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We study Higgs boson production at " u™ colliders at high energy. Since both initial-state particles are
positively charged, there is no W boson fusion at the leading order, as it requires a W W~ pair. However,
we find that the cross section of the higher-order, y-and Z-mediated W boson fusion process is large at high

center-of-mass energies /s, growing as (log s)3. This is in contrast to the log s behavior of the leading-
order W boson fusion. Thus, even though it is a higher-order process, the rate of Higgs boson production
for 10 TeV energies at u™u™ colliders with polarized beams can be as high as about half of the one at g™y~
colliders, assuming the same integrated luminosity. To calculate the cross section of this process accurately,
we carefully treat the collinear emission of the photon in the intermediate state. The thereby obtained large
cross section furthermore shows the significance of Higgs production with an extra W boson in the final

state also at u"u~ and e*e™ colliders.
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I. INTRODUCTION

Higgs boson factories are the best-motivated future
colliders, enabling us to explore the nature of electroweak
symmetry breaking in depth. Among others, muon colliders
at 10 TeV energies have been discussed as one of the most
attractive possibilities, since the size of the accelerator
facilities can be as compact as O(10) km in circumference,
and they can potentially probe physics up to scales as high as
O(100) TeV [1-3]. By comparison, proton colliders with
similar reach require a circumference of at least O(100) km.

Recently, muon colliders based on ultraslow muon
technology [4] have been proposed [5]. This is because
ultraslow muons from laser-ionized muonium, a u"e”
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bound state, can be used to create y* beams with excellent
emittances, i.e., very collimated beams that facilitate high
luminosities. As such, the corresponding proposal is to
build on this technology, which was developed for the
muon g — 2/EDM experiment at J-PARC [6]. Thus, under
various assumptions for the parameters of the proposed
collider facility, the luminosity is estimated to be ~5.7 x
1032 cm™2 s for a ptu* collider with center-of-mass
energy 2 TeV, and ~4.6 x 103 cm™2s7! for a ute”
collider with center-of-mass energy 346 GeV [5]. For
higher energies, the improvement in the emittance as well
as the larger boost factor further enhance the luminosity. In
any case, this estimate suggests that these colliders are
realistic options for Higgs boson factories.

At such p*-based colliders, even though there are no
s-channel annihilation processes that are present in y ™ or
eTe™ colliders, Higgs boson production can still occur
via vector boson fusion processes, which dominate over
s-channel annihilations at energies beyond O(1) TeV. This
is due to a logarithmic enhancement of the cross section for
vector boson fusion as a function of center-of-mass energy.
At ute™ colliders, while W boson fusion is possible, the
center-of-mass energy is limited by the beam energy of the
electron. On the other hand, for u™u™ colliders, one can
consider, e.g., O(10) TeV beam energies, but there is no W
boson fusion process at leading order since both of the

Published by the American Physical Society
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FIG. 1.
emission, splitting, and subsequent W boson fusion.

antimuons can only emit positively charged W bosons.
Although Z boson fusion is possible at leading order since
it is independent of the muon charge, its cross section is
about an order of magnitude smaller than W boson fusion at
utpu~ colliders due to an unfortunate suppression of the
coupling between the Z boson and leptons. This motivates
us to look beyond the leading order.

In this paper, we thus investigate W boson fusion at
utut colliders at higher order in perturbation theory.' The
pertinent process, which we show in Fig. 1, begins with
emission of a photon or Z boson from one of the antimuons,
followed by the photon or Z boson splitting into a W W~
pair. The W~ from this splitting then collides with the W
emitted from the other antimuon to produce a Higgs boson.
For large center-of-mass energies /s, we find that this
higher-order process involves a (log s)? factor, in contrast
to the single log s appearing in the leading-order W boson
fusion at ytu~ and ete™ colliders [2,7]. Due to this large
enhancement, the cross section for Higgs boson production
at uTut colliders becomes comparable to that at u*pu~
colliders for O(10) TeV beam energies.

To compute the part of the process involving photon
emission, we must carefully address infrared divergences,
which are physically cut off by the muon mass. However,
directly using numerical codes such as the event generator
MadGraph [8] leads to instabilities in the numerical phase-
space integration, since the muon mass is either set to zero,
or significantly smaller than the center-of-mass energy.
Therefore, we also discuss how to reliably and accurately
compute fixed-order cross sections for such infrared-
divergent processes.

We furthermore discuss the size of subsequent higher-
order processes to determine if the fixed-order computa-
tion is meaningful. We find that at 10 TeV energies, the

'Here, we mean “higher order” with respect to the leading-
order W boson fusion process at utu~ colliders, i.e.,
utum - Duv,h, rather than higher-order corrections to some
process at uu™ colliders.
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We show representative Feynman diagrams of single Higgs boson production through quasireal photon (left) or Z boson (right)

processes with further emissions of extra gauge bosons are
much smaller than the process of our interest, such that
fixed-order calculations are still valid.

Lastly, it is important for actual experiments whether the
final-state W™ has a transverse momentum large enough to
be visible. To assess this, we generate sample events using
MadGraph and find that for /s =2 or 10 TeV, the vast
majority of jets from the W decays can be detected. This
means that it is possible to analyze the W boson fusion
process with a WTh final state separately from Z boson
fusion to perform precision measurements of the Higgs
boson couplings.

At the same time, the large size of the y- and Z-mediated
process means that an analogous process gives a large
contribution to the Higgs production cross section also at
utu~ and eTe” colliders. One should thus include this
higher-order process in the simulation and analysis of the
Higgs boson production for coupling measurements, as it
may contaminate the events of the pure W boson fusion
process.

This paper is organized as follows. In Sec. II, we estimate
the cross section of the y- and Z-mediated Higgs boson
production process at u*u™ colliders analytically at the
leading-logarithm level, as well as numerically, and discuss
its high-energy behavior. We then explain a more reliable
method to obtain the cross section in Sec. III, where we
confirm the large enhancement of the cross section. Next,
since the y- and Z-mediated process gives an extra W boson
in the final state, we simulate collider events and discuss the
possibility of identifying the process in Sec. IV. Finally, we
summarize our findings in Sec. V.

In Appendix A, we review the derivation of the
formula of the equivalent photon approximation, and
discuss the uncertainties of the approximation. We also
discuss the error associated with the treatment of neglect-
ing the muon mass in the numerical calculation in
Appendix B. Lastly, we detail a semiautomatic numerical
method to implement the calculation explained in Sec. III
in Appendix C.
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II. y- AND Z-MEDIATED W BOSON FUSION
PROCESS AT p*u* COLLIDERS

In this section, we discuss how W boson fusion
processes are possible at uut colliders, and why they
are important at high energies. Therein, we derive an
analytic formula for the cross section at the leading-
logarithm level. We also calculate the cross section
numerically using the event generator MadGraph [8] with
a setting for parton distribution functions of the photon in
one of the muons. Note that both methods have uncer-
tainties related to their scale settings, and the results
should therefore be viewed as estimations. We will thus
discuss a method to obtain the cross section with con-
trolled uncertainties in the next section. Lastly, in this
section, we compare the approximate results with those
obtained by the more reliable and accurate computation
method, and show that the y- and Z-mediated W boson
fusion process is indeed important.

