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We present a novel unified approach to describe the dense symmetric nuclear matter by combining the
quarkyonic matter framework with the parity doublet model. This integration allows for a consistent
treatment of the transition from hadronic to quark degrees of freedom while incorporating chiral symmetry
restoration effects. Our model introduces a chiral invariant mass for both baryons and constituent quarks,
enabling a smooth crossover between hadronic and quark matter in symmetric nuclear matter. We derive the
equation of state (EOS) for this hybrid system and investigate its thermodynamic properties. The model
predicts a gradual onset of quark degrees of freedom at high densities while maintaining aspects of
confinement. Furthermore, we find that the resultant EOS is stiffer than that obtained in the previous

analysis where the constant mass is used.
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I. INTRODUCTION

Recent breakthroughs in multimessenger astronomy,
including the detection of massive neutron stars exceeding
two solar masses and the observation of gravitational waves
from neutron star mergers [1-8], have placed unprec-
edented constraints on the equation of state (EOS) of
ultradense matter. These observations have challenged
our understanding of nuclear physics at high densities
and temperatures, positing stringent constraints on our
theoretical models.

Despite these advancements, a consistent description of
matter transitioning from nuclear to quark degrees of
freedom remains a significant problem. This transition
region around 2n, to Sny (ny: saturation density), where
the fundamental degrees of freedom shift from hadrons to
quarks, is particularly challenging to model due to the
nonperturbative nature of quantum chromodynamics
(QCD) in this regime. Traditional approaches often rely
on separate descriptions for hadronic and quark matter,
with an abrupt phase transition between the two [9-14].
However, recent theoretical evidence suggests that the
transition may be a more gentle process, possibly involving
a crossover [15-21].

The quarkyonic matter description [22-31] offers an
intriguing picture of the transition from hadronic to quark
matter. The basic concept of quarkyonic matter is that at
sufficiently high baryon chemical potential, the degrees of
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freedom inside the Fermi sea can be treated as quarks,
while confining forces remain important only near the
Fermi surface. Nucleons emerge through -correlations
between quarks at the surface of the quark Fermi sea at
high densities. This phenomenon is somewhat analogous to
Cooper pairing [17,32-37] in fermionic systems as shown
in Fig. 1. The key distinction is that in quarkyonic matter,
quarks are confined into baryons, which are colorless.
However, the diquarks in Cooper pairing have color. In
both theoretical frameworks, they are emphasizing the
importance of interactions near the Fermi surface.

The parity doublet model (PDM) [38,39] provides a
natural framework to describe the chiral properties of
baryons. Traditionally, the origin of nucleon mass has
been primarily attributed to spontaneous chiral symmetry
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FIG. 1. Schematic plot showing the structure of Fermi sea for
color-superconductivity with two particle correlation (left panel)
and the quarkyonic description with three particle correlation
(right panel).
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breaking. For instance, QCD sum rules [40,41] have
demonstrated that the nucleon mass is proportional to
the quark-antiquark condensate (gq), suggesting that in
the chiral limit, the nucleon mass should approach zero.
However, the PDM introduces a novel concept: chiral
invariant mass m,, which is insensitive to chiral symmetry
breaking [38,39,42-52]. This feature of the model is
particularly intriguing as it offers a mechanism for the
origin of baryon masses that is partially independent of the
chiral condensate. Lattice QCD simulations have also
provided further support for this concept [53—-56]. In finite
density systems, the PDM predicts a gradual restoration of
chiral symmetry, with the masses of chiral partners becom-
ing degenerate as the density increases. This behavior could
have significant consequences for the EOS of dense matter,
potentially affecting the structure and properties of neutron
stars [57-71].

In this work, we propose a unified approach that
combines the quarkyonic matter framework with the parity
doublet model. This integration aims to provide a more
comprehensive description of dense nuclear matter,
addressing both confinement properties and chiral sym-
metry aspects. Our approach is related to the mass origin of
constituent quark [72-75], a phenomenological framework
that has successfully described many aspects of hadron
spectroscopy and static properties. In the constituent quark
model, hadrons are composed of constituent quarks, quasi-
particles with effective masses much larger than their
current quark masses in QCD. For up and down quarks,
these effective masses are typically about 300-350 MeV,
compared to their current quark masses of only a few MeV.
These large effective masses are traditionally attributed to
quark-gluon interactions and, crucially, to the phenomenon
of dynamical chiral symmetry breaking. We extend this
model by incorporating the concept of chiral invariant
mass, similar to the PDM. In our framework, the constitu-
ent quark mass is divided into two components: a chiral
invariant part and a part generated by chiral symmetry
breaking. This structure implies that quarks, and conse-
quently hadrons, will retain a nonzero mass even if chiral
symmetry is fully restored. Such an approach provides a
mechanism for hadrons to maintain some of their properties
in environments where chiral symmetry is partially
restored, such as in hot or dense nuclear matter.

