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Deciphering twist-3 chiral-even GPDs in the light-front
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We investigate quantum chromodynamics (QCD) in this study by computing chiral-even generalized
parton distributions (GPDs) at twist-3 in the framework of the light-front quark-diquark model, particularly
in the zero skewness scenario. We provide a detailed examination of twist-3 chiral-even GPDs, illustrating
their behavior through extensive two-dimensional (2-D) and three-dimensional (3-D) visualizations, which
demonstrate their dependence on the longitudinal momentum fraction (x) and the momentum transfer (7).
Our investigation also reveals the intricate relationships between these GPDs and other distribution functions
such as generalized transverse-momentum dependent distributions, transverse momentum-dependent parton
distributions, and parton distribution functions (PDFs). Our study also includes the connected form factors at
this twist, which are crucial in understanding the internal structure of hadrons. Additionally, we provide

impact parameter-dependent PDF plots to offer insights into the spatial distribution of partons.
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I. INTRODUCTION

The proton is among the first particles to be discovered
experimentally, yet even after a century, its structure remains
elusive [1]. The “proton spin crisis” has intrigued research-
ers for decades, and the “origin of proton mass” is a highly
active field of research, encompassing both experimental
and theoretical investigations [2—12]. Experimental facilities
such as the Stanford Linear Accelerator Center [13-18], the
European Organization for Nuclear Research [19-24], the
Deutsches Elektronen-Synchrotron [25-27], and Jefferson
Lab [28-32] have played crucial roles in the aforementioned
studies. The usual approach of analyzing the proton’s
structure includes scattering experiments, with deep inelas-
tic scattering (DIS) being a key method [33-35]. Using the
factorization theorem, the cross section of DIS is para-
metrized in terms of parton distribution functions (PDFs),
which are quasiprobabilistic distributions providing infor-
mation about the partons, i.e., quarks or gluons, inside the
proton [36-38]. Although at very short distances, i.e., at
very high energies, perturbative quantum chromodynamics
(QCD) provides significant results by adding leading order,
next-to-leading order, and higher-order corrections [39,40],
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at low energies, factorization theorems are not as effec-
tive [41]. Moreover, nonperturbative effects become dom-
inant. To gain a clearer understanding of a proton’s structure
at low energies, it is necessary to consider additional
corrections, including target mass corrections and higher
twist corrections [42-44].

Information obtained from PDFs is fairly restricted as it
acknowledges only the one-dimensional (1D) distribution
of the longitudinal momentum fraction x of the parton.
Higher-dimensional distributions such as transverse
momentum distributions (TMDs) provide more informa-
tion concerning the proton’s three-dimensional (3D) con-
figuration using kinematic variables such as x and the
transverse momentum of the parton p,; [33,34,45-72].
TMDs correspond to phenomena of semi-inclusive deep
inelastic scattering and Drell-Yan [73-88]. Another
higher-dimensional distribution, generalized parton distri-
butions (GPDs), are parametrized in the variables x and
momentum transfer to the proton A . Such distributions
correspond to scattering processes such as deeply virtual
Compton scattering (DVCS) and deeply virtual meson
production (DVMP) [89-106]. Even higher-dimensional
distributions, such as generalized transverse momentum
distributions (GTMDs), carry the most information about
the parton [107]. The relationship between the previously
discussed distributions, along with some other distribu-
tions, can be seen in Fig. 1.

GPDs appear while studying the cross-section of
scattering processes such as DVCS and DVMP. They
are also known as the nonforward matrix elements of
bilocal operators in such processes. Although direct
extraction of GPDs from sophisticated experiments such
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A illustration of the generalized parton correlation functions (GPCFs) using family trees. Various arrows represent various

GTMD limits. The dashed line represents the case of zero momentum transfer, the solid line represents the integration over the
longitudinal momentum fraction x, and the dotted line shows the integration over the quark’s transverse momentum p; [108].

as Zentrum fiir Elektronen-Und-Speicherringexperiment
[109,110], CEBAF large acceptance spectrometer (CLAS)
[111-118], and common muon and proton apparatus
(COMPASS) [119] is not straightforward, it becomes
even more complicated when we consider higher twist
corrections [120,121]. References [122,123] suggest that
twist-3 GPDs can provide vital information about a
quark’s kinetic orbital angular momentum and quark
spin-orbit interactions. The Fourier transform of GPDs
provides the impact parameter dependent parton distribu-
tion functions (IPDPDFs), which are functions of x and
the impact parameter distance b, [124]. IPDPDFs offer
the most physical picture of the proton as they suggest the
position of partons, giving a familiar understanding of the
structure of an object.

