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Rotating fermion-boson stars are hypothetical celestial objects that consist of both fermionic and bosonic
matter interacting exclusively through gravity. Bosonic fields are believed to arise in certain models of
particle physics describing dark matter and could accumulate within neutron stars, modifying some of their
properties and gravitational wave emission. Fermion-boson stars have been extensively studied in the static
nonrotating case, exploring their combined stability and their gravitational radiation in binary mergers.
However, stationary rotating configurations were yet to be found and investigated. The presence of a
bosonic component could impact the development of the bar-mode instability in differentially rotating
neutron stars. Therefore, the study of rotating fermion-boson stars has important implications for
astrophysics, as they could provide a new avenue for the detection of gravitational waves. In addition,
these objects may shed light on the behavior of matter under extreme conditions, such as those found in the
cores of neutron stars, and explain any tension in the determination of the dense-matter equation of state
from multimessenger observations. In this work we study a new consistent method of constructing
uniformly rotating fermion-boson stars, and we analyze some of their main properties. These objects might
offer alternative explanations for current observations populating the lower black hole mass gap, as the
2.6M⊙ compact object involved in GW190814.
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I. INTRODUCTION

Neutron stars (NSs) are a focal point of numerous studies
due to their unique and remarkable properties. They present
an exceptional opportunity to examine various areas of
physics, including nuclear physics, gravitational physics,
and astrophysics. Both binary systems and isolated neutron
stars are being scrutinized in depth to test general relativity
and different theories of gravity under strong field con-
ditions. Furthermore, with regard to nuclear matter
research, recent findings by the Neutron Star Interior
Composition Explorer (NICER) have substantially
strengthened constraints on the equation of state (EOS),
and have also furnished highly precise and reliable mea-
surements for the mass and equatorial radius of various
millisecond pulsars [1,2].
Binary NS systems are considered one of the most

promising sources of gravitational waves (GWs) that can
be detected by the advanced LIGO, advanced VIRGO,
and KAGRA observatories [3,4]. Moreover, the combined
use of different types of observations has significantly
improved our understanding of compact objects and
other astrophysical phenomena. We are entering the era
of multimessenger astronomy, where the simultaneous

detection of signals from multiple messengers (electromag-
netic and gravitational waves, neutrinos) results in more
accurate and precise measurements of physical quantities
associated with NSs [5].
Many NS properties are of significant interest, including

quadrupole moments, spin angular velocity, which is
directly proportional to the moment of inertia, and their
tidal and rotational deformability, often represented by the
Love numbers [6,7]. In August 2017, the first gravitational
wave signal from the merger of a compact low-mass
NS binary was observed by the LIGO-Virgo detector
network [8], which was followed by an electromagnetic
counterpart [9]. Similar systems have since been detected
and are currently under investigation [10]. Future new
detections of gravitational waveforms emitted by these
systems could be used to constrain the parameters of the
equation of state of NSs and learn more about their internal
composition [11,12].
On the other hand, theoretical exotic compact objects

could also populated the Universe. One of the simplest
examples are boson stars (BSs), compact horizonless,
regular solutions of an ultralight bosonic field theory
minimally coupled to gravity, which involves a complex
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scalar field Φ. However, solutions for massive vector fields
(aka Proca stars or vector boson stars) have also been
obtained, both with and without rotation (for a thorough
understanding on BSs, we refer the interested reader
to [13–18]). The concept of BSs dates back to the proposal
of geons by Wheeler [19] and the introduction of the
original spherical scalar BSs by Kaup [20], Ruffini et al.
[21,22]. The properties of BSs are primarily determined
by the potential that encodes the self-interaction of the
complex scalar field and varies with the Lagrangian form.
Different potentials can be used to model various astro-
physical objects, such as black hole mimickers with fea-
tures resembling those of NSs or even black holes [23–31].
Additionally, BSs and ultralight bosonic fields are consid-
ered promising candidates to account for (part of) the dark
matter present in galaxy halos [32].
There are several unconventional extensions of BSs,

which involve more generalized models of gravity, such
as Palatini gravity [33], Einstein-Gauss-Bonnet theory,
scalar-tensor models [34], or the semiclassical gravity
framework [35]. Apart from these generalizations, recently
considerable effort has been invested into the exploration
of more exotic BS models, including multistate BSs [36],
l-BSs [37], multifield multifrequency BSs [38], Proca-
Higgs stars [39], scalar-vector stars, also called Scalaroca
stars [40], and l-Proca stars [41].
In recent years there has been a surge of interest in the

search of additional scalar or vector degrees of freedom.
One reason for this was the discovery of the fundamental
scalar Higgs boson at CERN [42,43], which has provided
a theoretical motivation for the existence of additional
scalar fields beyond the Standard Model, such as the axion
[44–46] or other ultralight scalar or vector bosons [47,48],
which have been proposed as potential dark matter parti-
cles [49]. The potential detection of new fundamental
vector fields through future observations with LISA is a
highly motivating factor for the continued study of these
types of objects [50].
As for NSs, GW astronomy presents a new avenue for

the exploration of exotic compact objects, which includes
BSs. In this auspicious context, an exceptional GW signal
was detected in 2020 by advanced LIGO-Virgo, which
could potentially be interpreted as the result of a head-on
collision of two Proca stars [51] (see also [52]). Further-
more, current research efforts are also focused on studying
the merger dynamics of BS binaries [53–58].
If a primordial gas could give rise to bosonic configura-

tions, it is plausible that fermions could also be present
during condensation. This suggests the possibility of mixed
configurations, consisting of both bosons and fermions.
While the original configurations might have been mainly
composed of either bosons or fermions, they could also have
captured additional fermions and bosons through accretion.
Thus, it is an intriguing theoretical question to explore

the properties of these macroscopic composites, which are

known as fermion-boson stars in the literature [59]. The
initial research on the topic was conducted at the end of
1980s [60–62]. Other generalizations have also been
studied, like charged fermion-boson stars [63] and fermion-
Proca stars [64]. Numerical simulations have been per-
formed to study their stability and the possible mechanisms
through which they could form [65–69]. It is worth
mentioning that recent studies have applied perturbative
methods over the static background, obtaining the tidal
deformability for mixed stars [70].
From an astrophysical point of view, nonzero angular

momentum stars are important, and the slowly rotating limit
was studied in [71]. Recent measurements have identified
the most rapidly rotating and massive NS in our Galaxy to
date. Designated as PSR J0952-0607, this NS was initially
discovered by [72] in 2017. It exhibits an exceptionally short
rotational period of 1.41 milliseconds. Further investiga-
tions by [73] have revealed that the NS possesses a signi-
ficantly high mass, estimated to be M ¼ 2.35� 0.17M⊙.
Additionally, the secondary component of the GW event
GW190814 could also be a massive NS with M ¼ 2.6M⊙
[74]. These findings provide substantial support for the
theory that mixed stars could be plausible explanations for
such astrophysical phenomena [75–78].
In this work we obtain stationary solutions of the

Einstein-Euler-Klein-Gordon system, where fermionic and
bosonic matter are coupled only through gravity; both have
angular momentum and form a spinning mixed fermion-
boson star.
In Sec. II, we establish the theoretical framework,

delineating each component and the system as a whole
to elucidate the types of objects presented in this manu-
script. Section III is devoted to the numerical treatment and
the development of the algorithm employed for solving the
systems. The main global properties of our solutions are
obtained in Sec. IV, whereas a thorough analysis of the
solutions is presented in Sec. V. Section VI delves into how
these types of objects integrate into the GW paradigm,
providing some insights into their significance and impli-
cations, while Sec. VII is devoted to some final remarks and
conclusions. Finally, we present the sources of the NSs and
mixed stars in Einstein’s field equations in Appendix A
obtained from the stress energy-tensor, the equations
of the initial guess corresponding to the static guess
in Appendix B, and further details on the numerical
methods in Appendix C. Throughout this work, we adopt
G ¼ c ¼ 1 units.

II. FORMALISM

We will first introduce the framework to obtain numeri-
cal solutions of NSs and BSs, since fermionic and bosonic
matter describing them behave differently. Besides, the
numerical methods for solving each type of star separately
are significantly different. In this section, we describe the
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theoretical set-up and numerical methods to build sta-
tionary NSs and BSs separately.

A. Rotating neutron stars

We can model uniformly rotating NSs described as a
perfect fluid assuming a stationary, axisymmetric space-
time. The circular velocity uα can be written in terms of two
Killing vectors tα and ψα, being,

uα ¼ utðtα þΩψαÞ; ð1Þ

where

ut ≔ ½gαβðtα þΩψαÞðtβ þ ΩψβÞ�1=2; ð2Þ

is the t component of uα. In the natural coordinates of t and
ψ , the angular velocity of the fluid as seen by an observer at
rest at infinity can be expressed as follows:

Ω≡ uψ

ut
¼ dψ

dt
: ð3Þ

We will have uniform rotation if and only if Ω ¼ constant.
The metric gαβ for the system can be written as

ds2 ¼ −eγþρdt2 þ eγ−ρr2sin2θðdψ − ωdtÞ2
þ e2αðdr2 þ r2dθ2Þ; ð4Þ

where γ, ρ, α andω are functions of r and θ [79]. The stress-
energy tensor that describes our matter source is given by

Tαβ ¼ ðρ0 þ ρi þ pNSÞuαuβ þ pNSgαβ; ð5Þ

where ρ0 is the rest-energy density, ρi is the internal energy
density and pNS is the pressure. The Einstein field
equations read