Our unified approach offers several advantages over
previous models. It provides a smooth transition from
hadronic to quark degrees of freedom, avoiding the dis-
continuities often present in traditional hybrid star models.
The model also incorporates chiral symmetry restoration
effects in a way that is consistent with our expectations
from QCD. Furthermore, it offers a more realistic descrip-
tion of baryon and quark masses in dense matter, taking
into account both confinement and chiral symmetry
aspects. By combining the PDM and the quarkyonic
picture, we aim to provide a more comprehensive

description of dense nuclear matter that respects both the
confinement properties suggested by the quarkyonic matter
picture and the chiral symmetry aspects captured by the
parity doublet model. This unified approach may offer new
insights into several long-standing puzzles in nuclear
physics and astrophysics, such as the nature of the
quark-hadron transition and the properties of the densest
matter created in heavy-ion collisions. We hope that the
future extension of our model has the potential to make
predictions for various neutron star observables. These
include the mass-radius relationship, tidal deformabilities,
and cooling behavior. By comparing these predictions with
current and future observations, we can test the validity of
our model and potentially uncover evidence for exotic
states of matter in neutron star interiors.

This paper is organized as follows: In Sec. II, we explain
the formulation of present model. The main results of the
analysis are shown in Secs. III and I'V. Finally, we show the
summary and discussions in Sec. V.

II. FORMULALION

Here, we explain the construction of the relativistic
mean-field model based on the parity doublet structure
and the quarkyonic description. Previous research in
Ref. [28] studied the impacts of the quarkyonic picture
with noninteracting matter with constant nucleon mass and
constant constituent quark mass. In this research, we would
like to study a more sophisticated case, which includes the
interaction and also the parity doublet structure. In the
parity doublet framework, the excited nucleon N(1535)
with negative parity is regarded as the chiral partner of the
ground state nucleon N(939) with positive parity.
Following Refs. [60,64], we write the thermodynamic
potential in PDM with Ny =2 as

1 1
Qppy = V(o) = Vo — Emiwz - Emﬁpz

- lwp (gww)z(gpp)z + QF

3
=2y ¥ [" -8
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with the potential V(o) given by

1 1 1
V(o) = ) [i>c? + 11404 — 61666 -m2f,o, (2
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Here, i = 4, — denotes the parity of nucleons, f, =
92.4 MeV represents the pion decay constant, and Ej, =
\/p? + m? represents the energy of nucleons with mass m,

and momentum p. The parameters i, A4, and g in the
potential are constants that will be determined later. In
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conventional models, heavier degrees of freedom enter the
theory when the chemical potential surpasses their mass
threshold. However, the quarkyonic description modifies
this picture. After quarks saturate and occupy the low-
energy states, the emergence of excited states is suppressed
due to the Pauli blocking of quarks. This quark saturation
shifts the onset of heavier degrees of freedom to higher
chemical potentials. Consequently, in this framework, the
negative parity state N (1535) enters the matter at a chemical
potential higher than its mass. Moreover, at finite N,,
the quarkyonic picture is valid only within a limited window
of quark chemical potential: Aqgcp < #y < v/N-Agep
[22-24,28]. The upper bound of this range (up = 3u,) is
close to the mass of N(1535). Given these considerations, in
our study, we do not include the negative parity state in the
density range that we are interested in. Confining forces
remain only near the Fermi surface and nucleons appear in
this momentum shell, which is defined as [28]

A3
A=-3P (4)

where kpp corresponds to the Fermi momentum of N(939).
It is important to note that this definition of momentum
shell ensures that the nucleon density is approximately
np  kppA & Adcp. Utilizing the thermodynamic relation
P = —Q, we express the baryon part of the pressure P over
the Fermi momentum as

Pp =Py + Py, (5)
kpg d3p .
Po=2y [ SR i-E).
" a=zp,n Nckpo (Zﬂ) P
kro d3q
o= N [ S8y @
with
kpp — A
ko = F?v O(kpg — A), (8)

Eq=\/q* + M}, 9)

