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We construct Carroll-invariant theories with fields propagating outside the Carroll light cone, i.e., at a
speed strictly greater than zero (“Carroll swiftons”). We first consider models in flat Carroll spacetime in
general dimensions, where we present scalar and vector Carroll swifton field theories. We then turn to the
coupling to gravity and achieve in particular in two dimensions a Carroll-invariant scalar swifton by
coupling it suitably to Carroll dilaton gravity. Its backreaction on the geometry generates dynamical torsion.
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Introduction. Once relegated as the overlooked younger
sibling of Galilean physics, Carrollian physics has surged
into prominence, becoming ubiquitous over the past decade.
Carroll symmetries can be obtained formally as the vanish-
ing speed of light limit from Poincaré symmetries [1,2]. As
a consequence of this limit, space is absolute but time
relative, and the light cone collapses. It is partly due to these
counterintuitive features that Carroll symmetries were not
appreciated by most of the physics community for quite
a while.
A decade ago, it was realized that Minkowski spacetime

secretly is endowed with a Carroll structure: the metric at
null infinity, 0 · du2 þ dΩ2, has Carroll signature, where u
is retarded (or advanced) time and dΩ2 the metric of
the celestial sphere. Moreover, the asymptotic symmetries
of asymptotically flat spacetimes discovered by Bondi
et al. [3] and Sachs [4] match precisely with conformal
Carroll symmetries [5–7]. See Refs. [8–12] for more on
the Carroll structure at null infinity. It was soon realized
that also generic null hypersurfaces have a Carroll struc-
ture [13–21].
The ubiquity of null hypersurfaces in physics explains the

rapid increase of research that exploits Carrollian sym-
metries. Among the most prominent ones is the Carroll

approach to flat space holography in three [22–37] and four
dimensions [8–12,38–49].
Other physics applications of Carroll symmetries include

quantum gravity [50–54], tachyon condensates [55],
the fluid/gravity correspondence [56–62], tensionless
strings [63–68], cosmology [69–71], current-current defor-
mations [72,73], Hall effects [74], fractons [75–79], flat
bands [80], Bjorken flow [81], supersymmetry and super-
gravity [82–85], and black holes [14,15,17,19,86–88].
Moreover, it is natural to gauge the Carroll algebra [89]
and establish Carroll gravity theories [53,71,90–100],
which may exhibit Carroll black hole solutions [87]. See
Refs. [101,102] for more details.
To better understand Carrollian field theories (the pur-

ported duals to asymptotically flat spacetimes), it is neces-
sary to construct simple (but nontrivial) examples of such
field theories. The Carrollian algebra in the context of scalar
fields and particles is studied in Refs. [101,103–116].
Two versions of a Carrollian scalar field theory have

particularly drawn attention in the past. In one version
(dubbed “electric”), the variation of the action

Ie ¼
1

2

Z
dnxð∂tϕÞ2 ð1Þ

establishes ultralocal equation of motion ∂
2
tϕ ¼ 0: the

scalar field may depend on time but becomes ultralocal
(i.e., devoid of spatial derivatives). In the other version
(dubbed “magnetic”), the variation of the action

Im ¼
Z

dnx

�
π∂tϕ −

1

2
δij∂iϕ∂jϕ

�
ð2Þ

establishes the time-independence constraint ∂tϕ ¼ 0
together with an inhomogeneous Laplace equation of
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motion, δij∂i∂jϕ ¼ ∂tπ. Neither of these cases leads to
scalar fields propagating with a finite, nonvanishing
velocity.
One might expect such behavior since the Carrollian

collapse of the light cone and the absoluteness of space
suggest fractonic behavior, i.e., “nothing can move.”
Carroll causality forces information to stay within the
light cone, i.e., to remain at the same spatial location.
Propagation at a nonvanishing speed v > 0 ¼ cCarroll
would define a tachyoniclike behavior.
It has been argued recently (see, e.g., Ref. [101]) that

Carroll tachyons have their physical place and interest.
Furthermore, given the existence of Carroll black hole
thermodynamics [87], one could hope that there are (scalar)
modes as carriers of (some Carrollian analog of) Hawking
quanta. Actions for Carrollian tachyonic particles have
been considered in Refs. [71,101,112].
The main goal of this Letter is to construct and discuss

examples of Carroll-invariant actions for (interacting) fields
allowing propagation at a nonvanishing velocity in arbitrary
dimensions, both with and without (Carroll) gravity. We
restrict our attention to scalar and electromagnetic fields.
Contrary to Lorentz tachyons, which usually come with

pathologies associated with the unboundedness of their
energy, we explicitly show that the energy is bounded from
below, at least for two of our models (we have not
investigated the other similar models). This suggests that
these models are free from the standard Lorentz tachyonic
instabilities. Therefore, we refrain from referring to the
excitations of our fields as “tachyons.” Instead, we use the
translated expression “swiftons” to highlight simultane-
ously the propagation outside the light cone and the
absence of tachyonic instabilities.

