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The nonrelativistic effective field theory (NRET) is widely used in dark matter direct detection and
charged-lepton flavor violation studies through μ → e conversion. However, existing literature has not fully
considered tensor couplings. This study fills this gap by utilizing an innovative tensor decomposition
method, extending NRET to incorporate previously overlooked tensor interactions. This development is
expected to have a significant impact on ongoing experiments seeking physics beyond the Standard Model
and on our understanding of the new-physics interactions. Notably, we identify additional operators in
μ → e conversion that are absent in scalar and vector couplings. To support further research and
experimental analyses, comprehensive tables featuring tensor matrix elements and their corresponding
operators are provided.
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Cosmological and astrophysical observations have estab-
lished that about 25% of the energy density in our universe is
attributed to dark matter (DM), a form of matter that rarely
interacts with regular matter and has not yet been directly
observed [1–3]. This matter serves as an explanation for
certain gravitational phenomena, such as the angular velocity
of gas clouds around galaxies, and the motion of galaxies
within clusters, which appear to be operating under the
influence of additional mass that cannot be detected. As DM
candidates are naturally predicted by extensions of the
Standard Model (SM) of particle physics [4], unraveling
the nature of DM remains a paramount challenge in particle
physics and astrophysics.
A prominent DM candidate is weakly interacting mas-

sive particles (WIMPs) [2]. WIMPs interact with quarks,
enabling their detection through elastic scattering off nuclei
[5]. The momentum transfer in such interactions typically
lies around q ∼ 100 MeV [6]. In recent years, direct
detection experiments have been introduced that are tail-
ored to this energy range [7]. Earth-based detectors aim to
capture interactions of extraterrestrial DM by measuring the
recoil energy of nuclei, indicative of DM scattering events.
Assessing how nuclei respond to WIMPs requires

matching WIMP-quark couplings to WIMP-nucleon

currents. Given the non-perturbative nature of QCD at
low energies, this is best accomplished using effective
theories. In the literature, two methods have been utili-
zed: nonrelativistic effective field theory (NRET, also
known as NREFT) [8–10], and chiral effective field theory
(χEFT) [3,6,7,11].
In both theories, the coupling structure is solely deter-

mined by symmetry considerations. However, early works
[7–9,12] overlooked the tensor symmetry coupling, crucial
for understanding the nature of DM-nucleon interaction
once it is detected, analogous to the identification of the
V − A structure of weak interactions in the SM during the
previous century. Only recently, the tensor symmetry
coupling has been incorporated into χEFT [13], but it is
still missing in NRET. Due to the extensive use of NRET in
various DM search applications, such as software programs
(e.g., [9,14]), numerical calculations (e.g., [10,15]), direct
detection experiments (e.g., [16,17]), and forecasts for new
measurement opportunities (e.g., [18]), this gap cannot be
ignored.
The utility of NRET extends beyond DM interactions

with nuclei, encompassing explorations into other physics
beyond the Standard Model (BSM). The 2015 Nobel Prize
for establishing the flavor oscillations of neutrinos further
motivated the search for additional flavor-violation among
charged leptons. A notable charged-lepton flavor-violating
(CLFV) process is muon-to-electron (μ → e) conversion,
where a muon transforms into an electron.
Several experiments aim to detect this conversion, such as

Mu2e at Fermilab [19,20], and COMET [21,22] and DeeMe
at J-PARC, poised to significantly advance CLFV limits
on the branching ratios by four orders of magnitude [23].
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These experiments seek evidenceofμ → e conversionwithin a
nucleus, requiringaccuratepredictions incorporatingall known
symmetries. Recent studies underscored the effectiveness of
NRET in calculating μ → e conversion [23,24], introducing a
nuclear-level effective theory for this process, and highlighting
the potential of the missing tensor mediators to introduce
operators not found in other symmetries.
We have recently developed a method for decomposing

fermionic tensor-type interactions based on their antisym-
metric nature [25]. This method has proven to be highly
useful in describing the impact of BSM tensor symmetry on
different interactions, including precision studies of β-decay
[25,26], neutrino scattering [27], andmore [25,28], and led to
newexperiments [29–31] and tools [32].As indicated in [28],
this tensor-decomposing approach can readily provide the
missing tensor terms crucial for understanding the nature of
DM and CLFV interactions upon their detection.
This letter fills thegap in these two seemingly disparate but

framework-sharing BSM searches, employing the tensor-
decomposing approach [25]. We introduce NRET and its
tensor completion for DM, followed by μ → e conversion.

DM direct detection. DM detection necessitates structure
factors for elastic WIMP-nucleus scattering, which are
particularly sensitive to the nuclear structure inherent in
spin-dependentWIMP-nucleon interactions. Let us consider a
contact interaction involving a spin-half WIMP denoted as χ
andanucleon representedbyN. In the frameworkofNRET, the
comprehensive Lagrangian density is expressed as follows [8]:

L̂int ¼ χ̄OχχN̄ONN: ð1Þ
Here, the properties of theWIMP operatorOχ and the nucleon
operatorON are determined by enforcing their corresponding
symmetries, which may take the form of any of the bilinear
covariants: scalar (including pseudoscalar), vector (including
axial-vector), and tensor. By considering the scalar and vector
symmetries, it has been demonstrated that the contact
Lagrangian density, at leading order in p=mχ and k=mN

(where pμ and kμ are the four-momenta of the DM and
nucleon, respectively, andmχ andmN are their masses), can be
expressed in terms of 16 nonrelativistic operators [8,9]:

