks, T4, with
the determination of the corresponding TQ4Q1 .0 FFs.

B. Resummed cross section

As an application to LHC/FCC phenomenology, we
focus on the following semi-inclusive hadroproduction (see
Fig. 11)

p(pa) +P(ps) = Blry,yi) + X +jet(i, y2),  (22)

where a bottomoniumlike state, I3, is detected with four-
momentum ki, rapidity y;, and azimuthal angle ¢;.
Furthermore, a light jet is tagged with four-momentum
K,, rapidity y,, and azimuthal angle ¢,. The two objects
feature high transverse momenta, say |K;,| > Agcp, and
large rapidity separation, AY =y; —y,. An undetected
gluon system, X, is inclusively produced. We decompose
the final-state transverse momenta on the Sudakov-vector
basis generated by parent protons’ momenta, p,,, with
p2,=0and (p, - p,) = s/2, thus having

2

KioL
K12 = X12Pap ~ Pba T K121, (23)
.Xl.zs
with k7, = —K7,. In the center-of-mass frame the follow-

ing relations between final-state longitudinal-momentum
fractions, rapidities, and transverse momenta hold

X12 =

— M eiyll’
S

and thus

X1 XS

AY=y,—y,=1n (25)

Ky [[i2]

In a pure collinear factorization vision, the LO differ-
ential cross section for our reactions would be cast as a one-
dimensional convolution between the on-shell hard factor,
proton PDFs, and B FFs

d GLO

el /ldx/ldxf,x filx
dxldxzdzr?ldzl?z i,j;yg 0 a 0 b l( a) j( b)

X /I%D? <ﬂ> d&ljz(f) 2=
X g Z: dxlded Kld Ky
(26)

where the i, j indices run over all partons except for the ¢
quark, which does not hadronize. For brevity, the explicit
dependence on the factorization scale, pf, is not shown in
Eq. (26). The f; ;(x,. ) functions are the proton PDFs,
whereas the D¥(x, /¢, u) functions stand for the B FFs.
Then, x,;, denote the parent partons’ longitudinal fractions,
while ¢ is the momentum fraction of the outgoing parton
fragmenting into the B3 particle. Finally, dé; ;(5) depicts the
partonic hard factor, with § = x,x, s the partonic center-of-
mass energy squared.

On the other side, the differential cross section within our
hybrid collinear and high-energy factorization builds on a
transverse-momentum convolution between the BFKL
Green’s function and the two forward-production, singly
off-shell emission functions. Collinear elements, namely

FIG. 11.

Hybrid factorization for the Ty plus jet (left) and Xyp,5 plus jet (right) semi-inclusive hadroproduction. Firebrick squares

(green rhombi) represent X pp,5 (T40) tetraquark collinear FFs. Gray arrows depict light-flavored jets. Orange ovals stand for proton
collinear PDFs. The BFKL Green’s function (blue blob) is connected to the two off-shell emission functions through Reggeon lines.
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PDFs and FFs, are embodied in the latter ones. We suitably
recast the cross section as a Fourier series of the azimuthal-
angle coefficients, C .,

(2r)do _ {

dy,dy,d|x; |d|ic; |dg; dep, —

Co+2 i cos(m(p)Cm} , (27)

with ¢ = ¢ — @y — 7.
Working in the MS renormalization scheme and using
BFKL, we get (see Ref. [318] for technical details)

NLL/NLO+
CNLL/

X1 X +oo _
— 142 dyeAYa.x(.uR))(NLo(mvy)

RIS

X a?(ﬂR){ggLo(mvl/» IS

x)[EY0 (m. v,

’?2|’ Xz)]*

Po - id &g
2 v T 1nZE
+as(ﬂR)AY4ﬂ)((m,V) [111(|’<1||’<2|) +2dylné‘j :

(28)

with a,(ug) = a,(ug)N./7 the QCD running coupling,
N, = 3 the number of colors, and ) = 11N,./3 —2n,/3
the QCD-p-function first coefficient. We select a two-loop
running-coupling setup with a,(m;) =0.118 and a
dynamic number of flavors, ny. The high-energy kernel
at the exponent of Eq. (28) encodes the resummation of
energy logarithms at NLL

