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In this study, we investigate the decoherence of a spatially superposed electrically neutral spin-% particle
in the presence of a relativistic quantum electromagnetic field in Minkowski spacetime. We demonstrate
that decoherence due to the spin-magnetic field coupling can be categorized into two distinct factors: local
decoherence, originating from the two-point correlation functions along each branch of the superposed
trajectories, and nonlocal decoherence, which arises from the correlation functions between the two
superposed trajectories. These effects are linked to phase damping and amplitude damping. We also show
that if the quantum field is prepared in a thermal state, decoherence monotonically increases with the field

temperature.
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I. INTRODUCTION

In recent years, the quantum superposition of the center-
of-mass (c.m.) degree of freedom of a particle has attracted
considerable attention, particularly in studies exploring the
intersection between quantum theory and gravity. Seminal
works of Bose et al. [1] and Marletto and Vedral [2]
proposed an experimental scheme to test the quantumness
of gravity, known as the Bose-Marletto-Vedral (BMV)
experiment—also referred to as the quantum gravity
induced entanglement of masses (QGEM) protocol. In this
protocol, two spatially superposed masses experiencing the
Newtonian gravitational potential are expected to generate
entanglement if gravity is a quantum entity.

These proposals employ a Stern-Gerlach-type scheme to
generate spatial superposition states. Let |C) be a mass’ c.m.
state. The mass is assumed to have an embedded spin,
which is initialized in a superposition state, [1) + || ) up to a
normalization constant. It is then exposed to an inhomo-
geneous classical magnetic field, and the mass becomes
spatially superposed as ||,C,) + |1, C4), where |C|) and
|C;) denote the trajectories corresponding to the spin state
(e.g., left and right trajectories). The BMV experiment
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employs two copies of such a spatial superposition state
to test the quantum nature of gravity.

A primary focus of spatial superposition states, in both
experimental and theoretical contexts, is decoherence. In the
BMYV experiment, decoherence hinders our ability to detect
quantum gravity-induced entanglement. As a result, devel-
oping methods to mitigate these decoherence effects is of
paramount importance. Related studies have been carried
out such as the effect of decoherence on the gravitationally
induced entanglement [3-7] and methods for overcoming
decoherence [8-10].

From a theoretical perspective, the decoherence of
spatially superposed particles is also crucial. A thought
experiment, originally proposed in [11], identifies an
inconsistency between the principles of causality and
complementarity. It suggests that an observer’s decision
can affect the coherence of a spatially superposed mass,
even if they are causally disconnected. This problem was
further analyzed and resolved in [12—14] by considering the
decoherence of spatially superposed particles and vacuum
fluctuations. See [15—17] for further analyses on the effect
of decoherence on this thought experiment, and [18-20] in
the context of black hole spacetime.

These studies on the decoherence of spatially superposed
particles typically focus on the c.m. degree of freedom.
However, to our knowledge, little investigation has been
done on the decoherence of a spatially superposed spin
degree of freedom caused by spin-magnetic field coupling.
This is particularly interesting because the embedded spin in

© 2024 American Physical Society
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a mass is responsible for generating spatial superposition,
yet it cannot avoid the decoherence from the vacuum
fluctuations of a quantum electromagnetic field even if
the mass is electrically neutral. See [21-24] for the
decoherence of an electron coupled to a quantum electro-
magnetic field, and [25] for gravity-induced decoherence on
a spin-3 system.

In this paper, we analyze the decoherence of a spin’s
superposition state caused by a quantum electromagnetic
field. Assuming the spin particle, which is a nonrelativistic
first quantized system, is prepared in a spatial superposition
state, we allow the superposed spin particle to interact with a
relativistic quantum electromagnetic field via spin-magnetic
field coupling for a finite period. For simplicity, we consider
a superposed trajectory at rest (i.e., no acceleration or relative
velocity) in (3 + 1)-dimensional Minkowski spacetime.
Nevertheless, our analysis can be readily extended to a spin
particle traveling along arbitrary trajectories and to quantum
electromagnetic fields in an (n + 1)-dimensional curved
spacetime. We carry out a perturbative analysis to obtain
the final density matrix for the spin particle and compute a
decoherence measure. We find that the spatially superposed
spin particle undergoes decoherence due to amplitude dam-
ping and phase damping effects. Each of these effects
contributes to the decoherence measure both locally and
nonlocally. The local contribution depends solely on each
branch of the superposed trajectory and is independent of the
spatial splitting configuration. Conversely, the nonlocal
contribution depends on the field correlation functions
between the two branches of the superposed trajectory.
Depending on the spatial superposition configuration, the
nonlocal contribution may mitigate the decoherence caused
by the local terms. Finally, we consider the quantum electro-
magnetic field in a thermal state and show that the spin
particle monotonically decoheres with the field temperature.