L̂int ¼ Σ16
i¼1ciOiχ̄χN̄N; ð2Þ

where the operatorsOi are constructed from theDM (nucleon)
identity operators 1χ (1N), and the three-vectors: i q⃗

mN
,

v⃗⊥ ≡ P⃗
2mχ

− K⃗
2mN

, S⃗χ ≡ σ⃗χ
2
and S⃗N ≡ σ⃗N

2
. In these expressions,

qμ ≡ pμ
f − pμ

i ¼ kμi − kμf denotes the 4-momentum transfer,
Pμ ≡ pμ

i þ pμ
f, K

μ ≡ kμi þ kμf, k
μ
i (kμf) and pμ

i (pμ
f) are the

incoming (outgoing) 4-momenta, and σ⃗χ (σ⃗N) is the spin
operator of the DM (nucleon).
To incorporate the missing tensor symmetry into the

framework, we write the interaction of the DM and the
nucleons using all the possible Lorentz-invariant tensor

terms, similar to how nontensor terms were treated [8,9].
We conclude them based on the general form of the single-
nucleon matrix element between nuclear states of the tensor
part of the nuclear current [33,34]:

hkfjq̄σμντaqjkii

¼ ūðkfÞ
�
gTðq2Þσμν þ g̃ð1ÞT ðq2Þ

�
qμ
mM

γν −
qν
mM

γμ

�

þ g̃ð2ÞT ðq2Þ
�
qμ
mM

Kν

mM
−

qν
mM

Kμ

mM

�

þ g̃ð3ÞT ðq2Þ
�
γμ

=q

mM
γν − γν

=q

mM
γμ

��
τauðkiÞ; ð3Þ

which consists of all the possible Lorentz-invariant
tensor combinations.1 Here we use the nowadays con-
vention for the gamma matrices γμ and their commutator

σμν (see, e.g., [37]). The form factors g̃ðiÞT (i∈ f1; 2; 3g)
are defined as the dimensionless version of the standard

tensor form factors gðiÞT given in [34].2 We assume a
similar matrix element for the WIMP tensor current
between the initial and final WIMP states, differing only
in the form factors, and exclude the isospin operator
τa (a∈ f1; 2; 3g).
Given the presence of four Lorentz-invariant tensor terms

in the current, there exist 16 potential combinations for the
tensor coupling between the nuclear and WIMPs currents,
but 4 of them will vanish, leaving us with only 12 combi-
nations. As done by Lee and Yang for the weak interaction
[38], to these 12 basic combinations we add their γ5
variations, resulting in 24 new combinations. Utilizing the
antisymmetric tensor-current decomposition [25]:

J⃗ T
i ≡ −

iffiffiffi
2

p ϵijkJ jk;

J⃗ T 0
i ≡ ffiffiffi

2
p

J 0i; ð4Þ

and applying the following identity for each combination of
two tensor-terms coupling:

jμνJμν ¼ −½j⃗T · J⃗T þ j⃗T
0
· J⃗T

0 �; ð5Þ

1The last term is absent in some of the literature (see, e.g.,
[35,36]) due to its classification as a second-class current which
vanishes in the isospin limit [34,35]. However, due to the lack of
specific knowledge regarding the interaction, this analysis takes a
comprehensive approach to ensure we do not overlook any
possible contributions.

2We introduce the redefined form factors as follows: gð1ÞT ¼ g̃ð1ÞT
mM

,

gð2ÞT ¼ g̃ð2ÞT
m2

M
, and gð3ÞT ¼ g̃ð3ÞT

mM
, where mM is the relevant theory-

dependent mass scale (e.g., the nucleon mass) given
a model context. This adjustment was made to align this work
with [9], where similar theory-dependent masses were utilized.
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we achieve a nonrelativistic reduction in leading orders in
1=mass for each combination. These reductions, listed in
Table I, give rise to all the nonrelativistic operators already
existing in the scalar and vector cases [9]:

O1 ≡ 1χ1N;

O3 ≡ iS⃗N ·

�
q⃗
mN

× v⃗⊥
�
;

O4 ≡ S⃗χ · S⃗N;

O5 ≡ iS⃗χ ·

�
q⃗
mN

× v⃗⊥
�
;

O6 ≡
�
S⃗χ ·

q⃗
mN

��
S⃗N ·

q⃗
mN

�
;

O7 ≡ S⃗N · v⃗⊥;

O8 ≡ S⃗χ · v⃗⊥;

O9 ≡ iS⃗χ ·

�
S⃗N ×

q⃗
mN

�
;

O10 ≡ iS⃗N ·
q⃗
mN

;

O11 ≡ iS⃗χ ·
q⃗
mN

;

O12 ≡ S⃗χ · ðS⃗N × v⃗⊥Þ;

O13 ≡ iðS⃗χ · v⃗⊥Þ
�
S⃗N ·

q⃗
mN

�
;

O14 ≡ i

�
S⃗χ ·

q⃗
mN

�
ðS⃗N · v⃗⊥Þ;

O15 ≡ −
�
S⃗χ ·

q⃗
mN

��
ðS⃗N × v⃗⊥Þ · q⃗

mN

�
;

O16 ≡ −
�
ðS⃗χ × v⃗⊥Þ · q⃗

mN

��
S⃗N ·

q⃗
mN

�
ð6Þ

(note the dependence O16 ¼ O15 þ q2

m2
N
O12).

