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Roberge-Weiss periodicity and singularity in a hadron resonance gas model
with excluded volume effects
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Quantum chromodynamics (QCD) with pure imaginary baryon number chemical potential y = i6T,
where T is temperature and 6 is a real number, has the Roberge-Weiss periodicity. We study the
0-dependence of the baryon number density and the pressure in the hadron resonance gas model with
excluded volume effects of baryons. It is shown that the baryon number density and the pressure are smooth
periodic functions of 6 at low or high temperature. However, they have singular behavior at 6 = (2k + 1)z
where k is an integer, when 7 ~ 211 MeV. This temperature is consistent with the Roberge-Weiss
transition temperature 7ry obtained by lattice QCD simulations. This singularity can be explained by the
dual excluded volume effects in which the roles of pointlike and nonpointlike particles are exchanged each
other in the ordinary excluded volume effects. It is also indicated that the excluded volume effect is visible
just below Tryw and is directly detectable by the lattice QCD simulation at finite 6. We compare the results
with the one obtained by the Polyakov-loop extended Nambu—Jona-Lasinio model.
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I. INTRODUCTION

Determination of the phase diagram of quantum chromo-
dynamics (QCD) is an important subject not only in nuclear
and particle physics but also in cosmology and astrophys-
ics; see, e.g., Ref. [1] and references therein. However,
when the baryon number chemical potential is finite and
real, the fist principle calculation, namely, the lattice QCD
(LQCD) simulation, is not feasible due to the infamous sign
problem; see Refs. [2,3] as an example. To circumvent the
sign problem, several methods are proposed and inves-
tigated, although, at present, these methods are not com-
plete and we do not have adequate information on the
equation of state (EoS) at finite real baryon density.

One possible way to avoid the sign problem is to use the
LQCD results with the imaginary baryon number chemical
potential; see Refs. [4-8] as an example. When the baryon
number chemical potential 4 is pure imaginary, there is no
sign problem. One can perform LQCD simulations at finite
pure imaginary y, and then make an analytic continuation
from the quantities at imaginary u to those at real p.
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Alternatively, one may determine the unknown parameters
of an effective model of QCD using the LQCD results at
finite imaginary u. After determining the parameters, the
model calculations can be performed at real u [9].

It is known that the LQCD results at 4 = 0 are in good
agreement with those obtained by the hadron resonance gas
(HRG) model when temperature 7 is not so large. Usually,
the ideal gas approximation is used for the calculations in
the HRG model. However, it is expected that repulsive
effects among baryons are important at high baryon number
density. If the repulsion is absent, baryon matter is realized
at a sufficiently large baryon density [10]. One of the
traditional treatments for such repulsion is to consider
excluded volume effects (EVE) among baryons [11-15].
EVE successfully prevents baryon matter from realizing at
sufficiently large baryon density [11]; for the recent review,
see, e.g., Ref. [16] and references therein. The availability
of the HRG model with EVE may be checked by using the
LQCD results at finite imaginary .

The grand canonical QCD partition function Z(6) with
pure imaginary quark chemical potential (uq = p/3 = i0,T)
has the Roberge-Weiss (RW) periodicity [17] as

2n
Z<9q+?) = Z(0,), (1)
where T is the temperature and 6, € R. This periodicity is the
remnant of the Z5-symmetry of pure gluon theory. At low
temperature, Z(6, ) is expected to be a smooth function of 6.
However, at high temperature above the RW temperature
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Trw. it has a singularity at 6, = (2k + 1)7/3 where k€ Z.
This singularity is called the RW transition. Try for 2 4 1
flavor QCD is estimated as about 200 MeV by LQCD
simulations [18-20].

In the HRG model with pure imaginary baryon number
chemical potential u = i0T, the RW periodicity is trivial,
since the model has a trivial periodicity

Zyrg(0 + 27) = Zyga(9), (2)

and 0 := 39q. In the case of the free hadron resonance gas,
Zurg(0) is a smooth function of @ at any temperature.
However, it may have a singularity when interaction effects
such as EVE are taken into account.

In this paper, we study the #-dependence of the baryon
number density and the pressure in the HRG model with
EVE when the imaginary baryon number chemical poten-
tial is introduced, and analyze the mechanism of EVE at
finite imaginary p. It is shown that the baryon number
density and the pressure have a singular behavior at 8 =
(2k+ 1)z when T ~211 MeV, while they are smooth
functions of € at lower and higher temperature. This result
is consist with the previous result in Refs. [21,22] where the
singularity of the HRG model with EVE was reported and
its impacts were discussed, although our model is some-
what different from the previous ones. The singularity is
understood by the dual EVE in which the roles of pointlike
and nonpointlike particles are exchanged. The temperature
T ~211 MeV is compatible with Ty estimated by LQCD
simulations. We also compare the results with the ones
obtained by the Polyakov-loop extended Nambu—Jona-
Lasinio (PNJL) model [23-28] in which the quark degree
of freedom is contained.