A. Triple logarithms in the Higgs boson production

At high-energy lepton colliders, a large amount of Higgs
bosons can be produced through vector boson fusion.
When two antimuons collide with center-of-mass energy
/s 2 1 TeV, Z boson fusion is enhanced by a factor of
log s, similarly to Z and W boson fusion processes at y™ u~
and e*e™ colliders.

By contrast, there is no coupling between y+ and W~ in
the Standard Model at the first order in the electromagnetic
coupling e or weak coupling g. This makes W boson fusion
difficult, since it requires a W* W~ pair. In particular, while
the W boson fusion process may take place at higher orders
in perturbation theory, these are seemingly suppressed by
additional powers of the small couplings. Therefore, we
naively do not expect a satisfyingly large contribution to
Higgs production from W boson fusion at u™u™ colliders.
However, this expectation turns out to be incorrect, as we
will see below.

We show two representative Feynman diagrams for
Higgs boson production via such a higher-order W boson
fusion in Fig. 1. Here, one antimuon provides a W, and the
other a W~ through pair production by an intermediate
photon or Z boson. When beam energies are much larger
than the electroweak scale given by the vacuum expectation
value of the Higgs field, v ~ 246 GeV, these two diagrams
are identical up to terms of the order of m% /s, where m; is
the mass of the Z boson. Note that one needs to, however,
account for the different couplings of the photon and Z
boson, as well as the infrared scales of their respective
emission.

First, we focus on the contribution of the photon,
ignoring the Z boson. Quantum electrodynamics enables
us to factorize the contribution of the photon into a parton
distribution function with respect to the antimuon beam,
and a partonic cross section with an on-shell photon in the

initial state. The corresponding parton distribution function
is given by

al+(1-x)?

L% 13) :ﬂfk’gﬁ

(2.1)
at the leading-logarithm level [9,10], where a = e*/4x is
the fine structure constant, x is the longitudinal momentum
fraction carried by the photon, yu is the factorization scale,
and m,, the muon mass. The large logarithm originates from
an integral over the transverse momentum pt of the
differential parton distribution function

Wy _ a1z 1 (2.2)
dp3 2=z x px’ '

which comprises a p7* from the propagator of the photon
and a p2 from the splitting amplitude. Here, we adopt the
muon mass m, as infrared scale of the emission, which
physically cuts off the associated collinear divergence.

Similarly, one can also derive the parton distribution
function of the W boson. For its longitudinal component,
this yields [11,12]

a 1-—x

Fwe gt (%) and  fy: 0 (x) =0,

27sinZ0y X
W

(2.3)

where 6y is the weak mixing angle, also known as
Weinberg angle. The Nambu-Goldstone bosons eaten by
the longitudinally polarized W bosons have a typical scale
v, which modifies the dependence of the differential parton
distribution function on the transverse momentum from
1/p3 to ~v*/p% [13]. The integral over p3 thus does not
lead to a large logarithm in the parton distribution function
of Eq. (2.3).

To estimate the full cross section of the process as seen
on the left in Fig. 1 using these parton distribution
functions, we also need the cross section of the subprocess
yWT — WTh, which is given by

na? 1
e T O —
opw(s) m3, sin? Oy + (s)

in the high energy limit s> s, = (my, + my)? [14].
Here, my, and m,, are the masses of W and Higgs bosons,
respectively. We obtain this cross section by averaging over
the polarizations of the initial photon, and summing over
the ones of the final-state W, while taking the initial-state
W to be longitudinally polarized. This is because the high-
energy cross section is dominated by the contribution of
order s°, which comes from the longitudinally polarized W
boson in the initial state, since its polarization vector is
almost proportional to its momentum. By contrast, the

(2.4)
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contribution from a transversely polarized W boson falls off
as 1/s at high energies. Therefore, it does not contribute in
the high-energy limit, and we may assume a longitudinally
polarized W boson in the initial state.

Finally, the photon contribution to the process y*ut —
w0, W*h is thus approximately given by

o,(s) ~2 / dxdy e (5, 12) s e (V) (15)

XYS>Smin

(1+P,)a* s s \2 2 s \3
" dam? sliln4«9 IOgW log som/) 3 log Smi
w W min min

(2.5)

at the leading-logarithm level, where P, denotes the
polarization of the antimuon beams. The factor of two in
the first line accounts for photon or W emission by either
antimuon. For this estimate, we take the factorization
scale to be the center-of-mass energy at the parton
level, 7 = xys.

In Eq. (2.5), we observe three powers of logarithms
increasing with the center-of-mass energy. These originate
from collinear and soft divergences arising in the limit of
massless muons, W bosons, and Higgs bosons. In particu-
lar, the photon emission from one " has an associated
collinear divergence ~logs/ mﬁ and soft divergence
~logs/smin, stemming respectively from the logarithm
and 1/x factor in the parton distribution function of
Eq. (2.1). Similarly, the W emitted by the other u™ has
an associated soft divergence ~10g s/ s, but no collinear
divergence since it is longitudinally polarized, and thus its
parton distribution function in Eq. (2.3) only has a 1/x
factor and no collinear logarithm. The second term
~(log s/smin)> in the brackets of Eq. (2.5) arises because
our chosen factorization scale depends on momentum
fractions, and would for instance not appear for ,uzf =s.
Our choice of factorization scale, and hence the additional
term, serves to improve the (numerical) accuracy of the
parton distribution function approximation.

We thus find three large logarithms in the final formula.
Compared with the cross section of the leading-order Z
boson fusion process [15,16],

a®(1 —4sin? Oy + 8sin* Oy)? . s
log—z,

64m2 sin® Oy cos® Oy m;,

oz (s) ~ (2.6)

we observe a rapid growth of the cross section as a func-
tion of the collider energy. Furthermore, the cross section
of the Z boson fusion process has an unfortunate sup-
pression factor in the numerator. Because of this, at
/s ~O(10) TeV, the higher-order, y-mediated W boson
fusion cross section becomes much larger than for the
leading-order Z boson fusion process. Even when

compared to the cross section of the leading-order W
boson fusion process at u™u~ or eTe” colliders [15,16],

o’

N
v g, 2.7
16112, Sin® Oy © 112 (27)

owsr(5)
the y- (and Z-) mediated process becomes important at high
energy as two extra logarithmic factors can compensate the
O(a/r) suppression. For reference, the logarithmic factors
of Egs. (2.5) and (2.7) at 10 TeV evaluate to approximately
1100 and 10, respectively.

This may resemble a breakdown of perturbation theory
of fixed-order computations. We will therefore return to the
discussion of further higher-order processes later in this
section.

B. Contributions from the Z-mediated process

At high energies, the contribution of the Z boson
becomes important. However, since the y- and Z-mediated
diagrams interfere, we cannot simply add the Z-mediated
cross section, estimated using a parton distribution function
of the Z boson, to the y-mediated one. Instead, a matrix
form of parton distribution functions needs to be used
[13,17,18]. Here, we therefore discuss how to estimate the
additional contributions at the leading-logarithm order.

