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We investigate the first-order phase transition catalyzed by primordial black holes (PBHs) in the early
Universe. We find that superhorizon curvature perturbations generated in this scenario lead to the
production of gravitational waves when the scalar modes reenter the horizon. If PBHs with masses about
1013 M, constitute all dark matter, then the first-order electroweak phase transition catalyzed by PBHs can
explain the gravitational wave signal observed by pulsar timing array collaborations without the

overproduction of PBHs.
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Introduction. First-order phase transitions (PTs) are pre-
dicted by new physics beyond the standard model [1-4].
This process can generate gravitational waves (GWs)
through bubble collisions [5,6], sound waves [7-9], and
fluid turbulence [10-14]. Recent observations of the
stochastic gravitational-wave backgrounds (SGWBs) from
pulsar timing array collaborations implies a supercooling
quantum chromodynamics PT at low energy scales if the
signal is generated by bubble collisions [15-17], which
infers a finite baryon chemical potentials.

These PTs are assumed to take place in a flat space-time.
The effect of local strong gravitational fields [such as
primordial black holes (PBHs)] are not considered in the
evolution of the first-order PT. Recent studies indicate
that PBHs can significantly enhance the vacuum decay
rate [18-32]. The enhancement effect includes two parts,
the change of the Bekenstein entropy and the decrement of
the action that depends on the Euclidean bubble wall
trajectory. The former dominates when PBH masses are
of order of the plank mass. It is under debate that the
thermal effect of such small PBHSs is so strong that it may
stabilize the fields in the symmetric phase [33]. The latter
dominates when PBHs are large, especially when the
horizon radius of PBHs is comparable to the bubble
radius [18,34]. In this case the bubble nucleation rate is
strongly enhanced due to the strong gravitational effect.

In this letter, we consider the catalyzing effect of PBHs
on a thermal first-order PT. We assume that the vacuum
energy density is vanishingly small in the true vacuum at
low temperature. Due to the catalyzing effect of PBHs, the
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tunneling process occurs before the temperature decreases
to the PT temperature, T',,, which is determined by I'(T’,,) ~
H*(T,) [35-37]. It reveals a tunneling process from a de
Sitter vacuum to a de Sitter vacuum with a relatively small
vacuum energy. This differs from the thermal PT, where the
scalar field tunnels from a de Sitter vacuum to a Minkowski
vacuum.

Assuming PBHs are sparse enough that the average
number of PBHs in a Hubble-size region during PT is less
than unity, which indicates there are some Hubble-size
regions that contain a PBH while the others do not. In an
identification Hubble-sized region that contains a PBH,
slightly after the degenerate vacuum forms at the critical
temperature, 7., PT is triggered by the PBH and itself as a
nucleation site. However, the Hubble-size regions without
PBHs stay in the false vacuum until the nucleation rate
[(T) gets close to H*(T), and then the nucleation of
thermal true vacuum bubbles starts. Such an asynchronism
of vacuum decay leads to the different evolution of the
probability of the false vacuum and then affects the
averaged equation of state in the different Hubble horizons
during the PT, and finally induces curvature perturbations
at superhorizon scales. Since the asynchronism originates
from the distribution of PBHs as catalysts, induced density
perturbations inherit the distribution of PBHs at super-
horizon scales.

We analytically calculate the power spectrum of curva-
ture perturbations by deriving the number density of PBHs.
We find that at scales larger than the average separation
of PBHs, the probability distribution of density perturba-
tions is close to a finite-width Gaussian distribution.
The existence of the upper limit of density perturbations
indicates that this mechanism can generate a strong SGWB
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signal and avoid the overproduction of PBHs. We apply our
formalism to the electroweak phase transition (EWPT). If
PBHs with masses M ~ 10713 M, constitute all dark matter
as catalysts [38], then the predicted SGWB can explain the
observed signal from recent pulsar timing array collabo-
rations [15-17] and avoid the overproduction of PBHs.