This paper is organized as follows. In Sec. II, the RW
periodicity and transition are briefly reviewed. In Sec. III,
we show our formulation of the HRG model with EVE.
The concept of dual EVE is also explained. In Sec. 1V,
numerical results are shown. Section V is devoted to the
summary and discussions.

II. ROBERGE-WEISS PERIODICITY
AND TRANSITION

The grand canonical partition function of QCD with
imaginary p = i0,T is given by
Z(0,) = / Dy DyDA, e 50, (3)
where

S(0,) = /0 ! de /_ : PxL(0,). @)

with

£00) = WD, = ol = 3 P =i vy (5)
here v, A, D,, F,, and m are the quark field, the gluon
field, the covariant derivative, the field strength of gluon
and the current quark mass matrix, respectively, and
p = 1/T. The Euclidean notation is used in Eqs. (3)—(5).

To eliminate the 0,-term from the action, we perform the
following transformation of quark field:

W exp (i%) w. (6)

However, as a result, the antiperiodic temporal boundary
condition y is changed as follows:

w(x.5) = —exp (i6,)y(x.0). )

This means that 6, can be considered as the phase of the
temporal boundary condition of quarks.
We perform another change of the quark and gluon fields
i
g
v Ux, )y, (8)

A, — U(x,7)AU (x,7) == (0,U(x.7)) U™ (x,7),

where ¢ is a coupling constant, U(x,7) are elements of
SU(3) with the temporal boundary condition U(x, ) =
z3U(x,0) and z3 = exp(i2zk/3) is a Z3 element. The
action S(0) is invariant under this Z; transformation but the
quark boundary condition is changed as

2rk

vt = ({02 s, 0

Hence, under the Z5 transformation, 6, in Z (Hq) is changed
into 6, + ZT”k and we obtain the RW periodicity (1) [17].
Dynamical quarks break the Z;-symmetry but the RW
periodicity appears as a remnant of the Z;-symmetry.

At low temperature below the RW transition temperature
Trw, the baryon number density ng/3, where ng, is the
quark number density, is a smooth function of . However,
at high temperature above TRy, it is discontinuous at
0y = (2k + 1)z/3 due to the degeneracy of the ground
state. For illustrations, in Fig. 1, we show the 6 -depend-
ence of n/3 obtained by the PNJL model [23-28] which is
one of the most successful effective models of QCD. It is
well known that the PNJL model can reproduce several
important features of QCD at finite imaginary u; for
example, see Ref. [29] as a review. We also show the
0,-dependence of pressure Ppyy, in Fig. 2. Ppyyp, is a
smooth function of 6, when T' < Ty, while it has a cusp at
0, = £x/3 when T > Tgy. The RW periodicity and the
RW transition are also confirmed by LQCD simulations
and Trw is estimated as 195-208 MeV for the 2 4 1 flavor
LQCD simulation [18-20].
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FIG. 1. The top (bottom) panel shows the 6,-dependence of
the imaginary part of the baryon number density n,/3 when
T = 150 MeV (250 MeV) in the PNJL model; see the Appendix
for details of the model. Note that Trw = 201 MeV in this
model. The discontinuities of n, appear at 6, = +x/3 in the
bottom panel.

III. FORMULATION

In this section, we show the detailed formulation of the
HRG model with EVE at finite 7.

A. Excluded volume effects

Consider N nonpointlike particles in the system with
volume V; see the top panel of Fig. 3. We regard that this
system is equivalent to the system of N pointlike particle in
the effective volume V — vN where v is the volume of a
nonpointlike particle [11]; see the bottom panel of Fig. 3.
Hence, we obtain

N n
n = = .
P V—oN 1-—un

(10)

where n = N/V is the number density of nonpointlike
particles and n;, is the one of N pointlike particles. Then, we
obtain the number density n as
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FIG. 2. The top (bottom) panel shows the 6,-dependence of the
pressure Ppyy when 7 = 150 MeV (250 MeV) in the PNJL
model; see the cusps of Ppyy appear at 6, = £x/3 in the
bottom panel.

FIG. 3. The top and bottom panels show the schematic figure of
the N nonpointlike particles in volume V and the N pointlike
particles in the effective volume V — N, respectively.
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n

n

= P 11
1—|—1an (11)

Note that Eqs. (10) and (11) are valid only when the
denominator is not zero. n can not exceed the upper
bound 1/v when n, is real and positive, and n — 1/v
when n,

If we replace v by —v, Eq. (10) is changed into

p
— 0.

n
n, = .
P 1+ on

(12)

Hence, n, — 1/v, when n — oo. In this paper, we call this
effect “dual EVE.” The dual EVE seems to be unnatural,
since it is equivalent to EVE with a negative particle
volume. However, later, we show that dual EVE actually
occurs when the chemical potential is pure imaginary.

B. Hadron resonance gas model with excluded
volume effects at finite temperature

Here, we consider the HRG model with EVE. At zero
temperature, EVE 1is usually introduced for the baryon
number Ng. However, at finite temperature, the number N,
of baryons and the number N, of antibaryons do not vanish
even if Nz = Ny — N, is zero. Hence, according to the next
policy [12], we introduce EVE into the HRG model.

