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The nonrelativistic effective field theory (NRET) is widely used in dark matter direct detection and
charged-lepton flavor violation studies through 4 — e conversion. However, existing literature has not fully
considered tensor couplings. This study fills this gap by utilizing an innovative tensor decomposition
method, extending NRET to incorporate previously overlooked tensor interactions. This development is
expected to have a significant impact on ongoing experiments seeking physics beyond the Standard Model
and on our understanding of the new-physics interactions. Notably, we identify additional operators in
u — e conversion that are absent in scalar and vector couplings. To support further research and
experimental analyses, comprehensive tables featuring tensor matrix elements and their corresponding

operators are provided.
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Cosmological and astrophysical observations have estab-
lished that about 25% of the energy density in our universe is
attributed to dark matter (DM), a form of matter that rarely
interacts with regular matter and has not yet been directly
observed [1-3]. This matter serves as an explanation for
certain gravitational phenomena, such as the angular velocity
of gas clouds around galaxies, and the motion of galaxies
within clusters, which appear to be operating under the
influence of additional mass that cannot be detected. As DM
candidates are naturally predicted by extensions of the
Standard Model (SM) of particle physics [4], unraveling
the nature of DM remains a paramount challenge in particle
physics and astrophysics.

A prominent DM candidate is weakly interacting mas-
sive particles (WIMPs) [2]. WIMPs interact with quarks,
enabling their detection through elastic scattering off nuclei
[5]. The momentum transfer in such interactions typically
lies around g~ 100 MeV [6]. In recent years, direct
detection experiments have been introduced that are tail-
ored to this energy range [7]. Earth-based detectors aim to
capture interactions of extraterrestrial DM by measuring the
recoil energy of nuclei, indicative of DM scattering events.

Assessing how nuclei respond to WIMPs requires
matching WIMP-quark couplings to WIMP-nucleon
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currents. Given the non-perturbative nature of QCD at
low energies, this is best accomplished using effective
theories. In the literature, two methods have been utili-
zed: nonrelativistic effective field theory (NRET, also
known as NREFT) [8—10], and chiral effective field theory
(yEFT) [3,6,7,11].

In both theories, the coupling structure is solely deter-
mined by symmetry considerations. However, early works
[7-9,12] overlooked the tensor symmetry coupling, crucial
for understanding the nature of DM-nucleon interaction
once it is detected, analogous to the identification of the
V — A structure of weak interactions in the SM during the
previous century. Only recently, the tensor symmetry
coupling has been incorporated into yEFT [13], but it is
still missing in NRET. Due to the extensive use of NRET in
various DM search applications, such as software programs
(e.g., [9,14]), numerical calculations (e.g., [10,15]), direct
detection experiments (e.g., [16,17]), and forecasts for new
measurement opportunities (e.g., [18]), this gap cannot be
ignored.

The utility of NRET extends beyond DM interactions
with nuclei, encompassing explorations into other physics
beyond the Standard Model (BSM). The 2015 Nobel Prize
for establishing the flavor oscillations of neutrinos further
motivated the search for additional flavor-violation among
charged leptons. A notable charged-lepton flavor-violating
(CLFV) process is muon-to-electron (4 — e) conversion,
where a muon transforms into an electron.

Several experiments aim to detect this conversion, such as
Mu2e at Fermilab [19,20], and COMET [21,22] and DeeMe
at J-PARC, poised to significantly advance CLFV limits
on the branching ratios by four orders of magnitude [23].
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These experiments seek evidence of 4 — e conversion within a
nucleus, requiring accurate predictions incorporating all known
symmetries. Recent studies underscored the effectiveness of
NRET in calculating 4 — e conversion [23,24], introducing a
nuclear-level effective theory for this process, and highlighting
the potential of the missing tensor mediators to introduce
operators not found in other symmetries.

We have recently developed a method for decomposing
fermionic tensor-type interactions based on their antisym-
metric nature [25]. This method has proven to be highly
useful in describing the impact of BSM tensor symmetry on
different interactions, including precision studies of -decay
[25,26], neutrino scattering [27], and more [25,28], and led to
new experiments [29-31] and tools [32]. As indicated in [28],
this tensor-decomposing approach can readily provide the
missing tensor terms crucial for understanding the nature of
DM and CLFV interactions upon their detection.

This letter fills the gap in these two seemingly disparate but
framework-sharing BSM searches, employing the tensor-
decomposing approach [25]. We introduce NRET and its
tensor completion for DM, followed by 4 — e conversion.