First-order PT catalyzed by PBHs. We regard PBHs as the
nucleation sites of true vacuum bubbles during a thermal
first-order PT. Using the technique developed in
Refs. [18,28], the upper limit of the mass of PBHs that can
catalyze the first-order PT is estimated to be m;l IV s
where m,; =1/+/8zG is the plank mass, and V, is the
energy density of the false vacuum. This estimation ignores
the change of the Bekenstein entropy, which only considers
the pure gravitational effect. For the EWPT, V,, ~
107 GeV*, which suggests that PBHs with masses less
than 10~*M, can catalyze the PT. If the PT is slow, then T,
is much smaller than 7',.. The reduction of Euclidean action
resulting from the catalyzing effect will greatly advance the
bubble nucleation time, which suggests 7, > T, where T,
is the formation temperature of bubbles catalyzed by PBHs.
This is the case that we focus mainly on throughout this
letter.

In a general first-order PT, the bubble nucleation rate of
the true vacuum can be generally expressed in the expo-
nential form [36,39,40]

[(t) = Tye, (1)
where [y and $ are approximately constant. The parameter
p represents the increasing rate of vacuum bubbles. In the

case of #> 1, f~! is approximately the PT duration. The
spatial fraction of the false vacuum in the thermal PT is [41]

F(t) = exp |:—4é—ﬂ[tdt’F(t/)a3(t/)r3(t/7 nl, (2)

di” denotes the comoving distance
and ¢; is the

where r(',1) = [} a(lt,,)
of true vacuum bubbles nucleated at 7/,
nucleation time of the first bubble.

However, in the case of the catalyzed PT, the formula (2)
for F(t) is no longer valid. The true vacuum bubbles first
nucleate around the PBH at 7,, which is slightly lower
than the critical temperature 7.. When the temperature
decreases to the PT temperature 7, determined by
[(T,) ~ H*(T,), the thermal bubbles start to nucleate.
At this moment the false vacuum fraction is no longer 1 due
to the expansion of the catalyzed bubbles. The expression
of F(r) is modified to

dF(1)
dt

v, dV,
d Vg

= —F(l) /tF(t’)a3(t’)dt’ dr, (3)

i

where V,, =% ([! L[: ) d7)3 and V., = = L;(g)) di)? are

the comoving Volumes of bubbles for the thermal PT
and the catalyzed PT, respectively, V; =4 (ﬁf is the
comoving Hubble volume, H is the comoving Hubble
parameter, . is the time that corresponds to temperature 7.,
and v,, is the speed of bubble walls. Here we simply take
the assumption 7. = T}, as we focus on a catalyzed slow
phase transition.

Before ¢, the field stays at the global minimum. Slightly
after the degenerate vacua appear, catalyzed bubbles form
and expand due to the increasing pressure between the
vacua, leading to the decrease of F(7). When the temper-
ature decrease to T, thermal true vacuum bubbles start to
nucleate, and the decreasing of F(t) is accelerated. As F(t)
decreases, the vacuum energy is transferred to bubble walls
and plasma.Since we mainly focus on the case that PBHs
are too sparse that their average distance is larger than the
horizon, these catalyzed and noncatalyzed regions. These
catalyzed and noncatalyzed regions are separate Robertson-
Walker universes with different evolution of F(r), which is
equivalent to having different equation of state among those
Hubble horizons. To deal with asynchronous evolution on
superhorizon scale, we follow the opinion of gradient
expansion [42]. When the scale of the inhomogeneity L
is larger than the horizon H~!, there exists an appropriate
set of coordinates with a Robertson-Walker like metric.
This assumption is discussed in detail in the Supplemental
Material [43]. The Friedmann equation and equations of
motion read [44-47]

2n  PrtpPwt P
=t TP T 4
3 ? ( )
P = F(1)AV, (5)
dp, +pw) |,z dp,
S T LA =, 6
o TAHp ) ” (6)

where H is the local Hubble parameter, p,, p,,, and p, are
the energy density of background radiation, bubble walls
and the false vacuum, respectively. AV is the energy
density difference of the true and false vacua at the
tunneling time. Here we have assumed that the velocity
of bubble walls is close to 1, which means that bubble walls
are regarded as ultrarelativistic matter that share the same
equation of motion parameter of background plasma [48].