The paper is organized as follows. In Sec. II, we review
the quantum theory of electromagnetic fields and the
Hamiltonian describing the interaction between a single
spin and the field. Assuming a small coupling constant, we
employ a perturbative analysis. In Sec. III, we derive the
final density matrix for the spin system, which is initially
entangled with the c.m. degree of freedom. We provide
concrete expressions of the elements of the final density
matrix when the field is initially in the Minkowski vacuum
and thermal states. We then introduce the /; norm of
coherence as a coherence measure and define the measure
for decoherence in Sec. IV. The decoherence effect due to
vacuum fluctuations and thermal noise is examined. Our
conclusion is given in Sec. V. Appendix A provides
detailed calculations for the elements of the final density
matrix, and Appendix B discusses the case of the sca-
lar field.

Unless otherwise stated, we work in units where A =
¢ =kg =1 and use the mostly-plus signature conven-
tion, (—, +, +, +).

II. SETUP

A. Quantum electromagnetic field
We begin by reviewing the quantized electromagnetic
field. Consider a classical Lagrangian density for the
electromagnetic field in (3 + 1)-dimensional Minkowski
spacetime,

1
L=—FFuP", (1)

where F,, = d,A, —d,A, is the field strength tensor with

A* being the four-potential. In the radiation gauge A° = 0,
V-A =0, the equation of motion becomes

DA (x) = 0, (2)

where [J is the d’Alembert operator and X is a space-
time point.

Quantizing the field in the Heisenberg picture, the vector
potential operator A(x) can be written as a mode decom-
position,

I\k|t+lk‘x&k’i + H.C.),

(3)

where e ;) is the polarization vector with 1 representing
the two kinds of polarizations, and it obeys

ﬁwmz

€a) €y = Ouirs (4a)
k-epy=0 Vi (4b)

The Minkowski vacuum |0) is defined to be
a,l0) =0 VK2, (5)

and the commutation relation for the creation and annihi-
lation operators reads

[ fl}iw] = 8 (k= k')8,- (6)

The quantum magnetic field B(x) := V x A(X) reads

/d3kz (i) ( ak/1+B(k1)<);£,1)’ (7)

where

ik x e(k!/l)

e—i\k|t+ik~x (8)
(2r)2k|

B (X) =
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is the mode function for the magnetic field. In this paper,
we will use the following projector:

) o _ s KK
2 _Cunin =~ ©)
7 k|

where eEQ 2 and k' are the components of the vectors €(k.1)

and k, respectively.

We comment on reparametrization of the time variable of
the free Hamiltonian. So far, we have quantized the
electromagnetic field with respect to the Minkowski time
t. The free Hamiltonian for the field is therefore a generator
of time-translation with respect to ¢, and we indicate this by
writing

2
g = [ kY Wil o (10)
A=1

In the following sections, we consider the interaction
between the field and a spin particle with proper time z,
and we will express the full Hamiltonian in terms of .
Hence, we will use the field’s free Hamiltonian as a
generator of time-translation with respect to the proper

time 7, Hgy; o, given by

N de(z) »
T — Ht .
EM.,0 dr EM,0

(11)
This can be understood as follows [26,27]. In general,
the Schrodinger equation with respect to 7 is i w(1)) =
H'(1)|w(1)). By changing the time variable to 7 using
t = t(z), we obtain the above relation:

de(7) ~

i%lw(t(r)» =— H (1) |y (t(2))) = B (2) |y (7).

B. Spin-magnetic field system

Consider a spin—% particle interacting with a quantum
electromagnetic field. In this paper, we consider three
degrees of freedom: the spin, the c.m., and the quantum
field. The Hilbert space is given by H, ® Hem ® Hems
with “s” standing for the spin system. However, since the
c.m. degree of freedom is only relevant for spatial super-
position and is not involved in the interaction, we focus
only on Hy @ Hgy for now.