NLO(

X0 (mv) = x(m,v) + agg(m,v), (29)

where y(m,v) are the eigenvalues of the LO kernel

2(m.v) = =2y — 2Re{l//<1+Tm + w) } (30)

with yg being the Euler-Mascheroni constant and y(z) =
I''(z)/T'(z) the gamma-function logarithmic derivative. The
7 (m,v) function in Eq. (29) stands for the NLO correction
to the high-energy kernel

#mw) = 2(mw) + L2 ym,0)

SN,
< {=x(m.v) +10/3 + 21In[uz/ (%, [%2])]}.
(31)
the characteristic y(m,v) function being computed in

Ref. [319].
The two expressions

EXP (m, v, X12) = Epy +ag(ug)ésy  (32)

K12

respectively represent the bottomed-tetraquark and the
light-jet NLO emission functions, obtained in Mellin space

after taking their projections onto the eigenfunctions of the
LO kernel. As for the B-particle emission function, we
make use of the NLO computation performed in Ref. [320].
While designed for studying the production of light-
flavored hadrons, it also fits our VENS approach for
heavy-flavored tetraquarks, provided that the transverse
momenta are well above heavy-quark thresholds for the
DGLAP evolution. At LO, one has

: %21—%/
. &
x {fcf,(,(:)fo(fc) + Zf,»(f)D?(fc)}

i=q.q

Eplm, v, [Ky|,x1) = v [ [**~!

(33)

with & = x/¢, v, =2+/Cp/Cy, and 7, = C,/Cp, where
Cr=(N2-1)/(2N.) and C4 = N, are the Casimir con-
stants related with gluon emission from quark and gluon,
respectively. The full NLO formula for E§-© can be found
in Ref. [320]. The light-jet LO emission function reads

K

c;(n,v,

) =olfP g )+ Y] 60

J=4.9

Its NLO correction is got by combining Eq. (36) of Ref. [318]
with Egs. (4.19)—(4.20) of Ref. [321]. It bases upon results
presented in Refs. [320,322], suited to numerical analyses,
which rely on a “small-cone” jet selection function [323,324]
with a cone-type algorithm [321].

Equations (28) and (34) elegantly illustrate the realization
of our hybrid collinear and high-energy factorization
scheme. Within this framework, the cross section is factor-
ized in the BFKL formalism, where the gluon Green’s
function and emission functions play central roles. The
gluon Green’s function accounts for the resummation of
large logarithms in the high-energy limit, while the emission
functions encode the PDFs and FFs, de facto combining
collinear factorization with high-energy dynamics.

The notation with a “4” superscript in the C NLO
label indicates that the expression for the azimuthal
coefficients in Eq. (28) includes contributions beyond
the NLL accuracy. These additional contributions arise
from two sources: the exponentiated NLO corrections to
the high-energy kernel and the cross product of the NLO
corrections to the impact factors. This results in a more
precise representation of the azimuthal coefficients, captur-
ing subtle effects that are essential for accurate predictions
in processes where both collinear and high-energy loga-
rithms play significant roles.

Then, if one discards all the NLO contributions in
Eq. (28), the pure LL limit of our angular coefficients is
obtained. We have
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CLLLO _ X1Xa [T 4 AYa (ugim)
|’<1H’<2|
Xas(/AR)&s(m,v, Kl x)[E5(m, v, K], x0) "
(35)

To properly compare high-energy resummed predictions
with those from a pure collinear, DGLAP-inspired setup, it
is essential to evaluate observables using both our hybrid
factorization approach and pure fixed-order computations.
However, given the current limitations, no numerical code
is available for calculating fixed-order distributions at NLO
in the context of inclusive semihard hadron-plus-jet pro-
duction. To bridge this gap and assess the impact of high-
energy resummation on top of DGLAP predictions, we
employ an alternative approach.