If one could treat the Z boson as a massless particle just
like photon, the amplitudes in Fig. 1 should have the same
form, i.e.,

M= My + MZ = gyMO + gZMO (28)
for each chirality of the antimuons, where g, and g are the
respective couplings of the photon and Z boson to the
antimuons. The ratios of y and Z couplings to antimuons
and W bosons are given by

g’g 1 —sin?0y

== ~(.668,
d sin By, cos Oy,

i s 20
9z MW 535, (2.9)
q sin By, cos Oy
and
w
9z 1
2z = ~1.87 2.10
gy tanOy (2.10)

for sin” Oy, =~ 0.222, where we have taken the value used by
MadGraph for consistency with later computations. Since the
full matrix element can be expressed in terms of a shared
amplitude M, when taking the massless-Z limit, we can
approximate the squared matrix element as the sum of three
squared amplitudes as
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(M2 = g, IMol* + |gz|*| Mol + 2Re(g,97) [ Mo |*
+ O(m%/s). (2.11)
This result allows us to estimate the cross section by
using the three parton distribution functions of the photon,

the Z boson, and their mixing for the corresponding terms.
These functions satisfy

o2
Y 2oy _ (é) af, /.

+o 2
df 7,/ _ (é) df,

dpi g ) dpr’ dpi 4 ) dpr
(2.12)
and
-+ +
M _ ﬁdf}’/ﬂ Af 2ol _ ﬁdfy/ﬂ
dpr g dpi dpi ¢ dpi
(2.13)

Here, we have neglected the longitudinal components of
the Z boson since its parton distribution function does not
have logarithmic enhancement, analogously to the longi-
tudinal W boson. [See the first expression in Eq. (2.3).]
Since the Z boson contribution starts from p2 ~ m?%, we can
obtain the respective correction by integrating these differ-
ential equations with f7 ,, = f{,z,1, = 0 at p; = m3 as
the boundary condition.
At the leading-logarithm order, we thus obtain

o(s) = 6,(5) + 07,(5) + Gy (). (2.14)
where
14 P+ g’;; g?/ 2
o (5) = ey 5)g(0) |- (55
T 14 2 g,; g}ll/V
e (L
2 d g;V
~0,(s)g(s)[1.28 + 0.281P,+], (2.15)
and

1+P+ﬂ;W 1_P+”2W
U[yZﬂ(S):ZGy(S)g(S)[ 5 w9z 9z w9z 9z

4 gy 2 gy
~0,(5)g(5)[0.250 + 2.25P . (2.16)

Here, we define the ratio of logarithmic factors originating
from the p7 integrals as

_ log(s/m3%) —210g(s/Smin)

a log(s/mﬁ) - %log(s/smin) ’

9(s) (2.17)

which, e.g., gives overall factors of about 0.189, 0.238 and
0.268 for \/E =2, 10, and 30 TeV, respectively.

Thus, by adding up the contributions involving the Z
boson, we finally find

o(s) ~o,(s) - [I + (1.5342.53P,+)g(s)], (2.18)

which is significantly enhanced for positively polarized
antimuons due to positive interference effects. Together
with the enhancement in Eq. (2.5), positive polarization
of the u™ beams can enhance the cross section by more
than a factor of two. It is important to note that a polarized
muon beam may be available, e.g., at utu" colliders with
ultraslow muon technology. In the following, we present
the results in both the unpolarized case with P,+ = 0, and
the polarized case with P,+ = +0.8 as suggested in [5].

C. Numerical calculation with MadGraph

The large enhancement by (logs)® motivates us to

calculate the cross section more accurately and reliably,
which we discuss in the next section. However, we first
numerically estimate the cross sections using the event
generator MadGraph, and compare them to the results of the
full calculation and the cross sections of Higgs boson
production via the leading W and Z boson fusion processes
at utu~ and ee” colliders.

We note here in particular that the y- and Z-mediated
Higgs production process also exists at g™y~ and eTe™
colliders with the same cross section as for y*u™ colliders.
Therefore, its large enhancement means that there are large
corrections to the leading-order cross section of W boson
fusion at high energies.

When estimating the cross section of the photon-
mediated process in MadGraph, it is possible to use a parton
distribution function for the photon in one of the anti-
muons. We use one of these parton distribution function
options, the improved Weizsicker-Williams (IWW) setting
[19], for the computations presented here. Note that we do
not use the parton distribution function approximation for
W™ from the other antimuon, and instead treat yu™ —
Uy W h as the hard process to be convoluted with the IWW
parton distribution function of the photon in the antimuon.
We then take the contribution from the Z-mediated process
into account by subsequently multiplying the obtained
result by the factor in Eq. (2.18).

In calculations with parton distribution functions, it is
necessary to set the scale for the hard process, also referred
to as factorization scale y;. Among several options imple-
mented in MadGraph, we take two extremal choices: the
default setting —1, given by the transverse mass after kr
clustering to a 2 — 2 system; and the setting 4, given by the
partonic center-of-mass energy as u; = v/xs [20], which is
a commonly used choice for the factorization scale. Note
that these are settings for the dynamical scale choice in
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Cross Section vs Center-of-Mass Energy for Single Higgs Production via W Boson Fusion at u* u* Colliders
Comparison of Different Processes, Calculation Methods, and Polarizations P+

utu~: W Boson Fusion
with Py= =0

Leading-Log Approx. + Z
With P,+= +0.8
Leading-Log Approx. + Z
With P+ =0

Full Calculation

with P+ = +0.8

Full Calculation
with P,+ =0

Cross Section (fb)

IWW in MadGraph + Z
with Py« = +0.8

IWW in MadGraph + Z
with P+ =0

u*u*: Z Boson Fusion
with P,: = £0.8

u*u*: ZBoson Fusion
with Py: =0

Center-of-Mass Energy (TeV)

FIG. 2. We show the cross section for single Higgs boson production at " u* colliders via W boson fusion as a function of center-of-
mass energy. We compare the results for this process obtained using different calculation methods and polarizations P+ for both beams,
as well as different processes for single Higgs production. First, we show the W boson fusion at ™~ colliders, via y™u~ — 0,v,h, with
unpolarized beams, i.e., P,= = 0 (orange, solid with diamonds). Second, the leading-logarithm approximation of Eq. (2.5) [including
the Z-boson factor of Eq. (2.18)] for W boson fusion at u* u* colliders, via u*u* — p*0, W*h, with both beams +0.8 polarized, i.e.,
P,+ = +0.8 (dark blue, solid), and unpolarized (dark green, dashed). Third, we show the full result for W boson fusion at utpt colliders
with polarized (blue, solid with dots), and unpolarized (green, dashed with dots) beams. Fourth, the bands for the improved Weizsicker—
Williams (IWW) calculation in MadGraph for W boson fusion at u*u* colliders, multiplied by the Z-boson factor of Eq. (2.18), with
polarized (purple, solid with upward-pointing triangles) and unpolarized (yellow-green, dashed with downward-pointing triangles)
beams. The bounds of these bands are obtained by setting the dynamical scale in MadGraph to the standard setting —1, which yields the
lower bounds, and to the partonic center-of-mass energy denoted by the setting 4, giving the upper bounds. Lastly, we also show the Z
boson fusion process in u*u* collisions, via utu* — u*u*h, with polarized (light blue, dash-dotted with squares) and unpolarized

(light green, dotted with squares) beams.

MadGraph, which is then used for the factorization scale.
Here, dynamical means that the scale is determined on an
event-by-event basis, e.g., via the respective momentum
fraction x in y; = \/xs of the event. One may also set a
fixed factorization scale, but we do not use this here.