One of the most successful and profound theories in
the history of physics, offering explanations for physical
phenomena with unparalleled accuracy, particularly in
the realm of high-energy physics, is quantum field
theory (QFT). The remarkable achievements of QFT are
best illustrated by QCD, the theory of quark-gluon inter-
actions [125]. However, achieving this level of accuracy
presents tremendous computational challenges that require
sophisticated methods and adjustments that consider various
effects. One mathematical approach to simplifying compu-
tations in QCD is the use of anti-de Sitter (AdS)/QCD
correspondence. This method, along with Dirac’s light-front
dynamics, can dramatically simplify calculations and pro-
vide more familiarity with the underlying physics [126].
The light-front quark-diquark model (LFQDM) serves as a
model that uses both of these mathematical formulations

along with the assumption that during interactions with a
probe, the proton acts as a composite of an active quark
participating in the interaction while the remaining quarks
form a spectator diquark [127-129]. In recent years,
LFQDM has accomplished many significant results. For
example, it has shown very promising results for spin
asymmetry, aiding in the study of experiments like
hadron-elektron ring anlage measurement of spin and
COMPASS [130]. The flavor combination of the PDF
e(x) compares nicely with the CLAS data [130].
Multiple properties of the proton, such as mechanical radius,
shear forces, and pressure distributions, along with structure
functions such as gravitational form factors (FFs) and
transversity and helicity PDFs, have been calculated using
LFQDM [131]. Recent works also include calculations of
the transverse structure of the proton in Refs. [129,132,133].
Twist-2, twist-3, and twist-4 GTMDs are discussed in
Refs. [108,134,135], while twist-2 and twist-4 GPDs have
been calculated in Refs. [136,137].

The objective of our work aims to analyze the twist-3
GPDs of protons within the LFQDM framework. Primarily,
the unintegrated quark-quark GPD correlator has been
deciphered for twist-3 Dirac matrix structure, and we then,
through comparison with the parametrization equations,
achieve the equations for the twist-3 GPDs of the proton.
The explicit equations for GPDs have been derived for both
possible scenarios of active quark flavor u and d from vector
and scalar diquark components, considering a skewness &
of 0. The nature of twist-3 chiral-even GPDs is illustrated
using two-dimensional (2D) and 3D graphs, depicting their
dependency over a quark’s longitudinal momentum fraction
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x and the momentum transfer ¢z. To unify the obtained
findings of this study and their connections with other
distribution functions, we seek the associated GTMDs,
TMDs, and PDFs. We have included the analysis of
associated GPDs in impact parameter space, obtained
through the Fourier transformation of GPDs. Additionally,
twist-3 FFs have also been discussed considering their
significance for the comprehension of proton dynamics.

The article has adopted the following structure: The
LFQDM’s crucial details, input parameters, and other
constants are discussed in Sec. II. The twist-3 quark-quark
GPD correlator features are covered in Sec. III, along with
the pertinent parametrization equations. The explicit equa-
tions for twist-3 GPDs are shown in Sec. IV. A sequential
analysis of the relationships between twist-3 chiral-even
GPDs with GTMDs and TMDs is presented in Secs. V and
VI respectively. A 2D and 3D plot-based analysis of GPDs
is presented in Sec. VIIL. This section also covers Fourier-
transformed GPD illustrations and twist-3 FFs. Finally, a
conclusion is presented in Sec. VIIL

II. LFQDM

Regarding the LFQDM explanation, for an all-encom-
passing perspective on the probability of running into every
possible active quark-spectator combination, the proton’s
|

+ dXdsz
uS)= = ; / 2(27)*y/x(1 = x)

spin-flavor structure is thought to be composed of isoscalar-
scalar diquark singlet |uS°), isoscalar-vector diquark |u#A°),
and isovector-vector diquark |dA') states from Ref. [127]:

P ANY = CsluS)A" + Cy|uA®)N + CyyldANAY. (1)

In the above expression, the nucleon helicity is A"N. The
spinwise vector and scalar diquark parts are denoted by
A=V, VV and S, respectively. The diquarks’ respective
isospins have been indicated by the superscripts (0) or (1).
The coefficients C; of scalar and vector diquark states have
been found in Ref. [127] and are provided in Table II. The
valence quark’s proportion of longitudinal momentum from
the parent proton is x = p™/P™, where the momentum of
quark (p) and diquark (Py) is given as

p= (P, p7.pL) (2)

Py =((1-x)P", Px,—p1), (3)

for the case when proton carries no transverse momenta.
The expansion of the Fock state for J¢ = +1/2 for the
scalar [vS)A" and vector diquark [vA)A" in the case of two
particles can be expressed as [129,138,139]

v (x,pL)|A9, A5 2P p ), (4)

+(v)

L dxd’p |
Ay = Z ; / 200 a—x)

The flavor index v = u (for the scalar case) and v = u,d
(for the vector case) are determined using Eq. (1). The
two particle state is represented by the expression
|44, 257, xP*,p ), where the quark helicity is A9 = £1
and the spectator diquark helicity is A5?. The scalar
diquark’s spectator helicity is 457 = 15 = 0 (singlet), while
the vector diquark’s spectator helicity is 157 = 1P = £1,0
(triplet). Table I provides the LFWFs [129] for J* = +1/2,
taking into account the scalar or vector nature of diquarks.
Derived from the predictions of soft-wall AdS/QCD

[140,141], the general form of LFWFs (pl(»”) = (pﬁ”) (x,pL)

listed in Table I follows the parametrization a¥, b%, and 6 as
outlined in Ref. [127]. We have

4z [log(1/x) .