Our methodology, originally tailored for studies of
Mueller-Navelet [260,261] and hadron-jet [117] angular-
ities, prescribes the truncation of the high-energy series at
NLO accuracy. By doing so, we can mimic the high-energy
signal that would emerge from a pure NLO calculation.
Specifically, we achieve this by expanding the azimuthal
coefficients only up to the order O(a}), effectively yielding
a high-energy fixed-order (HE-NLO™) expression. This
HE-NLO" approximation serves as a practical tool for our
phenomenological program, allowing us to systematically
compare the effects of the BFKL resummation with the
high-energy limit of fixed-order predictions.

Our HE-NLO™ angular coefficients in the MS renorm-
alization scheme read

AY
e +o0
CHE—NLOJr — 2
m = s / dIJO(S (ﬂR)

[es]

X (14 a,(ug)AYy(m,v)]
x E3-0( )[EFO(

K21, XZ)]*‘
(36)

m, v, |k

In our study, the renormalization scale (1) and factori-
zation one (up) are set to natural energies, which are
determined by the kinematics of the final state. Specifically,
we take pup = ur = puy, where py is defined as

py = mp) + | (37)

Here, mp, = y/m% + |K,|* denotes the transverse mass of

the produced bottomed tetraquark, with its mass set to the
sum of the masses of the four constituent quarks. The
transverse mass of the light-flavored jet coincides with its
transverse momentum, |K,|.

Although the emission of two particles naturally intro-
duces two distinct energy scales, in Eq. (37) we have
adopted a simplified approach by combining these into a
single natural reference scale, chosen as the sum of the

transverse masses of the two particles. This selection is
consistent with the strategy used in other precision QCD
codes and calculations, such as in Refs. [325-327]. It
facilitates the comparison of our results with predictions
from different approaches, while maintaining consistency
with typical conventions in QCD phenomenology.

To explore the effect of MHOUs, we will vary both up
and pp in a range from uy /2 to 2uy, controlled by the C,
parameter. This variation allows us to assess the sensitivity
of our results to changes in the energy scales, providing a
reliable estimation of theoretical uncertainties in our
predictions.

IV. PHENOMENOLOGY

All the predictions presented in this Section were
computed using the Python+Fortran JETHAD multimodular
code [96,117-120]. Proton PDFs are described via
NNPDF4 .0 NLO set [328,329] from LHAPDF v6.5.4
[330]. The impact of MHOUs on our observables was
evaluated by varying factorization and renormalization
scales, pup and pg, around the natural scale determined
by kinematics, adjusting them by a factor between 1/2 and
2 through the C,, parameter. Uncertainty bands in the plots
reflect the combined effects of MHOUs and errors from
multidimensional numerical integrations, which were kept
constantly below 1% by the JETHAD integration routines.

A. Rapidity-interval rates

The first observable we analyze is the rapidity-interval
rate, which corresponds to the cross section differential in
the rapidity distance, AY = y; — y,, between the tetraquark
and the jet. One has

dG AY S) max ,max
pord / / dys5(AY = (3, = v2))

/lK ‘IHAX d . ‘ 2 |l"ﬂdX
X |1 |
[y mim [ |min

with C is the first azimuthal-angle coefficient defined in
Sec. Il B. Here, the [resum] superscript inclusively refers
to: NLL/NLO", LL/LO, or HE-NLOT. Transverse
momenta of the B hadron range from 30 to 120 GeV,
and the jet ones stay from 50 to 120 GeV. They are
compatible with current and future analyses of jets and
hadrons at the LHC [331,332].