In Fig. 2, we show the cross section of the y- and
Z-mediated Higgs production process, given by utu®™ —
w0, W h. For the estimate using MadGraph, the upper band
represents the results with P+ = +0.8, while the lower one
corresponds to P,+ = 0. We obtain the upper and lower
ends of each band with different choices of factorization
scales for the hard process with an initial-state photon, as
mentioned above. We then include the contributions from Z
boson exchanges by multiplying these results by the factor
in Eq. (2.18) to obtain the bands shown in the figure. The
solid curves near the bands are the results from the accurate
calculation, which we explain in the next section. We see
that the calculation with the TWW parton distribution
function multiplied by the Z-boson factor gives reasonable
estimates for the cross section.

The leading-logarithm formula of Eq. (2.5) with the
Z-boson factor in Eq. (2.18) is depicted as lines without
data points (solid and dashed lines for P, = +0.8 and
Pu* = 0, respectively), and seems to overestimate the cross

sections by a factor of two to three even at /s ~ 10 TeV.
This discrepancy stems largely from the subleading loga-
rithmic terms ignored in Eq. (2.5). These originate partly
from the low-s behavior of the partonic cross section
o,w(s) near the threshold, which effectively shifts s,
to a larger value; and partly from the terms dropped after
convolution of he partonic cross section with the parton
distribution functions. However, we have confirmed that
including the subleading terms brings down the cross
section, and gives numerically consistent results com-
pared with the ones obtained from MadGraph, even for
/s ~O(1) TeV. Therefore, while the subleading loga-
rithms give noticeable corrections at O(10) TeV energies,
we can thus confirm the parametric (logs)? behavior.
We furthermore overlaid the cross section of the leading-
order W boson fusion process at "y~ colliders, where we
do not assume beam polarizations. We see that at energies
of 10 TeV or above, the cross section of the higher-order
process with polarized beams becomes about half as
large as the leading one at u*u~ colliders. Therefore, the
disadvantage due to missing W boson fusion at the leading
order is remedied by the higher-order process at ~10 TeV
energies. Importantly, this large contribution to Higgs
production is also present for gy~ and eTe~ colliders.

113011-6
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TABLE L.

We show the total cross section in the unit of b for single Higgs production via W boson fusion in gy~

collisions (u*u~ — ,v,h) with unpolarized beams, W boson fusion in u*u* collisions (u*u* — 0, W*h) with
both beams +0.8 polarized or unpolarized, and via Z boson fusion in g u™ collisions (u"u*t — p*u™h) with both
beams +0.8 polarized or unpolarized for different center-of-mass energies.

Center-of-mass energy [TeV] 1 2 3 10 30

o(p*u™ — vh) [fb], Pr =0 211 385 498 842 1165
o(u'pt — utow'h) [fb], P, =408 15.6 61.0 109 371 799
o(utut = utoWth) [fb], P, =0 7.05 27.7 49.9 172 374
o(utut — ptuth) [fb], P, = +0.8 29.0 53.8 70.4 121 168
o(urpt — ptuh) [fb], P,r =0 20.9 39.0 50.9 87.6 122

This will thus add a new significant process at any such
lepton colliders.

Lastly, we show in Fig. 2 the cross section of Z boson
fusion at ™ colliders for P, =+0.8 and P, = 0. We
see that the cross section of the higher-order W boson
fusion process becomes larger than that of the leading Z
boson fusion beyond a few TeV.

For comparison, we list the cross sections for represen-
tative collider energies in Table I. We computed these
values using the same methods as the respective curves
in Fig. 2, i.e., using MadGraph for o(u*u~ — Dwh) and
o(utut — ututh), and the full calculation with con-
trolled theoretical uncertainties described in Sec. III for
o(utut — utoWTh). Note that in Table I, we omit the
theoretical uncertainties of the cross sections, which are of
O(1) fb or smaller.

The observed enhancement due to the large logarithms in
W boson fusion at a higher order may indicate a breakdown
of the perturbative expansion. If this is the case, one needs
to resum higher-order corrections stemming from multiple
soft and collinear emissions. Such resummation effects are
encoded in electroweak parton distribution functions by
solving a set of coupled differential equations, called the
electroweak DGLAP equations [13,17,18,21-29].

Here, to verify the validity of our fixed-order calculation,
we evaluate the cross section of the process ptu®™ —
upmWHW~h, Parametrically, this process has a logarith-
mic enhancement factor of «°(logs), compared to
a*(logs)* for the process putu* — uToW+h. Thus, the
expansion parameter is a(logs)?, which is the largest
correction factor we expect. The size of the utut —
ututWHrW-h cross section therefore serves as an
indicator of the reliability of the perturbative expansion.
Using the method we describe in Sec. III, we obtain the
cross section o ~ 14 fb at \/s =20 TeV for P, = +0.8,
which is notably smaller than the cross section ¢ ~ 600 fb
of the lower-order process utu™ — p"oW™h. Therefore,
at least for Higgs boson production at O(10) TeV energies,
such higher-order processes are not yet in the non-
perturbative regime. Note that we expect to lose perturba-
tivity at O(100) TeV energies, where the logarithmic
enhancement factor combined with the coupling constant,

~(a/r)log(s/m2)log(s/smn), becomes O(1). Never-
theless, in the analysis of actual events, one should include
the higher-order processes since they may contribute to the
signals defined by lower-order ones.

III. CALCULATION WITH CONTROLLED
THEORETICAL UNCERTAINTIES

We saw in the previous section that a large enhancement
of the cross section occurs at high energies. We further-
more examined its leading-logarithm approximation and a
numerical method implementing parton distribution func-
tions; however, it should be possible to calculate the cross
section accurately without uncertainties, as we are consid-
ering a fixed-order, tree-level process. One could try to
calculate the full fixed-order process in MadGraph, but as
previously mentioned, in that case one encounters numeri-
cal instabilities in the integration of the phase space for
small transverse momenta pr of the antimuon emitting the
photon—this is why we previously opted for using a parton
distribution function instead.

Here, we therefore discuss a method to calculate the
cross section accurately and reliably, and with controlled
theoretical uncertainties. The method is simply to split the

integral over the pt of the final-state antimuon into two

parts with pp < p(Tcm) and pr > p(Tcm)

some value of p<TC " We calculate the first part semianalyti-

cally using the Weizsidcker-Williams method, also referred
to as equivalent photon approximation (EPA) [9,10,30-33],
and the second part numerically using MadGraph, since the
lower bound on pr mitigates the numerical instabilities.
This means we calculate

, respectively, for

pT<p(Tcul) + 0|

(cut) (3 . 1 )

- 6| pTZpT

(3.2)

~ O’EPA|pT<p¥ul) + O'MG|pTZP(Tcm) s

where in the second line, we approximate the first term by

ignoring higher-order terms in p(TC Ut), and the second term,

by ignoring the muon mass. While splitting the phase-space

(cut)

integral itself is completely independent of p; ' no matter
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its value, the premise of EPA and MadGraph being reliable in

their respective regions does depend on the p(TC " at which

we split the phase space. As such, the accuracy and

applicability of the different calculation methods relies

on choosing a suitable value for p(Tc w), Therefore, when

calculating the split total cross section using this method,
we need to check whether the sum of the two cross sections

of Eq. (3.2) exhibits a plateau—i.e., a constant region—as a

(cut)

function of py . This is the aforementioned insensitivity

of Eq. (3.1) with respect to the value of p(TC " If we find
such a plateau, we know on one hand that the combined

calculation scheme works, and on the other hand in which

range of p(TC it is applicable. As we will see in the case of

Higgs production at ™ colliders, this range is physically
well motivated, which makes the application to other
processes straightforward.