DM direct detection. DM detection necessitates structure
factors for elastic WIMP-nucleus scattering, which are
particularly sensitive to the nuclear structure inherent in
spin-dependent WIMP-nucleon interactions. Let us consider a
contact interaction involving a spin-half WIMP denoted as y
and anucleon represented by N. In the framework of NRET, the
comprehensive Lagrangian density is expressed as follows [8]:

Lin = 7O xNOyN. (1)

Here, the properties of the WIMP operator O, and the nucleon
operator Oy are determined by enforcing their corresponding
symmetries, which may take the form of any of the bilinear
covariants: scalar (including pseudoscalar), vector (including
axial-vector), and tensor. By considering the scalar and vector
symmetries, it has been demonstrated that the contact
Lagrangian density, at leading order in p/m, and k/my
(where p* and k* are the four-momenta of the DM and
nucleon, respectively, and 2, and m are their masses), can be
expressed in terms of 16 nonrelativistic operators [8,9]:

ﬁim = 21'1215'1'@1‘ _)(NN, (2)

where the operators O; are constructed from the DM (nucleon)
identity operators 1, (ly), and the three-vectors: imiN,

P _K g
2m,  2my> "X
g’ = p’; —-pi =k - k’; denotes the 4-momentum transfer,
Pt = plf 4 pl, K =K + K, K (1) and pff (p)) are the
incoming (outgoing) 4-momenta, and 6, (Gy) is the spin
operator of the DM (nucleon).

To incorporate the missing tensor symmetry into the
framework, we write the interaction of the DM and the

nucleons using all the possible Lorentz-invariant tensor
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terms, similar to how nontensor terms were treated [8,9].
We conclude them based on the general form of the single-
nucleon matrix element between nuclear states of the tensor
part of the nuclear current [33,34]:
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which consists of all the possible Lorentz-invariant
tensor combinations. Here we use the nowadays con-
vention for the gamma matrices y, and their commutator

o, (see, e.g., [37]). The form factors g? (ie{1,2,3})
are defined as the dimensionless version of the standard
tensor form factors gy) given in [34].> We assume a
similar matrix element for the WIMP tensor current
between the initial and final WIMP states, differing only
in the form factors, and exclude the isospin operator
% (a€{l,2,3}).

Given the presence of four Lorentz-invariant tensor terms
in the current, there exist 16 potential combinations for the
tensor coupling between the nuclear and WIMPs currents,
but 4 of them will vanish, leaving us with only 12 combi-
nations. As done by Lee and Yang for the weak interaction
[38], to these 12 basic combinations we add their ys
variations, resulting in 24 new combinations. Utilizing the
antisymmetric tensor-current decomposition [25]:

-7 i
Ji = _—eijkjjkv

V2
jiT, = \/1701" (4)

and applying the following identity for each combination of
two tensor-terms coupling:

Jud® ==l T+ T, (5)

'The last term is absent in some of the literature (see, e.g.,
[35,36]) due to its classification as a second-class current which
vanishes in the isospin limit [34,35]. However, due to the lack of
specific knowledge regarding the interaction, this analysis takes a
comprehensive approach to ensure we do not overlook any
possible contributions. L

We introduce the redefined form factors as follows: g, ' = mTM,
@ _ 3 & ]
gy = mL;l and g; = mTM, where m,, is the relevant theory-

dependent mass scale (e.g., the nucleon mass) given
a model context. This adjustment was made to align this work
with [9], where similar theory-dependent masses were utilized.
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we achieve a nonrelativistic reduction in leading orders in
1/mass for each combination. These reductions, listed in
Table I, give rise to all the nonrelativistic operators already
existing in the scalar and vector cases [9]:
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(note the dependence O;s = O5 + ,Z—;Olz)-

Upon detecting DM scattering off nuclei, the subsequent
step involves scrutinizing the specific nature of the mea-
sured interaction between DM and nucleons. It is essential
to note that each set of terms sharing the same WIMP
current part and ys coupling (21-24, 25-27, 28-30, 31-32,
33-36, 37-39, 40-42, and 43-44 in Table I) should possess
the same new-physics form factor, multiplied by the
corresponding nucleon tensor form-factor g or g?, con-
tingent on the nuclear current part as outlined in Eq. (3).
Calculations for nucleon tensor form-factors are available,
see Ref. [39] and references within for gr, and, e.g., [36],
for the other form factors. So despite the seemingly
numerous terms, the tensor WIMP-nucleon interaction
introduces only four plus four (the regular tensor couplings
plus the ys tensor couplings) new-physics coefficients for
the measurements to constrain.

Identifying the operators associated with each symmetry
case is pivotal for discerning the nature of the WIMP-nucleon
interaction and determining its symmetries. Once an operator
aligns with measured data, knowing all the symmetries it is
involved in becomes imperative. Therefore, although the
tensor terms do not introduce new operators, their operator
reduction is necessary to establish whether the WIMP-
nucleon interaction consists of tensor symmetry.

u — e conversion. Unlike the interaction of DM with
nuclei, elastic y — e conversion involves certain tensor
terms that encompass operators absent from non-tensor
cases, as emphasized in [23,24]. Following the NRET
framework for 4 — e conversion as constructed in the
references above, we employ the lepton (nucleon) identity
operators 1; (1), along with five dimensionless Hermitian
three-vectors: ig, where g is the unit vector along the three-
_ Ditp

momentum transfer to the leptons; ¥y = 2me’ representing

the nuclear velocity and symmetrically combining the

initial and final nucleon velocities n% and n% v, denoting
the muon velocity relative to the center-of-mass of the
nucleons; and 6; and Gy, representing the spins of the
leptons and the nucleons, respectively.