(1) Since EVE represents the effects of the repulsion
forces among baryons, a baryon is affected by EVE
of other baryons, but is not affected by EVE of
antibaryons.

(2) Inversely, an antibaryon is affected by EVE of other
antibaryons, but is not affected by EVE of baryons.

(3) Mesons are not affected by EVE. We treat the meson
gas as a free gas of pointlike particles for simplicity.

Therefore, the baryon number density ng of the system is
given by

s (k) = (1) — ma(1). (13)
with

n o nbp(/")

) = s (14)
ma) = W) me(H) )

1 + Unap(ﬂ) 1 + U”bp(_ﬂ) ;

where ny,, n,, ny, and n,, is the number densities of baryons,
antibaryons, pointlike baryons and pointlike antibaryons,
respectively. Here, we have assumed that v is the same for all
baryons and antibaryons for simplicity. In numerical calcu-
lations, we set v = 4zr3 /3 with ry = 0.8 fm.

Note that ng is an odd function of x. Hence, when y is a
pure imaginary number, ng is also a pure imaginary
number, although n, and n, are complex numbers in
general. The relations

Ren,, = Ren,, (16)
Imn, = —Imn, (17)
with
Ren, = Reny, (1 + vReny,) + v(Imny, )2
(1 4+ vReny,)? 4 v* (Imny,)?
I iImnbp
mny, = ,
7 (1 + vRenyy)? + v2(Imnyy)?
Ren. — Ren,, (1 4+ vReny,) + v(Imny,)?
: (1 + vRenyy)? + v*(Imn,,)?
ilmn,
Imn, = P , 18
Y (14 vReny,)? + v*(Imn,,)? (18)
are realized since Reny, = Ren,, and Imn,, = —Imn,,,
and thus the relation
ng = 2ilmny, = —2ilmn,, (19)

is manifested for Eq. (13).
When the free gas approximation is used, the concrete
forms of ny,, and n,, of ith baryon are given by

9s.i /oo 2 1
Mypi=n>5 [ dpp ., (20)
M2 o exp{f(\/ P> +M; —p)} +1

Gs.i

% 1
Napi =75 | dpp? :
v 2”2/0 exp{f(\/p*+M; +p)} +1

where g, ; and M; are the spin degeneracy and the mass of
the ith baryon, respectively. If we use the Boltzmann
distribution instead of the Fermi distribution, Eqs. (20)
and (21) are reduced to

(21)

Nyp; = A;(cos O+ isin @), (22)
Nypi = A;(cos @ — isin6), (23)

with

A= /oo dp p*e VP (24)

- 271'2 0
when p is pure imaginary. Hence, the relation

Relny, (0)] = Re[n,,(6)]

S (043).
—-mlng(0+3)]. @9

is satisfied.
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In Ref. [12], the following simple form of pressure Py of
the baryon and antibaryon system with EVE was used;

_ o Pap (26)
14 ony, 14 o,

Py

where Py, and P,, are the pressures of pointlike baryons
and antibaryons, respectively. However, this form of

pressure does not satisfy the thermodynamical relation
oP
a—; p—
this paper, the p-dependence of baryon pressure Pg with
EVE is given by

ny accurately. Then, we do not use the form (26). In

Pg(u) = Py(p) + Py(u) = Py(p) + Py(=p), (27)

with

Po(u) = / " il ny() + Py(0). (28)

where the initial conditions are given by

Py(0) = / " dny(). (29)

5]

respectively. In this formulation, the thermodynamical
relation is automatically satisfied. Note that it is natural
to assume Pp(—o0) = P,(c0) = 0. In numerical calcula-
tions, we include all hadrons that are expected to be
composed of a light quark only and are listed in the list
of particle data [30].

In Refs. [21,22,31], the different formulation of EVE
effects was used. In the formulation, the transcendental
equations

Pb(Tu“) = Pbp(T»ﬂ - be)’ (30)
Pa<Tvﬂ) = Pap(T’,“ - bPa)v (31)

are required, where Py, (P,,) is the pressure of the pointlike
baryons (antibaryons) and b is the parameter which
represents baryon (antibaryon) volume. In this paper, we
call this formulation EVETC model, and call our formu-
lation EVE model. In the next section, we compare the
results of our formulation with those of EVETC.

IV. NUMERICAL RESULTS

In this section, we show our numerical results for the
HRG model with EVE. First, we compare the results of the
two formulations of EVE. Next, we show the #-dependence
of the baryon number density and the pressure, and discuss
the effects of EVE below Tryw. We also show the same
quantities above Ty . Finally, we show the T-dependence
of the pressure at 6 = 7 and u = 0(0 = 0).