We note that splitting the phase space and calculating its
parts with a parton distribution function in one part and the
full matrix element in another part is not an entirely new
approach. It has for instance been used in Ref. [34] under
the name of matrix-element matching to show the validity
of the parton distribution functions of transversely polar-
ized weak bosons.

A. Low-py cross sections from EPA

In our EPA calculation, we use the distribution function
of the photon in the lepton #, given by

cut)y2
fA?Qx)::fi[_2(1—X) (P)
v/ 2 X ( p(TCUt))z + mL% )
1+(1-x)?% <Tcm))2—|—m2x2
+ lo 5>
mzx
cut)y2
_af 20l-x) 1+(1-2 (5"
2w X X mfpx2

+O(m2/ (P,

where we put an upper bound on the transverse momentum

via p(Tcut>’ and m, is the mass of the lepton 7. See

Appendix A for the derivation. The first expression is
obtained by rewriting Eq. (20) in Ref. [19], which is
originally derived for kinematical regions with small
virtuality ¢> of the photon. We rewrite it using the relation
of the photon virtuality and the transverse momentum,
given by

Ph=—¢*(1 = x) — m2. (3.4)

as we also discuss in Appendix A. The second line
of Eq. (3.3) is a further-approximated formula obtained

(cut)

when pr 7 is much larger than the lepton mass m,.

This simplified formula can be found in Ref. [33], again
as a function of the photon virtuality. The first expression
of the distribution function consistently takes into account
the finite lepton mass, up to corrections of O(m2/s).
Note that although we use the first expression of
Eq. (3.3) for our numerical calculations, the second

expression should actually be enough for our purposes

by taking p(TC W m,. An important point is that we have a

nonlogarithmic term, unlike the leading-logarithm formula
in Eq. (2.1), for which there is no uncertainty associated
with the scale of the hard process as long as the lepton mass
is negligible—i.e., the second line of Eq. (3.3).

Using this parton distribution function, the total cross
section for the low-pt region is given by

1 (cut)
P
Oerl o = / A (). (39
Smin/ S
where 6,,(xs) is the cross section of the yu™ — 0,W"h

process at the center-of-mass energy /xs. The lower end of
the x integration is given by s.,/s, where s, is the
smallest invariant mass of the final-state particles in the
subprocess, i.e., smin = (m, + my)?, since the subprocess’
center-of-mass energy needs to be large enough for it to
take place, with \/xs > |/s;,. The cross section obtained
from this formula is the leading-order value of the sys-

tematic expansion in terms of p(TC " The relative uncer-

tainty of this method is of the order of

ut)y 2
(P

(3.6)

Smin

Note that EPA here is not the leading-logarithm approxi-

mation. The uncertainty above can be much smaller than

log(p™/ m,)]™", and the formula is valid for small ple

as long as p(TC W s m,,. We explain the derivation of the

formula and the associated uncertainties in Appendix A.
The partonic cross section 6,, can be calculated using
MadGraph since there are no intermediate light particles in
this subprocess, and it can thus be evaluated numerically.
Therefore, we scan over center-of-mass energies to obtain
the cross section as a function of energy, and then convolute

it with the parton distribution function, as described above.

For a small enough p<T°ut) compared to s.;, (and large

enough compared to m,), the cross section can thus be
calculated with small theoretical uncertainties. However,
since we do not take into account the Z-boson-exchange
diagrams using this method, we expect it to be reliable

for p<T°ut) < my.

We show in Fig. 3 the low-pr cross section as a function

of p(TC " for representative center-of-mass energies /s = 1,

3, 10, and 30 TeV. The error bars in the figure are calculated
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(cut)

Cross Section vs py

Values for Representati

ve Center-of-Mass Energies Vs

Data from EPA (low-py) Calculation for u* u* — u* v, W* h

1 1
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FIG. 3. We show the EPA (low-py) cross section for p*ut — u*

(cut)

p,Wth as a function of py

for representative center-of-mass

energies (top to bottom): 30 TeV (blue, solid), 10 TeV (orange, dashed), 3 TeV (green, dash-dotted), and 1 TeV (red, dotted). The vertical

dashed lines indicate the muon mass m, and the Z boson mass m.

We calculate the error bars from the cross section value and the

relative error of Eq. (3.6), combined with the supplied error of the numerical convolution, and the error supplied by MadGraph for the
calculation of the partonic cross section after propagating it through the convolution.

primarily using the relative uncertainty of Eq. (3.6), which
(cut)

is invisible for small py

B. High-p cross sections from MadGraph

The calculation for the high-pt part can be performed
numerically using MadGraph by specifying a lower bound on

pr, given by p(Tc u), Thusly, we can avoid the collinear
divergences (or numerical instabilities) in the phase-space
integral, which are associated with the muon mass being
either set to zero, or significantly smaller than the center-of-
mass energy.

In the default set-up, MadGraph calculates the cross section
with the muon mass set to zero. This approximation results

in relative uncertainties of the order of

2
ny,

(cut)
T

(P’

See Appendix B for the derivation and discussion of the
error associated with this massless approximation.

Therefore, by taking p(TC ut) > m,,, we both avoid numerical
instabilities, and have negligibly small uncertainties asso-

ciated with the finite muon mass.

We show the obtained cross section as a function of p(TC ")

in Fig. 4 for the center-of-mass energies /s = 1, 3, 10, and
30 TeV, analogously to the low-pr cross section.

113011

C. Summing up the low- and high-py cross sections

We show in Fig. 5 the sum of the low- and high-py
cross sections, calculated using the EPA scheme and
MadGraph, respectively. As expected, we clearly observe

the plateau of the summed cross sections as a function of

() Based on the discussions of the uncertainties in both

P
calculations, we find an optimal choice for p(Tc " o be

around the geometric mean of the muon and Z boson

masses, p(Tcm) 1/mﬂmzz3.10 GeV, where we indeed

find the plateau. Nevertheless, for too small or too large

p(TC Ut), the summed cross sections deviate from their plateau

values.