Here M is the constituent quark mass. We introduce a novel
concept where the constituent quark also possesses an
invariant mass component, analogous to the chiral invariant
mass in the PDM. While we do not delve into the detailed
origin of this invariant mass here, several scenarios are
plausible. The nonperturbative QCD vacuum is characterized
by the presence of gluon condensates, which could contribute
to an effective mass for quarks that persists even when chiral
symmetry is restored. Also, QCD possesses rich topological
structure, including instantons and other nonperturbative

configurations, which could also generate an effective mass
for quarks that is not directly tied to chiral symmetry
breaking. This mass would be related to the fundamental
structure of the QCD vacuum and would persist even as the
chiral condensate diminishes. Furthermore, the precise
mechanism of quark confinement in QCD remains an open
question. Some models of confinement, such as those based
on center vortices or dual superconductivity, suggest that the
confining force could contribute to an effective quark mass
[76,77] (see, e.g., Ref. [ 78] for another possibility). This mass
contribution would be largely independent of chiral sym-
metry breaking and could persist in regimes where chiral
symmetry is restored.

The idea of quark-hadron continuity suggests a smooth
transition between hadronic and quark degrees of freedom.
An invariant mass component in constituent quarks could
help explain how some hadronic properties persist even in
regimes where quark degrees of freedom become relevant.
Models incorporating an invariant mass for baryons, such as
the PDM, have been successful in describing various aspects
of nuclear physics and neutron star properties. Extending this
concept to constituent quarks provides a natural way to
connect hadronic and quark-level descriptions. This invariant
mass component in the constituent quark has implications for
both the hadron mass spectrum and the EOS in our research.
For simplicity, we first define the constituent quark mass and
the nucleon masses as follows:

Mo =—. (10)

2 —
i (252) w255

Here, g; and g, are coupling constants determined by the
vacuum values of m, and m,, which represents the chiral
invariant mass in the PDM. As density increases, chiral
symmetry is gradually restored, leading the mean field o to
approach zero. Consequently, the masses of positive and
negative parity nucleons degenerate to m,. This mechanism
establishes a duality relation through the invariant mass.
From the familiar thermodynamic relations ngz = 0P /dug,
we calculate the baryon number density as

1 2k3

ng :WZ["%B — (Nkpg)’] +?F2Q- (12)
The behavior of this system varies with density. At low
densities, where kyp is small and the momentum shell A
exceeds kpp, we find kpy = 0. This phase corresponds to
normal hadronic matter, where quark degrees of freedom do
not contribute. As density increases and kpp surpasses A,
ko becomes nonzero, signaling the transition to the quar-
kyonic phase. To better understand the scenario, we show in
Fig. 3 the energy levels of nucleons and quarks in both the
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low density region (kpp < A) and high density region
(kpg > A). In the low density region where kpy = 0, only
nucleon degrees of freedom exist, with energies ranging from
the nucleon mass m_, up to the nucleon Fermi energy

Epp = \/m. As the system transitions to the high
density region (kzp > A), both nucleon and quark degrees

of freedom become relevant. In this regime, quarks
occupy states with energies ranging from M, to

Erp = /k%Q + M2, while nucleons have energies from
Egmin = \/ (Nokpg)? + m? up to Epp. From Eq. (12), itis

important to see that the contribution from the quarks relative
to nucleons is suppressed by 1/N?2. This formulation
provides a unified description of the transition from hadronic
to quarkyonic matter, incorporating both nucleon and quark
degrees of freedom in a consistent framework. To be noted, in
our formulation, there is no direct contact interaction
between quarks and nucleons. This structure is deeply
connected to the large N, framework underlying quarkyonic
matter. The absence of direct quark-nucleon interactions is
consistent with the confinement aspect of quarkyonic matter
—quarks are deconfined within the Fermi sea but remain
confined into nucleons near the Fermi surface. Adding direct
interactions would blur this distinct feature of the model.

In this study, we consider only the symmetric matter,
treating up and down quarks equivalently. Here, the isospin
density vanishes, resulting in a zero mean field p. At normal
nuclear matter density ny, = 0.16 fm~>, we determine the
parameters ji>, 14, and 4 in the potential following the
method outlined in Refs. [44,60,64] for different values of
mg. We then solve the gap equations,

0Qppy _0 0Qppy _
oo ’ 0w

0, (13)

to obtain the mean field values ¢ and w in finite density. We
note that there is a relation between the choices of the chiral
invariant mass and the stiffness of the EOS [58,60]. For a
smaller m, we need a larger scalar coupling to account for
the nucleon mass, while it in turn demands a larger
coupling due to the equilibrium state at the saturation
density. As the density increases with the chiral restoration,
the @ contributions become dominant, and then the EOSs
for smaller m, become stiffer.