Gαβ ¼ Rαβ −
1

2
Rgαβ ¼ 8πTαβ; ð6Þ

where Rαβ and R are the Ricci tensor and scalar. We solve
the field equations coupled to the Euler equations in order
to obtain solutions of rotating NSs. To do this we will
employ the Rotating Neutron Stars (RNS) code [80], which
is based on the Komatsu, Eriguchi, and Hachisu (KEH)
method, also known as the Hachisu self-consistent field
(HSCF) [81]. This method makes use of a Green’s function
approach, in which the Einstein field equations are manip-
ulated to isolate terms for which the flat-space Green’s
function is known. The remaining terms (referred to as the
sources) are moved to the right-hand side. The metric
functions are then determined at each iteration through an
integral involving the sources (including the stress-energy
tensor and other elements) and Green’s functions. This
approach combines different aspects of spectral methods

and finite difference techniques, and was modified by
Teukolsky et al. [82].
Taking the above into account, the Einstein field equa-

tions will be presented as second-order partial derivative
operators over some combinations of the metric potentials,
equated to the source terms,

Δ½ρeγ=2� ¼ Sρðr; μÞ; ð7Þ
�
Δþ 1

r
∂r −

μ

r2
∂μ

�
½γeγ=2� ¼ Sγðr; μÞ; ð8Þ

�
Δþ 2

r
∂r −

2μ

r2
∂μ

�
½ωeðγ−ρÞ=2� ¼ Sωðr; μÞ; ð9Þ

with Δ the flat-space, spherical coordinate Laplacian,
μ ¼ cos θ, and Sρ, Sγ, Sω are the mentioned sources, shown
in the Appendix A. The fourth field equation determines α
and it is not separable in this way. The four field equations
together with the hydrostatic equilibrium one,

dpNS − ðρ0 þ ρi þ pNSÞ½d ln ut þ utuψdΩ� ¼ 0; ð10Þ

and a given EOS closes the problem. The above approach
guarantees that the selected metric functions exhibit
asymptotically flat behavior at infinity. For the three
differential metric equations detailed in Sec. II A, the
boundary conditions are inherently met at spatial infinity
by design [79]. The behavior of the fermionic matter in this
work is assumed to follow a polytropic law for simplicity,

pNS ¼ Kρ1þ1=n
NS ; ð11Þ

where Γ ¼ 1þ 1=n is the adiabatic index and K is the
polytropic constant, which will determine our scale all over
the work. Further, ρNS ¼ ρ0 þ ρi is the total energy density.
Since Kn=2 has units of length, we can use it to redefine
dimensionless quantities and fix the scale of our system.
We will define the zero angular momentum observer

(ZAMO) velocity,

v ¼ ðΩ − ωÞr sin θe−ρ; ð12Þ

which will be useful in what follows.
The metric functions are numerically determined by

integrating the sources shown in Appendix A, where we use
the method of the Green functions for the radial part, and
the corresponding polynomials for the angular dependence.
This is the RNS philosophy.

B. Boson stars

The complex scalar field dynamics are described by the
Lagrangian,
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LΦ ¼ −
1

2

�
gαβ∇αΦ�∇βΦþ VðjΦj2Þ�; ð13Þ

where VðjΦj2Þ is a potential that depends only on the
absolute value of the scalar field, respecting the globalUð1Þ
invariance of the model.
Through a minimal coupling to gravity, the above enters

the action in the following manner [13]:

S ¼
Z �

1

16π
Rþ LΦ

� ffiffiffiffiffiffi
−g

p
d4x: ð14Þ

This equation, called the Einstein-Klein-Gordon (EKG)
action, describes the behavior of a massive complex scalar
field Φ coupled to Einstein’s gravity. In this equation, g is
the metric determinant.
Varying the action (14) yields the EKG equations,

Rαβ −
1

2
Rgαβ ¼ 8πTαβ;

gαβ∇α∇βΦ ¼ dV
djΦj2 Φ; ð15Þ

where Tαβ is now the canonical stress-energy tensor of the
scalar field,

Tαβ ¼
1

2

�∇αΦ�∇βΦþ∇βΦ∇αΦ��

−
1

2
gαβ

�
gμν∇μΦ�∇νΦþ VðjΦj2Þ�: ð16Þ

Equilibrium solutions are obtained assuming an axisym-
metric coordinate system as in Eq. (4) and the following
ansatz for the field, as in [83,84]:

Φðt; r; θ;ψÞ ¼ ϕðr; θÞe−iðwtþηψÞ: ð17Þ

The angular frequency of the field is w∈R and η∈Z is the
harmonic index, also called the winding number and the
complex scalar field modulus is jΦðt; r; θ;ψÞj ¼ ϕðr; θÞ.

C. Mixed stars and rotating fermion-boson stars

Several studies have been conducted on the static case of
mixed fermion-boson configurations, also called fermion-
boson stars and neutron-boson stars (NBSs) [62,63,66–69].
However, since rotation is a ubiquitous phenomenon in
astrophysics, we aimed to develop a framework for
solving the Einstein equations for mixed rotating stars,
which are more closely aligned with plausible astrophysical
scenarios.
In this initial approach, we have developed a code that

can solve the Einstein equations for an axisymmetric
spacetime with a matter content of fermions and bosons
that are coupled solely by gravity,

Rαβ −
1

2
Rgαβ ¼ Gαβ ¼ 8π

�
Tf
αβ þ Tb

αβ

�
: ð18Þ

The metric ansatz is precisely Eq. (4). The stress-energy
tensor for the fermionic matter, i.e. the neutron star compo-
nent, is represented by Tf

αβ, and it is exactly Eq. (5), while
Tb
αβ represents the stress-energy tensor for the bosonic

matter. The Einstein equations can be reformulated in terms
of the aforementioned differential operators and sources,

Δ½ρeγ=2� ¼ STρ ðr; μÞ;�
Δþ 1

r
∂r −

μ

r2
∂μ

�
½γeγ=2� ¼ STγ ðr; μÞ;

�
Δþ 2

r
∂r −

2μ

r2
∂μ

�
½ωeðγ−ρÞ=2� ¼ STωðr; μÞ: ð19Þ

The sources corresponding to the bosonic part are obtained
using the high coupling-constant or Ryan-Pani-Vaglio ap-
proximation, following the seminal authors’ works [84,85]
where such approach is presented, explained, and applied.
In what follows, we use both terminologies indistinctly to
refer to this framework. The justification for the use of such
an approach is based on both stability and simplicity. First,
it has been shown that for spinning BS, nonaxisymmetric
instabilities (known in the literature as NAI [86–88]),
can be avoided by introducing the quartic self-interaction
potential used in this approach. Specifically, high values
of the coupling constant (as it is our case) quench the non-
axisymmetric instabilities of spinning BSs. Stable rotating
BSs would then be described by a quartic or higher self-
interacting potential with a large value of the coupling
constant, justifying the use of such a framework in our study.
Also, it has been shown that mixed stars with different self-
interacting potentials could also be stabilized due to the
presence of the fermionic matter in the system [67]. Second,
the stress energy tensor takes the form of a perfect fluid in
the high-coupling-constant limit. The implementation of a
numerical approach considering potentials under which the
stress-energy tensor can not be taken as a perfect fluid would
be considerably more complicated.
It is important to notice that when computing the source

terms for the mixed star, we have contributions from the
fermionic and bosonic matter but also some curvature
contributions that cannot be computed independently. That
is to say, with a total stress-energy tensor given by
TT
αβ ¼ ðTf

αβ þ Tb
αβÞ, the full sources STi ≠ Sfi þ Sbi .

In the above-mentioned framework, we have the follow-
ing potential:

VðjΦjÞ ¼ μ2bjΦj2 þ 1

2
λjΦj4; ð20Þ

where μb is the boson scalar field mass (not to be confused
with μ ¼ cos θ) and λ the coupling or self-interacting
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constant. In the high-coupling approximation, although the
ansatz for the field is Eq. (17), we marginalize the bosonic
tail and assume that the scalar field in the outer region is
jΦj ¼ 0, while, in the inner part,

jΦj2 ¼ max

	
0;
1

λ

�ðw − ηωÞ2
eγþρ −

eρ−γη2

r2sin2θ
− μ2b

�

: ð21Þ

Moreover, the stress-energy tensor for the bosonic matter
reduces to that of a perfect fluid describing the interior of
the star, while the exponential tail region identified as the
outer part is neglected under this approximation,

Tb
μν ¼ ðρBS þ pBSÞûμûν þ pBSgμν: ð22Þ

The pressure and energy density are given by

pBS ¼
1

4
λjΦj4; ρBS ¼ μ2bjΦj2 þ 3

4
λjΦj4; ð23Þ

and the four-velocity,

ðût; ûr; ûθ; ûψ Þ ¼
ð−w; 0; 0; ηÞ
ðλjΦj2 þ μ2bÞ

1
2

: ð24Þ

So the proper velocity of the zero angular momentum
observer is given by

v̄ ¼ η

ðw − ηωÞ
eρ

r sin θ
: ð25Þ

As under this approximation the stress-energy tensor can
be reexpressed in a perfect-fluid-like form, we obtain
the source equations analogously to the NS case. This
approach can also be called the Ryan-Pani-Vaglio approxi-
mation. We also have defined the energy density and
pressure induced by the bosonic part. Therefore, the
equations for the mixed stars will be similar to the NS
ones, but with additional bosonic matter terms. The corres-
ponding sources are shown in Appendix A. As discussed in
Appendix II A, the regularity and asymptotic flatness of the
metric functions, specifically the boundary conditions,
are inherently ensured by the construction of the KEH
method [79].