The asynchronous PT scenario is firstly seen as the “late-
blooming” mechanism [44,49], where some regions may
postpone the vacuum decay time. Since in the expanding
Universe p, and p,, decrease as a~* while AV remains
almost constant, if the false vacuum decays later, then the
delayed vacuum decay regions will have higher energy
density after the PT. On the contrary, the advanced vacuum
decay results in the lower energy density, which implies
that the ratio of the energy density for the catalyzed
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FIG. 1. Energy density ratio y as a function of the PT

parameters a and f#/H, in the case of T;, ~ T, > T,. The green
line corresponds to y = 0.53.

PT to that for the thermal PT, y = p,,,/p,, is less than 1,
as shown in Fig. 1. The values of p., and p,, are
straightforwardly calculated in a specific first-order PT
model that is described by T,, a = AV /p,(t,) and p/H.,,
where T, is evaluated at the percolation time f, with
F(t,) = 0.7. The disparities in energy between horizons
result in curvature perturbations, from which we will
deduce the statistical properties based on the distribution
of PBHs. It is worth noting that this scenario is similar to
the generation of the curvature perturbation from isocur-
vature initial perturbations.

Curvature perturbations from the catalyzed PT. In our
scenario of the PT catalyzed by PBHs, we assume that seed
PBHs are monochromatic and form earlier than the PT. The
comoving number density of seed PBHs is npgy .(M). The
average number of PBHs with masses M in a Hubble-size
region at time ¢ is

p01.0) =m0 (7))

For monochromatic PBHs with masses M, p(M, t) increase
as the Universe expands. We are interested in the case of
p(M,1) < 1 during the PT. In this case, PBHs randomly
distribute in space and satisfy the Poisson distribution in
each comoving Hubble volume. The probability distribu-
tions of density perturbations at the end of the PT inherit
the distributions of PBHs. Now we investigate the statis-
tical properties of curvature perturbations from the distri-
bution of PBHs.

Consider a comoving volume of (2L)3, where L =
n/H(t,), n> 1, and 1, is the end time of the PT. At that
point, the Universe reheats and gets back to radiation-
dominated epoch. To study the statistical properties of

PBHs, L should be much larger than the comoving mean
separation, S = nll,g{’c(M ), so that enough PBHs are
contained in the volume. Let p denote the probability that
a PBH presents in a Hubble volume, and X; denote the
number of PBHs contained in the ith Hubble volume,
where i < n? and X; = 0 or 1 by definition. The expect-
ation value and the variance of the random variable X; are,
respectively, E(X;) = p and D(X;) = p(1 — p). Since the
PBH number in the volume V; = (2L)3 is much larger
than 1, according to the central limit theorem, the total PBH
number X = Z’fX ; in the comoving volume (2L)3 is
subject to the Gaussian distribution with the expectation
value E(X) = n?E(X;) and the variance D(X) = n’D(X,).
Since p.p,; and p,,, are the energy densities of the causality
disconnect Hubble volumes that contain or do not contain a
PHB after the PT, the energy density of a comoving volume
Viispx= [chpt+ (n3 _X)Ptpt]/n3 :ptpt+%(pcpt_ptpt)'
px 1s a stochastic variable that satisfies the Gaussian
distribution. Its expectation value and variance are
E(px) =Pt T+ p(pcpt _ptpt) and D(py) = (pcpt _ptpt)2 X
p(1 = p)/n?. Then the density perturbation as a stochastic
variable is written as

px—E(py) Gs—p)r—1)

5y = il
X E(px) 1+p(y-1)