III. NUMERICAL RESULTS

After obtaining the mean filed ¢ and w, we then calculate
relevant physical quantities in this section.

In Fig. 2, we show the normalized baryon number
density ng/ng as a function of up for several choices of
chiral invariant masses m,. Solid curves represent the
quarkyonic description, while dashed curves represent
the results in the ordinary PDM. Previous studies [58,60]
have demonstrated that larger m, typically results in softer
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FIG.2. Normalized baryon number density ng/n as a function
of baryon chemical potential up for different values of chiral
invariant mass mg. Solid curves represent the prediction of the
current model, while dashed curves represent the results of
pure PDM.

EOS and larger baryon number density at a given baryon
chemical potential as the dashed curves show in Fig. 2.
The differences appear as the system transitions into the
quarkyonic phase, signaled by the emergence of a nonzero
quark Fermi momentum kg, (as shown in the right panel of
Fig. 4), the baryon number density in the present model is
suppressed compared with the baryon number density of
pure baryonic matter ng = Y ki.,/37% as explained in
Eq. (12). Figure 4 illustrates that for a given g, both Fermi
momenta kyp and k¢ increase with m,. This phenomenon
is a direct consequence of the larger baryon number density
associated with larger m at fixed up, which in turn
increases the Fermi momenta as per Eq. (12).
Furthermore, for larger values of my, the quarkyonic
matter appears in the lower up region. This earlier transition
can be attributed to the behavior of the momentum shell
width A as in Eq. (4). For larger m,, A decreases with
increasing density more rapidly, allowing quark degrees of
freedom to become relevant at lower densities. This mecha-
nism, related to the larger Fermi momenta associated with
larger m,, facilitates the earlier appearance of quarkyonic
matter in systems with higher chiral invariant masses.

Low density region High density region

ke < A kpg > A
i [] s N i [] v
E _______________ ;EjFB Epp=/ kgg + mi
_______________ Epp G -I;-;l'-"mEB,m,,, = /(Nke? +m?
FQ
N |l e  Foododl
i Epp=[Keg+ M2
................ . L iM
FIG. 3. Schematic figure showing the energy levels of the

nucleons and constituent quarks in both low density region
(krpp < A) and high density region (kzp > A).
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FIG. 4. Fermi momentum kpp (left panel) and kg (right panel) as a function of baryon chemical potential 45 for several choices of

chiral invariant mass m.

In Fig. 5, we also show the density dependence of the
mass of the ground state nucleon N(939) for different
values of mg. The solid curves represent the nucleon mass
in the quarkyonic description and the dashed curves show
the density dependence of the nucleon mass in the PDM. In
the quarkyonic description, we observe a slight increase in
the nucleon mass compared to the PDM. However, this
mass increment, while noticeable, is relatively small and
does not affect the low-energy nucleon mass spectrum.

We present the results of bounding energy E/A —m_
and pressure P in Fig. 6. The solid curves represent the
quarkyonic description, while the dashed curves represent
the results for the ordinary PDM. A significant observation
is the stiffening of the EOS upon entering the quarkyonic
phase, which occurs at approximately 1.4n,. This behavior
can be directly attributed to the quark contribution to the
pressure as

ko d3q
4N P )
c 0 (271_)3 (qu q)
chl"Q d3q/ M 2
:4N4/ P=Ney (@) +(52) ). (4
c 0 (277'_)3 qu c (q) NC ( )
—— my=700 MeV
900 me=800 MeV
— —— my=900 MeV
o
= 850
w0
wn
©
£ 800
C
o
L 750
(8]
>
=
700
0 1 2 3 4 5
ng/no
FIG. 5. Density dependence of the mass of N(939) for m;, =

700, 800, 900 MeV.

Comparing this with Eq. (7), we see that the quark
contribution relative to nucleons is enhanced by a factor
of approximately N?. This enhancement leads to a rapid
increase of the sound velocity as shown in Fig. 7, leading to
a nontrivial peak structure in the intermediate density
region. In ordinary hadron models, the sound velocity
typically monotonically increases with density, different
from the quarkyonic description.

300
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250
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s

P [MeV/fm?3]

o u
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FIG. 6. Bounding energy E/A —m, (upper panel) and the
pressure P = —Qppy; (lower panel) as the function of normalized
baryon number density ng/ng. The solid curves are for quar-
kyonic description and the dashed curves represent the results for
the ordinary PDM.
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FIG. 7. Density dependence of the sound velocity c¢2 = dp/de
for quarkyonic description (solid curves) and ordinary PDM
(dashed curves) for several choices of m.