III. NUMERICAL IMPLEMENTATION

A. Internal scaling

Our approach consists in using the RNS as the base code,
and implementing the Ryan-Pani-Vaglio approximation
for the BSs as additional source terms in the usual NSs
algorithm. The code had to be modified to include the
bosonic matter part but our algorithm is essentially the
same RNS code, making use of the HSCF method based on
Green functions to solve our system of equations. The main
problem we dealt with was the different rescaling for both

types of objects. As shown in the RNS bibliography [82],
the whole code uses a map between the compactified
coordinate s and the full spherical radius r through the
equatorial coordinate radius re, following

r ¼ re

�
s

1 − s

�
: ð26Þ

With the associated differentiation rule shown in
Appendix B. For the NS case, it is straightforward to
obtain re, since it is the coordinate radius at the star’s
surface, but when dealing with BSs or mixed stars, in the
static case, it is not clear how to define this quantity, as the
bosonic matter decays exponentially to zero at infinity in a
noncompact form. This parameter is important because the
method uses this radius as a scaling parameter. For each
star, we should have a different value of re. To solve this
issue, we have implemented the following criterion: on one
hand, in the pure BS case, the re is defined by the radius at
which 99% of the scalar field energy density is enclosed by
a sphere of that radius. On the other hand, when we have
a mixed star as the initial guess we simply take the
fermionic re. We have checked the consistency and stability
of the method for various mixed and purely bosonic
spherical static stars, used as initial guesses, by having
close but different values for re.
In this case, where the initial guesses are only slightly

different, the rotating solutions obtained for a given set of
model parameters are identical. This indicates that the code
converges to the same solution when given similar initial
conditions for specific parameters in the rotating scenario.
The calculations involving the initial guesses can be found
in Sec. III B and are explicitly shown in Appendix B.
As mentioned before, the scaling for the problem is

defined by the polytropic constant K, i.e., the NS
part. From [89] we have the following dimensionless
redefinitions:

r̄≡ K−n=2r;

t̄≡ K−n=2t;

ω̄≡ Kn=2ω;

Ω̄≡ Kn=2Ω;

ρ̄0 ≡ Knρ0;

ρ̄i ≡ Knρi;

p̄NS ≡ KnpNS: ð27Þ

For the BS part, the scaling with the polytropic constant
may seem less natural than using the boson mass μb, but as
it is easier to use same scaling to build mixed configura-
tions, we will maintain both the self-interaction constant
and the mass parameter. The rescaled and dimensionless
BS parameters are given by
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w̄≡ Kn=2w;

η̄≡ K−nη;

μ̄b ≡ K−n=2μb;

λ̄≡ K−nλ: ð28Þ

This also leads to the usual constraint for the frequency
defined by w̄∈ ½0; μ̄b�. It is important to note that, at the
level of the code, we do an effective rescaling by fixing μb
to unity, but as this boson mass is also rescaled by our
choice of the natural parameter for the problem (the poly-
tropic constant), we cannot just remove it from the code,
and it will appear as μ̄b.
Having the aforementioned re-scaling rule settled, the

observable quantities obtained are also dimensionless, and
the transformation law is defined by

M̄ ¼ K−n=2M;

J̄ ¼ K−nJ;

with M and J the mass and the angular momentum of the
star, respectively.

B. Initial guess, shooting method,
and coordinate transformation

In principle, there exist three possibilities for an initial
guess, namely the purely fermionic (or NS), the purely
bosonic, and the mixed case. In the present paper we focus
on rotating stars with a non-negligible fermionic compo-
nent, where purely fermionic or mixed initial guesses are
more appropriate. When we consider a larger fermionic
component we refer to the ratio between the fermion to
the total mass. Concretely, the numerical results which we
display explicitly in the subsequent sections were obtained
from purely fermionic initial guesses, because the required
numerical calculations are much faster than for the mixed
case. We want to emphasize, however, that we performed a
significant number of calculations for mixed initial guesses,
to make sure that the resulting rotating stars do not depend
on the initial guesses. The procedure of how to take a
spherically symmetric star as an initial guess for a spinning
star is well explained in the RNS manual [90]. For
completeness, we will nevertheless briefly explain how
to implement all possible cases of initial guesses: the static
NS, the static BS, and the static mixed star.
For the pure NS case as initial guess, the Tolman-

Oppenheimer-Volkoff (TOV) equations are solved for the
given polytropic parameters, with the line element for a
static spherical object defined by

ds2SNS ¼ −e2νðrÞdt2 þ 1

1 − 2mðrÞ=r ðdr
2 þ r2dΩÞ; ð29Þ

where (SNS) means static NS.

As in the RNS code, we introduce the auxiliary variable
ϒ defined by e2ϒðrÞ ¼ 1

1−2mðrÞ=r, which simplifies the radial

Einstein equation (REe). Thus, we have static NSs
described by the following system of equations:

EOS∶ pNS ¼ pNSðρNSÞ

Mass∶
dMðrÞ
dr

¼ 4πρNSðrÞe5
ϒðrÞ
2 r2

REe∶
dνðrÞ
dr

¼ 8πre2ϒðrÞpNSðrÞ −ϒ0ðrÞð2þ rϒ0ðrÞÞ
2þ 2rϒ0ðrÞ

TOV∶
dpNSðrÞ

dr
¼ −ν0ðrÞðρNSðrÞ þ pNSðrÞÞ; ð30Þ

together with the derivatives relation m0ðrÞ ¼ 1
2
e−2ϒðrÞ ×

ðe2ϒðrÞ þ 2rϒ0ðrÞ − 1Þ. The mass formula, MðrÞ, defines
the mass function in this coordinate system, and its value
at the star surface, or equivalently at infinity, provides
the star’s total mass Ms; see [91]. Here, Ms is the total
gravitational mass of the star [92].
Both the original RNS code and our extension use a

Runge-Kutta method to integrate Eq. (30). Next, a sub-
routine interpolates the interior of the stars and matches
them with the outer solution. This yields the metric func-
tions in a suitable form for their usage as initial guesses
in the rotation extension. The static star employed as the
initial guess for the metric Eq. (4) results in the following
isotropic coordinates:

INT∶ ds2 ¼ −e2νdt2 þ e2ξðdr2 þ r2dθþ r2sin2θdψ2Þ
⇒ γ ¼ νþ ξ; ρ ¼ ν− ξ; α ¼ ðγ − ρÞ=2; ω ¼ 0

OUT∶ eðγþρÞ=2 ¼ ½1−Ms=ð2rÞ�=½1þMs=ð2rÞ�;
⇒ eðγ−ρÞ=2 ¼ eα ¼ ð1þMs=ð2rÞÞ2; ω ¼ 0: ð31Þ

Through the previous transformations, the initial guess
calculation for the scenario where the initial guess is purely
fermionic, is straightforward.
Formulating an initial guess for a mixed or purely

bosonic star requires a slightly different approach com-
pared to the NS case. The mixed and purely bosonic
scenario can be obtained with a single, general formalism,
by choosing a zero or nonzero fermionic energy density
at the origin for pure BSs or mixed stars. It is important
to note that the Ryan-Pani-Vaglio approximation is not
required within a static framework. The static case can be
addressed using a one-parameter, one-dimensional shoot-
ing method for a configuration with a nonzero field at the
origin. In this section, we will provide a detailed explan-
ation of the algorithm.
In contrast to the pure NS case, where the RNS

code assumes a metric in isotropic coordinates, the metric
for the mixed and bosonic cases must be expressed in
general, static, spherically symmetrical Schwartzschild-like
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coordinates, and the TOV system needs the corresponding
modifications. Our chosen metric in these cases is the same
as the one used in [66],

ds2 ¼ −b2dt2 þ a2dr2 þ ðr2dθ þ r2sin2θdψ2Þ: ð32Þ

The scalar field ansatz in spherical symmetry is now

Φsðt; rÞ ¼ ϕsðrÞe−iwst: ð33Þ

The modified TOV system is

db
dr

¼ b
2

�
a2 − 1

r
þ 8πr

	�
w2
s

b2
− μ2b −

λ

2
ϕ2
s

�
a2ϕ2

s þΨ2 þ 2a2pNS


�
;

da
dr

¼ a
2

�
1 − a2

r
þ 8πr

	�
w2
s

b2
þ μ2b þ

λ

2
ϕ2
s

�
a2ϕ2

s þ Ψ2 þ 2a2ρNS


�
;

dϕs

dr
¼ Ψ;

dΨ
dr

¼ −
�
1þ a2 − 8πra2

	
μ2bϕ

2
s þ

λ

2
ϕ4
s þ

1

2
ðρNS − pNSÞ


�
Ψ
r
−
�
w2
s

b2
− μ2b − λϕ2

s

�
a2ϕs;

dpNS

dr
¼ −ðρNS þ pNSÞ

1

a
db
dr

: ð34Þ

Together with the above system of Eq. (34), we give the
equation for the gravitational mass,

Ms ¼ lim
r→∞

r
2

�
1 −

1

a2

�
: ð35Þ

For clarity, we have omitted the functional dependencies.
This modified TOV system allows us to recover the static
pure BS when pNS ¼ ρNS ¼ 0. This set of equations
defines an eigenvalue problem, and it can be solved, as
mentioned previously, using a shooting method over
the frequency parameter. For a given central field value
ϕ0 ¼ ϕsðrÞjr¼0, there is a wshot that ensures the right
behavior at the boundaries. The differential equations are
solved using the shooting method for a Runge-Kutta
fourth order. After finding the correct eigenvalue, we
have to rescale both the frequency and gtt by its value at the
outer boundary gttðr → ∞Þ.
After solving the system with the shooting, we need a

metric transformation to set the initial guess as our code
requires. The transformation might allow the code to read
the solved static mixed or pure BS obtained from Eq. (32)
in terms of the axisymmetric language Eq. (4). A coor-
dinate transformation is mandatory, and for the static sce-
nario, the data must be reformulated in such a way that the
metric functions derived for the static star are analogous to
those of the rotating system in the limit where ω ¼ 0. For
clarity, we show the calculations in detail in Appendix B.