Adopting asymmetric windows for the observed trans-
verse momenta helps to magnify the onset the high-energy
signal on top of the fixed-order background [117,260,261]. It
also quenches large Sudakov logarithms generated by nearly
back-to-back events, which otherwise should be resummed
[333-338]. Finally, it controls radiative-correction instabil-
ities [339,340] and dampens violations of the energy-
momentum conservation [341]. Our selection of rapidity
intervals adheres to the established criteria in current LHC

| |C[resum]’ (38)
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p(pa) + p(p) — Xbm(lml, y1) + X + jet(|Rz], y2)
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FIG. 12. Rapidity-interval rates for X, (left) and X5 (right) plus jet hadroproduction at /s =

p(pa) +p(pe) — Xb.gbs(lml,yl) + X + jet(|Rz|, y2)
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14 TeV (LHC, upper) or 100 TeV

(nominal FCC, lower). Ancillary panels below primary plots exhibit the ratio between LL/LO and NLL/NLO™" predictions. Uncertainty
bands capture the total effect of MHOUSs and phase-space multidimensional numeric integration.

studies. Hadron detections, limited to the barrel calorimeter
like in the CMS experiment [342], are confined to the rapidity
interval |y,| < 2.4. As for jets, which can also be traced in
the end cap regions [331], we consider a wider rapidity
range, |y,| < 4.7.

Our results for rapidity-interval rates sensitive to the semi-
inclusive emission of doubly bottomed tetraquarks and fully
bottomed ones are shown in Figs. 12 and 13, respectively.
Left (right) panels of Fig. 12 are for X,z,; (X,;.s) states,
whereas left (right) panels of Fig. 13 are for T,,(0%")
[T4,(271)] ones. Upper and lower plots of both figures
exhibit AY-rates at 14 TeV LHC or 100 TeV FCC. To
facilitate direct comparisons with future experimental data,
we propose using uniform AY bins with a fixed length of 0.5.

The ancillary panels beneath the main plots display the
ratio between pure LL/LO predictions and NLL/NLO™
resummed results. Statistics is promising: for X, states it

ranges from around one pb to around 10~* pb, while for
T, particles it stays between 1072 pb to around 1073 pb.
As a general pattern, our distributions increase by approx-
imately one order of magnitude as the center-of-mass
energy, /s, runs from 14 TeV LHC or 100 TeV FCC.
We observe a consistent trend across all AY-distribu-
tions: they fall off with AY. This behavior is the result of
two opposing features. First, the partonic hard factor tends
to rise with energy, and thus with AY, as predicted by the
high-energy resummation. However, this increase is sub-
stantially dampened by the collinear convolution with
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P(Pa) + p(pp) — Tup(07F) |K1|,yl) +Xx +Jet(|'©2|7y2)
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FIG. 13.

pP(Pa) + P(Pb — T4b(2++)(|'<1|,y1) + X+ Jet(|'<2| y2)
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Rapidity-interval rates for T4, (0% ") (left) and T4, (271) (right) plus jet hadroproduction at /s = 14 TeV (LHC, upper) or

100 TeV (nominal FCC, lower). Ancillary panels below primary plots exhibit the ratio between LL/LO and NLL/NLO™ predictions.
Uncertainty bands capture the total effect of MHOUSs and phase-space multidimensional numeric integration.

PDFs and FFs in the emission functions [refer to Egs. (33)
and (34)].

The analysis of our plots reveals two key outcomes.
First, there is robust stability concerning MHOUs, with
uncertainty bands consistently remaining below 1.5 in
relative size. Second, under higher-order logarithmic cor-
rections, the NLL/NLO™ bands are uniformly narrower
than the LL/LO ones, gradually converging and even
partially overlapping in the large-AY region. This obser-
vation aligns with findings from studies on doubly [95] and
fully charmed [106] tetraquarks and corroborates the
statement that single-parton-fragmentation production of
bottomoniumlike states provides us with a reliable channel
whereby probing high-energy QCD dynamics.

B. Transverse-momentum distributions

While rapidity-differential observables are crucial for
revealing high-energy dynamics at hadron colliders, to
investigate kinematic regions where other resummation
mechanisms are also relevant, we must consider transverse
momentum-dependent  observables. High transverse
momenta or significant imbalances between them enhance
DGLAP-type logarithms and soft, threshold logarithms
[343-362], which differ in nature from high-energy loga-
rithms and also require resummation.