Upon detecting DM scattering off nuclei, the subsequent
step involves scrutinizing the specific nature of the mea-
sured interaction between DM and nucleons. It is essential
to note that each set of terms sharing the same WIMP
current part and γ5 coupling (21-24, 25-27, 28-30, 31-32,
33-36, 37-39, 40-42, and 43-44 in Table I) should possess
the same new-physics form factor, multiplied by the

corresponding nucleon tensor form-factor gT or g̃ðiÞT , con-
tingent on the nuclear current part as outlined in Eq. (3).
Calculations for nucleon tensor form-factors are available,
see Ref. [39] and references within for gT, and, e.g., [36],
for the other form factors. So despite the seemingly
numerous terms, the tensor WIMP-nucleon interaction
introduces only four plus four (the regular tensor couplings
plus the γ5 tensor couplings) new-physics coefficients for
the measurements to constrain.

Identifying the operators associated with each symmetry
case is pivotal for discerning the nature of theWIMP-nucleon
interaction and determining its symmetries.Once an operator
aligns with measured data, knowing all the symmetries it is
involved in becomes imperative. Therefore, although the
tensor terms do not introduce new operators, their operator
reduction is necessary to establish whether the WIMP-
nucleon interaction consists of tensor symmetry.

μ → e conversion. Unlike the interaction of DM with
nuclei, elastic μ → e conversion involves certain tensor
terms that encompass operators absent from non-tensor
cases, as emphasized in [23,24]. Following the NRET
framework for μ → e conversion as constructed in the
references above, we employ the lepton (nucleon) identity
operators 1L (1N), along with five dimensionless Hermitian
three-vectors: iq̂, where q̂ is the unit vector along the three-

momentum transfer to the leptons; v⃗N ≡ p⃗iþp⃗f

2mN
, representing

the nuclear velocity and symmetrically combining the

initial and final nucleon velocities p⃗i
mN

and p⃗f

mN
; v⃗μ denoting

the muon velocity relative to the center-of-mass of the
nucleons; and σ⃗L and σ⃗N , representing the spins of the
leptons and the nucleons, respectively.
Conducting a parallel reduction to that performed for

WIMPs scattering, we commence from the same four
possible tensor Lorentz-invariant terms presented in
Eq. (3). These are all the tensor possible contact terms
(refer to [40] for further discussion on noncontact terms). In
the Standard Model effective field theory (SMEFT)
Lagrangian, a singular tensor term exists [41,42]:

L̂SMEFT ⊃
cαβmn

Λ2
BSM

l̄JαL σμνe
β
RϵJKq̄

Km
L σμνunR: ð7Þ

Here, ΛBSM denotes the new-physics scale, c represents
the coefficient of this tensor term, and the indexes
α; β; m; n∈ f1; 2; 3g represent the generations of the
particles (further details and conventions can be found

in [34]). Applying the left lepton doublet lαL ¼
�
ναL
eαL

�
, the

left quark doublet qmL ¼ ðumLdmLÞ, and the antisymmetric

two-dimensional matrix ϵ ¼ ð 0
−1

1
0
Þ yields two terms:

ν̄αLσμνe
β
Rd̄

m
Lσ

μνunR − ēαLσμνe
β
Rū

m
Lσ

μνunR: ð8Þ
The first illustrates quark isospin exchange processes
(e.g., β-decays), while the second preserves quark isospin
and can lead to μ → e conversion when taking α ¼ 1 and
β ¼ 2, i.e.,

−ēLσμνμRūmLσμνunR: ð9Þ

Notably, this implies that μ → e conversion can only occur
with up, charm, or top quarks (for m ¼ n ¼ 1, 2, or 3,
respectively).
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In contrast to the WIMPs case, elastic μ → e conversion
occurs at a fixed momentum q ∼mμ. In addition, the
electron is assumed to be fully relativistic. Employing
the operators described in [23,24] with the appropriate

order count and hierarchy scale q
mL

> q
mN

∼ vN > vμ, we
obtain the nucleon-level nonrelativistic reduction for elastic
μ → e conversion presented in Table II, consisting with the
μ → e nonrelativistic operators:

TABLE I. The second column showcases the tensor Lagrangian densities Lj
int corresponding to WIMP-nucleus scattering, with the

index j enumerated in the first column. The terms encompass scalar and vector contributions outlined in [9] (j∈ f1; 2;…; 20g),
augmented here by the inclusion of previously unaccounted tensor terms. In the third column, the operators resulting from the
nonrelativistic reduction between Pauli spinors are presented, while the fourth column illustrates the associated effective interactions
expressed in terms of the NRET operators defined in Eq. (6). Further details can be found in [9].