On the one hand, for small p(TC o) (i.e., <my,), the cross

section calculated by MadGraph is too large due to numerical

instabilities, as previously mentioned. However, the error

bars in the small p(TC u) region represent the uncertainties from

the massless approximation, whereas the stark increase of the
cross section calculated by MadGraph seems to be largely
independent of this approximation. Indeed, this behavior
persists even when including the finite muon mass in
MadGraph. This is because the muon mass, while nonzero,
is significantly smaller than the center-of-mass energies
considered, leading again to numerical instabilities. Thus,
even when including a finite muon mass, one cannot obtain a

(cut)
r  =0.
On the other hand, for large p¥u0 (i.e., Zmy), the

contribution from Z-boson-exchange diagrams, as well

reliable result from MadGraph for, e.g., p

-9
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Cross Section vs p#c“t) Values for Representative Center-of-Mass Energies Vs
Data from MadGraph (high-pr) Calculation for u* uy* — u* v, W* h

—4— Vs =30TeVv
-+- vs =10TeV
—# Vs =3TeV
e Vs =1TeV

Cross Section (fb)

10! 10° 10! 102
My P values (GeV) mz

FIG. 4. We show the MadGraph (high-pr) cross section for umu™ — o, WTh as a function of p<T° W for representative center-of-mass
energies (top to bottom): 30 TeV (blue, solid), 10 TeV (orange, dashed), 3 TeV (green, dash-dotted), and 1 TeV (red, dotted). The vertical
lines indicate the muon mass m,, and the Z boson mass m . We calculate the error bars from the cross section value and the relative error

of Eq. (3.7), combined with the error supplied by MadGraph for the calculation of the cross section.

as the higher-order terms in the p(Tcm) expansion of EPA  (high-pr) cross section. Increasing p(TC " too far thus also
become important for the low-pr cross section. Neglecting ~ neglects part of their contribution.

these thus leads to a deficit in the summed cross section. Note that the results discussed here for unpolarized
Note that there are also diagrams without collinear diver-  beams apply in the same way to the case with polar-
gences, which are taken into account in the MadGraph  ized beams.

Cross Section vs p}C“" Values for Representative Center-of-Mass Energies Vs
Sum of Data from EPA (low-pr) and MadGraph (high-pr) Calculations for u* u* — u* v, W+* h

1 1
1 1 —
\\_:g Vs =30TeV i —+— Vs =30TeV
i ﬁ—0—1—+—< -4- Vs =10TeV
1
1

| —4 Vs =3Tev
—J-+—-_< cohes Y5 o=1TeV

1
1

- | VS =10TeV
-,

Approximate Plateau Region

Cross Section (fb)

1071 100 10
piY values (GeV) mz

FIG.5. We show the sum of the EPA (low-pr) and MadGraph (high- pr) cross sections for u* ut — u*2, W*h as a function of p(Tc " for
representative center-of-mass energies (top to bottom): 30 TeV (blue, solid), 10 TeV (orange, dashed), 3 TeV (green, dash-dotted), and
1 TeV (red, dotted). The vertical lines indicate the muon mass m,, and the Z boson mass m. The error bars are determined by the root-

square-sum of the EPA and MadGraph errors, which are primarily obtained from Egs. (3.6) and (3.7), respectively. The violet rectangle

marks the approximate region of the plateau, i.e., the p(TC lll)-independent region of the summed cross section, which we take
as 0.2 GeV < pi™ <20 GeV.
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Cross Section vs Center-of-Mass Energy for u* u* — u* v, W* h
Full Result with Different Polarizations P+ for p{™Y =,/m,mz = 3.10 GeV with p{*®® Error Bands
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FIG. 6. We show the full, summed cross section as a function of center-of-mass energy for pr
geometric mean of the muon mass m, and the Z boson mass my. We obtain the error bands by varying pTC !

(cut

iz [4 < pr

(cut) _

Mz ~3.10 GeV, the
() in the range

) < 4, /m,m. The upper curve (blue, dashed) and its error band (red, diagonal lines) correspond to a polarization of

P+ = +0.8 for both beams, and the lower curve (green, dash-dotted) and its band (magenta, solid) to P,+ = 0, i.e., unpolarized beams.

By reading off the cross sections in the plateau region,
we can now reliably calculate the fixed-order cross section
of the u"u™ — "o, W*h process as shown in Fig. 6. The
upper and lower curves are the cross sections with beam

polarizations P, = +0.8 and P,+ = 0, respectively. We

also show error bands associated with the choice of p<TC o)
(cut

/mni; for the range |/m,m;/4 < p; ) <4, /1,117
However, they are almost invisible. We thereby estimate

the uncertainty associated with the choice of p(TC U

than one percent.

For convenience, we present in Appendix C a semi-

automatic method to implement the p(Tcm)

MadGraph, in particular the low-py calculation.

) to be less

scheme in

IV. EVENT SHAPE OF THE W BOSON
FUSION PROCESS

As seen so far, we obtained reliable results for the higher-
order Higgs production by dividing the cross section into
two regions, corresponding to low and high pr of the final-
state antimuon, which we calculate using EPA and
MadGraph, respectively. Compared to the leading-order W
boson fusion, this process contains an additional W boson
in the final state. Thus, to distinguish event signals from

background, the produced Higgs and W bosons should both
be detected.

However, because the y+ beams induce undesired back-
grounds such as u"-decay products and incoherent e™e™
pairs (see Ref. [35] for a review), we need to put shielding
nozzles around the interaction point to reduce these beam-
induced backgrounds. This makes placement of detectors
quite nontrivial, leading to constraints of the detectors’
coverage angle. Therefore, to estimate event efficiency,
it is necessary to study the scattering angles of final-state
particles and to compare them with the coverage angle.

In the following, we present event histograms of the
distribution of the scattering angles. As one of the main
decay channels, we consider the produced 4 and W™
decaying into bb, and light quarks (ud), respectively. We
generate the events using MadGraph with pr > 0.1 GeV,
which corresponds to the high-pt region of the previous
sections. Here, we neglect the low-py region because it
does not have a significant number of events for this choice
of lower-pt cut. We show in Figs. 7 and 8 the histograms
for the intermediate 7 and W™ bosons and their decay
products b, b, u, and d for Vs =2 and 10 TeV, respec-
tively. The histograms are at the parton level without
smearing of the energies or momenta of the final-state
particles. Since a utu™ collider is symmetric in the two
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FIG. 7. We show event histograms for the scattering angles of final-state particles in the W boson fusion process with /s = 2 TeV,
where the calculation is performed by MadGraph with a minimum-py cut 0.1 GeV. The number of the generated events is 5 x 10*.

initial-state particles, we concentrate on the angles
0° <0 <90°.

From these plots, we observe that most decay products
have sufficiently large scattering angles, or transverse
momenta, and are hence visible. We therefore now estimate
how many events can be caught by detectors. Although there
is not yet a concrete detector design for u™u™ colliders, we

assume the coverage of the hadron calorimeter to be around
10°[36,37]. Thus, we find that around 83% of events can be
caught by the detector, and reconstructing the W and Higgs
bosons is possible for both /s = 2 and 10 TeV. We expect
this reconstruction to help to distinguish these signal events
from background events. Further studies, such as detector
simulation, will be performed elsewhere.
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FIG. 8. We show event histograms for scattering angles of final-state particles in the W boson fusion process with /s = 10 TeV,
where the calculation is performed by MadGraph with a minimum-py cut 0.1 GeV. The number of the generated events is 5 x 10*.

V. SUMMARY

We studied Higgs boson production at g™ u™ colliders,
where W boson fusion is not possible at the leading order.
This is because a 4™ cannot directly emit the W™~ necessary
to create the WTW~ pair fusing to a Higgs boson.
Nevertheless, we show that at high-energy p™u™ colliders,
a y- and Z-mediated W boson fusion is possible, with its
cross section growing as (logs)? with the center-of-mass
energy /s. This means that at high energies, such colliders
can produce almost as many Higgs bosons as ™ u~ ore™e™
colliders, since their production cross section only
increases as log s.