(v) . b
. = — —_— X" 1— i
@ (x,pL) k| (I-x)
2
p7 log(1/x)
—g PLOST) 6
Xe"p[ 22 (1 - x)? ©)

(x.p1)|A9. 2P xP . p ). (5)

The wave functions ¢* (i = 1,2) happen to be distinct over
the interchange x — 1 —x, and such asymmetry persists
at the AdS/QCD limit a¥ = b¥ =0 and 6 = 1.0 as well [142].

The variables a¥ and b%, appearing in Eq. (6), were
effectively fitted with the use of the Dirac and Pauli FF
data [127,143,144] to the model scale y, = 0.313 GeV. For
both quark flavors, the given value of factor 6 is assumed as
the one that has been adopted from AdS/QCD [140]. Aside
from this, Ref. [127] is the source of normalization con-
stants N7 provided in Table 1. Table II lists the model
parameter values for both active quark flavors, considering
the purpose of clarity. The AdS/QCD scale parameter x,
which appears in Eq. (6), has been assigned a value of
0.4 GeV [145,146]. We take the proton mass (M) and the
constituent quark mass (m) to be, respectively, 0.938 GeV
and 0.055 GeV, consistent with Ref. [128]. By considering
the contributions from isoscalar-scalar (0*%)), isoscalar
vector (0*)), and isovector-vector (O4V)), parts, we
can write any physical observable O for active u and d
quarks as
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TABLE L.

The LFWFs for the active quark A9 and the spectator diquark 457 variations of their helicities for

both diquark circumstances for J¢ = +1/2. The normalization constants are Ny, N(()"), and N §”>.

Diquark M 5P LFWFs for J¢ = +1/2 LFWEFs for J¢ = —1/2
ol —ip?
Scalar +1/2 0 WI(D) = stﬂ(lb) '/fl(b) = NS(IX_MP)(p(Zu)
S22 0y =Ny = =Nsg)
) 2\ (V) -
Vector /2 0 =N eSS yv =0
v (v) v) )
-1/2 +1 y =Nl y Y =0
v () - @) J1p'=ip*y ()
+1/2 0 w0 =N Sl y0 = NS
-1/2 0 l//féb) _ No \/7(11 +:p ) l//:g,) _ Ng’) \/%Q”Eb)
+1/2 -1 Wi(_”) = l//;(_b) _ _N(lv) \/£¢<1U>
12 -l =0 0 =N A
TABLE II.  Values of coefficients, normalization constants N2, ot = o)  guv) (7)
and model parameters corresponding to both u and d quarks.
d _ d(Vv)
Parameter 0 0 ’ (8)
v u d
III. GPD CORRELATOR AND
&; 1.3872 0 PARAMETRIZATION AT TWIST-3
2 0.6128 0 . . L
C‘2/ This section presents a thorough examination of the GPD
Cuy 0 I correlator and its parametrization. According to Ref. [147],
Ny 2.0191 0 the quark-quark GPD correlator for the proton is defined as
Ng 3.2050 5.9423
N¢ 0.9895 1.1616 ] dz” .- -
F x, &t = e T (PL AN (=72
a 0.280 £ 0.001 05850400003 | ianar (860 = 2 21 < w(=2/2)
b 0.1716 + 0.0051 0.7000 + 0.0002 X TW ey (2/2) [P AN .
a4 0.84 +0.02 0.9434100017 )
by 0.2284 + 0.0035 06470005
& 1 1 In the present work, |P'; AVi) and |P/; ANr) represent the

FIG. 2. Visualization of the GPDs-linked DVCS process
involving a virtual photon and proton, y* + P/ — y* 4 P/,

initial and final states of the proton, respectively, where AV
and AMs signify their helicities. The pictorial representation
of the GPDs-linked DVCS process y* + P! — y* + P/,
involving a virtual photon and proton where a virtual
photon is observed in the final state along with the proton,
has been given in Fig. 2. The GPD correlator depends on
the variables set x, &, and . At zero skewness, the square of
the total momentum transfer is denoted by t = A> = —A?,
or £ = —AT /2Pt = 0 [147]. Therefore, for the rest of the

o (1)

where r

paper, we will express the GPD correlator F
as F[/[\N] N [/[\”; AN

stands for the twist-3 Dirac y matrices, i.e., ' = {y/, y/ys}.
The Wilson line, W[_z /2.2/2]> has been considered to be 1 for
simplicity. This ensures that the related bilocal quark
operator has SU(3) color gauge invariance. In the present
scenario, we use the convention z+ = (ZO + z3), and we

](x, A%) or compactly as F
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apply the symmetric frame kinematics that has been adopted in Ref. [136].