C. Green’s functions and integration

As mentioned in Sec. II A, the RNS code [82] and our
modified code exploit the Komatsu et al. self-consistent
field method [81], in turn inspired by the seminal works
presented by Butterworth and Ipser [93]. We will explain in

detail how the integration using Green’s functions is
performed. The field equations in the operational form
in Eq. (19) are elliptical, and taking into account the
equatorial and axial symmetry of the problem, the metric
potentials can be written as integral forms in terms of three-
dimensional Green’s functions. The main idea underlying
this method is precisely based on this integral representa-
tion of the field equations for each independent component
of the metric functions. Using appropriately the corre-
sponding Green’s functions in each case, the static solution
is taken as the initial guess, which is iterated until the field
equations are satisfied up to a chosen tolerance. This
concept can be elucidated as follows: Einstein’s equations
are divided such that, on one side of the equality, we find
the Green’s functions in flat space, which are well-known
and readily solvable. On the opposite side are the remaining
source terms. During each iteration, the metric functions
are updated by integrating the product of these Green’s
functions with the source terms [84].
The three elliptic potentials ρ, γ, and ω are derived by

expanding the Green functions in their radial and angular
parts (as explained in [81] and described in Appendix C
for one particular case). These potentials are detailed
in Appendix C. The source terms S̃Tρ ðs; μÞ ¼ r2STρ ðs; μÞ,
S̃Tγ ðs; μÞ ¼ r2STγ ðs; μÞ, and S̃Tω̂ðs; μÞ ¼ r̄er̄2STωðs; μÞ are
integrated using the Legendre and associated polynomials
PnðμÞ and Pm

n ðμÞ, with trigonometric functions expressed
in terms of μ through their inverse functions, e.g.,
sinðnθÞ ¼ sinðn arccos μÞ. The method ensures the correct
asymptotic behavior of the elliptic potentials, where for
large r̄, ρ ∼Oð1=r̄Þ, γ ∼Oð1=r̄2Þ, and ω ∼Oð1=r̄3Þ.
Appendix C provides the identities used to improve accu-
racy. It is crucial to note that the equation for α (A4),
corresponding to the fourth field equation, is not an elliptic
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equation but rather an ordinary first-order differential
equation. This can be derived by integrating the derivative
expression detailed in Appendix A, together with the
condition at the pole α ¼ 1

2
ðγ − ρÞ [85].

It is imperative to acknowledge the significance of
Ridder’s method within our computational framework.
The second version of the RNS code incorporates this
root-finding algorithm specifically to generate sequences of
polytropic NS solutions, as outlined in [80]. In a parallel
methodology, we have adopted Ridder’s method with the
analogous aim of computing sequences for our mixed
systems, now using w̄ as the sequence parameter.
This extra algorithm is initiated with a given value for the

field frequency w̄, progressively reducing it by a fixed
amount until reaching a determined value. We then input
the oblateness through an initial value for rratio ¼ rp=re,
which is the fraction of polar over the equatorial radii. A
value rratio ¼ 1 corresponds to the spherical and static
case, while rratio < 1 includes rotation in the system. For
each w̄ value in the loop, there is a true solution for a fixed
rratio. Ridder’s method is able to find this solution for the
initial conditions—given as the input and jumps to the
next w̄—when the difference between the value for rratio
and rratio þ δrratio is less than a fixed tolerance, being
δrratio ≪ rratio.
A comprehensive and detailed exposition of Ridder’s

method is provided in [94], offering crucial insights into its
application and efficacy.

IV. GLOBAL PROPERTIES

Once the equations for the metric functions are solved,
the main observable quantities can be extracted in terms of
the Killing vectors ξβðtÞ; ξ

β
ðψÞ and the stress-energy tensor

using the Komar integrals [80],

M ¼ −
Z

ð2Tα
β − δαβT

σ
σÞξβðtÞd3Σα ¼

Z
ð−2Tt

tþTσ
σÞ

ffiffiffiffiffiffi
−g

p
d3x:

J ¼
Z

Tα
βξ

β
ðψÞd

3Σα ¼
Z

Tt
ψ

ffiffiffiffiffiffi
−g

p
d3x: ð36Þ

Since we have TT
αβ ¼ ðTf

αβ þ Tb
αβÞ we can obtain both

integrals separately and, through a simple addition, we will
have the total mass and angular momentum. The mass and
angular momentum for the NS part is given by [82] as
follows:

M̄NS ¼ 4πr̄3e

Z
1

0

s2ds
ð1− sÞ4

Z
1

0

dμe2αþγ

	ðp̄NS þ ρ̄0 þ ρ̄iÞ
1− v2

×

�
1þ v2 þ 2vs

1− s

ffiffiffiffiffiffiffiffiffiffiffiffi
1− μ2

q
e−ρω̄

�
þ 2p̄NS



; ð37Þ

J̄NS ¼ 4πr̄4e

Z
1

0

s3ds
ð1 − sÞ5

Z
1

0

dμ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q
e2αþγ−ρ

×
ðp̄NS þ ρ̄0 þ ρ̄iÞv

1 − v2
: ð38Þ

And the BS part,

M̄BS ¼ 4πr̄e

Z
1

0

ds
ð1 − sÞ2

Z
1

0

dμe2α−ρjΦj2
	
e2ρ

η̄2

1 − μ2

þ s2

ð1 − sÞ2
�
w̄2 − η̄2ω̄2 þ eγþρλ̄

jΦj2
2

�

; ð39Þ

J̄BS ¼ 4πr̄3e

Z
1

0

s2ds
ð1− sÞ4

Z
1

0

dμe2α−ρη̄ðw̄− η̄ ω̄ÞjΦj2: ð40Þ

We keep both quantities separate and treat them as
completely independent observables,

M̄T ¼ M̄NS þ M̄BS;

J̄T ¼ J̄NS þ J̄BS: ð41Þ

There is another method for obtaining these quantities,
making use of the relations between the sources and the
observables, just by integrating with the proper Legendre
polynomials. We have the general formulas for the mass
and current moments [85],

M2n ¼
1

2
r2nþ1
e

Z
1

0

ds
s2n

ð1 − sÞ2nþ2

Z
1

0

dμ0P2nðμ0Þ

× Sρðs; μ0Þ; ð42Þ

S2n−1 ¼
r2nþ1
e

4n

Z
1

0

dss2n

ð1 − sÞ2nþ2

×
Z

1

0

dμ0 sin θ0P1
2n−1ðμ0ÞSωðs; μ0Þ; ð43Þ

with n the multipole order, and Pl
m the family of Legendre

polynomials and their derivatives. We can directly integrate
the expression forM0 which is the mass, S1 for the angular
momentum, and beyond for the quadrupole moment and
higher order multipole moments. Note that our expressions
for the multipole integrals are slightly different from the
ones in [85] since our sources, at the level of the code, are
rescaled with a factor of r̄2. The above integrals are key to
perform checks on the calculations of our code and to
obtain higher order multipoles in future works.

V. EQUILIBRIUM CONFIGURATIONS

A. Static solutions

The investigation of static solutions is of some indepen-
dent interest, but they also serve as initial guesses for
spinning solutions, although in this work we mainly used
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static pure fermion stars as initial guesses, as explained at
the beginning of Sec. III B. Examining the primary char-
acteristics of these static stars allows us to perform
comparative analyses with previous studies and identify
some similarities and differences with spinning configura-
tions. Our findings are consistent with the solutions
presented in [66,67,95,96], although some variations arise
due to different self-interaction coupling constant values in
our setup, reflecting the high-value nature of the coupling
in our framework. It is also important to notice that the
rescaling for the static case is not the same as in the
spinning case, and as mentioned in Sec. III B, no approx-
imations are used. Now we maintain the polytropic con-
stant value intact, and the rescaling is done in terms of the
boson mass term μb, having r → rμb, t → tμb, w → w=μb
and Ms → Msμb. Also, the coupling constant is redefined
as λ → λ=ð4πμ2bÞ ¼ Λ, which is the usual rescaling for
scalar boson stars [13,97]. This is the reason why we do not
have bar quantities for the static case. The bosonic field is
depicted in the upper panel of Fig. 1, while the lower panel
illustrates the fermion pressure as a function of radius for
four distinct models of mixed stars.
The usual behavior in static mixed stars can be seen

in Fig. 1. First, the field going to zero at infinity. Second,
the polytropic fermion pressure also has a continuous
behavior at the NS surface. The obtained masses are
within the usual range of values for these objects, i.e.
Msμb ∈ ½0.5; 2Þ [66,67,95].
A comprehensive plot ofMs as a function of ðϕ0; ρcÞ for

Λ ¼ 100 is shown in Fig. 2, aligned with this work’s main
results and previous research focused mainly on the static
case. Despite the evident differences in the data setup, our
static solutions, derived for high coupling constants, show
positive comparability with the results presented in Fig. 1
from [67]. In our study, Fig. 2 exhibits the same behavior
and ranges for both masses and the ϕ0 and ρc parameters.
The excellent agreement serves as an additional consis-
tency check of our code.
Notably, the distinction between spinning and static

bosonic matter is essential for comparison, as these con-
figurations are inherently disconnected from one another
due to differences in their matter distributions, morphology,
and quantized angular momentum. Static bosonic stars are
spherically symmetric objects, with the field central value
corresponding to the maximum value of the field and
playing a fundamental role alongside the internal field
frequency parameter. In contrast, the central field value
is zero for spinning configurations [13,98], resulting in a
toroidal mass distribution. Even the internal field frequency
is very distinct between the two cases, being the eigenvalue
obtained through the shooting method after fixing the
central field in the static problem and the fundamental
parameter of the model in the spinning case. However, we
will try to compare both cases in the mixed setup briefly in
the following section.