Carroll spacetimes. We first review, in this section and the
next, selected elements of Carroll spacetimes, their sym-
metries, and Carroll gravity. This is done partly to make this
Letter more accessible to people outside the field and partly
to fix the notation. However, this is not a complete review
nor a full introduction, for which we refer instead to
Refs. [5,53,87,89,90,103,117].
Carroll spacetimes in n ¼ dþ 1 dimensions have a

degenerate signature ð0;þ; � � � ;þÞ with d pluses. To
characterize such spacetimes, in addition to a Carroll metric
hμν, we need a Carroll vector vμ in the kernel of the metric,
vμhμν ¼ 0. This is equivalent to endowing the manifold
with a nonvanishing volume element Ω [53]. The Carroll
analog of the Minkowski metric is given by the Carroll
metric hμν ¼ δijδ

i
μδ

i
ν and the vector field v ¼ vμ∂μ ¼ ∂t,

implying the unit volume Ω ¼ 1. Below, we sometimes use
the abbreviation ϕ̇≡ vμ∂μϕ.
While the metric hμν ¼ δijδ

i
μδ

i
ν is invariant under all

Carroll transformations, its “inverse metric” hμν ≡ δijδμi δ
ν
i is

not invariant under Carroll boosts. This means that one
cannot raise tensor indices in an invariant way. However, for

“transverse,” or “spacelike” covectors θμ, defined as being
orthogonal to vμ, vμθμ ¼ 0, the norm squared θμθ

μ is well
defined and positive. The same is true for more general
covariant tensors θμ1μ2���μk transverse on all their indices.
In terms of the Carroll structure, the electric action (1)

can be written in a manifestly invariant form as
Ie ¼ 1

2

R
dnxðvμ∂μϕÞ2. The manifestly Carroll-invariant

form of the magnetic action (2) is more involved and
was worked out in Ref. [104]. The difficulty is that the term
∂μϕ∂νϕ is well defined and invariant under all Carroll
transformations, including boosts, only if ∂μϕ is transverse,
i.e., vμ∂μϕ ¼ 0. This is why the magnetic Carroll scalar
action (2) implements the constraint vμ∂μϕ ¼ 0, but this is
only an on-shell relation. To write the action, one must go
off shell where vμ∂μϕ is not zero, which necessitates
introducing an extra auxiliary field [71,104].
This observation also explains why it is challenging to

construct Carroll-invariant actions involving simultane-
ously time derivatives and spatial gradients of a single
scalar field.

Vielbein and connection. It is often more convenient to
work with Cartan-like variables, the temporal einbein τ ¼
τμdxμ (alias “Ehresmann connection”), and the spatial
vielbein, ea ¼ eaμdxμ, where a is a spatial tangent space
index, lowered by δab, with a; b ¼ 1…d. The spacetime
indices μ, ν have the range 0…d, and the spatial indices i, j
have the range 1…d. The Carroll metric is the bilinear of
the spatial vielbein, hμν ¼ eaμebνδab. The Carroll vector is
the dual of the temporal einbein, vμτμ ¼ −1, and orthogo-
nal to the spatial vielbein, vμeaμ ¼ 0. It is convenient to also
introduce the inverse spatial vielbein, eμa, dual to the
vielbein, eaμe

μ
b ¼ δab, and orthogonal to the temporal ein-

bein, eμaτμ ¼ 0.
In addition to the vielbein variables, we need connec-

tions. The connection associated with spatial rotations
behaves in the same way as for Lorentzian or Galilean
theories, so we do not review its properties. The Carroll
boost connection,1 ωa ¼ ωaμdxμ, is the gauge field asso-
ciated with local Carroll boosts, which are Abelian:
δλωa ¼ dλa. The vielbein fields transform under Carroll
boosts,

δλτμ ¼ −λaeaμ δλe
μ
a ¼ −λavμ δλeaμ ¼ 0¼ δλvμ; ð3Þ

in agreement with the transformation properties of the
metric variables, δλvμ ¼ 0 ¼ δλhμν.