By substituting the expression of the scalar diquark and vector diquark Fock states, Egs. (4) and (5), into the proton state
Eq. (1) within the GPD correlator, Eq. (9), one can get the GPD correlator for the scalar and vector diquark parts as an
overlap of LFWFs, shown in Table I as

VITY(S) AVr A, Ay
F[AN,‘ANf]< / 167 %ZZW,W (x pL+(1-x) > )W/l‘h <X7PL (1-x) 3 )

Adi Aflf

,, (xP*.p. +2 F)r° T (xPT,py — —)
: 2.X,'P+ dzplﬂ (10)
PN (A ASOSSA (py 4 (1-0) 2L xp - (1-x) 2k
(AN AMF] 16 3 297 2D L 2 WM!/ID PL- 3
T a ar D
L (kP py + 50y T (xPF py — 3

2)CP+

where C4 = Cy, Cyy for the u and d quarks, respectively. The spinor product u},f (xPT,p, + A—zi) YT (xPH,p, — %) is
associated with the twist-3 Dirac matrices. References [125,126] provide a comprehensive discussion of the various Dirac
spinor configurations. Here, A% and 1% stand for initial and final states of the quark helicity, respectively. Moreover, for the
vector diquark, there is an extra summation over the diquark helicity A”.

Following Ref. [147], the GPDs connected to the twist-3 Dirac matrices y/ and y/ys can be parametrized as

' M N + 2 +Ajl — ATy 2
F[ANiANf] 2(P+) M(P AYT) ["7 THor(x,A%) + M Epr(x, A7)
P+A’ ATP +P’ — Ptyl .
# R B By A) 4 TP B )Pl ), (12
iys ie' M . yrAL — Aty
m}l\m = 2(;+) (P!, AVr) {l‘ﬁ_ Hyp(x, A7) + J_ZTEQT(’@ AY)
PTA| — ATP! P — Pty ‘
g Hx A7) + TE/ZT(X Ai)] (P, ANE). (13)
|
Here, the chiral-even GPDs are represented by functions of ~ jA? . . U] ] o e
the form X (x, A% ), which are eight in number. In the above pt o Br=4, (F[++] N F[——]) — A (FHH B F[——]) . (14)
expressions, we have used the relation 672 = ¢t A; for 5
transverse direction index i, whereas other notations have —2iMA7 HY = (A, +iA )< AF r'] —_AF vy 2])
. . p+ 2r — [ =
their usual meanings.
— lA ( [J’I] V[J’Z]) (15)
Ax [+-1)°

IV. EXPRESSIONS OF TWIST-3
CHIRAL-EVEN GPDS

To derive the expressions of the twist-3 chiral-even

4MPHY, + HYy A% I N A I
MP* :(F[-H‘FH—})*’([ + P )

GPDs for each kind of diquark, we have substituted the (16)
proton state, Eq. (1), with proper polarization in the ~ ~

correlator, Eq. (9), via scalar and vector diquark Fock 2(py - AL ES, + (E5; + 2HY,) A%

states from Egs. (4) and (5), respectively. One can obtain Pt

certain twist-3 chiral-even GPDs by choosing the matrix B ( ') y[y]]> < vy [yZ])

structure I' = y/ from Eq. (12): = B\ Fl T Fg)) + 8 (Fleg + P (17)
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Similarly, for the matrix structure I' = y/ys, we have
obtained the following equations:

2

%E/ZVT — Ax (FU[}’IJ’S] FU[}’ VS]) + A, (FU[}’ZJ’s] _ FU[J’Z}’S])’

We define

ngy) (x,pL,AL)=¢

><xpL+ (1=x) )

e [++] (] A
(13 <o (vpi--0%). @)
2MA? . s
pr = HY = (A, + iA,) (A F [T]' Iy a vE [qj]) where, i, j = 1, 2. By using the wave function from Eq. (6)
'yl ] with the aforementioned equation, one may infer
+ (A, —iA,) (AXF[ rla Bl ) (19)
(v) (v)
v rTiv Ti' (x’pJ_’AJ_) = T'i (x,pJ_’AJ_), (23)
AMHY + Hy AL _ <Fv[7‘75] + FV[Y‘ys]) ! '
MP+ [-+] [+-]
jadad vly?ys] D)4 A y A
+’( 4 g ) (20) 4| ”(x,pﬁr(l—x)f)=<pf~)<x,m+(1—x)7l)-
200, ADEY + (B +201)A% (24)
pr
_ vly'ys] Ly y;]) < V[rys) b[y2y5]) For the twist-3 Dirac matrix structure, the chiral-even GPD
Ay ( R F[ Al P +F27) (1) expressions for both diquark possibilities can be written as
|
2 A2 2 2 A2 2 v
=u(s) [ CsNs v A7 piAT —(pL-A)) T35,
xEyr / 162 < T, + ((pi—(l—x)27> —2< Azi (1-x) M2 d2pJ_’ (25)

V(A C2 1 " 2 y ” AZ p2A2
) = [ (G- e ) (-ro+ ( (2 - (-2 G ) 2 (B

(pL-A)?

—(pL-AL) T
2 0-0)

)dsz7

(26)

2772 27w
ws) [ CsNi 1 Y (pL-A)TY, 2
xH,; —/ 1623 M (mTll +27Ai M "

2 /1 1 (pL-AL 2T
H’”(A): _ A [ a2\ TV 2 L L) f12
¥ 167° 3|N0| m\"n A% xM

. C3N2 M piA? —2(p.-A))?
xH/y(S):/ S s_|:<< 121 L L >+(]_x)
T 4r3 A% A?