j Lj
int Pauli operator reduction ΣiciOi

21 χ̄σμνχN̄σμνN 8
σ⃗χ
2
· σ⃗N
2
þOð 1

m2Þ 8O4

22 χ̄σμνχN̄ð qμmM
γν −

qν
mM

γμÞN − iq2

mχmM
1χ1N − 4

mM

σ⃗χ
2
· ðq⃗ × v⃗⊥Þ −i q2

mMmχ
O1 þ 4i mN

mM
O5

þ 4i
mNmM

½ðσ⃗N
2
· q⃗Þðσ⃗χ

2
· q⃗Þ − q2ðσ⃗χ

2
· σ⃗N

2
Þ� þOð 1

m3Þ þ4i mN
mM

O6 − 4i q2

mMmN
O4

23 χ̄σμνχN̄ð qμmM

Kν
mM

− qν
mM

Kμ

mM
ÞN −2i mN

mχ

q2

m2
M
1χ1N − 8 mN

m2
M

σ⃗χ
2
· ðq⃗ × v⃗⊥Þ þOð 1

m4Þ −2i mN
mχ

q2

m2
M
O1 þ 8i m

2
N

m2
M
O5

24 χ̄σμνχN̄ðγμ =q
mM

γν − γν
=q
mM

γμÞN 16iðσ⃗χ
2
· q⃗
mM

Þðσ⃗N
2
· v⃗⊥Þ þOð 1

m3Þ 16 mN
mM

O14

25 χ̄ð qμmM
γν − qν

mM
γμÞχN̄σμνN iq2

mNmM
1χ1N þ 4

mM

σ⃗N
2
· ðq⃗ × v⃗⊥Þ i q2

mNmM
O1 − 4i mN

mM
O3

þ 4i
mχmM

½q2ðσ⃗χ
2
· σ⃗N
2
Þ − ðq⃗ · σ⃗χ

2
Þðq⃗ · σ⃗N

2
Þ� þOð 1

m4Þ þ4i q2

mχmM
O4 − 4i m2

N
mχmM

O6

26 χ̄ð qμmM
γν − qν

mM
γμÞχN̄ð qμmM

γν −
qν
mM

γμÞN − iq2

mχmM
1χ1N − 4

mM

σ⃗χ
2
· ðq⃗ × v⃗⊥Þ −i q2

mχmM
O1 þ 4i mN

mM
O5

þ 4i
mNmM

½ðσ⃗N
2
· q⃗Þðσ⃗χ

2
· q⃗Þ − q2ðσ⃗χ

2
· σ⃗N

2
Þ� þOð 1

m4Þ þ4i mN
mM

O6 − 4i q2

mNmM
O4

27 χ̄ð qμmM
γν − qν

mM
γμÞχN̄ð qμ

mM

Kν
mM

− qν
mM

Kμ

mM
ÞN −4 mN

mM

q2

m2
M
1χ1N þOð 1

m4Þ −4 mN
mM

q2

m2
M
O1

28 χ̄ð qμ

mM

Pν

mM
− qν

mM

Pμ

mM
ÞχN̄σμνN 2i mχ

mN

q2

m2
M
1χ1N þ 8

mχ

m2
M

σ⃗N
2
· ðq⃗ × v⃗⊥Þ þOð 1

m4Þ 2i mχ

mN

q2

m2
M
O1 − 8i mχmN

m2
M

O3

29 χ̄ð qμmM

Pν

mM
− qν

mM

Pμ

mM
ÞχN̄ð qμmM

γν −
qν
mM

γμÞN −4 mχ

mM

q2

m2
M
1χ1N þOð 1

m4Þ −4 mχ

mM

q2

m2
M
O1

30 χ̄ð qμ

mM

Pν

mM
− qν

mM

Pμ

mM
ÞχN̄ð qμmM

Kν
mM

− qν
mM

Kμ

mM
ÞN −8 mχmN

m2
M

q2

m2
M
1χ1N þOð 1

m4Þ −8 mχmN

m2
M

q2

m2
M
O1

31 χ̄ðγμ =q
mM

γν − γν =q
mM

γμÞχN̄σμνN −16iðσ⃗χ
2
· v⃗⊥Þðσ⃗N

2
· q⃗
mM

Þ þOð 1
m4Þ −16 mN

mM
O13

32 χ̄ðγμ =q
mM

γν − γν =q
mM

γμÞχN̄ðγμ =q
mM

γν − γν
=q
mM

γμÞN 32
m2

M
½q2ðσ⃗χ

2
· σ⃗N
2
Þ − ðσ⃗N

2
· q⃗Þðσ⃗χ

2
· q⃗Þ� þOð 1

m4Þ 32 q2

m2
M
O4 − 32

m2
N

m2
M
O6

33 χ̄σμνχN̄σμνγ5N −2ðσ⃗N
2
· q⃗
mχ
Þ þ 2ðσ⃗χ

2
· q⃗
mN
Þ 2i mN

mχ
O10 − 2iO11

þ8i σ⃗χ
2
· ðσ⃗N

2
× v⃗⊥Þ þOð 1

m3Þ þ8iO12

34 χ̄σμνχN̄ð qμmM
γν −

qν
mM

γμÞγ5N −8 σ⃗χ
2
· ðσ⃗N

2
× q⃗

mM
Þ þOð 1

m3Þ 8i mN
mM

O9

35 χ̄σμνχN̄ð qμ
mM

Kν
mM

− qν
mM

Kμ

mM
Þγ5N −2i q2

m2
M
ð q⃗
mχ

· σ⃗N
2
Þ þ 8ðσ⃗χ

2
× v⃗⊥Þ · q⃗

mM
ðσ⃗N
2
· q⃗
mM

Þ þOð 1
m5Þ −2 mN

mχ

q2

m2
M
O10 − 8

m2
N

m2
M
O16

36 χ̄σμνχN̄ðγμ =q
mM

γν − γν
=q
mM

γμÞγ5N −8 σ⃗χ
2
· q⃗
mM

þOð 1
m3Þ 8i mN

mM
O11

37 χ̄ð qμ

mM
γν − qν

mM
γμÞχN̄σμνγ5N 4i q⃗

mM
· σ⃗N
2
þOð 1

m3Þ 4 mN
mM

O10

38 χ̄ð qμmM
γν − qν

mM
γμÞχN̄ð qμ

mM
γν −

qν
mM

γμÞγ5N 4 q2

m2
M
½ðv⃗⊥ · σ⃗N

2
Þ − i σ⃗χ

2
· ðσ⃗N

2
× q⃗

mχ
Þ� þOð 1

m5Þ 4 q2

m2
M
ðO7 −

mN
mχ

O9Þ
39 χ̄ð qμ

mM
γν − qν

mM
γμÞχN̄ð qμmM

Kν
mM

− qν
mM

Kμ

mM
Þγ5N −2 q2

m2
M
ðσ⃗N
2
· q⃗
mM

Þ þOð 1
m5Þ 2i mN

mM

q2

m2
M
O10

40 χ̄ð qμmM

Pν