We first assume that the spin particle is exposed to
a classical magnetic field B(x), which is directed in the
+z-axis, i.e.,

B(x) = [0.0. By(x)]. (12)
Note that the magnetic field is not uniform in general,
thereby it could depend on x. In the Schrodinger picture,

the free Hamiltonian for the spin system H. 5.0 as a generator
of the time-translation with respect to the spin’s proper time
7 is given by

Hy=f-B(x) = upBy(x)55€B(H,).  (13)
where up is the Bohr magneton and fi = pp6 is the magnetic
moment operator defined with the vector of the Pauli
operators 6 = [61, 65, 63|". Here, B(H) denotes the space
of bounded operators on the spin’s Hilbert space. It is worth
noting that the Bohr magneton up has the dimension
of length in natural units. We define |1) and ||) as the
eigenstates of I:I;O (or equivalently, eigenstates of 63),

H§.0|T> =ugBy(x)|1), I:I;0|¢> =—ugBy(x)[{). (14)

Let us now consider the interaction between the spin
system and a quantized magnetic field B(x). In the
Schrodinger picture, the total Hamiltonian A S.tot 18 given by

(15)

A5 = Ho @ Tem + 1, ® [:IEM,O + Hg (7).

where

A% (1) = A(z) - B(X) = ppy(2)6; ® B'(x).  (16)

Here, 7 is the proper time of the spin particle, y(z) is the
switching function that governs the time dependence of the
interaction, and the Einstein summation convention is used
for i =1, 2, 3. The switching function y(z) is typically
assumed to be a compactly supported smooth function,
x € CY(R). In the literature, it is also common that y(7) is
chosen to be a smooth superpolynomial function such as a
Gaussian function.

Let us write the sum of free Hamiltonians as
Hy=H, —l—I:IEM’O. The interaction Hamiltonian Af in
the interaction picture is then [28,29]

H = M H () e
= upy (7)€, @ B_ (x(7))

+e7%_ ® B (x(2)) + 63 ® By(x(x))].  (17)
where Q(x) := 2ugBy(x) is the energy difference between
the two spin states, 6, are the raising and lowering
operators 6. := (6; £16,)/2 (or equivalently, 6, =
M4 and G- = [)(1]), and Bo(x) = By(x) +iBy(x).
The first two terms involving 6, in (17) correspond to
interactions with a spin flip, while the third term does not.
Hence, the first two terms are analogous to the Unruh-
DeWitt particle detector model [30,31], which is linearly
coupled to a quantum scalar field.
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The time-evolution operator U; is given by

Uy =T,exp [—i/Rdtj:I:If(r(t))], (18)

where 7, is a time-ordering symbol with respect to time ¢.
In what follows, we will assume that the energy difference
Q is constant during the interaction for simplicity:
Q(x) = Q. This energy Q can be thought of as a typical
energy scale of our system. To use a perturbative analysis,
we assume that the dimensionless quantity ug€ is much
smaller than 1, i.e., ugQ <« 1.! By performing the Dyson
series expansion, we obtain

O=14+0"+0%+..., (19)

A . d A
oY = —I/dtTHf(r(t)),
T
/dt/dt@
()

with ©(¢) being the Heaviside step function. Here, U;
indicates that it contains the jth power of the Bohr

(20b)

magneton; .

III. FINAL DENSITY MATRIX

Using perturbation theory, we derive the final density
matrix for the spin particle. Here, we explicitly include the
c.m. degree of freedom to consider the spin’s spatial
superposition state.

A. Initial state

Let us assume that in the infinite past, the initial state of
the total system is given by

wso) @ |C) @ [EM),

where |C) is the c.m. state, |w,,) is the spin degree of
freedom’s initial pure state given by

weo) = alt) + V1 -a?|]), (21)

where a €0, 1] and 9 €[0,2x) is the relative phase, and
|[EM) corresponds to the initial state of the field. We note
that the field state |[EM) is written in this way for the sake of
convenience.

'One needs to consider a dimensionless coupling constant to
compare it to unity.