Biscalar model. Our first key result of this Letter is the
construction of Carroll-invariant actions for scalar and

1The Carroll boost connection transforms in the usual way
under rotations. Since the corresponding formulas are not needed,
we do not display them.
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electromagnetic swiftons, i.e., allowing propagation out-
side the Carroll light cone.
We start with a model that couples two scalar fields ϕ; χ

with canonically normalized kinetic terms and coupling
constant g, thereby generalizing the model introduced in
Ref. [118] [see their Eq. (2.1) as well as [111]] to any
Carroll background. Its action in covariant form

IM ¼ 1

2

Z
dnxΩ

�
ðvμ∂μϕÞ2 þ ðvμ∂μχÞ2 þ gBμBμ

�
ð4Þ

contains the manifestly transverse covariant vector

Bν ≡ vμð∂μϕ∂νχ − ∂μχ∂νϕÞ≡ 2vμ∂½μϕ∂ν�χ. ð5Þ

Because Bν involves simultaneously time and spatial
derivatives, the model allows propagation off the Carroll
light cone (see below). Antisymmetry of the coefficient of
vμ in Bν is crucial for transversality, which would not hold
if ϕ ¼ χ since then Bν would be identically zero. By
contrast, two distinct scalar fields can “mutualize” their
derivatives in a nontrivial way through the identically
transverse vector Bν. Each scalar field is crucial for its
mutualistic partner in our construction.
The Hamiltonian for this model can be derived straight-

forwardly, noting that the above Lagrangian density can be
rewritten as [ϕA ≡ ðϕ; χÞ],

L¼
ffiffiffi
h

p

2N
HABϕ̊

Aϕ̊B HAB ¼
 
1þ gð∂χÞ2 −g∂ϕ · ∂χ

−g∂ϕ · ∂χ 1þ gð∂ϕÞ2

!
:

ð6Þ

Here, N is the Carroll lapse, h is the determinant of the
spatial metric hmn with inverse hmn, ∂ϕA · ∂ϕB ≡
hmn

∂mϕ
A
∂nϕ

B, and ϕ̊ A ≡ ϕ̇A − Nk
∂kϕ

A with Nk the
Carroll shift (see Ref. [53]).
The inverse matrix HAB is HAB ¼ 1

D ðδAB þ gð∂ϕAÞ ·
ð∂ϕBÞÞ, where D is the determinant D ¼ 1þ gð∂ϕÞ2 þ
gð∂χÞ2 þ g2ðð∂ϕÞ2ð∂χÞ2 − ð∂ϕ · ∂χÞ2Þ, which obeys D ≥ 1
for g ≥ 0, implying that the field space metric HAB has
Euclidean signature since it depends continuously on g and
reduces to the unit matrix for g ¼ 0.
The Hamiltonian is NHþ NkHk where the momentum

density is Hk ¼ πA∂kϕ
A and the energy density

H ¼ 1

2
ffiffiffi
h

p HABπAπB ð7Þ

is bilinear in the conjugate momenta πA. Since the quadratic
form HABπAπB is positive definite, the energy density is
bounded from below by zero.
An instructive and not completely trivial computation

shows that the Poisson brackets of the energy densities at
different spacelike points vanish, fHðxÞ;Hðx0Þg ¼ 0, in

agreement with the general argument of Ref. [104]. This
ensures that the constraintsHT ≈ 0,HT

k ≈ 0 of the dynami-
cal gravity þ matter system

I ¼
Z

dnx
�
πijḣij þ πAϕ̇

A − NHT − NkHT
k

�
ð8Þ

are first class as they should be. In the above action, πij are
the conjugate momenta to the spatial metric, while HT ¼
HG þH and HT

k ¼ HG
k þHk are the sums of the Carroll

gravity (in either the electric or magnetic version) and
matter contributions to the Hamiltonian and momentum
constraints.
The equations of motion following from the mutualistic

scalar action (4)

∂μ

�
Ωðvμvν∂νχ−ghανBνvμ∂αϕþghμνBνvα∂αϕÞ

�
¼0 ð9aÞ

∂μ

�
Ωðvμvν∂νϕþghανBνvμ∂αχ−ghμνBνvα∂αχÞ

�
¼0 ð9bÞ

are coupled nonlinear partial differential equations, and we
have not tried to devise a general method to solve them.