IV. INVARIANT MASS IN CONSTITUENT QUARK

In this section, we examine the impact of including an
invariant mass component in the constituent quark model.
We propose a simple parametrization,

Mg =m. [w(o). (15)
(o2
[z
where @ is a constant parameter effectively helping us to
adjust the constituent quark mass after chiral symmetry
restoration. This formulation offers a smooth transition
between different regimes of chiral symmetry breaking. In
the vacuum state, where ¢ = f,, we recover My = m_ /3,
aligning with the conventional constituent quark model. As
the chiral symmetry becomes restored (¢ — 0), the quark
mass approaches to M, = mgy/w,, with the constraint
wo > 3. When wy =3, the quark mass in the chirally
restored phase derives entirely from the chiral invariant
mass m,, suggesting a direct connection between hadronic
and quark properties. For wy > 3, quarks retain only a
fraction of the nucleon’s chiral invariant mass, potentially
indicating additional mass-reduction mechanisms at play in
dense matter. For very large value of wy, the constituent
quark mass for ¢ — 0 is very small compared with 1/3 of
the mass of nucleon, My — m, /oy < m, /3.

Figure 8 illustrates the effects of varying w, on the
nucleon mass, constituent quark mass, and sound velocity,
with m, fixed at 800 MeV. The results reveal intricate
relationships between quark substructure and macroscopic
properties of dense matter. The upper panel demonstrates
that changes in the invariant mass component of the
constituent quark have a relatively modest impact on the
nucleon mass. This behavior can be understood by exam-
ining the structure of the model. The nucleon mass is
primarily determined by two factors: the chiral invariant
mass mg, which is independent of wg, and the chiral

w(o) = wo = (wo = 3) (16)
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— wp=20
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[}
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0.6
05
0.4
N ©n
(S
03
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0.2 — wp =10
01 -_— Wp = 20
—— Constant Mass
0.0
1 2 3 4 5
ng/no
FIG. 8. Upper panel: density dependence of the nucleon mass

(solid curve) and constituent quark mass (dashed curves) for
several choices of @y and constant mass case (My = M y|vacoum
and My = My/3 respectively). Lower panel: density depend-
ence of the sound velocity for several choices of @, and constant
mass case.

condensate o. While w, does not directly influence m,,
it affects the constituent quark mass, which in turn modifies
the thermodynamic potential of the system. This modifi-
cation feeds back into the gap equations that determine o,
creating an indirect link between w, and the nucleon mass.
The observed moderate sensitivity of the nucleon mass to
wq suggests a delicate balance in the model. This balance
indicates that the chiral properties of the system remain
relatively stable despite changes in the constituent quark
mass structure. Consequently, we can infer that the pres-
ence of an invariant mass component in the constituent
quark model do not significantly influence the low-density
hadronic properties, such as decay widths or the hadron
mass spectrum.

The lower panel in Fig. 8, however, reveals the variations
in the sound velocity as w, changes. Notably, a smaller
invariant mass component in the constituent quark (corre-
sponding to larger wy) leads to a larger value in the sound
velocity. This behavior can be understood by drawing
similarly with the original PDM analysis. In the PDM
framework, a larger invariant mass component results in a
weaker Yukawa coupling strength. Analogously, in our
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current model, when the invariant mass in the constituent
quark becomes larger (smaller wy), the Yukawa interaction
of ¢ to the constituent quark also becomes weaker. This
reduced interaction strength manifests as a smaller maxi-
mum value in the sound velocity.

We also examine, for comparison, a simplified scenario
represented by the grey curves in Fig. 8, where both
the nucleon mass and constituent quark mass are held
constant at their vacuum values (My = My|ycuum and
Mgy = My /3, respectively). This scenario corresponds to
the original quarkyonic matter framework proposed by
McLerran and Reddy [28]. The comparison between this
simplified case and our dynamical mass model reveals
significant differences in the EOS properties, particularly in
the behavior of the sound velocity. In the constant mass
case, we observe a smaller sound velocity compared to our
dynamical mass model, indicating a softer EOS. This
difference highlights how the medium-dependent mass
modifications in our model contribute to the overall stiff-
ness of nuclear matter at high densities.