mM
− qν

mM

Pμ

mM
ÞχN̄σμνγ5N 8i mχ

mM
ð q⃗
mM

· σ⃗N
2
Þ þOð 1

m3Þ 8
mχmN

m2
M

O10

41 χ̄ð qμ

mM

Pν

mM
− qν

mM

Pμ

mM
ÞχN̄ð qμmM

γν −
qν
mM

γμÞγ5N 8
mχ

mM

q2

m2
M
ðv⃗⊥ · σ⃗N

2
Þ þOð 1

m5Þ 8
mχ

mM

q2

m2
M
O7

42 χ̄ð qμmM

Pν

mM
− qν

mM

Pμ

mM
ÞχN̄ð qμ

mM

Kν
mM

− qν
mM

Kμ

mM
Þγ5N −8 mχ

mM

q2

m2
M
ð q⃗
mM

· σ⃗N
2
Þ þOð 1

m5Þ 8i mχmN

m2
M

q2

m2
M
O10

43 χ̄ðγμ =q
mM

γν − γν =q
mM

γμÞχN̄σμνγ5N −8 σ⃗χ
2
· ðσ⃗N

2
× q⃗

mM
Þ þOð 1

m3Þ 8i mN
mM

O9

44 χ̄ðγμ =q
mM

γν − γν =q
mM

γμÞχN̄ðγμ =q
mM

γν − γν
=q
mM

γμÞγ5N −16 q2

m2
M
½ðv⃗⊥ · σ⃗χ

2
Þ − i σ⃗χ

2
· ðσ⃗N

2
× q⃗

mN
Þ� þOð 1

m5Þ −16 q2

m2
M
ðO8 −O9Þ
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O1 ≡ 1L1N;

O3 ≡ 1Liq̂ · ðv⃗N × σ⃗NÞ;
O4 ≡ σ⃗L · σ⃗N;

O5 ≡ σ⃗L · ðiq̂ × v⃗NÞ;
O6 ≡ ðiq̂ · σ⃗LÞðiq̂ · σ⃗NÞ;
O7 ≡ 1Lv⃗N · σ⃗N;

O8 ≡ σ⃗L · v⃗N;

O9 ≡ σ⃗L · ðiq̂ × σ⃗NÞ;
O10 ≡ 1Liq̂ · σ⃗N;

O11 ≡ iq̂ · σ⃗L1N;

O12 ≡ σ⃗L · ðv⃗N × σ⃗NÞ;
O0

13 ≡ σ⃗L · ½iq̂ × ðv⃗N × σ⃗NÞ�;
O14 ≡ ðiq̂ · σ⃗LÞðv⃗N · σ⃗NÞ;
O15 ≡ ðiq̂ · σ⃗LÞ½iq̂ · ðv⃗N × σ⃗NÞ�;
O0

16 ≡ ðiq̂ · σ⃗LÞðiq̂ · v⃗NÞ: ð10Þ

Furthermore, accounting for the muon velocity v⃗μ generates
nuclear form factor corrections. These corrections are
suppressed by the ratio of the average values of the lower

and upper components of the muon, hfihgi, where f and g are

the Coulomb Dirac solutions (see Ref. [23] for details).
This leads to all the additional, smaller operators denoted
by the superscript f:

Of0
2 ≡ iq̂ ·

v⃗μ
2
1N;

Of
3 ≡ iq̂ ·

�
v⃗μ
2
× σ⃗L

�
1N;

Of
5 ≡

�
iq̂ ×

v⃗μ
2

�
· σ⃗N;

Of
7 ≡ v⃗μ

2
· σ⃗L1N;

Of
8 ≡

v⃗μ
2
· σ⃗N;

Of
12 ≡

�
v⃗μ
2
× σ⃗L

�
· σ⃗N;

Of0
13 ≡

�
iq̂ ×

�
v⃗μ
2
× σ⃗L

��
· σ⃗N;

Of
14 ≡

�
v⃗μ
2
· σ⃗L

�
ðiq̂ · σ⃗N

�
;

Of
15 ≡

�
iq̂ ·

�
v⃗μ
2
× σ⃗L

��
ðiq̂ · σ⃗NÞ;

Of0
16 ≡

�
iq̂ ·

v⃗μ
2

�
ðiq̂ · σ⃗NÞ: ð11Þ

In the leading order (dimension-six) of SMEFT, only
the terms with χ̄eσ

μνχμ appear. These are the first four
terms (j∈ f21; 22; 23; 24g) listed in Table II, and their γ5
variations (j∈ f33; 34; 35; 36g). These four terms, and
separately, their γ5 variations, should share the same
leptonic coupling constant, to be multiplied by the appro-

priate tensor form factor, gT or g̃ðiÞT , depending on the
specific nuclear Lorentz-invariant term from Eq. (3). All
other j-terms require higher dimensions of SMEFT.
As highlighted in [23,24], the tensor coupling intro-

duces new operators absent in the non-tensor cases.
Specifically, O3 and O0

13 manifest in the tensor-mediated
interaction χ̄eσμνχμN̄σμνN (equivalent, up to its sign, to the
interaction χ̄eiσμνγ5χμN̄iσμνγ5N explored in [23,24]). This
term possesses the potential to induce coherent effects,
as discussed in the references above. Here we find that
O3 and O0