0.02 — T
with EVE ———
without EVE ------
with EVETC
0.015}
K
% 0.01f
)
Q
0.005 |
/—/’”m«,,,ﬁ»k
160 180 200 220 240

FIG. 4. The T-dependence of the pressure when u =0 and
b=v= 47rr3 /3. The solid, dashed, and dotted lines show the
results obtained by the HRG models with EVE (P), without EVE
(Pp), with EVETC, respectively.

A. Comparison of two formulation

In this subsection, we compare two formulations.
Figure 4 shows the 7T-dependence of the pressure of the

HRG model when s = 0 and b = v = 70 = 2,14 fm®. We
see that the exclude volume effects of EVE model is
somewhat weaker than those of EVETC model, but the
difference between two models is small. Figure 5 is similar
to Fig. 4 but b = 1.315 fm? is used. We see that the result
of EVE almost coincides with that of EVETC. In this case,
it seems that the deference of the two models can be
eliminated by retuning the parameter b. Figure 6 shows
T-dependence of the pressure of HRG model when

u=500MeVandb =v = @. We see that the difference
between EVE and EVETC is small. Figure 7 is similar to
Fig. 6 but b = 1.315 fm? is used. Again, we see that the
result of EVE almost coincides with that of EVETC. Next,
we examine the results at imaginary u = i0T. Figure 8
shows the T-dependence of the pressure of the HRG model

0.02

"with EVE ———
without EVE ------
with EVETC
0.015}
«—
2
g 0.01F P
Q
0.005} e
L
- P
~—/—‘*"""/‘r/ . . .
160 180 200 220 240

FIG. 5. The T-dependence of the pressure when u =0, v =
47rr8 /3 and b = 1.315 fm3. The solid, dashed, and dotted lines
show the results obtained by the HRG models with EVE (P),
without EVE (Pp), with EVETC, respectively.
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0.035F  with EVETC

0.03f
0.025
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P[GeV*]

0.015F

0.01f

0.005

160 180 200 220 240
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FIG. 6. The T-dependence of the pressure when y = 500 MeV
and b =v = 471')‘8 /3. The solid, dashed, and dotted lines show
the results obtained by the HRG models with EVE (P), without
EVE (P,), with EVETC, respectively.

0.04

"with EVE ———
without EVE ------
0.035F  with EVETC
0.03}
< 0025
3
[0} 0.02F
Q. oorsf
0.01f _—
0.005 e
el
0 e . . . .
160 180 200 220 240
T [MeV]
FIG.7. The T-dependence of the pressure when u = 500 MeV,

v =4zr}/3 and b = 1.315 fm>. The solid, dashed, and dotted
lines show the results obtained by the HRG models with EVE
(P), without EVE (P,), with EVETC, respectively.

4z .
when 0 =7 and b = v = % We see that the difference

between EVE and EVETC is small. Figure 9 is similar to
Fig. 8 but b = 1.315 fm? is used. The result of EVE almost
coincides with that of EVETC. Comparison at the RW
transition point will be shown in Sec. IV D.

B. Below TRW

In this subsection, we show the O-dependence of the
baryon number density and the pressure, and discuss the
effects of EVE below Tgryw. Figure 10 shows the real and
imaginary parts of n, and ny, as a function of 6 when
T = 150 MeV. We see that the real (imaginary) part is an
even (odd) function of . We do not show the results of the
antibaryon contributions explicitly, since conditions (16)
and (17) are satisfied. As is expected, the relation
Re(ny,(0)] = Im[n,,(0 +5)] is approximately satisfied.
The same relation is also approximately satisfied for ny,
since EVE is negligible. Although we do not show all

"with EVE ———
00141 without EVE - -- - - -
with EVETC
0.012f
0.01F
«
> 0.008} A
8 S
o 0oosf //
0.004} e
0.002} <
e T
O — L L L L
160 180 200 220 240

T [MeV]
FIG. 8. The T-dependence of the pressure when 6 =% and
b=v= 47rr8 /3. The solid, dashed, and dotted lines show the
results obtained by the HRG models with EVE (P), without EVE
(Pp), with EVETC, respectively.

"With EVE ———
00141 \ithout EVE --- - - -
with EVETC
0.012}
— 001}
<
>
© 0.008}
S y
Q. 0.006f A
//' . e
0.004 //
P
0.002 T
-
0 — L L L L
160 180 200 220 240

T [MeV]

FIG. 9. The T-dependence of the pressure when 0 =73, v =
47rr(3) /3 and b = 1.315 fm3. The solid, dashed, and dotted lines
show the results obtained by the HRG models with EVE (P),
without EVE (P,), with EVETC, respectively.