B. Spinning solutions

Spinning fermion-boson star solutions are complex and
depend on numerous parameters, with various families of
solutions exhibiting remarkable differences and features.
We will focus on an illustrative family, leaving other cases
for future work. Typically, spinning NS solutions are
defined by fixed EOS parameters. For our polytropic
models, the initial choices are the energy density at the
origin ρ̄0 and the adiabatic index Γ. Additionally, an initial
value for the rotational frequency should be provided.
For our code, however, it is preferable to give an initial
value for the oblateness parameter, rratio, instead. The static
case corresponds to rratio ¼ 1 while our rotating stars are
obtained for initial values rratio ¼ 0.9. This value, though,
will vary slightly with the iterations of Ridder’s method, as
indicated in Sec. III C. Different initial rratios values will
yield qualitatively similar but varying results. Pure NSs are

FIG. 1. Radial profiles of the scalar field ϕs (top panel) and
fermionic pressure pNS (bottom panel) for four different static
mixed star models. The models have a total mass of Msμb ¼
f0.88; 1.172; 1.922; 1.887g. The value of the coupling constant
is Λ ¼ 100.
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easier to explore due to specific options in the original RNS
code, allowing to fix particular solutions by setting final
properties like mass, angular momentum, or axis ratios.
For rotating BS configurations, four main parameters

must be determined: the boson mass, the self-interaction
coupling constant, the harmonic index, and the internal
field frequency w̄. Taking into account the rescaling defined
in Sec. III and the dimensional values of G, c and ℏ, we
obtain the following numerical values: μ̄b ¼ 0.01 → μb∼
1 × 10−16 MeV, η̄ ¼ 0.01 → η ¼ 1 and λ̄ ¼ 1 → λ ¼ 100.
As the dynamical variable w̄ imparts distinct characteristics
to each mixed star. We present a family of solutions through
systematic variations of initial parameters w̄ and ρ̄0, while
the other parameters are kept fixed and the final value of
rratio is obtained through the method for the given initial
parameters w̄ and ēc ¼ ρ̄c þ ρ̄i, with this quantity being the
total central mass-energy density. Our approach uses ēc
instead of ρ̄c due to the RNS output structure, allowing a
comprehensive exploration of the parameter space, enhanc-
ing the understanding of mixed stars properties within the
theoretical framework.
It is relevant to mention that the solutions we discuss

here mostly align with the most probable astrophysical
scenario. In this scenario, a NS could begin to accrete
varying amounts of bosonic matter, giving rise to systems
with a well-defined inner NS with more or less bosons
orbiting it until equilibrium configurations are reached.
This highlights the importance of this study within the
broader context of astrophysical phenomena, in which NSs
are well-known and significant.
Before delving into a comprehensive analysis of the

entire suite of solutions, we propose an initial examination
focused on the behavior of the fermionic matter, and the
bosonic component across radial and angular dimensions.
This examination will be conducted through the lens of four

distinct models. This methodological approach enables a
detailed inspection of the interplay between these critical
aspects of the system, offering insights into how they vary
spatially.
From the analysis of Fig. 3, we deduce several notable

properties of mixed stars within the framework of our
study. Each row in the figure is dedicated to a distinct star,
with subsequent columns providing detailed visualizations
of the variables p̄NSðs; θÞ and jϕðs; θÞj2 across the s, θ grid.
The final column offers a representation of both fermionic
and bosonic energy densities, rendered in Cartesian coor-
dinates. This structured presentation facilitates a compre-
hensive comparison of the physical characteristics inherent
to each star, delineating the spatial distribution of pressure
fields and scalar field configurations. Moreover, the juxta-
position of fermionic and bosonic energy densities in the
concluding column underscores the interplay between these
fundamental components, highlighting their distribution
and relative contributions within the composite structure of
the mixed stars.
Even with the markedly different scenarios under con-

sideration, the pressure within the neutron star, p̄NS,
depicted in the first column of Fig. 3, does not exhibit a
significant contrast between the different models. In Fig. 4
we plot the radial profiles of the two components of the
spinning NBS configuration with ε̄c ¼ 0.17 and ω̄ ¼ 0.088
(third row in Fig. 3) for several values of the coordinate θ.
While the neutron star profile does not depend significantly
on θ since the star is close to being spherically symmetric,
the scalar field profile is fundamentally different from the
static cases shown in Fig. 1. Spinning scalar boson star have
a toroidal morphology, which is clearly seen here.
Although the numerical values characterizing p̄NS are

distinctly different, it is difficult to visually distinguish the
four cases shown in Fig. 3. In Fig. 5, however, we analyze
the percentage difference between the purely NS case
and the shown models. We make use of the following
definition:

ΔpðPNS−NBSÞ ¼ 100 ×
jp̄PNS − p̄NBSj

p̄PNS
; ð44Þ

where the sublabel NBS refers to the mixed models and
PNS to the pure neutron star.
From Fig. 5, it becomes evident that models with higher

field frequencies exhibit generally larger ΔpðPNS−NBSÞ at
any radial point. The plot also indicates that the greatest
variation in neutron pressure occurs near the fermion
surface, around s ∼ 0.5. This demonstrates that the pres-
ence of the scalar field proportionally alters the fermionic
matter: the greater the presence of the scalar field, the more
significant the changes in the neutron pressure profile.
However, it is in the representations of the scalar field and
the energy density where the distinctions become more
visually pronounced.

FIG. 2. Different total masses as functions of ϕ0 and ρc for
mixed static stars obtained with the polytropic values K ¼ 100,
Γ ¼ 2 and self interacting coupling constant Λ ¼ 100.
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FIG. 3. Different mixed star solutions having the same central density ēc ¼ 0.17 and Γ ¼ 1.0. The upper solution was obtained for
w̄ ¼ 0.069. The second row shows a w̄ ¼ 0.078 star. The third row shows a star with a frequency w̄ ¼ 0.088. The last row is for the
limiting case w̄ ¼ 0.0991 star. It is important to notice that the radial coordinate is the compactified radius s∈ ½0; 1� and by columns, we
plot p̄NSðr; θÞ; jϕðr; θÞj2 and the contour plots show the energy densities for both parts, being the gray/blue spheres, the fermionic part
and the multicolor contour the field energy density jϕðr; θÞj2. The color in the bosonic part represents the phase. We emphasize that the
fermionic pressure is always zero at s ¼ 0.5, which defines the neutron star-part surface. On the other hand, the scalar field can approach
zero both for higher or for lower radial values, making the spectra of solutions richer in terms of the bosonic counterpart. This fact
directly implies that the onset of the outer region will depend on both surfaces.

ROTATING FERMION-BOSON STARS PHYS. REV. D 110, 123019 (2024)

123019-11



Upon scrutinizing the second and third columns of
Fig. 3, we observe a clear differentiation in the scalar field
distributions and their corresponding energy density man-
ifestations, analyzed on a row-by-row basis. The initial star
demonstrates the most pronounced scalar field distribu-
tions, which, when interpreted in terms of energy density
distribution, reveals a slender torus of bosonic matter that
envelops and intersects the NS exterior.
In the subsequent scenario, the expansion of the field

distribution is evident, indicating that the torus now
encompasses a larger portion of the NS. This expansion
is indicative of an increase in total mass. The third scenario
illustrates a significant enhancement in the field’s predomi-
nance to the extent that the NS is almost completely
cloaked in bosonic matter. The final depicted scenario

reveals a mixed star configuration where the NS is entirely
encased in bosonic matter, with the torus expanding to such
a degree that it nearly forms a spherical shape.
In Table I the maximum value for the metric function

ρðs; μÞ is shown in the second column. While this quantity
does not vary much as we increase the amount of scalar
field, the total mass changes through our models, deviating
from the NS. In particular, for the last case with ω̄ ¼ 0.0991
the boson star mass represents a quarter of the total mass.
These observations stress the intricate interplay between

the scalar field distributions and the resultant energy
density surfaces, highlighting the transition from a slim
torus to an almost spherical envelope of bosonic matter.
This transition reflects the varying degrees of interaction
between the fermionic and bosonic components.
Computing the total masses for the family of solutions as

a function of the parameters MTðw̄; ēcÞ allows us to study
the region where the scalar field couples more strongly,
leading to more massive stars.
In Fig. 6 we represent solutions for the range of w̄

between 0.085 and 0.0993. We explored, in fact, solutions
for w̄∈ ½0.0685; 0.0993�, but for w̄ < 0.085 the boson

FIG. 5. Percentage difference between the pure NS and the four
NBSs shown in Fig. 3 plotted vs the computational radial
coordinate.

FIG. 4. Radial profiles of the magnitude of the scalar field
(top panel) and fermionic pressure pNS (bottom panel) for the
spinning mixed star model with central energy density ε̄c ¼ 0.17
and field frequency ω̄ ¼ 0.088. The different lines correspond to
different values of the angular coordinate θ with the red and blue
lines corresponding to θ ¼ 0 and θ ¼ π=2, respectively. The red
line in the upper plot shows that jϕðr; θÞj ¼ 0 at θ ¼ 0, indicating
a toroidal energy distribution of the scalar field.

TABLE I. Maximum value of the metric function ρðs; μÞ, mass
ratio of the boson star, and total mass for the mixed models
presented in Fig. 3. The first row corresponds to the parameters of
a pure NS with the same parameters ēc ¼ 0.17, rratio ¼ 0.9.