Before the spin particle interacts with the quantum field,
we assume the classical magnetic field By(x) causes the
particle’s trajectory to split based on its spin. To be precise,
a Stern-Gerlach-type protocol entangles the c.m. state |C)
with the spin degree of freedom,

). (22)

Here |C;) and |C ) represent the trajectories corresponding
to the up-spin and down-spin, respectively. Furthermore, for
simplicity, we assume that each wave packet is very narrow
so that {|C}),|C)} is orthonormal. As a result, the
dimension of the joint Hilbert space of the spin and the
c.m. after splitting is 2 x 2. In the basis {|1,C4).|1.C)),
[1.C4). [{.C,)}, the initial joint density matrix for the spin
particle is

lys0) ® |C) )+ €e¥V1-a?

a> 0 0 aVl—a?e™
0 0 0 0
Ps0 = ’ (23)
0 00 0
aV1l—a?e? 0 0 1-ao?

and we will denote the total initial density matrix p o by

Prot0 = Ps0 D PEM.O- (24)

where pgyp 18 the field’s initial state.

The spatial dependence of the classical magnetic field
vector By(x) allows for the possibility of manipulating the
spin’s trajectory based on its spin state. By ingeniously
engineering this position dependence of By(x), it becomes
feasible to direct the spin’s trajectory in such a way that the
displacement vector, which characterizes the direction of
split between trajectories, can either be aligned parallel to
the z-axis or lie perpendicular to it, within the (x, y)-plane.
This concept is illustrated in Fig. 1.

Finally, let us specify the field’s initial state pgy . In this
paper, we assume that the initial state of the field, pgy ¢, is a
quasifree state. This is a special type of state where any
connected n-point correlation function can be expressed as
products of the Wightman function (i.e., two-point corre-
lation function). To be precise, let us define the n-point
correlation function as

( )>pEMO

(Bi(x1)B;(%,) -
. )

r[Bi(x1)B;(x2) -+ Bi(%,)pemol. (25)

where B;(X) is the ith component of the quantum magnetic
field B(x) (7). Then, pgwm o is said to be a quasifree state if
any n-point correlation function can be written as products
of the Wightman function (B;(x)B;(X')) peniy- EXamples of
quasifree states include, but are not limited to, the
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(a) t (b)
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FIG. 1.

t e ™

z

x

Comparing the two cases. (a) The two superposed trajectories split in the z-direction and remain static relative to Minkowski

time 7. The red and blue lines indicate the duration of interaction. (b) The scenario where the trajectories split in the (x, y)-plane, i.e.,

their displacement vector is perpendicular to the z-axis.

Minkowski vacuum state, the squeezed state, and the thermal
state known as the Kubo-Martin-Schwinger (KMS)
state [32,33].

B. Final state

Up to this point, the interaction between the spin and the
field has not been turned on. We assume that, after we split
the trajectories, the classical magnetic field is uniform and
time-independent so that € can be treated as a constant
throughout the interaction. We then smoothly turn on the
interaction for duration ~o. After the interaction, we
perform a reverse Stern-Gerlach-type procedure to con-
verge the trajectories by admitting the spacetime depend-
ence of By(x).

Note that we will consider the interaction between the
spin system and the quantum electromagnetic field while the
spin particle remains at rest. This approach allows us to
investigate the intrinsic effects of vacuum and thermal
fluctuations on the spin superposition state. On the other
hand, if we also consider the interaction during the splitting/
recombination periods, there appears additional decoherence
on the spin state. Especially, the spin particle becomes
entangled with the emitted photons due to acceleration
radiation (see e.g., [5,23]). However, such decoherence
can be neglected by performing the splitting/recombination
processes very slowly. Thus, to focus on the effects of
vacuum fluctuation and thermal noise on the superposition
state, we adopt the initial state Eq. (24) and simplify our

calculations by considering the interaction only when the
spin particle is at rest.

Let us employ a perturbative method to obtain the final
density matrix of the spin particle. Starting from the initial
state (24) with (23), the entire system evolves under the
unitary operator U 1 given by (19) with (20a) and (20b). The
final density matrix of the spin particle p; (i.e., the spin and
c.m. degrees of freedom) after the interaction can be
obtained by tracing out the field degree of freedom from
the final total state as follows:

ps = Trem [Ulptot,() UIT]

0,0 s 2,0 0,2
= pl00 L p L p 30,02 L o), (26)

where Trgy is understood as a partial trace of the field
degree of freedom, and

) = Trew 0 oo 01 (27)
with pgo’o) = p, - Note that p, includes only even powers of
ug because the odd-point correlation functions vanish for
quasifree states.