Simultaneously resumming threshold and energy loga-
rithms is challenging. A pioneering double resummation
was achieved in inclusive Higgs hadroproduction via gluon
fusion [252], where the possibility of decoupling the two
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FIG. 14. Transverse-momentum distributions for X5, (left) and X, ; (right) plus jet hadroproduction at /s = 14 TeV (LHC, upper)
or 100 TeV (nominal FCC, lower), and for 2 < AY < 4. Ancillary panels below primary plots exhibit the ratio between LL/LO or
HE-NLO™ and NLL/NLO™ predictions. Uncertainty bands capture the total effect of MHOUSs and phase-space multidimensional

numeric integration.

dynamics in Mellin space allowed us for the separate
resummation of small-x (high-energy) and large-x (thresh-
old) logarithms, controlling the small-N and large-N tails,
respectively [363,364]. However, in our scenario involving
the semi-inclusive emission of two particles, the rapidity-
differential nature of observables complicates this approach,
and a suitable framework for performing a double resum-
mation is not yet available.

On the other hand, low transverse momenta lead to the
rise of large Sudakov-type logarithms, which our hybrid
factorization fails to capture. Additionally, the effects
linked to the so-called diffusion pattern become significant
[365-367]. The most effective approach to resumming

these logarithms to all orders is the transverse-momentum
resummation formalism (see Refs. [368-375] and refer-
ences therein).

Final states sensitive to the semi-inclusive tagging of two
identified objects in hadronic scatterings, like photon [376—
3791, Higgs [380], and W boson [381] pairs, or plus jet
[382,383] and Z plus photon [384] events, have been
identified as promising channels for accessing the core
dynamics of the transverse-momentum resummation.
Third-order resummed differential rates for Drell-Yan
and Higgs final states were recently explored (see, e.g.,
Refs. [385-388] and [386,389-391]). A joint resumma-
tion of transverse-momentum logarithms arising from
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multidimensional numeric integration.

two-particle detections was presented in Ref. [382], where
the transverse momenta of the Higgs boson and the leading
jet were analyzed up to next-to-NLL accuracy with RadISH
[389]. Similar distributions for fully leptonic WW~
production at the LHC were analyzed in Ref. [392].

An additional layer of complexity is introduced when
observables sensitive to heavy flavor(s) are considered.
Specifically, as the transverse momentum of a heavy
hadron decreases, its transverse mass approaches and
eventually crosses the heavy-quark mass thresholds
that govern the DGLAP evolution. Under these conditions,
the applicability of a pure VFNS approach becomes

questionable, as it may not accurately account for the
dynamics near or below these mass thresholds.

With the aim of unveiling possible common ground
between the NLL/NLO™ hybrid formalism and other
resummations, singly as well as doubly differential trans-
verse-momentum rates were recently investigated in the
context of inclusive semihard jet [249], Higgs [248],
b-hadrons [195], cascade baryons [196], and charmed-
tetraquark [95,106] productions. For the sake of brevity,
in this Section we focus on the high-energy behavior
of cross sections differential in the transverse
momentum of the tetraquark, &, and integrated over
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FIG. 16. Transverse-momentum distributions for 74, (0"") (left) and T4, (27) (right) plus jet hadroproduction at /s = 14 TeV
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LL/LO or HE-NLO" and NLL/NLO™ predictions. Uncertainty bands capture the total effect of MHOUs and phase-space

multidimensional numeric integration.

the 40 GeV < |K,| < 120 GeV jet transverse-momentum
range as well as over two possible bins of AY. We write

d - A ymax max nnx
d ’s)_/ dAY/ dyl/
Aymin min min

dji; |

X 5(AY = (y1 = y2) / 2

‘mm

| |C resum]

(39)

Figures 14 and 15 contain results for the X,;,; (left
panels) or X, (right panels) plus light-jet ¥, -rates at 2 <
AY <4 and 4 < AY < 6, respectively. Analogously, plots
of Figs. 16 and 17 show predictions for the T4, (0 (left

panels) or T4, (271) (right panels) plus light-jet k;-rates at
2 < AY <4 and 4 < AY < 6, respectively. Upper (lower)
plots of these figures refer to results taken at 14 TeV LHC
(100 TeV FCC). We uniformly adopt transverse-momentum
bins with a length of 10 GeV. Ancillary panels right below
primary plots highlight the ratio between LL/LO or
HE-NLO™ predictions and NLL/NLO™ ones.