Taylor-expanded swiftons. To gain insight into the theory,
we use perturbative methods. A soluble case arises when
one of the scalar fields, say, χ ¼ χBG þ oðϵ2Þ, is a back-
ground field in addition to the geometric background
(which we assume to be static) and the other one,
ϕ ¼ ϵφ, is a small fluctuation on top (ϵ ≪ 1). To leading
order, we obtain from (9) the background solution

χBG ¼ χ0ðxiÞ þ χ1ðxiÞt; ð10Þ

where we used adapted coordinates such that v ¼ fðxiÞ∂t.
For simplicity, we set χ0 ¼ 0 and χ1 ¼ 1.
Inserting this solution back into the mutualistic scalar

action (4) yields a quadratic action,

I½φ� ¼ 1

2

Z
dnxΩ

�
ϵ2ðvμ∂μφÞ2 þ ϵ2ghμνð∂μφÞð∂νφÞ þ 1

�
;

ð11Þ

for the fluctuations φ on such a background.
To get hyperbolic equations of motion, we need a

negative coupling constant g, which may seem at odds
with positivity of energy density. However, even for
negative g, the energy density remains positive as long as
the coupling constant obeys the inequality g > −1=
½ð∂ϕÞ2 þ ð∂χÞ2�. In our perturbative context where both
ð∂ϕÞ2 and ð∂χÞ2 are small, the bound on the coupling
constant is very weak.
Up to a cosmological constant term and conventions, the

action (11) coincides precisely with the one proposed in
Ref. [102]; i.e., it combines electric (1) and magnetic (2)
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Carroll scalar field actions to a single electromagnetic one.
However, as opposed to Ref. [102], the full theory main-
tains Carroll boost invariance because Carroll boosts do not
only act on the spatial derivative terms involving the
fluctuating field ϕ but also the background field χ.

Multiscalar models. The biscalar model (4) can easily be
generalized by the same “mutualization trick” to a multi-
scalar theory. For instance, with three scalars, we have the
action [ϕA ≡ ðϕ; χ;ψÞ]

IM3
¼ 1

2

Z
dnxΩ

 X3
A¼1

ðvμ∂μϕAÞ2 þ gBμνBμν

!
ð12Þ

with the transverse tensor

Bμν ≡ vρBμνρ Bμνρ ≡ ∂½μϕ∂νχ∂ρ�ψ : ð13Þ

The interaction term in (12) is of order 6 in the derivatives
but only quadratic in the time derivatives.

Electromagnetic model. A nontrivially interacting electro-
magnetic model can also be constructed using the same
idea. Consider

Cμνρ ≡ vσCμνρσ Cμνρσ ≡ F½μνFρσ�; ð14Þ

where Fμν ¼ ∂μAν − ∂νAμ is the electromagnetic field. This
is a transverse 3-form, Cμνρν

ρ ¼ 0. Hence, again, its square
CμνρCμνρ is well defined.
The electromagnetic Carroll swifton action

IEM ¼ 1

2

Z
dnxΩ

�
ðvμFμνÞ2 þ gCμνρCμνρ

�
ð15Þ

yields the equations of motion

∂λ

�
Ωðvμv½σhλ�ν þ gvνCσλμ þ gv½λCσ�μνÞFμν

�
¼ 0 ð16Þ

that are again coupled nonlinear partial differential
equations.
The energy density is given by a similar expression as in

the scalar case

H ¼ 1

2
ffiffiffi
h

p Hijπ
iπj; ð17Þ

where Hij is the inverse of the symmetric matrix

Hij ¼ hij þ 2g
3

�
hilhmkhnj þ 1

2
hijhlkhmn

�
FlmFkn: ð18Þ

In four dimensions, the determinant of the latter is given by
D ¼ h−1ð1þ 2gB2=3Þ with B2 ¼ hikhjlFklFij=2, which
makes H positive definite if g > −3=ð2B2Þ, allowing in
particular again negative values of g in a perturbative
context.
For the special case of a four-dimensional flat Carroll

background, we linearize the equations of motion (16)
with a constant electric background field plus fluctuations
on top,