: (8)

where y < 1 by definition. We easily see that the density
perturbation is still a Gaussian stochastic variable, and

i valid ; (=001 _p1=1) | w
it is valid in the range of 6y € [ 1+p(y—1y) , 1+p(yzl):|’ With

the increasing of n, due to the central limit theorem, the
probability distribution of 8y is getting closer and closer to
the Gaussian distribution in that certain range. It is known
that, in a radiation dominate epoch, when density pertur-
bations exceed a threshold value 6, ~ 0.4 [38,47,50,51], the
overdense region collapses into a black hole. The number
density of black holes that collapse from Gaussian density
perturbations are determined by the Gaussian tail of the
probability distribution function. However, we emphasize
that in our case, the amplitude of density perturbations
induced by a catalyzed PT has an upper limit, which is
determined by p and y. If this upper limit is less than the
threshold §.., no black holes are produced. Comparing to
the result of [27], where they need p — 1 and small y to
produce PBHs, this is exactly confirmed by our result.
Following the Gaussian distribution of density pertur-
bations, we get the variance of the density contrast,

p(1-p)
G- O

L) =

The variance is related to the power spectrum of curvature
perturbations by [52]
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16

o3(L) = 31

/dln kPr(k)exp (—k*L?).  (10)

Here we have used the relation Ps(k) = Pr (k) in
comoving gauge at the horizon crossing time, which is
our gauge choice as you can see in the Supplemental
Material [43]. It is proved that the power spectrum of
density perturbations from the Poisson-type source scales
as k* [53]. We parametrize Pg (k) in the form Pg (k) =
Ap(k/key)?, where ke is a cut-off scale arising from the
requirement of the central limit theorem L > S. Since, at
smaller scales, the distribution of PBHs becomes non-
Gaussian and Py, (k) decreases rapidly, we simply adopt the
approximation kg, = S7! and Pg(k) =0 for k > key.
Then (10) is rewritten in the form

16A Keut

2(], :7;,/ d(kL —K2L2)(kL)?
65( ) Sl(kcmL)3 0 ( )exp( )( )

_ 4/mA, (10

=_—Y—"°_

81 (ke L)
where
81  p*(1-p)
A, (12)

CAa(l+L - p)?

The power spectrum of curvature perturbations induced by
the catalyzed PT is given by

p*(1=p)

8L k)3
Pr = {4\/5(1+%7—P)2 (kcm) for k < keus (13)
0 for k > key,

where k., = n%,BH(M ), and p is evaluated at the end of the
PT, which is related to the comoving number density of
seed PBHs and the energy scale of the first-order PT. The
effects of p and y on Pg (k) are quite clear. If y approaches
1, which means that the catalyzing effect is negligible, then
Pr (k) is suppressed. When p approaches 0 or 1, the energy
density differences are diluted at the scale L, so that the
power spectrum of curvature perturbations is suppressed.
Leaving these extreme cases behind, we will see that there
is a large parameter space in which a catalyzed PT may
generate large curvature perturbations and even generate a
detectable SGWB. The energy spectrum of the SGWB is
roughly estimated by Qg (k) ~ P% (k). In this case the
peak frequency of GWs is determined by the comoving
number density of seed PBHs, and the amplitude is related
to A, in (12), which is both related to the abundance of seed
PBHs and a specific PT model that is characterized by T,
a, and f/H,.

Specific example. As a primary case of study, we focus on
the first-order EWPT model. To provide an example, we

need to first come up with a question: which kind of PBHs
play arole as catalysts and generate curvature perturbations
during the EWPT? To answer this question, we need two
key quantities: the PBH masses and the PBH abundance.

PBHs form in the early Universe. It is known that PBHs
form due to the collapse of the overdense region during the
radiation-dominated epoch and are the candidate of dark
matter [38,47,54,55]. Taking the assumption that PBHs are
monochromatic, it is reported that PBHs with masses
around 10" My ~ 107'°M , can constitute all dark matter.
Because such a mass range of PBHs lies within the critical
mass, they work as catalysts during the EWPT. Their
number density can be estimated by

M
npgu(M, ty) ~ 3.285 x 100 <7®) Mpc!, (14)

where # is the present time. The average number of PBHs
with masses M in a Hubble-size region, p(M, 1), is derived
in (7), which is increasing over time due to the expansion of
the Hubble horizon. As mentioned above, we are interested
in the case of p(M,T,) < 1, where T, is the energy scale at
the end of the EWPT. We take PBHs with M = 10-13 M, as
an example, the average number in a Hubble-size region is
less than unity until the temperature decreases to 68 GeV.
We show PBHs that can be catalysts during the EWPT in
Fig. 2, whose masses lie in the mass range of our interest. If
these PBHs form before the EWPT, the catalyzed EWPT is
expected to generate large curvature perturbations at super-
horizon scales.