Since we are considering the spatial superposition state,
it is necessary to take into account the spacetime point at
which the field observables B;(x) interact. Recall that each

(AJY) contains the interaction Hamiltonians A7 (7) (17), each
of which takes the form &; ® B;(x). We impose that the
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field observable is defined on x; (resp. X;) when &; ®
B;(x) acts on the states associated with [C;) (resp. |C))),
that is, for any s€ {1, |},

[6: ® B;(x)](
[6: ® Bi(x)]([s,

5,Cy) ® [EM)) - 6, ) ® Bi(XT)|EM>’
C,) ® [EM)) = 6]s.C}) ® B;(x,)[EM).

The resulting density matrix p, reads

puu 0 0 pu
pn ps3 0
ps = X + O(ug) (28)
0 P33 P33 0
pPia 0O 0 puy
where
c
pi =11 =P (Q), (292)
c
P2 = PEZ)P¢L¢(Q)’ (29b)
P33z = P§1>P¢l¢(9) (29¢)
=91 - P (@ 29d
Pa4 = Pag [ ¢—>T( )] ( )
P14 = Pﬁ)(l =Dy — Aioc = Dioe)s (29¢)
P23 = p(l?l)*Mnl’ (29f)
where p\9 = a2 p\% =1 -2, and p\) = a1 = a?e ™,
and
i_,T /dt/dt (B1(X))Z_(X))) perso® (30a)
T—»i /dt/dt (X/T»ﬂmo’ (30b)
My —/dt/dt (X)) B (X)) persos (30¢)
D, = A dr /R 4 (B3 (X)) B5(X,) o (30d)
Ay = A dr A 4rO (1) (B_ (%) B (X))o,
+A{dt£dt’®(ﬂ—t)<e@+(x¢)f%’_(x’i)>pm0, (30e)

D= [ df [ d1O(=)(B306)B3(X) )y,
+Adt/Rdt/G)(ﬂ_t)<‘%3(xl)‘%)3(xl¢)>pmo’ (30f)

and
P (X(1)) = iy (e (0) OB (x((1), (1)
B3 (x(0)) = iy S (2(0) By (X(2(0). (31b)

We note that the terms with (BB, ) pengy VaNISh.

Here, PL_,T(Q) [resp. PT—»L( )] is the transition
probability of the spin degree of freedom from ||) to
[1) (respectively from |1) to || )). The superscript C, with
s€ {1, ]} indicates the path along which it is evaluated.
In other words, the transition probabilities are obtained
by evaluating the two-point correlation functions along

! or

each corresponding trajectory: (B +(Xl)B_(X¢)>ﬂEM.0

<B—<XT)B+(X/¢)> peny- HeENceforth, we will refer to such
quantities that depend on a single trajectory as “local
contributions.” Other local contributions are A4, and D,
We will see in the next section that the real parts of these
local contributions, Re[A..] and Re[Dy,.], correspond to
decoherence terms. They can be written as

Cy

Re[ ] = 2 [PC1 (@) + P (@) (32)

2

Re[Dyo.] = </dt/dt B3 (x4) B (X, )>
+Adr4dr’<%3(xi)gg3(xw>‘ (33)

We will call them the “local decoherence terms.”

On the other hand, M, and D, are “nonlocal”
since they depend on the two-point correlation functions
across two different trajectories; (E_(XT)B_(X’l» and

PEM.0
(B5(x i)B3(X/T)> peo- I particular, Dy only depends on

the anticommutator (i.e., the Hadamard distribution)

({B3(x}). B3(X})}) ppo-

Let us introduce the types of decoherence; amplitude
damping and phase damping (dephasing). Amplitude
damping is a process corresponding to the spontaneous
emission. In our case, this is governed by the first two terms
of the form e, B_+ e 6 _B, in the interaction
Hamiltonian (17). The spin particle exchanges energy with
the field and a spin flip occurs. In this way, the spin and the
emitted photon become entangled, leading to the spin’s
decoherence. Amplitude damping, in general, alters both
diagonal and off-diagonal elements in a density matrix,
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which is also the case for our density matrix (28). The
elements of the density matrix with B, (X), such as the
transition probabilities, the nonlocal term M, and the local
decoherence term A,,. are the consequence of amplitude
damping.

Phase damping, on the other hand, is governed by the
term 3B in the interaction Hamiltonian (17). Since &5
does not flip the states |1) and ||), phase damping
corresponds to the loss of the relative phase [34] in the
spin particle without exchanging energy with the field.
Thus, a density matrix loses the off-diagonal elements only.
In our final density matrix (28), the elements D, and D,
are the results of phase damping.