AT\ TY
=22 SE) 22|

e _ [_CG 2\ M [((plAl-2(p.-AL)°
Ao ) | Ngl Az A2
1

A2 T%
S A

—piA? A%\ T
e EIUER ) P L TEY
1

2(pL-AL)* —piA] AT\ Ty
G R E L

(28)
AT) - <piAi =R Am)

(29)
) ro-0) ()

(30)
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’ C3N3 Ty 1A%
e = [ SR (< 2 - 24 (PR

—(p-A)*\ 1% AT\ 7%,
A% el Ul S ey

IN2 M 1A -2 A A\ T AT -2 A
_Z/CSNS_2 pi (zm 1) L -nA) T, ((PL (zm 1)’
A A2 4 ) xM A2

2 v
+(1-xAl ) T }dlpl,

xX2M?
C
A /
XEop s

_m<<plAi_i(2fl.Al)2> + (1 —x)? f)

It should be noted that GPDs xEj;, xH,, and xHY, con-
cerned with matrix structure y/ and xE%, concerning the
matrix structure y/y5 were found to vanish in our calculation.
This result is in line with the basis light-front quantization
(BLFQ) findings [148]. Also, the lattice QCD computation
of twist-3 chiral-even axial-vector GPD xE%. comes out to
be 0, which is in sync with our calculations [149].

V. RELATION WITH TWIST-3 GTMDS

Understanding the GTMD correlator structure and its
parametrization equations is necessary to ascertain the

Tv 2A2
s (5P + S8 ) (= + 2m(1 - T2 2P

,AT\ Ty Cc% M p3iA% —2(p, -A})? A%\ TY
—(1— 22 o) 2 191 1A 1) 2L 12
(om0 n) o [ G [( (5 ) 00 %)

2M2:| dsz_ (32)

(31)

- (pL- AL)Z T3,
A? M

correlator for zero skewness F [/[\p} AV (x,A%) can be

expressed in terms of the fully unintegrated quark-quark

GTMD correlator W[”/[\? Nj](x p3,A%,p,-A)) as [147]

VIl v’
F[/[\}\JIANf](x’ AZL) = /d2pLW[/[\I\JiANf](x7 pi’Ai’ pl : AL)

(33)

According to Ref. [147], the quark GTMDs can
be presented for different Dirac matrix structure values

relationship between GPDs and GTMDs. The GPD I =y’ and y/ys as
|
B\]L NG 2}1)+ (/. ANT) [% Fap+ j/li Fap+ Mll)d/+ Fas+ pi;;;ipli Fas+ Ai}:‘;;ip’i Fs A];;+A/i Fae
+ p%‘ifij Fr7+ Al io" Fy 8:| (P, ANY), (34)
Ail;;;z A Gy + 71).11.:;_?5 Gy + 7Aii§;‘y5 Gz,s} u(P', AN). (35)

On solving the twist-3 GTMD parametrization parallel to the Egs. (14) to (17), we get the following relations for Dirac

matrix structure y/:

iPt Vly! vly! Vly? V[y? P A

Az AW = W) — AW = W) —z{ e F+F] (36)
1 1

LTINS AW AWy = | Py (A, —ia) (AW — A WY 7)) (LA —pIAL

2mA7 T ) T A ) T TR T A Ty [+ [+ M?A2 24

(37)
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2

v ! v 1 . 2 v 2
MP+<(W r-w M) ‘H(W ' W M)) = [(pL-AL)Fyy + AT Fyp —4MPFy 5 —pi Fay

-+~ T+ [+ [+-]
—2(pL-AL)Fys — 247 Fy), (38)
Pt (Ax (Wﬁ:r]] + WI[{Y_D + 4, (WI[JEJ] + WIfKD) =2[(pL-AL)Fyy + ATyl (39)

Similarly, from Egs. (18) to (21) for the Dirac matrix structure I' = y/y5 we get

p* vir'ys) _ ') Vsl _ sl PL-AL
A_zl <AX (W[er+y}5 - W[—y—}ys ) +4, (W[er+7f - W[—y—}ys ) =4 Ai Ga7+ Gaogls (40)
Pt . r'rs) rrs) AT ((pL-A)) - sl s
W <(Ax + lAy) (AXW[_7+7]'S -+ AyW[_y+}]/5 ) = 62’3 + W TGZA + (Ax - lAy) <AXW[_:_;], AyW[_ZJ]’S )
A
+ %Gz,s + G2,6>:| s (41)
1
Urlys Uirlys . Uiy U2
MP? ((W[_[yﬁ] - W[J[ry—?]) + Z<W[—[Y+?] - W[E—ﬁ)) =[(pL-A1)Gy +ATGy, —4M?Gy5 +2pT Gy
+2(p1 - A1 )Gys 4+ 247Gyl (42)
Uiy Uirlys Urys Vs .
pt <Ay (W[J[ryﬁ] + W[—[y—}y’]) - A, (W[J[Z!]‘] + W[_[y_]y’])> =2i[(pL-AL1)Gyy + AT Gyl (43)