Models ω̄ Max jρj MBS=MT MT ½M⊙�
NS � � � 0.86999 0 1.5338
NBSw̄¼0.069 0.069 0.86999 3.9119 × 10−7 1.5337
NBSw̄¼0.078 0.078 0.86997 0.00021 1.5336
NBSw̄¼0.088 0.088 0.87015 0.0018 1.5346
NBSw̄¼0.0991 0.0991 0.88019 0.2580 2.0507
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component contributes less than 2% of the total mass,
rendering them less relevant for our analysis.
We start the analysis by scrutinizing the upper plot in

Fig. 6, wherein the contour can be explained by splitting
it into four principal regions. The first region is charac-
terized by an exceedingly low NS energy density, where
ēc ∼ ð0; 0.1Þ. Solutions within this parameter space re-
present the existence threshold for NS, manifesting very
low masses and failing to meet the requisite density and
compactness criteria essential for sustaining a scalar field.
This segment of the plot can be elucidated by drawing a
parallelism with a mass-radius plot for NSs, specifically
focusing on the segment where the mass is below 0.5M⊙
and the radii exceed 13 km. Additionally, an inspection of
this region with respect to w̄ reveals negligible variations
despite alterations in the parameter, aligning with the

inference that the solutions are derived under a scenario
dominated by fermionic matter, even if the fermioninc
component is itself small. This suggests that a certain mass
threshold for NSs is imperative to facilitate a significant
coupling with the scalar field.
The second region is distinctly demarcated by the

contours, encompassing the solution space bounded by
w̄∈ ð0.068; 0.097Þ—excluding certain solutions at the
lower limit of w̄ to omit redundant information—and
ēc ∈ ð0.1; 0.85Þ. This domain exhibits solutions with neu-
tron star masses in the range of 1.8–2.3M ⊙. Notably, the
solutions within this region display low sensitivity to
variations in frequency and energy density, indicating that
a broad parameter space converges to similar types of
solutions. This implies a certain robustness or invariance in
the NS characteristics within this specific range of param-
eters, reflecting an area of uniformity in the solution space.
The third region is situated in the right portion of the

upper plot in Fig. 6. It is characterized by a decrease in the
total mass beyond ēc ∼ 0.9. This trend aligns with obser-
vations from prior studies on polytropic NSs and mixed
fermion-boson stars (see for instance [66]) and was antici-
pated in our research. The influence of the field frequency
on this behavior is evident, as the contours exhibit rounded
borders, indicating a variation in mass with frequency.
Analysis of this plot reveals that higher frequencies corre-
late with more massive solutions, which can be attributed to
the increased coupling of the scalar field within the system,
thereby leading to an increase of the total mass of mixed
stars in this region.
Finally, the fourth region is the high frequency para-

meter space ranging almost all the data based on the ēc. We
define it for solutions with w̄ ≥ 0.097 and ēc > 0.1. This
region covers a wide range of data predicated on ēc and is
prominently illustrated in the lower panel of Fig. 6. Several
critical insights can be derived from this solution domain.
A pivotal observation is the attainment of maximum

masses exceeding 4.5M⊙ within a small subregion, indi-
cating the presence of exceptionally massive mixed star
solutions. However, it is noted that these maximal mass
values are not located at the extreme boundaries of the
parameter space, as one could naively expect. Instead, there
is a discernible decrease in mass beyond a specific neutron
star energy density and scalar field frequency threshold.
This behavior is visually represented by a narrow yellow
band, flanked by green and blue regions, signifying that
an increase in w̄ and ēc beyond specific limits reduces the
total mass. This phenomenon suggests a complex relation
between the two significant parameters within this high-
frequency region.
Another surprising behavior is found concerning the

field frequency boundary. When increasing ēc, the space of
w̄ where the code finds equilibrium solutions decreases
linearly. Further, in this region an effect already described

FIG. 6. Contour plots depicting the total masses in units of solar
mass as functions of the scalar field frequency and the central NS
energy density are presented. The upper and lower plots display
identical datasets, with the lower plot offering a magnified view
of the region where the behavior of the bosonic component
becomes more discernible.
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for the third region is stronger. We see how the contours
describe a sort of central higher mass region that clearly
decreases after going beyond the thresholds. This pattern
suggests the formation of a peak in the mixed star mass that
decreases on either side of these thresholds, illustrating a
nuanced interplay between central energy density and field
frequency in determining the total mass.
Additionally, higher values of w̄ lead to a convergence of

contours, making this region richer in terms of the variety
of solutions. This behavior emphasizes the significant
influence of the bosonic component on the equilibrium
and structural characteristics of mixed stars within the high-
frequency domain.
A plausible explanation for this observed behavior could

be as follows: our fermionic models involve rapid rotation,
but generally at velocities that are lower than those seen in
purely spinning bosonic stars. An increase in w̄, which
denotes a lower rotational frequency for bosonic stars,
suggests a potential synchronization in rotational frequency
between the fermionic and bosonic components. This
synchronization could enable the mixed star to achieve
higher total masses and better integration of both matter
types. Specifically, more effective coupling occurs when
the fermionic and bosonic components spin at comparable
speeds, which is more likely to occur when the bosonic
component has a lower velocity and, consequently, a
higher w̄. A more in-depth investigation of this pheno-
menon will be addressed in future research.
With the above considerations, we can compare the

spinning with the static configurations shown in Fig. 2,
noting the inherent differences between static and spinning
scalar boson stars’ energy density distributions. The spin-
ning case shows a richer structure, exhibiting distinct
behaviors across subregions I; II; III; IV, and generally
showing an increase in mass with higher internal fre-
quencies. Conversely, the central scalar field parameter ϕ0,
which plays the same role in the static case as the fre-
quency, behaves differently. Notably, the total masses
differ significantly between the two cases, with the static
system achieving approximately MT ∼ 2M⊙, while the
spinning systems reach around MT ∼ 4.5M⊙. However,
there is a similar trend in both cases: beyond a certain
value of the central neutron energy density, the total mass
decreases, as the object cannot accommodate any more
matter.
The subsequent Fig. 7 shows the ratio between the mass

of the bosonic part and the total mass obtained by summing
the fermionic and bosonic contributions. This figure helps
to clarify and expands on some of the above conclusions.
The upper panel shows a broader range of solutions where
we can identify solutions with less than a 10% of bosonic
content, shown in dark blue, and solutions where the BS
part represents more than 60% of the total mass in light
green and yellow. It becomes clear from this plot that the
medium-high energy density-high-frequency region is the

part of the parameter space where the bosonic contribution
becomes important.
We can go even further in the analysis if we zoom into

the above-mentioned region of interest. The lower panel in
Fig. 7 shows this region in more detail. The first assessment
we can make is related to the high variability of the space
of solutions, meaning that the solutions in this area are
strongly affected by any variation in w̄. We also checked
that the spectra of solutions decrease for the frequency
when ēc increases. Additional comments can be made
about the maximal bosonic mass found in our dataset.
There is a tiny region for nonextremal high frequencies and
medium NS energy densities, where the bosonic compo-
nent reaches values above 60% of the total mass. Moving
beyond these values of the parameters, the bosonic con-
tribution to the total mass decreases significantly.
It is important to acknowledge that the study of the higher

spectrum of solutions is constrained by potential numerical
challenges. Our computational model is designed to solve
problems within specific boundary conditions. However,

FIG. 7. We show the relation between the bosonic and total
mass for our mixed stars dataset. The upper and lower plots have
the same data, but zoom the region of interest in the second one.
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an unregulated increase in the number of bosons could
lead to a scenario where asymptotic flatness is violated. In
such cases, the code struggles to converge to a meaningful
equilibrium solution as the fundamental assumptions of the
model are violated. This is evident in the upper right corners
of Fig. 6 and Fig. 7, where a blank region indicates that the
code does not find any solution.
This limitation underscores the intricate balance required

in numerical simulations, especially when dealing with
systems where the interplay of various components—such
as the neutron star and boson star elements—can lead to
complex and, at times, unpredictable outcomes. The in-
ability to reach a broader spectrum of solutions highlights
the system’s sensitivity to boundary conditions and the
need for a careful control of parameters to ensure the
reliability and relevance of the simulated solutions.

C. Presence of ergoregions

The ergoregion instability appears in any system with
ergoregions and no horizons. For some models of rapidly
rotating NS, it was shown that ergoregions can arise when
dealing with certain EOS [99] where typical instability
timescales are shown to be larger than the Hubble time. In
these cases, the ergoregion instability is too weak to affect
the star’s evolution. This conclusion changes drastically
for ultracompact stars. Depending on the compactness,
instability timescales ranging from seconds to even weeks
were found [100]. Indeed, a rigorous study was performed
for various types of exotic compact objects [101]. Further-
more, BSs have been proven to support ergoregions
depending on the self-interaction governing the field, since
this parameter is intrinsically linked to the level of compact-
ness achievable by models featuring self-interactions in
the potential [85]. Those fast-spinning, massive BSs are
directly related to our mixed stars.
On the other hand, the mixed stars we have obtained with

the polytropic EOS discussed in this work, with Γ ¼ 1.0,
and for any value of w̄ did not present any ergoregion.
However, considering different polytropic indexes resulted
in drastic changes in the compactness of our solutions,
and some of them showed this kind of region where no
particle can remain at fixed r, θ and ψ . To further underline
this point, and going beyond the polytropic EOS, we
present in Fig. 8 a solution obtained for a rather realistic,
tabulated EOS [102] where we appreciate two changes in
the sign of gtt, which translates into the existence of an
ergoregion, demonstrating that mixed stars can also support
ergoregions. Firstly, we show their existence for some of
our results, making a clear connection with [85,99].
Secondly, this result anticipates a future research line since
our solver is capable of using tabulated EOS. In future
work, therefore, we will be able to analyze in detail and
discuss more realistic models from the point of view of
the NSs.