In the next section, we compute a decoherence measure.
As we will see, the decoherence measure can be written
with Re[A.], Re[Dy.], Re[Dy], and | M,|. Thus, let us
first evaluate each of these by specifying the field’s initial
state ppm o and the spin’s trajectory X(7).

1. The Minkowski vacuum case

Here, we assume that the field is initially in the
Minkowski vacuum |0), and that the spin particle is at
rest with respect to the Minkowski time ¢ so that the
trajectory can be written as X,(z) = (z,x,), where x, with
se€{1, ]} is a fixed spatial vector describing the spatial
position of the spin with the c.m. state |C,), and 7 is now
understood as 7 = t.

We first evaluate the excitation transition probability

Pfim(Q)‘ The same transition probability was examined

in [28], but they encountered an ultraviolet (UV) diver-
gence. We will comment on their results below.
Inserting the mode expansion given in (7), one finds

where BEB) (X) = BE,I(’)/U (x) + iBEi?A)(X), and so the transi-

tion probability reduces to

c &k
PU(@) =y | o (K + )7 (K| + Q)

_ M

15, |7 kPl k] + Q)P (34

where we employed the Fourier transformation

(@) = / dey(z)e ", (35)

and used the identity

> (kxe;(k)), (kxe;(k). =k +k.  (36)

where (kX eq ). = (kxeuz); £ilkx ey ), This
identity can be directly proven by using the projector
(9). Note that we have not specified the switching function
x(7) yetin (34).

We first comment on the results obtained by [28]. The
authors in [28] considered a special case of our result (34)
when a rectangular switching function is chosen. In
general, the Fourier transform of the rectangular function
with width 2¢ is known to be 2sin(wo)/w. The integral
in (34) takes the form

o Psin?[(k] + Qo]
L T (37)

which is UV divergent, even though the switching function
is compactly supported. This divergence is attributed to the
poor choice of a switching function, which does not
converge at large |k|. One can instead choose a more
appropriate switching function, such as a Gaussian func-
tion, which ensures convergence,
_ 292

x(7) = e, (38)
where o is the typical time scale. The Fourier transform of
such a Gaussian function reads

7(0) = V2r6e™"7 /2, (39)

which is also a Gaussian, and the integrand in the transition
probability (34) converges at large |k|. The resulting
transition probability reads

o

2
M

6762

— V7Q0o(3 + 2Q%6?)erfc(Qo)],  (40)

P 2¢79(1 4 Q%6?)

where erfc(x) is the complementary error function. The
deexcitation transition probability P?L 1 () is obtained as

Cy M —-02c? 2 2

+ V7Q0o(3 + 2Q%c?)erfc(—Qo)],  (41)

P

which is just PfiT(—Q). Adding these transition proba-
bilities yields the (vacuum) local amplitude damping term
Re[A.] in (32).

In the same manner, by using the identity

D ke xewn)skxen,))s = k=K, (42)
A
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the local phase damping term Re[Dy,.] reads

2

u
Re[Dloc] = 671’16372 . (43)

The nonlocal terms Re[D,] and |M,;| depend on the
configuration of the spin’s spatial splitting. Let x| — x4 be
a displacement vector pointing from the point on X;(z) to
the point on X (7) at a fixed time 7. Since we are assuming
static superposed trajectories, the displacement vector is
time independent. The length of the displacement vector,
L =|x, — x|, represents the spatial distance between
the two trajectories. Then, as we will show below, one
can consider two scenarios: (i) when the displacement
vector is parallel to the z-axis [see Fig. 1(a)]; and (ii) when
the displacement vector is perpendicular to the z-axis
[see Fig. 1(b)]. We provide a detailed calculation in
Appendix A.

For the nonlocal phase damping term Re[D,], a straight-
forward calculation leads to

(i) When the spin is split along the z-axis; x| —xy =

[0,0,L]T,

2 2
URO L L L
Re[D,] :ﬁ [—;+ <?+2> D+ (Z)] (44)

where D7 (x) := /me ™ erfi(x)/2 is the Dawson
function with erfi(x) being the imaginary error
function. In particular, if the spatial splitting is
small, it reduces to

(for L<o).  (45)

(i) When the spin is split along the x-axis: x| —x; =

[L,0,0],
2 3 4
ugo |L L L L
Re[D | =—"=|—=+2———+4|D"|{— ]|,
e[Du] 8zL3 [a3+ c (64+ ) <20‘
(46)
which also reduces to
e
Re[D,] ~ =25 (for L < o). (47)
6o

While Re[D,] is nonnegative for case (i), it can be
negative for case (ii) in some regions in a parameter
space. Nevertheless, the amount of decoherence
coincides with the local phase damping (43) when
the spatial displacement is small.