" Rewith EVE ——
0.03¢ Im with EVE ------ 1
Re without EVE
& o002l Im without EVE ——-~ |
v : RV ARAN S Ve
g \< \ / N /
= A\ \, / I \, /
~ 001E A / FAN X /
IS /oo \ A \
\ / / \ /
g 0 \‘5 A / \ /]
R \ / \, J
A / kY \ 7
a 001 \ ; \ YR
< N\ 7 \ /! N4
o) A N AN
font 0.02 -
-0.03
-2 -1.5 -1 -0.5 0 0.5 1 15 2
O/n

FIG. 10. The 0-dependence of the real and imaginary parts of
number density of baryons when 7 = 150 MeV. The solid,
dashed, dotted and dot-dashed lines show the results of Reny,
Imny, Reny, and Imny,, respectively.
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=, \ / \
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£ \ / \
= 002 \ /
\: e
\_/ 3
-0.04

2 15 1 05 0 05 1 15 2
0/n
FIG. 11. The #-dependence of imaginary part of baryon number
density when 7' = 150 MeV. The solid and dashed lines show the
results of ng and ngy, respectively.

results explicitly, the relation (25) is almost satisfied for ny,
and n,, but is largely broken for n, and n,, when the
temperature is large and EVE is not negligible. We also
remark that, as in the case with 7= 150 MeV, Imny, =
Imn,, = 0 and Ren,, = Ren,, < 0 are always satisfied at
any temperature when @ = +z. This is a very important
property, as shown later. Figure 11 shows the imaginary part
Imng of baryon number density as a function of # when
T = 150 MeV. We see that EVE is negligible in this case.

Figure 12 shows the real and the imaginary parts of ny, as
a function of & when 7 = 185 MeV. We see that the
equality Re[n;,(6)] = Im[n, (0 +5)] is broken largely by
EVE. Figure 13 is the same as Fig. 11 but for
T = 185 MeV. Note that the temperature 7" = 185 MeV
is just below TRy obtained by LQCD simulations. In this
case, EVE is visible. These results indicate that the effects
of EVE can be seen strongly at moderate 7. Figure 14
shows the baryon pressure Py as a function of €; we do not
show the meson pressure since it does not depend on € in
our model. Both Py and Py, are smooth functions of 6.
EVE is also visible in pressure.

Re ------
02t m
®» /N /7
' / \ \
< / ‘ : /o
g of . /
< ol S / Y
[ B / i \ /
o \_ N2
02}
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0/n

FIG. 12. The #-dependence of the real and the imaginary part of
number density 7, of baryons when 7 = 185 MeV. The dashed
and solid lines show the results for the real and the imaginary
part, respectively.

with EVE ———
04} without EVE ------ 1
. 02p
o i/
£ 7
=, J/
0 / \
m
< /:
E ol s
N
\ 7;/ o
04}
2 15 -1 -05 0 0.5 1 15 2
Olr

FIG. 13. The 6-dependence of the imaginary part of baryon
number density when T = 185 MeV. The solid and dashed lines
show the results of ng and ng,, respectively.

C. Above Tyrw

Figure 15 is the same as Fig. 11 but for 7 = 210.8 MeV.
In this case, Imng seems to be discontinuous at 8 = =+zx.
The result resembles the one obtained by the PNJL model
in the bottom panel of Fig. 1. However, different from the
PNIJL case, the height of the peak (the depth of the negative
peak) increases as the minimal interval A# in the horizontal
axis decreases in numerical calculation. It is very interest-
ing that the temperature 7 = 210.8 MeV is slightly larger
than Tryw obtained by LQCD simulations. As is mentioned
above, Imny, = Imn,, =0 and Reny, = Ren,, <0 are
always satisfied at any temperature when § = +z. Hence
0 = £z, the first and third ones of Eq. (18) reduce to

Ren, Ren,
Ren, = —— & = Ren, = — . (32)
D(T) D(T)
when
0.0006 _ ‘
with EVE ———
without EVE ------
0.0004 -,
N P P
\ / \ y
— 0.0002F / /
> \ /
) /
S or
.
Q. -0.0002F kY );
\ /
-0.0004 | Ve ..
\_/ \/
-0.0006 : s ‘ ‘ ‘ ‘
2 15 -1 -05 05 1 15 2

0
olr
FIG. 14. The O-dependence of the baryon pressure when

T = 185 MeV. The solid and dashed lines show the results with
EVE (Pg) and without EVE (Pg,,), respectively.
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[ ‘ ‘ ‘ ‘ ‘ with EVE —— ]
40 without EVE ------

30 | ‘
20 ‘ ‘
10}

10k [ [

Imng [fm™]

-20 - ‘ ‘
-30 : !

40 b

Olr

FIG. 15. The 6-dependence of the imaginary part of baryon
number density when 7 = 210.8 MeV. The solid and dashed
lines show the results of ng and ngy,, respectively.

does not vanish. Figure 16 shows D(T) as a function of T
when 0 =z.D(T) =0 at T =210.8 MeV. This means
Ren,,, = Ren,, = —1/v. The vanishing of D(T) makes ng
singular at 7 = 210.8 MeV.