13 also appear separately: O3 in the terms
χ̄eðq̂μγν − q̂νγμÞχμN̄σμνN and χ̄eðq̂αvνμ − q̂νvαμÞχμN̄σανN,
and O0

13 in the term χ̄eðγμ=̂qγν − γν=̂qγμÞχμN̄σμνN. As
a result, their contributions can be distinguished.
In addition, we find that O12 and O15, which

were not generated before, manifest in the tensor-
mediated interaction χ̄eðq̂μγν − q̂νγμÞχμN̄σμνγ5N, as well
as separately: O12 in χ̄eσ

μνχμN̄σμνγ5N, and O15 in
χ̄eðγμ=̂qγν − γν=̂qγμÞχμN̄σμνγ5N. If one of these four new
operators aligns with observed data, potentially enhanced
by coherent effects, it would indicate that CLFV manifests
a tensor nature, given that these operators are not linked
to any other symmetry.

Conclusions and outlook. NRET, as emphasized in [23],
offers a systematic framework for meticulous data analysis
upon detecting CLFV or DM scattering, enabling the
determination of the underlying nature of the new physics.
Addressing the crucial gap in NRET, this study leverages
an innovative technique to decompose antisymmetric
tensor-type interactions, expanding NRETwith vital tensor
symmetries and creating a new avenue within the existing
framework.
The inclusion of the missing tensor terms significantly

impacts ongoing experiments. A comprehensive under-
standing of NREToperators, including their involvement in
the tensor symmetry, as outlined in Table I for DM and
Table II for μ → e, is imperative for discerning tensor
involvement in CLFV or DM scattering—a critical aspect
overlooked by previous studies.
The author hopes that the provided comprehensive

tables, featuring the previously missing tensor-mediator
terms, and generating the last missing operators of the
μ → e conversion, will benefit the broad community
exploring BSM physics. These findings have the potential
to contribute essential insights for ongoing and future
experiments, deepening the understanding of tensor con-
tributions in these new-physics processes.
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TABLE II. The second column showcases the tensor Lagrangian densities Lj
int corresponding to elastic μ → e conversion, with the

index j enumerated in the first column. The terms encompass scalar and vector contributions outlined in [23] (j∈ f1; 2;…; 20g),
augmented here by the inclusion of previously unaccounted tensor terms. In the third column, the operators resulting from a
nonrelativistic reduction between Pauli spinors are presented, while the fourth column illustrates the associated effective interactions
expressed in terms of the NRET operators defined in Eqs. (10) and (11). Further details can be found in [23].

j Lj
int Pauli operator reduction ΣiciOi

21 χ̄eσ
μνχμN̄σμνN − q

mN
1L1N − 2i1Lq̂ · ðv⃗N × σ⃗NÞ þ 2σ⃗L · σ⃗N þ 2σ⃗L · ½q̂ × ðv⃗N × σ⃗NÞ� − q

mN
O1 − 2O3 þ 2O4 − 2iO0

13

þiðq̂ × v⃗μÞ · σ⃗N − ðv⃗μ · σ⃗LÞðq̂ · σ⃗NÞ − ½q̂ × ðv⃗μ × σ⃗LÞ� · σ⃗N þOð q2m2
N
Þ þ2Of

5 þ 2iOf
14 þ 2iOf0

13

22 χ̄eσ
μνχμN̄ð qμmN

γν −
qν
mN

γμÞN q
mN

½−2i1L1N þ i q
mN

ðσ⃗L · σ⃗NÞ þ i q
mN

ðq̂ · σ⃗NÞðσ⃗L · q̂Þ i q
mN

ð−2O1 þ q
mN

O4 −
q
mN

O6

−2σ⃗L · ðq̂ × v⃗NÞ þ iðv⃗μ · q̂Þ1N − q̂ · ðv⃗μ × σ⃗LÞ1N � þOð q3m3
N
Þ þ2O5 − 2iOf0

2 þ 2Of
3Þ

23 χ̄eσ
μνχμN̄ð qμmN

vNν −
qν
mN

vNμÞN q
mN

½−2i1L · 1N þ 2σ⃗L · ðq̂ × v⃗NÞ þ iðq̂ · v⃗μÞ1N − q̂ · ðv⃗μ × σ⃗LÞ1N � þOð q3m3
N
Þ 2 q