VI. FERMION-BOSON STARS IN
GRAVITATIONAL-WAVE ASTRONOMY

While alternative scenarios have been proposed [51,52],
the vast majority of current GW detections of compact
binaries are perfectly described by that of mergers of black
holes and/or NS [103–106]. There exist, however, obser-
vations that challenge the assumed characteristic masses of
these objects. For instance, the event GW190814 [107]
involves a compact object of around 2.6M ⊙, falling in the
so-called “lower-mass black hole gap,”where the formation
of black holes from stellar-collapse is prevented. While
scenarios involving primordial black holes [108,109] and
dark matter [75,110] have been proposed to explain such
events, fermion-boson stars can also populate this mass
range, offering an alternative scenario [97]. While we
are far from performing actual numerical simulations of
mergers of these objects, we anticipate two potential
avenues to confirm or discard such an option. First,
GWs emitted during the end stages of the inspiral phase
will contain information about the characteristic tidal
deformability of these objects. Second, the bosonic part
of the star will affect both the nature of the final object,
most likely making it collapse into a black hole due to the
increased mass of the binary in comparison to the case of
pure NS binaries, and any potential postmerger emission.
In both cases, third-generation detectors such as Einstein
Telescope [111,112], Cosmic Explorer [113,114] or
NEMO [115] will be needed to access the corresponding
information.
The expanded array of options provided by our mixed

solutions offers essential insights that could address the
inconsistencies observed in recent multimessenger obser-
vations and nuclear physics experiments concerning NS

FIG. 8. For the EOS presented in [102] and some very specific
parameters, we have found ergoregions with toroidal topology
in our mixed star solutions. These manifest as a change in the
gtt sign.
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masses and radii. Notably, our developed solutions exhibit
significant coherence with multimessenger data, e.g., by
populating the lower-mass black hole gap with our hypo-
thetical compact fermion-boson stars, in the line with the
discussion in [97]. This coherence extends beyond the
previously mentioned GW to include x-ray pulsars PSR
J0030þ 0451 [116] and PSR J0740þ 6620 [117].
We note that the above statements, including the viability

of isolated rotating mixed stars and of compact mergers
involving fermion-boson stars, crucially depend on a few
assumptions that we outline next. Despite the positive
outcomes achieved and the potential relevance to the
mass-gap context, it is imperative to exercise a degree of
caution due to the specific and limiting assumptions that
were applied to derive our solutions. First of all, for the
stars composed of fermionic matter we mainly employed
polytropic EOS in the present work rather than other
tabulated, more realistic EOS. This implies that our models
should be considered approximations from the outset.
Nonetheless, as we have indicated in the previous section,
and in spite of not presenting them in this work, our solver
can readily be generalized to accommodate tabulated EOS.
Undoubtedly, the most significant limitation arises from
employing the Ryan-Pani-Vaglio approximation for the
scalar field [84,85].
This approach restricts the range of values of the

coupling constants or the adoption of different potentials,
making the total masses obtained through our algorithm
bounded by the method. Although we cannot guarantee that
the use of other potentials or coupling constants within
another algorithmic framework will not quantitatively
alter the solutions described here, it is likely that this
would allow exploring further total mass ranges and
comparing mixed stars with different astrophysical obser-
vations outside the mass-gap regime. Besides, as explained
in Sec. II C, numerical studies on the stability of bosonic
stars [38,67,86–88] support our hypothesis on the inherent
stability of these objects. This is inferred from the fact that
both the fermionic and bosonic components, when exam-
ined independently, have demonstrated sufficient dynami-
cal stability. However, this needs to be proven in numerical
time evolutions of such objects, which will be explored
in future work. Therefore, this approximation is justifiable
and relevant, as it allows us to explore new potential
candidates in mass-gap events.
In conclusion and by way of anticipation, we think that,

despite its approximate nature, our model is likely not far
removed from an exact representation. Solving the com-
plete system with realistic EOS and integrating the scalar
field without any approximation will undoubtedly alter to a
certain degree the total mass and the relative proportions
between fermionic and bosonic masses. However, we posit
that the nature of the solutions will closely resemble our
findings, both in terms of the object’s geometry or topology
and the total magnitude or range of the masses.

VII. CONCLUSIONS

We have presented a new kind of hypothetical compact
object: a fully spinning mixed fermion-boson star with a
specific bosonic self-interaction, valid within the large self-
coupling regime. The Einstein equations for the axisym-
metric system, sourced by a mixed stress-energy tensor
Eq. (18), have been solved by a C-code that takes the
RNS [82] as a base. Due to the large number of parameters
defining this kind of system, the available zoo of solutions
is large. For this reason, we present only one complete
family of configurations, and study one of their main
properties, which is the total mass, as it is the first time this
kind of object is treated in depth.
We have delineated the theoretical framework incremen-

tally before integrating it into a coherent system to elucidate
our conceptualization of the hypothetical astrophysical
object. Subsequently, we systematically detail the imple-
mentation of the intricate algorithm employed for solving
this integrated system.
Following the derivation of accurate expressions

intended to quantify observable magnitudes, we conducted
simulations of several representative spinning cases. These
simulations, grounded in carefully selected initial guesses,
facilitated the exploration of the most plausible astrophysi-
cal scenarios. Specifically, these scenarios involve a NS
that variably accretes bosons, thereby illustrating the nature
of such astrophysical objects. Not only were the metric
potentials and scalar field behaviors elucidated for a
selection of distinct and representative cases, but volumet-
ric representations of energy densities for both types of
matter were also constructed and analyzed. These visual-
izations provide insights into the comprehensive matter
distributions of these astrophysical entities within spatial
dimensions. Furthermore, the analysis allows for the
observation of a conventional, flattened spherical spinning
NS encased within a toroidal distribution of the scalar field,
highlighting the complex interplay between the NS and
surrounding scalar fields.
By fixing specific parameters such as the oblateness of

the inner NS, the harmonic index, polytropic variables, and
the boson particle mass, we derived a comprehensive suite
of solutions by adjusting the internal bosonic scalar field
frequency ω̄ and the central energy density of the NS ēc.
To construct these solutions, we begin by taking an initial
guess that assumes a static neutron star as explained in
Sec. III B. The resulting configurations are richer in
fermionic content at low frequencies and lower central
energy densities ēc, while bosonic matter becomes more
significant in certain constrained regions. Generally, this
emphasis on the fermionic component is motivated by the
fact that it is considered the most likely astrophysical
scenario.
Our findings suggest that the novel astrophysical entities

introduced in this study are capable of achieving greater
masses in some scenarios, particularly when the frequency
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w closely approaches but remains smaller than the value of
μb, and when the central energy density increases within
specific bounds, rather than arbitrarily. Consequently, it
becomes feasible to form objects with masses surpassing
3M⊙, potentially extending up to 4M⊙.
Our analysis also compares the contribution of bosonic

matter to the total mass, highlighting the impact of the
amount of scalar bosonic matter present in the mixed star.
Even though fermionic matter usually dominates in areas
with low field frequencies and central NS energy densities,
we notice that the proportions of bosonic and fermionic
matter balance out when the field frequency is high and
when ēc increases. Interestingly, we find some models for
which more than 50% of the mass comes from the bosonic
component. Our investigation further extended to the pre-
sence of ergoregions, yielding positive outcomes. These
findings were realized after the application of an advanced,
albeit not comprehensively examined, methodology involv-
ing the use of realistic EOS during the integration process
of the mixed system.
One of the most significant contributions of our results

could lie in their potential to elucidate certain astrophysical
phenomena currently interpreted as mass-gap black holes,
specially among GW observations. The compact objects
detailed in this manuscript, though not entirely realistic
owing to the adoption of polytropic models and large self-
interaction constants for NS and BS components, respec-
tively, illuminate a novel avenue for extending these models
to more encompassing and plausible scenarios. Our analy-
sis, bolstered by additional verifications not detailed herein,
suggests that incorporating realistic EOS could diversify
the spectrum of solutions. This includes the possibility of
achieving higher masses in certain instances, altering the
scalar field configurations, and fostering varied fermion-
boson equilibria, wherein the NS component primarily
functions as a core. However, given the ongoing nature of
our investigation, we reserve more bold conclusions for
future work.
Our ongoing research endeavors are directed towards

intriguing expansions of our previous work. Notably, the
incorporation of realistic EOS has been identified as a
viable direction, though it remains underexplored in a
systematic context. An immediate enhancement under
consideration involves transcending the approximation of
large self-interaction coupling constants to address the
dynamics of a fully realized scalar field, integrated via a
generalized stress-energy tensor. Furthermore, the explora-
tion of varied self-interaction potentials for the BS com-
ponent presents a fertile ground for additional inquiry.
The extension of our methods to encompass spinning
fermion-Proca stars is another avenue of interest. There
are also promising insights into the study of stability and

evolutionary trajectories of these novel mixed compact
objects. Moreover, the investigation of universal relations,
the multipolar structure, and the determination of deform-
ability parameters for these entities are anticipated to yield
significant implications. Such advancements not only aug-
ment our understanding of compact astrophysical objects
but also enhance the theoretical framework necessary for
interpreting their observational signatures.
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APPENDIX A: SOURCES

We introduce a series of equations that, being of main
interest, we do not add to the text for clarity of reading.
First of all, we show the sources for the spinning fermion-
boson case,

ROTATING FERMION-BOSON STARS PHYS. REV. D 110, 123019 (2024)