If we define n’ = —Ren;, = —Ren, and nj, = —Ren,,, =
—Ren,, > 0, Eq. (32) can be rewritten as

n/

/ p
= . 34
" 1— Unl’D (34)
Hence, we obtain
n/
I = . 35
"p 1+ on/ (35)

This is nothing but the dual EVE (12). If n' — oo,
n, — 1/v. Figure 17 shows n’ as a function of T when
6 = x. n’ has a divergent behavior when 7' — 210.8 MeV
where nj, = 1/v; note that the height of the peak (the depth
of the negative peak) increases as the minimal interval AT
in horizontal axis decreases in numerical calculation. In this
paper, we call this situation “dual dense packing limit” of

baryons. The dual dense packing of baryons causes the

1

08

0.6

0.4

021

D(T)

of

0.2}

0.4}

150 160 170 180 190 200 210 220
T [MeV]

FIG. 16. The T-dependence of D(T) at @ = x (solid line). The
dotted line shows the condition D(T) = 0.

4000
3000
2000
&
£ 1000t
. J
—
-1000
-2000 ‘ ‘ ‘
200 205 210 215 220
T [MeV]

FIG. 17. The T-dependence of n’ at 6 = x.

singularity; note that, although Renp always vanishes, the
effects of Reny, and Ren,, remain in other thermodynamic
quantities such as Imng and pressure.

We also note that, when n’ < 0, the interpretation of the
dual EVE is not appropriate in (35). However, n, — 1/v is
satisfied, when n’ — —co. Similarly, since Ren,,, <0, the
interpretation of the EVE is not appropriate in (32), but
Ren,, — 1/v is satisfied when Ren,,, — —co. Hence, 1/ is
the high temperature limit of Ren,, at 8 = +x.

When the Boltzmann distribution approximation is valid,
we can define a u-independent effective baryon radius as
follows. In this approximation, D(T) is reduced to 1 —
v/v*(T) where

. 1
vi(T) = AT) (36)

BN

with
A(T) = _A;. (37)

Note that A(7) is the amplitude of ny,, and ny,, when they
oscillate as 6 varies. Figure 18 shows an effective baryon
radius 7*(T) = [3v*/(4x)]'/3 as a function of T. We see

r* (T) [fm]

05F

o ‘ ‘ ‘ ‘ ‘ ‘
150 160 170 180 190 200 210 220
T [MeV]

FIG. 18. The T-dependence of the effective baryon radius r*(7')
at @ =z (solid line). The dotted line shows the condition
r* =ry = 0.8 fm.
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FIG. 19. The 6-dependence of the baryon pressure when
T = 210.8 MeV. The solid and dashed lines show the results
with EVE (Pg) and without EVE (Pg,,), respectively.

that r*(T) ~ ry = 0.8 fmat T ~ 211 MeV. This means that
the Boltzmann distribution approximation is valid in
this case.

Figure 19 is the same as Fig. 14 but for 7 = 210.8 MeV.
Py has a cusp at = £z, while Pg,, does not. The result of
Py resembles the one obtained by the PNJL model in the
bottom panel of Fig. 2. However, different from the PNJL
case, there is a tendency that the depth of the negative peak
increases as the minimal interval A# in the horizontal axis
decreases in numerical calculation. The cusp in Py causes
the discontinuity in Imng. Figure 20 is the same as Fig. 11
but for 7 =250 MeV. In this case, Imn, is a smooth
function of @ as in the cases at low temperature. This feature
is different from the PNIJL result in Fig. 1 where the
discontinuities appear when 7 > Tgryw. Figure 21 is the
same as Fig. 14 but for 7' = 250 MeV. Again, both Py and
Pg,, are smooth functions of 6. As is in the case with Imng,
this feature is different from the PNJL result in Fig. 2 where
the cusps appear when 7 > TRrw. The difference seems to
be originated in the lack of quark degree of freedom in
HRG model.

with EVE ——
without EVE ------

Imng [fm™]

2 a5 1 05 0 05 i 5 2
0/n
FIG. 20. The 6-dependence of the imaginary part of baryon

number density when 7 = 250 MeV. The solid and dashed lines
show the results of ng and ng,, respectively.

0.01

with EVE ———
without EVE ------

0.005F

Pg [GeV*]

-0.005

001 ‘ ‘ ‘ ‘ ‘ ‘ ‘
2 45 41 05 0 05 1 15 2
o0ln

FIG. 21. The 6-dependence of the baryon pressure when
T = 250 MeV. The solid and dashed lines show the results with
EVE (Pg) and without EVE (Pg)), respectively.

D. T-dependence of pressure

Figure 22 shows the hadron pressure as a function of 7" at
6 = n. Note that the meson contribution is included in the
hadron pressure. The pressure P in the HRG model with
EVE has a cusp at T ~210.8 MeV, while Pp in the HRG
model without EVE is a smooth function of 7 there is a
tendency that the depth of the negative peak of P (P')
increases as the minimal interval AT in the horizontal axis
decreases in the numerical calculation. P, increase as
temperature increase when 7' < 230 MeV, but decreases
T > 230 MeV. This is because the baryon contribution is
negative at § = x and the decrease of the negative baryon
contribution overcomes the increase of the positive meson
contribution when 7 > 230 MeV. On the contrary, P
increases as 7 increases in the high temperature region,
although it has a negative value in the intermediate temper-
ature region.