It is an exciting coincidence that if the mass of PBHs is
M ~ 10‘13MO, which constitute all dark matter, then the
SGWB from the EWPT catalyzed by PBHs can explain
the observed signal from the North American Nanohertz
Observatory for Gravitational Waves (NANOGrav) and
European pulsar timing array. By setting the energy scale at
the end of the EWPT, we calculate the average number of
PBHs as catalysts in the Hubble volume by (7). Figure 3
shows the energy spectrum of GWs (blue line) predicted by
the catalyzed EWPT with T, = 100 GeV, M = 1073 M,

1.0

0.8

06 ] — M=10"M,
_
e~ — M =10""M,
= o4l ]
04 — M =10"2M,
1 — M=10""M,

02

0.0 v
20 40 60 80 100 120

T/GeV

FIG. 2. Average number of PBHs in a Hubble volume under the
assumption that PBHs constitute all dark matter. The vertical
dashed line corresponds to 7' = 100 GeV.
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FIG. 3. Energy spectrum of GWs (blue line) predicted by the

catalyzed EWPT with the parameters 7, = 100 GeV, M =
1073M, and y = 0.53. The green and orange violins correspond
to the SGWB observations from the NANOGrav and European
pulsar timing array collaborations.

and y = 0.53. The green line in Fig. 1 corresponds to
y =0.53 in the parameter space of a and p/H,.
Furthermore, we find that the upper limit of density
perturbations are 6, ~ 0.176, which does not exceed the
threshold of the PBH formation. Therefore, curvature
perturbations induce the SGWB to explain the pulsar
timing array data [15-17,56] and naturally avoid the over-
production of PBHs.

Conclusions and discussions. We have investigated the
first-order PT catalyzed by PBHs. Due to the enhancement
of the vacuum decay rate around a PBH, the PT occurs
earlier in the regions containing PBHs than in the regions
without PBHs. Such an asynchronism leads to superhor-
izon curvature perturbations which induce the SGWB when
reentering the horizon in the radiation-dominated era. If
all dark matter is composed of PBHs with masses about
10713 M, then we find that the first-order EWPT catalyzed

by PBHs provides an explanation for the origin of the
SGWB signal recently reported by pulsar timing array
collaborations. Usually PBHs are overproduced if the
observed SGWB is induced by large curvature pertur-
bations that follow the Gaussian distribution. In our
scenario, the upper limit of the amplitude of curvature
perturbations is less than the threshold of the PBH
formation. Thus our scenario is free from the PBH over-
production problem.

PBHs in the mass range of 10"Mg ~1071°M can
account for all dark matter. In our analysis we only consider
PBHs with masses of 10713M, as catalysts. The increase of
the PBH mass leads to a lower peak frequency of the energy
spectrum of the SGWB because the peak frequency of GW's
is determined by the PBH number density that is directly
related to the PBH mass. If PBHs constitute a part of dark
matter, then the fraction of dark matter in PBHs affects the
peak frequency of GWs. As the fraction decreases, the peak
frequency becomes low for a fixed PBH mass.

In principle, a SGWB might be generated by bubble
collisions, sound waves, and fluid turbulence during the PT.
The GW wavelengths of such a SGWB are shorter than the
horizon at the PT time. After the PT the SGWB is induced
by curvature perturbations from the catalyzed PT. There-
fore, the peak frequency of the SGWB from the PT is
higher than that of the SGWB from the catalyzed PT.

In our work we consider PBHs as catalysts. In principle,
our formalism can be applied to other cases of impurity-
catalyzed first-order PTs as long as impurities are so sparse
that their average number within a horizon volume is less
than unity.
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