123019-17



STρ ðr; μÞ ¼ eγ=2
	
8πe2α

�
ðρ0 þ ρi þ pNSÞ

1þ v2

1 − v2
þ ðρBS þ pBSÞ

1þ v̄2

1 − v̄2

�
þ r2ð1 − μ2Þe−2ρ

�
ω2
;r þ

ð1 − μ2Þ
r2

ω2
;μ

�

þ 1

r
γr − μγ;μ þ

ρ

2

�
16πe2αðpNS þ pBSÞ − γ;r

�
1

2
γ;r þ

1

r

�
−

1

r2
γ;μ

�
1 − μ2

2
γ;μ − μ

��

; ðA1Þ

STγ ðr; μÞ ¼ eγ=2
	
16πe2αðpNS þ pBSÞ þ

γ

2

�
16πe2αðpNS þ pBSÞ −

1

2
γ2;r −

1 − μ2

2r2
γ2;μ

�

; ðA2Þ

STωðr; μÞ ¼ eðγ−2ρÞ=2
	
−16πe2α

	ðΩ − ωÞðρ0 þ ρi þ pNSÞ
1 − v2

þ v̄ðρBS þ pBSÞ
ð1 − v̄2Þr sin θ




þ ω

�
−8πe2α

	ð1þ v2Þðρ0 þ ρiÞ þ 2v2pNS

1 − v2
þ ð1þ v̄2ÞρBS þ 2v̄2pBS

1 − v̄2



−
1

r

�
2ρ;r þ

1

2
γ;r

�

þ μ

r2

�
2ρ;μ þ

1

2
γ;μ

�
þ 1

4
ð4ρ2;r − γ2;rÞ þ

1 − μ2

4r2
ð4ρ2;μ − γ2;μÞ − r2ð1 − μ2Þe−2ρ

	
ω2
;r þ

ð1 − μ2Þ
r2

ω2
;μ


�

; ðA3Þ

αT;μ ¼ −
1

2
ðρ;μ þ γ;μÞ − fð1 − μ2Þ½1þ rγ;r�2 þ ½μ − ð1 − μ2Þγ;μ�2g−1

	
1

2
½r2½γ;rr þ γ2;r� − ð1 − μ2Þðγ;μμ þ γ2;μÞ�

× ½−μþ ð1 − μ2Þγ;μ� þ rγ;r

	
1

2
μþ μrγr þ

1

2
ð1 − μ2Þγ;μ



þ 3

2
γ;μ½−μ2 þ μð1 − μ2Þγ;μ�

− rð1 − μ2Þðγ;rμ þ γ;rγ;μÞð1þ rγ;rÞ −
1

4
μr2ðρ;r þ γ;rÞ2 −

r
2
ð1 − μ2Þðρ;r þ γ;rÞðρ;μ þ γ;μÞ

þ 1

4
μð1 − μ2Þðρ;μ þ γ;μÞ2 −

r2

2
ð1 − μ2Þγ;rðρ;r þ γ;rÞðρ;μ þ γ;μÞ þ

1

4
ð1 − μ2Þγ;μ½r2ðρ;r þ γ;rÞ2

− ð1 − μ2Þðρ;μ þ γ;μÞ2� þ ð1 − μ2Þe−2ρ
�
1

4
r4μω2

;r þ
1

2
r3ð1 − μ2Þω;rω;μ −

1

4
r2μð1 − μ2Þω2

;μ

þ 1

2
r4ð1 − μ2Þγ;rω;rω;μ −

1

4
r2ð1 − μ2Þγ;μ½r2ω2

;r − ð1 − μ2Þω2
;μ�
�


: ðA4Þ

The pure spinning NS sources are also introduced for completeness,
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The equation for the function α in the pure NS case is formally identical to Eq. (A4) for the fermion-boson star.
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APPENDIX B: EQUATIONS OF INTEREST FOR
THE INITIAL GUESS CALCULATIONS

Given r ¼ reð s
1−sÞ, the differentiation rule for the vari-

able change is

dr
ds

¼ re
d
ds

�
s

1 − s

�
¼ re

�ð1 − sÞ − sð−1Þ
ð1 − sÞ2

�

→ dr ¼ re
ð1 − sÞ2 ds: ðB1Þ

Static limit:
As explained in Sec. III B, a change of coordinates from

Eq. (32) to the metric Eq. (4) is needed. Apart from the
obvious transformation ω ¼ 0, we can perform the follow-
ing identifications between the metric functions in the static
and spinning metrics,

b ¼ eðρþγÞ=2 → 2 ln b ¼ ρþ γ

eαdr̄ ¼ adr

eαr̄ ¼ r; eðγ−ρÞ=2r̄ ¼ r

→ eðγ−ρÞ=2 ¼ r
r̄
→ γ − ρ ¼ 2 ln

r
r̄
: ðB2Þ

The differential equation for the two radii arises as

eα ¼ r
r̄
;

dr
dr̄

¼ eα

a
→

dr
dr̄

¼ r
r̄
1

a
: ðB3Þ

If we introduce the function,

β� ¼ r
r̄
; ðB4Þ

we can also take into account that b has to be normalized by
its asymptotic value to deal with the freedom of the initial
condition for this potential. By doing so, we recover the
asymptotic behavior matching unity at infinity. We denote
it as bc, making the difference between the computational
and the coordinate variables,

b� ¼ bc

bcasympt
: ðB5Þ

We can obtain γ and ρ with

γ þ ρ ¼ 2 ln b�

γ − ρ ¼ 2 ln β� ;

þ → γ ¼ ln b� þ ln β�

− → ρ ¼ ln b� − ln β�; ðB6Þ

or in a simpler way,

α ¼ log β�

γ ¼ ln b� þ α

ρ ¼ ln b� − α: ðB7Þ

Since β� is still unknown, we rewrite Eq. (B3) in terms of
our new function by using a straightforward change of
variable,

dr̄
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and we find the equation for β�,
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:

We require r̄ðrÞ → r when r → ∞ to fix the integration
constants.

APPENDIX C: GREEN FUNCTIONS IN THE KEH

We introduce as an example the ρ equation in the KEH
seminal paper, in terms of the three-dimensional Green
function previous to the expansion. The integral formula for
the potential is written in ðr; μÞ variables,

ρ ∼
Z

∞

0

dr0
Z

1

−1
dμ0

Z
2π

0

dψ 0r02Sρðr0; μ0Þ
1

jr − r0j ; ðC1Þ

and we show the series expansion for the Green function in
their radial and angular parts. The angular part is repre-
sented by the Legendre polynomials and associated
Legendre functions,

1
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and the radial part,

f2nðr; r0Þ ¼
� ð1=rÞðr0=rÞn; for r0=r ≤ 1

ð1=r0Þðr=r0Þn; for r0=r > 1:
ðC3Þ

The equality shown in Eq. (C1) is proportional to the
integral form of the equation Δ½ρeγ=2� ¼ STρ ðr; μÞ, where
we have made use of the three-dimensional Laplacian
Green function. We then expand the integral equation in
polar and radial series and get the metric function’s integral
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equations shown below. Doing the same procedure for the three equations shown in (19), we get the following expressions
for the elliptic potentials ρ, γ and ω [81]:

ρðs; μÞ ¼ −e−γ=2
X∞
n¼0

P2nðμÞ
	�

1 − s
s

�
2nþ1

Z
s

0

ds0s02n

ð1 − s0Þ2nþ2

Z
1

0

dμ0P2nðμ0ÞS̃Tρ ðs0; μ0Þ

þ
�

s
1 − s

�
2n
Z

1

0

ds0ð1 − s0Þ2n−1
s02nþ1

Z
1

0

dμ0P2nðμ0ÞS̃Tρ ðs0; μ0Þ


; ðC4Þ

γðs; μÞ ¼ −2e−γ=2

π

X∞
n¼1

sin½ð2n − 1Þθ�
ð2n − 1Þ sin θ

	�
1 − s
s

�
2n
Z

s

0

ds0s02n−1

ð1 − s0Þ2nþ1

Z
1

0

dμ0 sin½ð2n − 1Þθ0�S̃Tγ ðs0; μ0Þ

þ
�

s
1 − s

�
2n−2 Z 1

s

ds0ð1 − s0Þ2n−3
s02n−1

Z
1

0

dμ0 sin½ð2n − 1Þθ0�S̃Tγ ðs0; μ0Þ


; ðC5Þ

ω̂ðs; μÞ ¼ −eð2ρ−γÞ=2
X∞
n¼1

P1
2n−1ðμÞ

2nð2n − 1Þ sin θ
	�

1 − s
s

�
2nþ1

Z
s

0

ds0s02n

ð1 − sÞ2nþ2

Z
1

0

dμ0 sin θ0P1
2n−1ðμ0ÞS̃Tω̂ðs0; μ0Þ

þ
�

s
1 − s

�
2n−2 Z 1

0

ds0ð1 − s0Þ2n−3
s02n−1

Z
1

0

dμ0 sin θ0P1
2n−1ðμ0ÞS̃Tω̂ðs0; μ0Þ



; ðC6Þ

with ω̂ ¼ r̄eω̄, S̃Tρ ðs; μÞ ¼ r̄2STρ ðs; μÞ, S̃Tγ ðs; μÞ ¼ r̄2STγ ðs; μÞ and S̃Tω̂ðs; μÞ ¼ r̄er̄2STωðs; μÞ. PnðμÞ and Pm
n ðμÞ are the

Legendre and associated polynomials, respectively.
The following identities are used to reach a better accuracy:

PnðμÞdμ ¼ 1

nþ 1
d½μPnðμÞ − Pn−1ðμÞ�; for n > 0;

sin½ð2n − 1Þθ�dμ ¼ d

�
sin½2nθ�

4n
−
sin½2ðn − 1Þθ�

4ðn − 1Þ
�

for n > 1;

sin θdμ ¼ d

	
1

4
sinð2θÞ − 1

2
θ



; for n ¼ 1: ðC7Þ
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