Fij ≡ ϵBij Fti ¼ −δxi E − ϵEi: ð19Þ

The linearized equations of motion are solved by plane
waves

Ei ¼ Aieiðkyyþkzz−ωtÞ Bij ¼ Bðδyi δzj − δziδ
y
jÞeiðkyyþkzz−ωtÞ

ð20Þ

subject to the dispersion relation ω2 ¼ c2effðk2y þ k2zÞ with

the effective speed of light c2eff ¼ − 2g
3
E2, the transversality

condition kyAy þ kzAz ¼ 0 ¼ Ax, and the normalization
B2 ¼ A2

y þ A2
z . As in the biscalar model, we need negative

g to have hyperbolic equations of motion with a real
effective propagation speed for the swiftons.
Denoting J1 ¼ ðvμFμνÞ2 and J2 ¼ CμνρCμνρ, this model

can be generalized to Lagrange densities of the form
L ¼ ΩfðJ1; J2Þ. It would be interesting to determine which
choice of f leads to the duality-invariant theory constructed
in Ref. [119].
The electromagnetic model can be directly coupled to the

biscalar action (4). Indeed, in terms of the complex field
Φ ¼ ϕþ iχ, the mutualistic Lagrangian density takes the
simple form LM ¼ 1

2
Φ̇Φ̇� þ g

8
hijjΦ̇∂iΦ� − Φ̇�

∂iΦj2. Thus,
the global Uð1Þ symmetry of the model can be made local
by introducing standard minimal coupling ∂μ → ∂μ − iAμ.

Scalars propagating on Carroll black holes.We now focus
on two spacetime dimensions and construct swiftons
coupled to gravity. The reason for considering two dimen-
sions (2D) is that all known Carroll black hole solutions are
described by 2D models (intrinsically or by dimensional
reduction). Below, all tangent space indices a, b are
dropped since we have only one spatial dimension.
Carroll dilaton gravity in 2D was introduced in Ref. [93]

(see also Ref. [94]). Its action

ICDG ∼
Z

ðXdωþ XHðdτ þ ω ∧ eÞ þ XPde

þ τ ∧ eVðX;XHÞÞ ð21Þ

depends on the temporal einbein τ, the spatial einbein e, the
Carroll boost connection ω, the dilaton X, the Lagrange
multiplier XH for the torsion constraint, and the Lagrange
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multiplier XP for the intrinsic torsion constraint. The
potential function VðX;XHÞ depends on Carroll boost-
invariant scalar fields. The remaining scalar field XP is
paramount for our construction below, as it transforms
nontrivially under local Carroll boosts,

δλXP ¼ λXH: ð22Þ

All classical solutions for all models (21) were con-
structed in Ref. [87]. Among them are Carroll black holes,
which have thermal properties similar to Lorentzian black
holes. To verify whether or not there is a Hawking-like
effect [120], we need to couple matter to Carroll black holes
since otherwise the theory has no local propagating degrees
of freedom. This provides an additional motivation for
considering Carroll swifton scalars propagating on Carroll
black hole backgrounds.
The second key result of this Letter is the 2D Carroll

swifton scalar field action,

I2d ¼
1

2

Z
d2xΩF

�
ϕ̇2 þ gð∂̂ϕÞ2 þ hϕ̇ ∂̂ϕ

�
; ð23Þ

where the coupling functions F, g, h may depend on the
dilaton X and the Carroll boost-invariant scalar XH. The
volume form is given by d2xΩ ¼ τ ∧ e. The most general
Carroll-invariant second-order action (23) combines non-
trivially time and space derivatives of ϕ and has the merit of
not introducing any extra structure besides the Carroll
background. Here, we have defined the Carroll boost-
invariant derivative

∂̂≡ eμ∂μ þ
XP

XH

vμ∂μ: ð24Þ

The last term in (23) does not generalize to higher
dimensions [105], whereas the first two terms do. We
stress that we have added a term in ∂̂ that transforms like a
Stückelberg field [89], but using only fields that were there
already in the gravity action (21).
The definition (24) introduces the important restriction

XH ≠ 0; i.e., we are not allowed to sit on a Carroll extremal
surface [87]. This requirement is the Carrollian pendant of
considering the outside region of a black hole, so for most
applications, XH ≠ 0 is obeyed. If one needs to extend the
action (23) onto a Carroll extremal surface XH ¼ 0, one can
do so, for instance, by choosing g ∝ X2

H.