The general trend shared by all our distributions is a
steep decline as || increases. The results exhibit strong
stability against MHOUSs, with uncertainty bands showing a
maximum width of 20%. We observe that HE-NLO™ to
NLL/NLO™ ratios generally remain below one, diminish-
ing as k| grows. This turn-down is less manifest at nominal
FCC energies compared to typical LHC ones. In contrast,
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LL/LO or HE-NLO" and NLL/NLO™ predictions. Uncertainty bands capture the total effect of MHOUs and phase-space

multidimensional numeric integration.

the LL/LO to NLL/NLO™ ratio shows an almost opposite
pattern: it starts below one in the low-|k;| region but
steadily grows as |k | rises, eventually reaching a maximum
value between 1.5 and two. Explaining these trends is
challenging, as they result from a combination of several
interacting effects.

On the one side, previous studies on semihard processes
have revealed that the behavior of the NLL-resummed
signal relative to its NLO high-energy background in singly
differential transverse-momentum rates tends to vary
depending on the process under consideration. For in-
stance, the HE-NLO™ to NLL/NLO™ ratio for the cascade-
baryon plus jet channel consistently exceeds one, as shown
in Fig. 7 of Ref. [196]. However, preliminary analyses of

Higgs plus jet distributions, performed within a partially
NLL-to-NLO matched accuracy, have exhibited a more
complex pattern [393]. Therefore, the observation that
HE-NLO™ to NLL/NLO™ ratios are less than one in the
context of B plus jet tags appears to be a distinctive
characteristic of this particular process, and it is shared also
by the same differential observables sensitive to the
production of fully charmed tetraquarks [106]. This sug-
gests that the dynamics governing these emissions are
different from those observed in other semihard reactions,
highlighting the unique interplay of high-energy and NLL
resummation effects in these channels.

Over there, the behavior of the LL/LO/NLL/NLO*
ratio is influenced by an intricate combination of distinct
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factors, particularly the nature of NLO corrections asso-
ciated with different emission functions. For jet emissions,
it is well established that NLO corrections to the jet
function are generally negative [321,322,394]. In contrast,
the hadron function presents a different trend: the NLO
corrections coming from the perturbative Cy, coefficient
function are positive, while those from other coefficient
functions are negative [320]. This dichotomy suggests
that, depending on the transverse-momentum phase space,
these corrections might partially counterbalance each
other, leading to varying effects on the LL/LO over
NLL/NLO™ ratio.

As an example, in the case of cascade-baryon plus jet
emissions, the LL/LO over NLL/NLO™ ratio is observed
to be larger than one [196]. However, this behavior is less
pronounced in other processes, such as doubly charmed
tetraquark plus jet production [95]. This variability
underscores how the specific dynamics of each process
affects the relative importance of leading logarithms
versus next-to-leading ones, resulting in different patterns
in the ratio of LL/LO to NLL/NLO™ predictions across
various reactions.

The solid stability observed under both MHOUs and
NLL corrections in the predictions displayed in Figs. 14-17
makes the transverse-momentum spectrum for tetraquark-
plus-jet production one of the most promising observables
for probing the fundamental dynamics of high-energy
QCD. This stability, which is intrinsically linked to the
fragmentation of 7,. within a variable flavor number
scheme (VENS), is not only prominent at typical LHC
energies but also remains robust at the higher, nominal
energies of the Future Circular Collider (FCC).

One of the most remarkable features of results pre-
sented in this Section is the emerging stabilizing pattern of
our transverse-momentum rates under NLL corrections
and MHOU analyses. This pattern suggests that high
transverse-momentum regions could provide a particu-
larly advantageous opportunity to clearly discriminate
high-energy-resummation effects from the fixed-order
signal. Here, x-distributions come as powerful tools
for experimentally testing and validating the predictions
of high-energy dynamics and, more generally, for advanc-
ing our understanding of QCD in the semihard sector.