Conducting a parallel reduction to that performed for
WIMPs scattering, we commence from the same four
possible tensor Lorentz-invariant terms presented in
Eq. (3). These are all the tensor possible contact terms
(refer to [40] for further discussion on noncontact terms). In
the Standard Model effective field theory (SMEFT)
Lagrangian, a singular tensor term exists [41,42]:

apmn

Lsmerr D >
BSM

7] p =Km _uv,,n
Iy 0uwCR€IKq L o up. (7)

Here, Aggy denotes the new-physics scale, ¢ represents
the coefficient of this tensor term, and the indexes
a,p,m,ne{l1,2,3} represent the generations of the
particles (further details and conventions can be found

in [34]). Applying the left lepton doublet I = (';Z>, the
L

ul' . .
dé,,), and the antisymmetric

two-dimensional matrix € = (% }) yields two terms:

left quark doublet ¢ = (

ﬂZoﬂyeﬁt?Z’a””uﬁ - éﬁaﬂyeﬁﬁ’f(f"”u’é. (8)
The first illustrates quark isospin exchange processes
(e.g., p-decays), while the second preserves quark isospin
and can lead to 4 — e conversion when taking @« = 1 and
p=2,1ie.,

—e_Lgﬁw’uRﬁZ”G/wu%_ (9)
Notably, this implies that 4 — e conversion can only occur

with up, charm, or top quarks (for m =n =1, 2, or 3,
respectively).
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TABLE L

The second column showcases the tensor Lagrangian densities Ll
index j enumerated in the first column. The terms encompass scalar and vector contributions outlined in [9] (j€{1,2,...

int

corresponding to WIMP-nucleus scattering, with the

.20),

augmented here by the inclusion of previously unaccounted tensor terms. In the third column, the operators resulting from the
nonrelativistic reduction between Pauli spinors are presented, while the fourth column illustrates the associated effective interactions
expressed in terms of the NRET operators defined in Eq. (6). Further details can be found in [9].

J £{m Pauli operator reduction %c;0;

21 76"yNo,,N 8%~”7N+ 0(:5) 80,

22 T ANy, = ey, )N — L1y — % (Gx ) ity O *4’405
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trom 3 DG D -G RN+ 0G) 06— 4RO,
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In contrast to the WIMPs case, elastic 4 — e conversion
occurs at a fixed momentum g~ m,
electron is assumed to be fully relat1v1st1c. Employing
the operators described in [23,24] with the appropriate

. In addition, the
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u — e conversion presented in Table II, consisting with the

4 — e nonrelativistic operators:
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O] = 1L1N’

03 = 1qu . (EN X 51\]),
0453L 'EN’

Os =06, - (ig x Vy),
Os = (i - 6.)(iq - o),
O; =1,y - 0w,

08 E(?L '/I_;N,

09 = EL . (lé X 51\’)’

Op=1.iq- 3/\77

Furthermore, accounting for the muon velocity i}” generates
nuclear form factor corrections. These corrections are
suppressed by the ratio of the average values of the lower
and upper components of the muon, % where f and g are
the Coulomb Dirac solutions (see Ref. [23] for details).
This leads to all the additional, smaller operators denoted
by the superscript f:

/ A
0{65 (“1'?” (ig - o). (11)

In the leading order (dimension-six) of SMEFT, only
the terms with 7,06y, appear. These are the first four
terms (j € {21,22, 23, 24}) listed in Table II, and their y5
variations (j€{33,34,35,36}). These four terms, and
separately, their ys variations, should share the same
leptonic coupling constant, to be multiplied by the appro-

priate tensor form factor, gr or g&”, depending on the
specific nuclear Lorentz-invariant term from Eq. (3). All
other j-terms require higher dimensions of SMEFT.

As highlighted in [23,24], the tensor coupling intro-
duces new operators absent in the non-tensor cases.
Specifically, O3 and O}; manifest in the tensor-mediated
interaction ;Zeaﬂ”gﬂN 0,,N (equivalent, up to its sign, to the
interaction 7,ic**y°y,Nic,,y’ N explored in [23,24]). This
term possesses the potential to induce coherent effects,
as discussed in the references above. Here we find that
O; and O}, also appear separately: Oz in the terms
)Ze(qﬂyb - QD]/”))(”NGW,N and )?e(é\](lvz - QDU;Z)X”NG(IVN,
and Oy in the term 7.(r*qr* —v'4r")x,No,N. As
a result, their contributions can be distinguished.