Regge-Wheeler–type equation. We provide as a pertinent
example a scalar field propagating on a Carroll-
Schwarzschild background [see, e.g., Eqs. (213)–(219) in
Ref. [87]], where we assume nonminimal coupling to the
dilaton, F ¼ X ≡ r2, set h ¼ 0, and leave g constant.
Defining ϕ ¼ ψ=r and the tortoise coordinate r� ≡ rþ
2m lnð r

2m − 1Þ yields the Regge-Wheeler–type equation

∂
2
tψ þ g∂2r�ψ ¼ 2gm

r3

�
1 −

2m
r

�
ψ ; ð25Þ

wherem > 0 is the mass of the Carroll-Schwarzschild black
hole, and we assume r > 2m to be outside the Carroll
extremal surface. For the value of the coupling constant
g ¼ −1, the Eq. (25) is identical to the s-wave sector of the
Regge-Wheeler equation, see, e.g., Ref. [121], and thus
standard results apply to this case. More generally, for
negative (positive) g, the swifton equation (25) is hyperbolic
(elliptic).

Dynamical torsion from scalar swiftons. Without back-
reaction, our matter action (23) (with F ¼ 1, h ¼ 0, and
g ¼ const.) is indistinguishable from the one in Ref. [102].
This ceases to be the case when taking into account
backreactions of the scalar field on the Carroll geometry.
To show this, we add it to the gravity action (21) and

consider here two of the field equations, namely, the ones
coming from variations with respect to XP and XH:

de¼−
g
XH

ϕ̇ ∂̂ϕτ ∧ e dτþω∧ e¼ gXP

X2
H

ϕ̇ ∂̂ϕτ ∧ e: ð26Þ

The left-hand sides are, respectively, intrinsic torsion (so
named because it cannot be altered by changing the
connection) and standard torsion. The right-hand sides
are zero without matter but are sourced by the same term
ϕ̇ ∂̂ϕ in the presence of swifton matter. Therefore, if this
expression is nonzero, then the backreactions of a scalar
field that propagates on a Carroll background induce
dynamical torsion (both intrinsic and standard). It would
be of interest to explore further the dynamical properties of
this theory.

Conclusions. Apart from the duality-invariant electromag-
netic Lagrangian of Ref. [119], there was to our knowledge
no field theoretical Carroll-invariant Lagrangian that was
neither of electric or magnetic type and allowed propaga-
tion off the Carrollian light cone on arbitrary Carroll
backgrounds.
We have constructed and discussed in this Letter new

scalar and vector models with this property. We have also
explicitly verified for two of these models that Carroll
tachyonic behavior is compatible with the positivity of the
energy: Carroll tachyons need not be plagued by the
pathologies of their Lorentz-invariant analogs, which is
why we refer to them as “Carroll swiftons.”
We considered our models intrinsically Carrollian rather

than as induced at some null hypersurface in a Lorentzian
spacetime. In such a context, swiftons would correspond to
Lorentzian tachyons in the ambient spacetime with the
associated difficulties.
It is straightforward to generalize our scalar models by

adding interaction potentials. For instance, the biscalar
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swifton Lagrangian in (4) can have an additional term
Vðϕ; χÞ without breaking any of the Carroll symmetries,
where V is an arbitrary function of both scalar fields.
We conclude by mentioning further generalizations and

applications. It seems worthwhile to generalize our scalar
and vector swifton models to higher spin, half-integer spin,
and supersymmetric swiftons. For applications in flat space
holography, it would be gratifying to construct conformal
swifton models since such models can be candidates for the
field theory dual of asymptotically flat gravity theories. For
the swifton models considered in our Letter, it could be
rewarding to go beyond Taylor expansions and find non-
perturbative swifton solutions while obeying the positivity
constraint on energy density. Finally, it should be fruitful to
study backreactions in (semi)classical Carroll gravity with
swiftons.

Acknowledgments. We thank Ankit Aggarwal, Arjun
Bagchi, Rudranil Basu, Emil Have, Jelle Hartong, Niels
Obers, and Dima Vassilevich for discussions and/or col-
laborations on related topics. We are grateful to Andreas
Karch for pointing out their flat Carrollian version of the
biscalar model (4) in the context of spacetime subsystem
symmetries. The work of F. E., D. G., and P. S.-R. was
supported by the Austrian Science Fund (FWF) [grant DOI:
10.55776/P35891], Projects No. P 32581, No. P 33789, and
No. P 36619. The work of M. H. was partially supported by
FNRS-Belgium (conventions FRFC PDRT.1025.14 and
IISN 4.4503.15) as well as by funds from the Solvay
Family. F. E., D. G., and P. S.-R. acknowledge support by
the OeAD travel Grant No. IN 04/2022 and thank Rudranil
Basu for hosting them at BITS Pilani in Goa in February
2024 through Grant No. DST/IC/Austria/P-9/202 (G).
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