mN
ð−iO1 − iO5 þOf0

2 þ iOf
3Þ

24 χ̄eσ
μνχμN̄ðγμ =q

mN
γν − γν

=q
mN

γμÞN −4i q
mN

fðσ⃗L · σ⃗NÞ − ðσ⃗L · q̂Þðσ⃗N · q̂Þ þ ðq̂ · σ⃗LÞðv⃗N · σ⃗NÞ −4i q
mN

ðO4 þO6 − iO14

þiðq̂ × v⃗μ
2
Þ · σ⃗N − ½q̂ × ðv⃗μ

2
× σ⃗LÞ� · σ⃗Ng þOð q3m3

N
Þ þOf

5 þ iOf0
13Þ

25 χ̄eðq̂μγν − q̂νγμÞχμN̄σμνN 2iðσ⃗L · σ⃗NÞ − 2iðq̂ · σ⃗LÞðq̂ · σ⃗NÞ þ i
2

q
mN

1L1N − 1Lq̂ · ðv⃗N × σ⃗NÞ ið2O4 þ 2O6 þ 1
2

q
mN

O1 þO3

þðq̂ × v⃗μÞ · σ⃗N þ i½q̂ × ðv⃗μ × σ⃗LÞ� · σ⃗N þOð q2m2
N
Þ −2Of

5 − 2iOf0
13Þ

26 χ̄eðq̂μγν − q̂νγμÞχμN̄ð qμmN
γν −

qν
mN

γμÞN q
mN

½−1L1N þ q
mN

ðσ⃗L · σ⃗NÞ − q
mN

ðq̂ · σ⃗LÞðq̂ · σ⃗NÞ q
mN

ð−O1 þ q
mN

O4 þ q
mN

O6

þ2iσ⃗L · ðq̂ × v⃗NÞ − ðq̂ · v⃗μÞ1N − iq̂ · ðv⃗μ × σ⃗LÞ1N � þOð q3m3
N
Þ þ2O5 þ 2iOf0

2 − 2Of
3Þ

27 χ̄eðq̂μγν − q̂νγμÞχμN̄ð qμmN
vNν −

qν
mN

vNμÞN q
mN

½−1L1N þ 2iσ⃗L · ðq̂ × v⃗NÞ q
mN

ð−O1 þ 2O5

−ðq̂ · v⃗μÞ1N − iq̂ · ðv⃗μ × σ⃗LÞ1N � þOð q3m3
N
Þ þ2iOf0

2 − 2Of
3Þ

28 χ̄eðq̂αvνμ − q̂νvαμÞχμN̄σανN 2½i
2

q
mN

1L1N − 1Lq̂ · ðv⃗N × σ⃗NÞ þ ðq̂ × v⃗μÞ · σ⃗N � þOð q2m2
N
Þ ið q

mN
O1 þ 2O3 − 4Of

5Þ
29 χ̄eðq̂αvνμ − q̂νvαμÞχμN̄ð qαmN

γν −
qν
mN

γαÞN 2 q
mN

½−1L1N þ ðq̂ · v⃗μ
2
Þ1N þ iq̂ · ðv⃗μ

2
× σ⃗LÞ1N � þOð q3m3

N
Þ 2 q

mN
ð−O1 − iOf0

2 þOf
3Þ

30 χ̄eðq̂αvνμ − q̂νvαμÞχμN̄ð qαmN
vNν −

qν
mN

vNαÞN 2 q
mN

½−1L1N þ ðq̂ · v⃗μ
2
Þ1N þ iq̂ · ðv⃗μ

2
× σ⃗LÞ1N � þOð q3m3

N
Þ 2 q

mN
ð−O1 − iOf0

2 þOf
3Þ

31 χ̄eðγμ=̂qγν − γν=̂qγμÞχμN̄σμνN −4ifðq̂ · σ⃗LÞðq̂ · σ⃗NÞ − σ⃗L · ½q̂ × ðv⃗N × σ⃗NÞ� þ ðv⃗μ
2
· σ⃗LÞðq̂ · σ⃗NÞg þOð q2m2

N
Þ 4ðiO6 þO0

13 −Of
14Þ

32 χ̄eðγμ=̂qγν − γν=̂qγμÞχμN̄ðγμ =q
mN

γν − γν
=q
mN

γμÞN 8 q
mN

fðσ⃗L · σ⃗NÞ − ðq̂ · σ⃗LÞðq̂ · σ⃗NÞ−ðq̂ · σ⃗LÞðv⃗N · σ⃗NÞ 8 q
mN

ðO4 þO6 þ iO14

−iðq̂ × v⃗μ
2
Þ · σ⃗N þ ½q̂ × ðv⃗μ

2
× σ⃗LÞ� · σ⃗Ng þOð q3m3

N
Þ −Of

5 − iOf0
13Þ

33 χ̄eσ
μνχμN̄σμνγ5N −2ð1Lq̂ · σ⃗NÞ − 2iσ⃗L · ðq̂ × σ⃗NÞ þ q

mN
ðq̂ · σ⃗LÞ1N −2O9 þ 2iO10 − i q

mN
O11

þ2iσ⃗L · ðv⃗N × σ⃗NÞ þ v⃗μ · σ⃗N þ iðv⃗μ × σ⃗LÞ · σ⃗N þOð q2m2
N
Þ þ2iO12 þ 2Of

8 þ 2iOf
12

34 χ̄eσ
μνχμN̄ð qμmN

γν −
qν
mN

γμÞγ5N q
mN

½2σ⃗L · ðq̂ × σ⃗NÞ − 2i1Lðv⃗N · σ⃗NÞ 2 q
mN

ð−iO9 − iO7

þiðv⃗μ · σ⃗NÞ − ðv⃗μ × σ⃗LÞ · σ⃗N þiOf
8 −Of

12

þq̂ · ðv⃗μ × σ⃗LÞðq̂ · σ⃗NÞ − iðq̂ · v⃗μÞðq̂ · σ⃗NÞ� þOð q3m3
N
Þ −Of

15 þ iOf0
16Þ

35 χ̄eσ
μνχμN̄ð qμmN

vNν −
qν
mN

vNμÞγ5N −i q2

m2
N
1Lðq̂ · σ⃗NÞ þOð q3m3

N
Þ − q2

m2
N
O10

36 χ̄eσ
μνχμN̄ðγμ =q

mN
γν − γν

=q
mN

γμÞγ5N 2 q
mN

½−2iq̂ · σ⃗L1N − 2iσ⃗L · v⃗N þ 2iðq̂ · σ⃗LÞðq̂ · v⃗NÞ −4 q
mN

ðO11 þ iO8 þ iO0
16

þ q
mN

σ⃗L · ðq̂ × σ⃗NÞ þ iv⃗μ · σ⃗L1N � þOð q3m3
N
Þ þi q

2mN
O9 − iOf

7Þ
37 χ̄eðq̂μγν − q̂νγμÞχμN̄σμνγ5N i1Lðq̂ · σ⃗NÞ − 2σ⃗L · ðv⃗N × σ⃗NÞ þ 2ðq̂ · σ⃗LÞq̂ · ðv⃗N × σ⃗NÞ 2ð1