We calculated the cross section by carefully treating the
divergence associated with collinear emission of the inter-
mediate photon from the antimuon. Therein, we split the
integration region of the transverse momentum pr of the
antimuon into the sum of a low- and a high-p region. We
then calculate the low-pr part using the equivalent photon
approximation (EPA), and the high-py part directly using
MadGraph. EPA gives the leading-order value in a systematic
expansion in the maximal value of pr, and Z boson
contributions to the low-pt region become important for
pt 2 my. Therefore, we can control the systematic uncer-
tainties associated with this approximation by choosing a

(cut)

small enough value p at which we split the low- and
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high-pr regions. On the other hand, to avoid the collinear

divergences or numerical instabilities from MadGraph, we

must have p%cut) 2 m,. Thereby, we obtained a reliable

result for the cross section by verifying its independence on

the pr value at which we split the regions. This is well

satisfied, e.g., for the choice p<T°m) = /M, inz.

The cross section we obtained in this manner is indeed
enhanced at high energy; note, however, that the leading-
logarithm formula that only includes (log s)* terms seems
to overestimate it. Nevertheless, even compared with the
leading-order W boson fusion process at u*u~ colliders,
the cross section of the y- and Z-mediated process with
polarized beams can be as large as half of the one for the
leading-order process at 10 TeV energies. Therefore, while
beam polarization capabilities are important, a pu*t
collider is as good a Higgs boson factory as a u* u~ collider.
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APPENDIX A: EQUIVALENT PHOTON
APPROXIMATION (EPA)

Repeating a similar calculation to Ref. [19], we
derive the EPA formula applicable to the case where a
pr cut is applied. This section includes a review of
Ref. [19]. Let us consider the photon-mediated process
£(p)+ f(k) = £(p') + X, where ¢, f, and X denote a
lepton, massless parton (k> = 0), and a generic final-state
system, respectively. The four-momenta of the leptons and
the virtual photon are defined as

p =E(1,0,0,p), p' =E'(1,0,4 sin8, ff cos 0)
and g=p-p' (A1)
with
m> m>
p= —E—§ and ﬂ’:\/l—E—é, (A2)

and m, the lepton mass.

The cross section is given by

1 62 WyuTﬂy d3p/

d p—
PEPA T8k p gt (2n)2F
I aWHT,
=—— “ dg?dx, A3
8k-pdn ¢ i (A3)

where a is the fine-structure constant, and the two inde-
pendent kinematic variables, photon virtuality and longi-
tudinal momentum fraction, are given by

q* = 2m% —2EE'(1 — pp cos 0)
E'(1+ f' cos@)

and x=1- EQ+p)

(A4)

respectively. Furthermore, x satisfies x =1 — 1;;; = ,%q,.
The leptonic tensor 7, and the hadronic tensor W** of

the electromagnetic current are given by

1
T/w = 4<§ ng/w + pyp;/ + pvp//4> (AS)

and

g7 2W Z,k‘
W””:W1(qz7k'9)<—gﬂy+qg)_q (2k(f]q)2 9

q
(A6)

k-q , k-q
X("”‘N)(" H>

Contracting them then yields

WHT,, = —4 {2M§W1(q2, k-q)+q* <W1(q2, k-q)

2(1 —x
2=
X

Walq? k- Q)H

1 1—x)?
~—4W,(0,k- q) {ng +q° #} , (A7)
X
where we use
Wi(g* k-q)=W,(0,k-q)+O(¢*>) and
Wa(q? k-q) = W(0,k-q) + O(q?), (AB)

obtained by requiring that W** be analytic in ¢° as g* — 0.
Therefore, the cross section can be approximated by
doppa = fy/f(x)ayf(q’ k)dx, (A9)

with [19]
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a 1 1
et = (1)
4 2” g Qrznax qrznin

1 1— 2 2'
PR Gk 1ogqg““] (A10)
x Qmax
and
W0,k - q)
k)= ———. All
o,r(q. k) kg (A11)

We obtain these expressions by integrating Eq. (A3) with
Eq. (A7) over ¢* from g2, O g2y

Reference [19] further presents the formula for the case
where a 6 cut is applied, with 0 < 6 < 6, with 8, < 1. In
this case, the range of g> reads [19]

m2x? ) m2x?
and q = ———
1 —x 1 —x

qgnax = - E2<1 —x)@%.

(A12)

Substituting these results into Eq. (A10), one obtains
fy¢(x) in the f-cut scheme.
Instead of a f-cut, we give f,,,(x) for the case where a

pr cut is applied, with 0 < pr < p(TC " In particular, we

find a simple relation between p2 and ¢>
|

WHT,, = —4W,(0,k - q) {2m§ + ¢

Pt = —¢*(1 —x) — m2x%, (A13)

as seen from pp = E'f'sin@. This is especially useful,
since it does not depend on E, in contrast to the case with 6.
Therefore, the range of g> reads

2,2
msx 1 0)\2
Tmax = ] ix and gy, = —Tx«P(Tcu)) +myx?).

(A14)

Substituting these results into Eq. (A10), we obtain f,,(x)
in the pr cut scheme, as shown in Eq. (3.3).

Next, we discuss the uncertainty of the EPA formula.
The EPA calculation utilizes the leading term of the
expansion of W;(¢? k- k) in ¢*

2 n
Wilahk-q) =D A" (k- q) (—(,f. q)> (A15)
n>0

for i = 1, 2. Therefore, we study the impact of higher-order
terms by again following the corresponding calculation in
Ref. [19]. Due to

k-q

T+ oo (40 € g0 4
X 4 1 1

(k-q)*

2 2(1=x) 2
— 442 A(l) 4q A(l) O 6 , Al6
7 (4 + A0 ) ol (A16)
the error caused by the higher-order terms is given by
Ad a 1 2mA 1 2m2Al Al L 21-) Al o2
CEPAS T onak-p\ kg @ (k-q? kg 2 k-qf?
1 2 1 1
_a m_%z‘\(l)lo G [2m2 A7 1 140 A1 - x) ghu - G d. (A17)
2z | s k-g 2 s k-gx 2k-qg k-q x* s
In the second equality, we performed the g*-integral, then E*(1 —x)6? fora 6 cut,
used the relation Tinax — ngin = | (cut)\n (A20)
= (py ')* fora prcut,
Xs m2
k-q=xk- _—+O<—f>, Al18
1 =3 s (A18) and also
and finally combined 1/(k - ¢) with A" to take e 1
S~ (A21)
A Xmin X Xmin
ki p ~O(1) X 0,;. (A19)

This identification is analogous to what we did for the
n = 0 case. Noting that

where x.,;, is given by s/, we see that the dominant
error stems from the last term inside the square brackets of
Eq. (A17), and we thus find:
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for a @ cut,

A¢71~:1>A| o O(E*@*/smin)
R (A22)

(cat)y2 /g ) fora pr cut.