To obtain the GPD relations with GTMDs, we have compared Eqgs. (14) to (21) with Egs. (36) to (43) via the use of Eq. (33):

(pL-AL ) -plA] } ’ (44)

Hyr(x, 1) = /dZPL {—Fzs + L F)4
M?A3

A V22 A2 ) A2
Eyr(x,&,t) = /‘{ZPJ_ [4 <2(pl AL —piAl Foq+ (P, zAL) Frs+ Fz,s) - 4(MF2.7 +(p. - AL)F2,8>:|

(A7)? A7 A7
(45)
- -A 2 A )2 —p2 Az A
Hyr(x, 1) = /dsz_ {(%Fll + Fz.z) —2< (P, (Z%)z PL L Fsy -FPLAZL L Fys+ Fz,e)]’ (46)
p.-A
Eyr(x,&1)= [ d*p, [—2 <%F27 + Fz,s)] , (47)
1
Az ((p.-A))? pL-A
Hyp(x, & 1) = [ dp, {Gm + ﬁlz (< (lAzl);) Gya+ LAQL = Gys + Gz,e)} (48)

(a2)? A7

i A 2p, AL )2 —p2 A2 pL-A
H)yp(x, &, 1) = dszKPL lG2,1+G2.2)—2< (P, AL —p] lG2,4+ = l(;2,54'GZA,6>}’ (50)

(a1)? A7

DA V2 02 A2 .
Eyp(x, 1) = /dsz_ [4 <2(pl AL) —piAL Gag + PL 2Al Gys + Gmﬂ (49)
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The twist-3 GPD-GTMD relations mentioned above have
been satisfied by our calculations, similar to those that have
been suggested in Ref. [147]. Contrary to that, in our
exploration, we find that the relation given in Egs. (45)
and (51) is not followed. In the Eq. (45) relation, the
GTMDs F,; and F,g appear whose contribution was
found to be negligible while for the relation given in
Eq. (51) a factor of 2 gets multiplied to the right-hand side.

VI. RELATION WITH TWIST-3 TMDS

By the application of zero momentum transfer limit on
GTMDs G,3 and G,4, we can get the twist-3 TMDs
dr(x,p%) and gF(x,p?) sequentially. So, for A, =0
Eq. (48) is reduced to the following relation:

H/zr(x’OaO):/dsz [ng(x,o,pi,(),O)

pi

+ 2M?

GS 4(x, O,pi,0,0)}

2
p
— [ @pu|gremt) + Phagierd). 652

This relation can also be written as gr(x) =
limy_oH5(x,0,—1), where gr(x) is the PDF obtained
from the concerned TMD and has also been verified for
BLFQ in Ref. [1438].

VII. DISCUSSION

This section presents the numerical results for twist-3
chiral-even GPDs of the proton in the LFQDM, focusing on
the Dirac matrix structures y/ and y/ys at zero skewness.
The discussion encompasses the twist-3 chiral-even GPDs,
the twist-3 IPDPDFs, and the twist-3 FFs in the following
subsections.

A. GPDs

Twist-3 chiral-even GPDs have been analyzed using both
2D and 3D plots. The 2D plots illustrate the variation of
GPDs with respect to one variable while keeping the other
variable fixed. In contrast, the 3D plots depict simultaneous
changes in GPDs concerning the variables x and A |. The
twist-3 chiral-even GPD xEj;, concerning the matrix
structure y/, has been plotted against x and A, for the
active u and d quarks in Fig. 3. The peaks of x £}, for active
u and d quarks were found to exist in the low momentum
transfer region, due to the occurrence of A, in the
denominator of Eqs. (25) and (26). This feature of the
GPD matches the findings in Ref. [148]. The maxima of the
plots for active u and d quarks were found around x = 0.3,
suggesting the equal distribution of longitudinal momentum
fraction x among each of the three valence quarks of the
proton. This GPD comprises only S wave (L, = 0). It was

observed that the 7', term corresponds to the parallel spins
of the active quark, and the parent proton contributes
negatively, while for the antiparallel alignment, the T,
term contributes both negatively and positively to the
distribution.

Now we refer to the GPDs connected with the matrix
structure y/ys, which are xH%., xH%, and xE%.. These
GPDs have been plotted in Fig. 3 for both the possible
flavors of struck quark. Observations indicate that the GPD
xH'},. peaks at lower values of A, and when switching the
active quark flavor from u to d, the peak of the distribution
shifts slightly toward higher x. This GPD contains S-wave
states from the 7', term, a P-wave state (with L, = 1) from
the 7|, term, and a D-wave state (with L, = 2) from the 7',
term. From Egs. (27) and (28), it is evident that the S-wave
and P-wave contribute positively, while the D-wave con-
tributes negatively to the distribution. The GPD xI:Ig“T is
plotted in Figs. 3(e) and 3(f) for the u and d quarks,
respectively. Similar to xH, this GPD also shows maxima
at low values of x and A;. Notably, the sign of the
amplitude for the active u quark distribution is positive,
whereas for the active d quark distribution, it is negative.
From Egs. (29) and (30), it can be seen that x A - consists of
a P-wave state from the 7', term and a D-wave state from
the T,, term, both of which contribute oppositely to the
GPD. Finally, the GPD xE?;. is represented in Figs. 3(g) and
3(h) for both active quark flavors v. The plots reveal
significant similarities between xE5, and xH’%.. From the
overlap form of this GPD, it is observed that this GPD
consists of other axial-vector GPDs as well. Apart from the
S-wave, which only makes a negative contribution to the
GPD, the P-wave and D-waves make both positive and
negative contributions.