2
O10 −O12 −O15

−q̂ · ðv⃗μ × σ⃗LÞðq̂ · σ⃗NÞ þ iðq̂ · v⃗μÞðq̂ · σ⃗NÞ þOð q2m2
N
Þ þOf

15 − iOf0
16Þ

38 χ̄eðq̂μγν − q̂νγμÞχμN̄ð qμmN
γν −

qν
mN

γμÞγ5N q
mN

½2iσ⃗L · ðq̂ × σ⃗NÞ − 1Lðv⃗N · σ⃗NÞ 2 q
mN

ðO9 − 1
2
O7

þðv⃗μ · σ⃗NÞ þ iðv⃗μ × σ⃗LÞ · σ⃗N þOf
8 þ iOf

12

−iq̂ · ðv⃗μ × σ⃗LÞðq̂ · σ⃗NÞ − ðq̂ · σ⃗NÞðq̂ · v⃗μÞ� þOð q3m3
N
Þ þiOf

15 þOf0
16Þ

39 χ̄eðq̂μγν − q̂νγμÞχμN̄ð qμmN
vNν −

qν
mN

vNμÞγ5N − 1
2
q2

m2
N
1Lðq̂ · σ⃗NÞ þOð q3m3

N
Þ i

2
q2

m2
N
O10

40 χ̄eðq̂αvνμ − q̂νvαμÞχμN̄σανγ5N 2i1Lq̂ · σ⃗N þ q̂ · ðv⃗μ × σ⃗LÞðq̂ · σ⃗NÞ 2ðO10 −Of
15

−iðq̂ · v⃗μÞðq̂ · σ⃗NÞ þOð q2m2
N
Þ þiOf0

16Þ
41 χ̄eðq̂αvνμ − q̂νvαμÞχμN̄ð qαmN

γν −
qν
mN

γαÞγ5N 2 q
mN

½−1Lðv⃗N · σ⃗NÞ þ ðv⃗μ · σ⃗NÞ 2 q
mN

ð−O7 þ 2Of
8

−ðq̂ · v⃗μÞðq̂ · σ⃗NÞ� þOð q3m3
N
Þ þ2Of0

16Þ
42 χ̄eðq̂αvνμ − q̂νvαμÞχμN̄ð qαmN

vNν −
qν
mN

vNαÞγ5N q2

m2
N
½−1Lðq̂ · σ⃗NÞ þ iq̂ · ðv⃗μ

2
× σ⃗LÞðq̂ · σ⃗NÞ q2

m2
N
ðiO10 − iOf

15

þðq̂ · v⃗μ
2
Þðq̂ · σ⃗NÞ� þOð q4m4

N
Þ −Of0

16Þ
43 χ̄eðγμ=̂qγν − γν=̂qγμÞχμN̄σμνγ5N −2½−2σ⃗L · ðq̂ × σ⃗NÞ þ i q

mN
ðq̂ · σ⃗LÞ1N −4ðiO9 þ q

2mN
O11

−2ðq̂ · σ⃗LÞq̂ · ðv⃗N × σ⃗NÞ þ iv⃗μ · σ⃗N − ðv⃗μ × σ⃗LÞ · σ⃗N þO15 þ iOf
8 −Of

12

þq̂ · ðv⃗μ × σ⃗LÞðq̂ · σ⃗NÞ − iðq̂ · v⃗μÞðq̂ · σ⃗NÞ� þOð q2m2
N
Þ −Of

15 þ iOf0
16Þ

44 χ̄eðγμ=̂qγν − γν=̂qγμÞχμN̄ðγμ =̂q
mN

γν − γν
=̂q
mN

γμÞγ5N 8 q
mN

½−ðq̂ · σ⃗LÞ1N þ ðσ⃗L · v⃗NÞ þ i q
2mN

σ⃗L · ðq̂ × σ⃗NÞ 8 q
mN

ðiO11 þO8 þ q
2mN

O9

−ðq̂ · σ⃗LÞðq̂ · v⃗NÞ − ðv⃗μ
2
· σ⃗LÞ1N � þO

�
q3

m3
N

�
þO0

16 −Of
7Þ
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Looking forward, while this letter discussed the tensor
contact-level interaction between nuclear and BSM currents,
it is important to also consider the potential impact of
effective tensor couplings to photons and pions at the quark
level (e.g., utilizing the electromagnetic field tensor Fμν),
enabling contributions through particle exchange [13,40].
These new operators can also contribute via renormalization
group evolution, potentially generating scalar interactions.
Despite typically small coupling constants compared to
contact interactions, their spin-independent nature allows
significant contributions. Further exploration, including all
possible tensor terms [Eq. (3)], is encouraged for a compre-
hensive understanding of their implications.
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