In Fig. 22, the result obtained by the PNJL model is also
shown. We have subtracted Ppyy (T = 0, = 0) + B from

0.01

" WthEVE —— VA P
without EVE ------ s
with EVE ' L
PNJL — — - / ;
0.005 / e
<
> |
CD 0
S
Q
-0.005
-0.01 |

160 180 200 220 240 260 280 300
T [MeV]

FIG. 22. The T-dependence of the pressure when 0 = 7. The
solid, dashed, dotted and dot-dashed lines show the results
obtained by the HRG models with EVE (P), without EVE
(P,), with EVE plus meson gas suppression (P’ = Py + Pyy),
and the PNJL model, respectively.
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P(T, ) where B = (150 MeV)* is the bag constant. Ppyy;.
is larger than P, when T' > 229 MeV, while it is smaller
than P, when T' < 229 MeV. If we apply the Gibbs criteria
to this case without EVE, the quark phase (hadron phase) is
realized when T > 229 MeV (T < 229 MeV).

Ppyyr,  is larger than P in the region
T =204-214 MeV, while it is smaller in the other
regions. If we apply the Gibbs criteria to this case
with EVE, the quark phase is realized in the region
T =204-214 MeV and the hadron phase is realized
otherwise. However, the HRG model with EVE may
be invalid when T > 210.8 MeV, since it has a singu-
larity. If this interpretation is appropriate, the quark phase
is realized when T > 204 MeV.

It should be noted that the rapid increase of pressure
of the HRG model with EVE in the high temperature
region is caused by the rapid increase of meson con-
tribution. In our model, the meson gas is treated as a free
gas of pointlike particles. It is natural that the meson
contribution is also suppressed in the high temperature
region. For illustration, we assume the following simple
suppression form of the meson pressure.

Py = Pyexp [=(T/T*)"] (38)

We set 7% =210.8 MeV. As is seen in Fig. 22, in this
case, the hadron phase is realized in the low temperature
and the quark phase is realized in the high temperature
region (7 > 197 MeV). The study of the mechanism
of meson gas suppression is an important subject in
the future.

Figure 23 shows T-dependence of the pressure of HRG

4zr

model when 6 =z and b = v =-3°=2.14 fm’. In the
case of EVETC, we found the singular behavior at
T = 190.5 MeV, but could not find the solution when

T > 190.5 MeV. The temperature at which singularity

0.015 — r T
with EVE ———
without EVE ------
with EVETC
0.01
< 0005}
>
(o) /
o]
a OF B -
-0.005 | : ‘”
-0.01 -

160 170 180 190 200 210 220 230 240
T [MeV]

FIG. 23. The T-dependence of the pressure when § = 7 and
b=v= 4r:r(3) /3. The solid, dashed, and dotted lines show the
results obtained by the HRG models with EVE (P), without EVE
(Pp), with EVETC, respectively.

0.015

with EVE ———
without EVE ------
with EVETC
0.01}F
< 0005}
>
~ 0 b2 LT T T / """
l /
\f
-0.005} ‘”

-0.01 L . L . . .
160 170 180 190 200 210 220 230 240

T [MeV]

FIG. 24. The T-dependence of the pressure when 0 = 7, v =
4zry/3 and b = 1.315 fm3. The solid, dashed, and dotted lines
show the results obtained by the HRG models with EVE (P),
without EVE (Pp), with EVETC, respectively.

occurs is somewhat smaller in EVETC than EVE.
Figure 24 is similar to Fig. 23 but » = 1.315 fm? is used.
The difference of the singularity temperature is somewhat
smaller than that in Fig. 23. As is in Fig. 23, we could not
find the solution of EVETC when 7' > 201 MeV. It seems
that the singularity temperature and the property of the
pressure above the singularity temperature depend on the
detail description of the model to some degree. However,
qualitatively, the result of EVE is consistent with that of
EVETC below the singularity temperature.

Figure 25 shows the same as Fig. 22 but for p = 0. We
see that P, and P are larger than Ppyy;, at high temperature.
Hence, if we apply the Gibbs criteria to these cases, the
hadron phase is realized at high temperature. On the
contrary, P’ is smaller than Ppyy;. at high temperature. In
this case, the quark phase is realized at high temperature
(T > 216 MeV). This fact confirms the importance of the
meson pressure suppression.

with EVE ———
without EVE ------
with EVE'
0.04 PNJL =~

0.03

P[GeV*]

160 180 200 220 240 260 280 300
T [MeV]

FIG. 25. The T-dependence of the hadron (PNJL) pressure
when p = 0. The solid, dashed, dotted and dot-dashed lines
show the results obtained by the HRG models with EVE (P),
without EVE (P,), with EVE plus meson gas suppression
(P' = Pg + P},), and the PNJL model, respectively.
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V. SUMMARY

In summary, in this paper, we have studied the baryon
number chemical potential (1) dependence of the baryon
number density and pressure in the HRG model with
excluded volume effects (EVE) when u(= ifT) is pure
imaginary. We compare the results with the ones obtained
by the PNJL model in which the quark degree of freedom is
contained.