For the other nonlocal term | M|, we find:

(i) When the spin is split along the z-axis: x| —xy =

[05 0’ L]T’
M| = 0. (48)
(i) When the spin is split along the x-axis: x| —x; =
[L,0,0],
=343 ce ¥ [L (L2
Mul =— 15— |- (5 +1
4rL” o \bo

L+  L? L
- 2l—+—+1|D"[—|], 49
(1264+362+ ) (26)] (49)
which reduces to

_02:2
M%Lze Qo

M| =
| ] 3070t

(for L <05). (50)

Let us comment on the rotation symmetry of the
system. Although we considered the perpendicular sce-
nario (ii) with a specific displacement vector x| —xy =
[L,0,0]T, it is worth pointing out that the whole com-
posite system 1is invariant under rotation about the
z-axis. Therefore, the result does not change forx| —x; =
[LcosBs, Lsin€;,0]T as long as the quantum field
is also rotated. To see this, it is straightforward to
show that [Hg,o, Us(03) ® Upy(65)] =0, where Hg
is the full Hamiltonian in the Schrodinger pic-
ture, and U(6;)(= e7%%/2) and Ugy(0;) are the
unitary representations of rotation about the z-axis
for the spin particle and the quantum field, respec-
tively. This commutation relation can be computed
by realizing that U(65)60U,(65)=D(65)6 as well as
Ui (63)B(x)Upwi(03) = D(63)B(R™!(65)x), where

cosf; —sinf; O
D(03) = | sinf; cos@; O (51)
0 0 1

is the rotation matrix and R(6s) is the rotation matrix for a
spacetime point. These relations allow us to show that the

6 - B(x) term in the interaction Hamiltonian is invariant
under the joint unitary transformation U,(65) ® Ugy(65).
On the other hand, if one rotates only the spin particle,
ie., U,(0;) ® Tgy, the entire system is not invariant.
This leads to 63-dependent results for x, —xy =

[L cos @3, L sin 63, 0]T.

2. Thermal state

We are also interested in the case where the quantum
field is in a thermal state. In quantum field theory, the
thermal state is identified as the Kubo-Martin-Schwinger
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(KMS) state [32,33]. Technically, the Gibbs thermal state at
inverse temperature /3,

1 it
py =7 ¢ o, (52)

where Z := Tr[e "1 ’EMAO] is the partition function, is not well-
defined for quantum fields in free space. This stems from
the fact that the field’s Hilbert space has uncountably many
dimensions. Nevertheless, as discussed in Ref. [35], we can
consider a large finite-sized box to make the Hilbert space
countable and then take the infinite-size limit. This allows
us to practically compute the correlation functions using the
Gibbs state (52), and the final result will agree with the
rigorous definition of the KMS thermal state.

It is straightforward to see that one-point correlation
functions vanish for the thermal state, and using Egs. (10)
and (52), we obtain [35]

o oK

Trlppln sy ] = eﬂlkT‘S@)(k —K')6, (53a)
Trlpyiy w2 = 00 (k =K)3,0. (53b)
Tr[pﬂ&kj&kw] = TI'LOﬂ&;J&LW] = O (530)

From these properties, any thermal two-point correlation
functions (B;B ;)i can be written as

By (54)

where (B;B),,. = (0|B;B;|0) is the vacuum two-point
correlation function and

“ +c.c.