To gain a better understanding of twist-3 chiral-even
GPDs xE4;, xHY,, xH";, and xE%., we have investigated
their behavior in relation to the longitudinal momentum
fraction x at various fixed transverse momentum transfer
values A | for both active quark flavors (v = u, d). The key
observations from Fig. 4 include that xE%, increases as the
longitudinal momentum fraction x increases, and after
attaining a maximum value, it decreases for higher values
of x at different values of A . The maxima of each GPD
shifts toward higher x as the transverse momentum transfer
A | is increased. In all GPDs, at very high values of x, the
curves corresponding to the different values of A; merge
with each other. This suggests that at very high x, the
momentum transfer A | becomes ineffective for both u and
d active quark flavors. We also plot the GPDs in relation to
A | for different values of x for both active quark flavors u
and d. From Fig. 5, it is apparent that all the GPDs follow a
similar trend. As x increases to high values, the peak of the
distributions becomes broader, suggesting that the contri-
butions to higher A, come from high values of x.
Conversely, for low values of x, such as 0.25, the plots

094030-9



JAIN, SHARMA, and DAHIYA PHYS. REV. D 110, 094030 (2024)

-d
xé: x,A%] XE, r[x,A%]

(b) 10

. \.v_.','»":'.'.':
N

7

7 2 pz[Gev?] i .
: 4 .

0

() 10

3 -10

2 A2[GeV?] I
15

(h)

FIG. 3. Plots of the chiral-even twist-3 GPDs ngT, xHY,, xFI’Z"T, and xEY; are shown against x and Ai. Figures (a), (c), (e), and (g)
represent the active u quark distributions whereas (b), (d), (f), and (h) represent active d quark distributions.

become sharp, and negligible contributions are seen for high ~ partons within hadrons by describing the probability
values of A |. amplitude of locating a parton at a certain transverse
distance b | from the hadron center. The Fourier transform

B. Impact parameter dependent parton distributions is carried out in A, to produce IPDPDFs as [124]

A distinct viewpoint on the spatial parton distribution
within hadrons is offered by the impact parameter space
GPDs, also known as IPDPDFs [150]. These distributions X¥(x,b,) = %/dQAle_ibL'AJ.XV(X’ A%).  (53)
offer an additional viewpoint on the spatial distribution of (27)
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FIG. 4. The chiral-even twist-3 GPDs xE;T, xHY,., xI:I’z”T, and xE%; plotted with respect to x at various fixed values of A | . Figures (a),
(c), (e), and (g) represent the active u quark distributions whereas (b), (d), (), and (h) represent active d quark distributions.

Here, X(x,A?) and X*(x,b ) denote the corresponding
GPD and IPDPDF sequentially. We have plotted twist-3
IPDPDFs (x5, xHY;, xH%, and xE%) in Fig. 6 for both
the possibilities of the active quark flavor being u or d.
IPDPDF xé‘ﬁr has been plotted in Figs. 6(a) and 6(b), which
shows that xEZT has a high probability of being concen-
trated toward the center of momentum (COM) line and as
the longitudinal momentum fraction x is increased the peak
of distribution for active u# becomes more negative and

approaches zero for higher values of b, while for active d
quark distribution, the maximum peak is observed for the
longitudinal momentum fraction being about 0.5. Plots in
Figs. 6(c) and 6(d) show that the sign of the amplitude of
the distribution reverses on the change of active quark
flavor for the polarization configuration corresponding to
IPDPD xHY%,. For active d quark, the distribution corre-
sponding to x5, is similar to that of xégT, keeping
magnitude aside. In Figs. 6(e) and 6(f), IPDPDF x’~H/2”T
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FIG. 5. The chiral-even twist-3 GPDs ngT, xH /2”T, xI:I’z”T, and xE/z”T plotted with respect to Aﬁ_ at various fixed values of x. Figures (a),
(c), (e), and (g) represent the active u quark distributions whereas (b), (d), (f), and (h) represent active d quark distributions.

is plotted for each active quark flavor. While considering
the behavior of distribution along the longitudinal momen-
tum fraction x, plots of x7{% show the most distinct trend
from the remaining distributions in a sense that the lines
corresponding to different x are not tangled. Furthermore, it
has been noted that when x decreases, the distribution’s
magnitude grows for both active quark flavors (v = u, d).
For the IPDPDF x&%,, the plots corresponding to this
distribution are found to be remarkably similar in trend to

those of xgﬁT, although they differ in amplitude. Another
distinction is that the plots for x&%; exhibit the same
polarity for different flavors of the active quark, whereas
x&E%. does not. To provide a clearer understanding of the
possibility of the active quark being near the COM, we
have depicted the distributions using contour plots in Fig. 7,
where GPDs are shown as functions of the transverse
coordinates b, and b,. These plots allow us to visualize the
spatial distribution of quarks within the hadron, giving us
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FIG. 6. The twist-3 IPDPDFs xg’éT, xH’z”T, xH /2DT’ and xé'/z”T plotted with respect to b | at various fixed values of x. Figures (a), (c), (e),
and (g) represent the active u quark distributions whereas (b), (d), (f), and (h) represent active d quark distributions.