In the HRG model, the Roberge-Weiss (RW) perio-
dicity, which the QCD grand canonical partition function
has, is trivial. At low temperature and high temperature,
the @#-dependence of the baryon number density and the
pressure are smooth functions of 6. However, they have a
singular behavior at 0 = (2k+ 1)z with k€Z when
T ~211 MeV which is consistent with the RW transition
temperature 7Trw obtained by lattice QCD (LQCD) simu-
lations. This coincidence may reflect the simple fact that the
inverse of the baryon radius 1/r; is roughly estimated as
200 MeV. As T increases, the equality Re(n,(0)) =
Im(n,(6 +-%)) is largely broken by EVE. This breaking
of the equality seems to be important for the singular
behavior at 7~ 211 MeV. It is very interesting that the
singularity is well explained by the dual EVE in which the
roles of pointlike and nonpointlike particles are exchanged
with each other in EVE. In the picture of the dual EVE, the
dual dense packing causes the singularity. At high temper-
ature above T ~ 211 MeV, the singularity disappears.
However, it is natural that the HRG model with EVE is
valid only when the temperature is smaller than the
temperature where the singularity appears. Since the dual
EVE is equivalent to the EVE with a negative particle
volume, it may be regarded as attractive force effects. It
considerably lowers the pressure. Hadron matter with
pressure of negative infinity cannot exist. Hadron matter
is compressed and baryons are crushed by the strong
attractive force at 6 = (2k+ 1)z when T ~ 211 MeV.
Hence, the introduction of the quark degree of freedom
is necessary at higher temperature. The thermodynamic
comparison between the HRG results and the PNJL results
ensures this expectation.

It is also very interesting that EVE is visible just before
Trw- EVE may be detectable by the LQCD simulation at
imaginary u [31]. If the function form of Imng deviates
from the sine function, the EVE may be significant. In our
calculations, we have treated v as a constant parameter.
However, the T and/or the u-dependence may be important;
see, e.g., Ref. [32]. Such a dependence may be determined
by the LQCD simulations.
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APPENDIX: PNJL MODEL

Thermodynamic potential density Qpyj;, in the three
flavor PNJL model with the mean field approximation is
given by [23-28]

Qe (Toug) =UT) + Uy + > Qu(T.pg).  (Al)

f=ud,s
where
o (1) =2 [ L7 [3 N
bl (2r)3 p f
+Tloglf 7 (P)fF ()] (A2)
with
f}(l?) =1+3[®+ q>*e—/3E;]e—ﬂE; + e‘3/’EF,
Fi(p) = 143[@" + @] eV (A3)

where @, U, Uy and Mf are the Polyakov loop, the
Polyakov-loop potential, the mesonic potential and the
effective mass of f-quark, respectively, and E}(p) =

\/P* + M7+ p,. The first term of the integrand in
Eq. (A2) is a vacuum contribution. Note that the
Polyakov-loop ® and its conjugate ®* are complex, in
general. The effective quark mass M is given by

Mf = mf - 4GSO-f + 2GDG}-6;£, (A4)

with

r#Ef fES ES (AS)
where m; is the current quark mass of f-quark, Gs and Gp
are coupling constants of four and six quarks interaction,
and o, is the chiral condensate of f-quark, respectively.
The mesonic part is given by

Uy = 2Gs(62 + 6% + 62) = 4Gpo,640,.  (A6)
According to Ref. [33], for model parameters, we set
m, ;=5.5MeV, m;=140.7MeV, GsA? = 1.835, GpA° =
12.36 and A = 602.3 MeV. It should be noted that, to
ensure the conformal limit at high temperature, we intro-
duce a momentum cutoff A only in the vacuum part; the
original PNJL model has a cutoff because it is a non-
renormalizable model. For the Polyakov potential, we use
the following form [27]:
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T, ®, T
U s ) _ [_“(2 ) @ + b(T) log{1 — 60
+ 4(D3 + ®*3) — 3(¢*q>)2}} (A7)
where
T, To\2
o) =a+a () +a(R) @9
T, 3
b(T) = by (—“) | (A9)
T
with modified coefficients [14,34]
ap=2.457, a,=-2.47, a, =152, by;=-1.75. (Al0)

In numerical calculations, we set T, = 220 MeV so as to
satisfy Trw ~ 200 MeV.

The pressure in the PNJL model is given by Ppyjp, =
—Qpnyr- The number densities of f-quark and antiquark
(ng,r and nyq ) are given by

1 /oo 95 (p)
ngs=— [ dpp*2——=. All
“ 2 o f7(p) (AD)

1 /oo 97 (p)
Nagf = — dp p? , Al2
W22 o I+ (p) (A12)

where

g7 (p) = 305 + 607 e + 375 (A13)
g5 (p) = 3D e E + 60 PE 437 E . (Al4)

The solutions of 64(f = u.d, s), ® and ®* are determined
S0 as to minimize Qpyjy.
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