In addition, we find that O}, and O;5, which
were not generated before, manifest in the tensor-
mediated interaction 7,(4*y" — §*y*)x,No,,rsN, as well
as separately: O, in )230””)(,41\70,41/751\’ , and O;5 in
7.(ray” — v'ar*)x No,,ysN. 1f one of these four new
operators aligns with observed data, potentially enhanced
by coherent effects, it would indicate that CLFV manifests
a tensor nature, given that these operators are not linked
to any other symmetry.

Conclusions and outlook. NRET, as emphasized in [23],
offers a systematic framework for meticulous data analysis
upon detecting CLFV or DM scattering, enabling the
determination of the underlying nature of the new physics.
Addressing the crucial gap in NRET, this study leverages
an innovative technique to decompose antisymmetric
tensor-type interactions, expanding NRET with vital tensor
symmetries and creating a new avenue within the existing
framework.

The inclusion of the missing tensor terms significantly
impacts ongoing experiments. A comprehensive under-
standing of NRET operators, including their involvement in
the tensor symmetry, as outlined in Table I for DM and
Table II for 4 — e, is imperative for discerning tensor
involvement in CLFV or DM scattering—a critical aspect
overlooked by previous studies.

The author hopes that the provided comprehensive
tables, featuring the previously missing tensor-mediator
terms, and generating the last missing operators of the
u — e conversion, will benefit the broad community
exploring BSM physics. These findings have the potential
to contribute essential insights for ongoing and future
experiments, deepening the understanding of tensor con-
tributions in these new-physics processes.
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TABLE II. The second column showcases the tensor Lagrangian densities Elm corresponding to elastic 4 — e conversion, with the
index j enumerated in the first column. The terms encompass scalar and vector contributions outlined in [23] (j€{1,2,...,20}),
augmented here by the inclusion of previously unaccounted tensor terms. In the third column, the operators resulting from a
nonrelativistic reduction between Pauli spinors are presented, while the fourth column illustrates the associated effective interactions
expressed in terms of the NRET operators defined in Egs. (10) and (11). Further details can be found in [23].

J ﬁfm Pauli operator reduction %c;0;
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23 Feo" 2 NG vy, — )N mL{V[—zilL.lNJrzaL @ xT) +i(G-5,)1y—4- (3, xEL)lN]—s—O(%) 2.8 (=i - i05 + O +i0f)

24 70", N (v, %}’p - y,,m—‘{vyu)N —4i {6 - 6y) — (61 - @)(Gn - ) + (7 - 61)(Dy - G) —4i, L (04 4+ Og — 104

+i(gx3) Gy = (4% (3x51)] - 5w} + O +04 +i0};)

25 (@7 — ¢ v" )y Nou N 2i(o, - oy) —2i(q UL)(‘I'EN)'*‘%liNlL]N— ILQ'(IEN X Gy) i(204 4204 +%mi,\,01 +0Os

+(@ x B,) -y +ilq x (3, x 31)] -3y + O(%) -20f - 2i0]})

26 AU f]”?“))aﬁ(%n ey N a1y +55 (6 - 6n) =35 (4 61)(G - 6w) i (=01 +3;L 04+, 06

+2i3; - (§ % By) = (- T,) Iy = iq - (3, x 3.)1y] + O(%) 1205 +210§ —20§)

27 7@ - @ v, N(—vN,, )N %N[—ILIN +2i6; - (§ x Uy) ! mLN(_OI +20s

~(@- By = ig- (7, 3,) 1] + O(%) +2i0] ~20%)

28 Ze(@ v, — é”v“)x,,NamN 2ty = 1.9 (By x8y) + (§ % B,) - 5] + 0(;;) iGL O, +20; - 40))
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30 Ze(g"vh = vz NGl vy, =i vy N 2.8 [~y dy + (- Py +ig- (X E)1x] + 0(%) 2,4 (-0, -0 +0f)
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L051701-6



NONRELATIVISTIC NUCLEAR REDUCTION FOR TENSOR ...

PHYS. REV. D 110, L051701 (2024)

Looking forward, while this letter discussed the tensor
contact-level interaction between nuclear and BSM currents,
it is important to also consider the potential impact of
effective tensor couplings to photons and pions at the quark
level (e.g., utilizing the electromagnetic field tensor F*),
enabling contributions through particle exchange [13,40].
These new operators can also contribute via renormalization
group evolution, potentially generating scalar interactions.
Despite typically small coupling constants compared to
contact interactions, their spin-independent nature allows
significant contributions. Further exploration, including all
possible tensor terms [Eq. (3)], is encouraged for a compre-
hensive understanding of their implications.
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