V. SUMMARY AND DISCUSSION

In this work, we have presented a novel approach to
describe dense nuclear matter by integrating the quarkyonic
matter framework with the PDM. This unified approach
offers several key advancements in our understanding of
the transition from hadronic to quark degrees of freedom in
dense environments.

Our model introduces a chiral invariant mass component
for both baryons and quarks, allowing for a more sophis-
ticated treatment of chiral symmetry in dense matter.
Unlike previous quarkyonic models that assumed constant
particle masses, our approach permits both nucleon and
constituent quark masses to decrease with increasing
density. Furthermore, the density dependence of masses
enhances the sound velocity in high density region result-
ing stiffer EOS compared with that obtained for the case
with constant masses. This feature more accurately reflects
the expected behavior of nucleon and constituent quark in
dense matter and provides a more realistic description of
the system’s evolution. Our model also incorporates inter-
actions between nucleons, crucial for accurately describing
the equation of state beyond saturation densities. The
gradual restoration of chiral symmetry with increasing
density is naturally incorporated, as evidenced by the
behavior of nucleon and quark masses.

Our results demonstrate several interesting features. The
equation of state exhibits a stiffening upon entering the
quarkyonic phase, which we can now understand micro-
scopically as an interplay between chiral symmetry resto-
ration and the emergence of quark degrees of freedom.
The sound velocity shows non-monotonic behavior,
with a rapid increase at the onset of the quarkyonic phase
followed by a more complex evolution at higher densities.
The introduction of an invariant mass component in the

constituent quark model, parametrized as My, = m_ /w(o)
where w(o) = wy — (wy — 3)o/ f, affects the values of the
sound velocity. Notably, a smaller invariant mass compo-
nent in the constituent quark (corresponding to larger w)
leads to a larger values of the sound velocity. This behavior
can be understood by drawing parallels with the original
PDM analysis, where a larger invariant mass component
results in weaker Yukawa interactions. Our findings high-
light the importance of quark substructure in determining
the macroscopic properties of dense matter. These results
represent a significant step forward in the theoretical
description of dense nuclear matter, bridging the gap
between hadronic and quark degrees of freedom while
respecting fundamental symmetries of QCD. The model’s
ability for smooth transition between hadronic and quark
regimes, while incorporating chiral symmetry restoration
effects, offers a more comprehensive picture of matter
under extreme conditions.

We would like to note that the quarkyonic matter
description is primarily applicable to dense nuclear matter
where the baryon chemical potential is sufficiently high,
typically several times nuclear saturation density. For
ordinary nuclei like Pb, which exist at normal nuclear
density (ny ~ 0.16 fm~3), the baryon chemical potential is
too low for the quarkyonic picture to be relevant. In our
model, the quark degrees of freedom become important
only when the density is significantly higher than normal
nuclear density, as shown in our results where the quar-
kyonic phase emerges at approximately 1.4n,. Traditional
electron scattering experiments on ordinary nuclei like Pb
would therefore not be suitable for testing the quarkyonic
picture directly. However, the quarkyonic matter frame-
work could potentially be tested through different exper-
imental and observational approaches in environments that
achieve much higher densities. Heavy-ion collisions can
create conditions of high baryon density where quarkyonic
effects might become observable. Additionally, observa-
tions of neutron star properties, particularly in regions
several times nuclear saturation density, and neutron star
merger events where matter reaches extreme densities,
provide promising avenues for examining the predictions
of the quarkyonic matter framework. These environments
provide better conditions for examining our predictions, as
they access the density regime where the interplay between
quark and hadron degrees of freedom becomes significant.

The next crucial step of this research is to extend our
model to neutron star matter, incorporating beta-equilib-
rium and charge neutrality conditions. This extension will
enable direct comparisons with recent neutron star obser-
vations, including mass-radius measurements. Such com-
parisons will provide stringent tests for our model and
potentially offer new insights into the composition and
structure of neutron star cores. Furthermore, exploring
the implications of our model for other neutron star
properties, such as cooling rates, glitch phenomena, and
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tidal deformabilities, could provide additional observatio-
nal signatures of quarkyonic matter in neutron stars. These
studies may help distinguish different models of dense
matter and shed light on the existence and properties of
exotic phases in neutron star interiors.

In conclusion, our work represents a significant advance-
ment in the theoretical description of dense nuclear matter.
The application of this model to neutron star matter and
subsequent comparisons with observational data will be
crucial in validating its predictions and furthering our
understanding of matter under extreme conditions. This
research not only contributes to our fundamental under-
standing of nuclear physics but also has far-reaching

implications for astrophysics and the study of compact
objects in the universe.
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