V. SUMMARY AND OUTLOOK

In this work, we addressed the semi-inclusive hadropro-
duction of doubly bottomed tetraquarks, X ;,; and Xz,
as well as fully bottomed ones, T4, (07) and its T4, (27)
radial resonance, to which we collectively referred as
“bottomoniumlike” states. We relied upon a VFNS-
fragmentation approach at leading power, where a single
parton perturbatively splits into the corresponding Fock
state, which then hadronizes into the color-neutral,
observed tetraquark. To this extent, we built two new
families of DGLAP-evolving, hadron-structure oriented

collinear FFs, which we named TQHL1.1 and TQ4Q1.1
functions.

These sets extend and supersede the corresponding 1. 0
versions derived in recent studies [95,106]. The TQHL1 .1
family describes the fragmentation of X, - tetraquarks
and was built on the basis of an improved version of
the Suzuki model for the heavy-quark channel. The
TQ4Q1 .1 family depicts the fragmentation of 7, states
and contains, as building blocks, initial-scale inputs for
gluon and heavy-quark channels, both of them calculated
by the hands of potential NRQCD. A threshold-consistent
DGLAP evolution of these inputs was done by taking
advantage of basic features of the novel HF-NRevo meth-
odology [115,116].

As a phenomenological application, we made use of the
NLL/NLO™ hybrid collinear and high-energy factorization
as implemented in the (symJETHAD code [96,117-120].
Working within this scheme, we provided predictions for
rapidity-interval and transverse-momentum rates sensitive
to the associated emission of a B tetraquark and a jet at
center-of-mass energies running from 14 TeV LHC to
100 TeV FCC.

The use of the VENS collinear fragmentation to depict
the production of I3 states at large transverse momentum
stabilized our high-energy resummation, protecting it
from potential instabilities due to NLL corrections and
nonresummed threshold logarithms. The emerging natu-
ral stability ensured the validity and convergence of our
formalism across a wide range of center-of-mass energies,
from LHC to FCC. To achieve precision, our NLL/NLO™
hybrid approach must evolve into a multilateral formalism
that incorporates other resummation techniques. Initial
steps will include establishing connections with soft-
gluon [337,338,395,396] and jet-radius resummations
[397-401]. Additionally, exploring potential synergies
with research on jet angularities [402-404] is a compel-
ling future direction.

A key advancement in the study of exotic states with
bottom flavor will be the exploration of single inclusive
B-hadron detections in forward-rapidity regions via the
NLL/NLO™ factorization. These channels offer us a direct
probe of the small-x UGD in the proton, which is currently
known only at a very qualitative level and strongly depends
on models. Here, our TQHL1.1 and TQ4Q1.1 publicly
released determinations will guide us toward exploratory
studies on the production of heavy tetraquark states across a
wide range of reactions, spanning from semi-inclusive tags
at hadron machines to emissions at lepton-hadron colliders,
such as the forthcoming EIC [1-6].

Progress in understanding the hadron structure will be
driven by advancements in our knowledge of the funda-
mental dynamics behind exotic-matter formation. These
advancements will be fueled by data from the FCC [7-10]
and other upcoming colliders [405—414]. To support this
program, we aim to improve our description of tetraquark
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fragmentation by determining quantitative uncertainties,
potentially linked to a rigorous examination of MHOU
effects [415-420]. Additionally, we plan to incorporate
color-octet contributions in future studies.

The recently found evidence [421] of intrinsic charm
quarks [422,423] in the proton (see Refs. [424-427] for
other studies), further supported by recent findings on its
valence density [428], paves the way toward exploring the
potential existence of an intrinsic bottom component.
Advancing our understanding of ordinary as well as exotic
bottom physics is crucial in this context, just as it has been
for the exotic charm sector [429]. We believe that research
focused on the formation mechanism of bottom-flavored
tetraquarks via the VFENS collinear fragmentation will be
essential in pursuing these new directions.
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