insights into how the quark density varies in the trans-
verse plane. Here the circular symmetry observed in Fig. 7
with respect to variables b, and b, arises because of the
equal contribution of these variables to the GPD expres-
sions. In certain scenarios, particularly when specific
directions are emphasized in the definition of the distri-
butions, for instance in spin densities, noncircular sym-
metry can appear when transverse directions are weighted
differently [137].

C. Form factors

In Fig. 8, we have plotted the twist-3 FFs (ngT, xHY%,,
xHY., and xE%) obtained by integrating twist-3 chiral-even
GPDs over the longitudnal momentum fraction x. At first
glance, the magnitude of all the FF plots appears to
exponentially approach zero when the transverse momen-
tum transfer to the proton square (A?%) reaches higher
values. This exponential trend underscores the strong
suppression of quark distributions at higher transverse
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Figures (a), (c), (e), and (g) represent the active u quark distributions whereas (b), (d), (f), and (h) represent active d quark distributions.

momentum transfers, highlighting the intricate spatial
configuration of the proton’s internal structure.

In contrast to twist-2 FFs, which are well established
and possess a robust probabilistic interpretation, the

exploration and theoretical understanding of twist-3 FFs
remain relatively underdeveloped. Our goal is to compare
our findings with those obtained for lower-twist FFs, as
discussed in Ref. [137]. However, it is important to note
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The twist-3 FFs xE%;, xHY,, xH;, and xE’ plotted with respect to A% . Figures (a), (c), (e), and (g) represent the active u

quark distributions whereas (b), (d), (f), and (h) represent active d quark distributions.

that the chiral-even GPDs at twist-2 have different para-
metrization structures compared to those at twist-3, as
highlighted in Ref. [147]. This structural difference
complicates direct comparisons between twist-2 and
twist-3 FFs, unlike the more straightforward relationship
between twist-2 and twist-4 GPDs, where each lower-twist
GPD has a higher-twist counterpart [147]. For complete-
ness, we compare our twist-3 FF results with those of the
leading-twist (twist-2) FFs in Fig. 9. For plotting pur-
poses, we address the singularity at x = 0 by multiplying

all FFs by x. To facilitate comparison, we plot the
twist-2 FFs xE* (xHY) alongside all nonzero twist-3
FFs, including xE%;, xE% (xHY%., xHY). As seen in
Fig. 9, the twist-2 FFs xE” and xH" exhibit trends similar
to those of the twist-3 FFs. Notably, both twist-2
and twist-3 FFs share the same polarity for the active u
quark distributions. However, this is not the case for the
active d quark distributions, where a negative sign has
been introduced with some FFs to emphasize their
differences.
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VIII. CONCLUSION

In our study of twist-3 chiral-even GPDs within the
LFQDM, we have derived the expressions for the con-
cerned GPDs by solving the appropriate parametrization
equations. Using the light-front wave functions (LFWFs)
for both scalar and vector diquark configurations, we have
obtained the GPDs for both possible cases of diquarks.
Explicit equations were derived for the scenarios where the
active quark flavor is either u or d. We have utilized the
relationship between the GTMD correlator and the GPD
correlator to establish the connection between twist-3
chiral-even GPDs and twist-3 GTMDs. Most of these
relations are consistent with those presented in
Ref. [147]. Some of our results are also in agreement with
findings from the BLFQ approach [148] and the lattice
QCD [149]. We have done a detailed discussion on twist-3
GPDs, IPDPDFs, and FFs by employing 2D and 3D plots
to illustrate the variation of these expressions with respect
to the kinematic variables, providing a comprehensive
understanding of their behavior.

The discovery of exclusive reactions involving GPDs is
about to enter a new era with the arrival of the Electron-Ion
Collider (EIC) at Brookhaven National Laboratory. With its
cutting-edge capabilities, the EIC is poised to deliver

unprecedented precision in experimental data, enabling a
thorough examination of the strong force and the refine-
ment of existing GPD models. By enhancing lattice QCD
calculations and developing sophisticated phenomenologi-
cal models, we can better interpret the plethora of data from
such advanced experiments. GPDs have already broadened
our understanding of proton structure, and the precise data
provided by these advanced tools will enable us to gain
deeper insights into the complexities of the strong force
and assess the limitations of current GPD models. Future
theoretical works on GPDs, such as calculating nonzero
skewness distributions with the inclusion of higher Fock
states across different proton polarizations, will be crucial
to support these experimental developments. In the future,
it would be fascinating to explore model-independent
calculations of these higher twist distributions, especially
in the low-x regime.
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