Ogpa| (euy) ((py

pr<p

APPENDIX B: ERROR IN THE MASSLESS
LEPTON APPROXIMATION

We now discuss the error in the calculation with MadGraph
for the high-pr cross section in Eq. (3.2) when the muon
mass is neglected. For this, we split GM0|F > plew aS

T=FT1

(B1)

GMG|], >p(cux) (cut) + 6MG|[) >pi

Pr2PT >17
by using an additional cut p}. The dominant error caused
by the massless approximation should stem from the first
cross section of the sum, where pr is smaller. We then set
the new cut py such that the EPA formula is also valid for

the cross section with p} > pr > pT (The plateaus we
observe in Fig. 5 indicate that such a p7 exists.) Thus, we
can estimate the error by

Aoy

(cut)

PT2Pr

) 2o

« w) — O "
PTZPTZP(TLU[) MG 2 przpp™ =

(cut) o

(ou) = GEPAlp >pr2pymu=0

PrZPTZPr

dx Tu PT p’(rcm),pT B2
7P ) = £ T () oloues). (B2)

()
where the function ff/T” P1(x) denotes the EPA parton

distribution function in Eq. (A10) with

1
Goin = 7 (PP +mia?) and
1
Ghan = =7 (PF™)2 + mia?), (B3)

S e

e
and the function fy Ju " "(x)] 2= denotes the analogous
expression with m, — 0.

Assuming m? < (p<Tcm)

functions is

)? < p32, the difference of these

1—x —+—(1—)c)21 1+ mjx*/ p3?

and therefore the error size is controlled by m2/(p Cm))

(uu)

1
(cut) 2> + x 1 2.2 (cut)
*+(pr ) +ma?/ (pi™)?

(B4)

2. Furthermore, we observe that Eq. (B4) is not singular at x = 0, and

loses the logarithmic factor present in f*7 v (x). This indicates that Eq. (B2) has two fewer logarithmic factors compared

with Glp - Noting also that the infrared cutoff for a|
TP,

uncertainty by

(cul ls pT

(cut) , rather than m,,, we hence estimate the relative

AGMG| (cut) le 2 27 -1
P (Cu’i) 5 |log (Csm) 5 log u —§<log u > ] . (BS)
|p 2pi (pr ) (pr ") Smin Smin

APPENDIX C: SEMIAUTOMATIC MadGraph
IMPLEMENTATION OF p{*" CALCULATION

As previously mentioned, we also implemented a semi-
automatic calculation of the p<TC ") scheme for convenience.
Here, semiautomatic means that both the low- and high-py
cross sections can be calculated in MadGraph directly;
however, the two parts still need to be summed by the
user. In particular, we implement the calculation of the
low- pr cross section using EPA, since the high-pr part can
already be computed directly. In this appendix, we there-
fore discuss how the calculation is implemented, how to use
it, and its accuracy.

First, we briefly mention how MadGraph calculates EPA,
or IWW, via the iww setting in the run card. With this
setting, MadGraph uses the parton distribution function
formula of Eq. (A10) with g2, = -m2x?/(1—x), as
given in Eq. (A12); we also note here that the lepton mass
in g2, is hard-coded, and specified through the collider
type set in the run card of the respective run. However, ¢2.
is not given by a fixed expression, but is instead provided to
the parton distribution function as external input, together
with the momentum fraction x. In particular, qfnin takes
on the role of (squared) factorization scale, which is set
either by a fixed scale for all events or a dynamical scale
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determined on an event-by-event basis, depending on the
user specification in the run card. This is because the
factorization scale is the largest scale included in the parton
distribution function description, whose square is precisely
the maximum absolute value of the photon virtuality, |¢2. |.
Thus, based on the dynamical scale choice specified by the
user, g2, is calculated by MadGraph for each event, and then
passed on to the IWW parton distribution function. For
instance, the setting 4 sets the dynamical (factorization)
scale to the partonic center-of-mass energy, which is a
common choice, and thus |g2. | = xs. Note that this is
calculated using the four-momenta of the incoming partons
of the respective event; and if applicable, x may be a
product of momentum fractions of the incoming partons.

Since MadGraph supports user-defined dynamical scales,
we implement the parton distribution function of Eq. (3.3)
through such a custom dynamical scale, which can then
be imported to MadGraph and used for the low-py, EPA
calculation. The implementation is partly based on the
original MadGraph code, and works in the following way:
First, we import the collider information, in particular the
beam energies and beam types. For this implementation,
the beams are restricted to electrons, muons, and their
respective antiparticles. Second, we import the kinematical
information of the respective parton event and define the

quantities necessary for the calculation. Therein, the value

of p%cm) is hard-coded, and thus needs to be changed by

hand depending on which value is required for the process
of interest. Third, we calculate and set the pertinent
variables from the kinematical data. In particular, we set
the lepton mass based on the information from the run card,
and then calculate the momentum fraction x using

X = E + O<mgeaml,2> _ (pparton] + ppartonz)2
S S (Ebeam 1 + Ebeam2)2

+ O <ml§eam 1,2)
s 9

where /s is the center-of-mass energy of the collider, v/§
that of the partonic process, Mye,n, 1, are the masses of the
beam particles set in the run card, pparon12 are the four-
momenta of the incoming partons, and Eye,y, 1, are the
respective beam energies. Here, we used that § is deter-
mined by the incoming partons’ four-momenta and is equal
to the product xs, up to corrections of O(my,/5)-
Lastly, we calculate the dynamical scale via Eq. (A14) as

1
(dynamical scale) = \/|g%. | = \/m ((P¥:Ut))2 + m2x?),
(C2)

(C1)

and return the result, which will then be used in the iww
parton distribution function.

To use this implementation in practice, the following
steps are necessary. First, save the code as . £ (Fortran) text

file on your machine, and copy the file path. Second, adjust

the p(TC " value in GeV according your process of interest

and save the changes; the default setting is the geometric
mean of the muon and Z boson mass, /1, My = 3.10 GeV,

since this was the pertinent value for our considerations.
The corresponding variable in the file is denoted as
pt_cut iww and marked by a box around it for ease
of use. Third, run MadGraph as usual, set the photon-emitting
beam as +3 for e¢T or +4 for uT, and the parton
distribution function for the photon to iww. Fourth, set
the dynamical scale choice parameter to O,
which means that a custom dynamical scale is to be
used. Note, in particular, that no fixed factorization scale
should be set. Lastly, set the parameter custom_fcts to
the file path of the . £ file containing the code to calculate

\/|g%,,]. After this, the run can be continued in the usual
manner.

Note that to obtain the correct low-py cross section for
the case of identical beam particles, the obtained result
needs to be multiplied by a factor of two, as is also the case
for a manual convolution.

In terms of accuracy, the results thereby obtained by
the MadGraph implementation of the low-pt cross section
are consistently about 5% smaller on average, when
compared with the manual calculation for our Higgs
production process at center-of-mass energies up to
30 TeV. The deviation is a bit larger for the lower
center-of-mass energies, and a bit smaller for the higher
ones, with a respective O(1)% change in both directions.

Nevertheless, we observe an approximate plateau for

. . cut . . .
similar p(T”) values as in the manual calculation, irrespec-

tive of beam polarizations and energies. Since the size of
the deviation of the cross section is largely independent
of beam polarizations and center-of-mass energies, we
assume that it is a systematic error. Numerically, it can
be mitigated by adjusting the scalefact parameter in
the run card to the value ~1.3, which modifies the dyna-
mical scale as (new dynamicalscale) = scalefact X
(old dynamical scale). The results obtained from this modi-
fication are within about +0.4% of the manual calculation,
across center-of-mass energies and polarizations.

Finally, note that due to the calculation of x as §/s, and
since the dynamical scale is calculated based on Eq. (A14)
specifically for the photon, we recommend using partonic
processes where a parton distribution function is only used
for the photon.
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