(BB / d3kZ “e L (55)

is the contribution coming from the thermal state.
Therefore, any quantities that we have obtained so far,
such as transition probabilities, can be decomposed into the
vacuum and thermal contributions,

) _ p(vae) . plh)
P =P P (56)

Here, PiViCT) and P(flT come from (B, B_),,. and (B, B_),
in (54), respectively. The excitation probability in the

vacuum, Piv_a;), is given by (40) and

2 3
PP = PR =gt [ e (ke )
x ([7(Q+ k) + [7(Q - [k)I?)
[ g
3’ Pkl — 1
< (|7(Q+ kP + [7(Q - [k])P). (57)

Employing the Gaussian switching function (38),

() @)
PPy =P,
4ﬂ2 cle—¥o |k|%e—|k\202
= BT/ dik| ——— Ik cosh(2Q[k|?).
(58)

Therefore, the local decoherence due to amplitude damping

Re[ A"

loc] in (32) becomes

Re[A™)] + Re[AY)], (59)

loc loc !>

Re[AM] =

loc

where
Re[Al)=(PY . +PV))/2

loc
4R o et :

(60)

Similarly, the local decoherence due to phase damping
Re[D ] in (33) reads

loc

Re[D™] = Re[D"™] + Re[DY)], (61)

loc loc loc !>

where Re[D( ac)] is given in (43) and

loc

2 2 2
By _ HB 3 k> — k3 2
Refpf] = 55 [ Pkt B kE (@)
A5 [ | e
=B [ dk||———— 63
3 o K| 1 (63)
The nonlocal contributions,
Re[DW] = Re[D\™] + Re[DY), (64)
M = M0 ) (65)

where
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2 k|2 _ kz
R D(ﬁ) — Hp / d3k | 3 7(k 2
e[ nl ] (271_)3 R |k|(e/j‘k| _ 1) |)(<| |)|
x coslk - (x; —x4)], (66)

—H 7(Q — |k|)7(Q + [k[)
MP — ~H / d3k)((
") e [kl (¥~ 1)

x Re[k2 e~k x=x1)], (67)

depend on the splitting configuration:
(i) When the spin is split along the z-axis: x| —xy =
[09 Oa L]T7

2 2 e kP22
(b)) _ 2HB0 e
Re[DY)] = ﬂLSA k] S

X [—|k|L cos(|k|L) + sin(|k|L)],  (68)

) (69)

Mnl
This means /\/lf,t,h) = 0 because both the vacuum and
thermal contributions are zero.

(i) When the spin is split along the x-axis: x| —x; =

[L,0,0],
2 2 oo —|k|?6?
#)) _HBC ¢
Re(DY) =5 [ alk S
< [[k|L cos([k|L) + (kL? - 1) sin(k|L)].
(70)
2 :2,-0%% [ —|k|?>6?
() _"Ho€ e
Mnl - ﬂL3 /O d|k|e[3|k\_1
x [3|k|L cos(|k|L) + ([k|*L? —3) sin(|k|L)].
(71)

IV. DECOHERENCE OF SPIN

A. (De)coherence measure

We employ the coherence measure known as the /| norm
of coherence C; [36,37] defined as

Cl] = Z|pij|- (72)

i#]
We are particularly interested in a 4 x 4 density matrix
given in (28). The corresponding /; norm of coherence is

Ci, = 2(|p1a] + |p23l)-

Based on (29), we have

C1, =21\ (1 =Re[Dy + Dioe + Atoe] + [ Mu|) + O,
(73)

where Re[A,.| is identical to the “average” of transition
probabilities; Eq. (32). From this expression, we define the
measure for decoherence Z as

9 = Re[Dnl + Dloc + Aloc] - |~/\/lnl|(Z 0)’ (74)

which is independent of the initial amount of coherence.
The explicit form for each term in (74) is given in the
previous section.

The local decoherences from amplitude damping
Re[Aj,.] and phase damping Re[Dy,.] in Z are always
present regardless of the spin’s superposition configuration.
However, the nonlocal terms, Re[D,;] and | M|, depend on
the superposition configuration because they rely on the
two-point correlation functions evaluated along the two
trajectories, X4 () and X (7). The nonlocal term | M, | from
amplitude damping is always nonnegative, and thus “mit-
igates” decoherence. In contrast, the nonlocal term Re[D,]
from phase damping can be either positive or negative.
Therefore, it can either worsen or reduce decoherence
depending on the spatial superposition configuration and
the chosen parameters.

In the following sections, we compute decoherence &
divided by the dimensionless coupling constant (ug /o).

B. Splitting dependence

In Fig. 2, we show the decoherence 2/(u3072) as a
function of the logarithm of the splitting separation L in
units of the typical interaction time scale ¢. The graph
includes both the Minkowski vacuum case (a) and the
thermal state case (at temperature 7o = 1) (b), each
depicting z-splitting (solid lines) and x-splitting (dashed
lines). From these figures, we can see that decoherence
worsens as the energy gap increases due to amplitude
damping, and higher temperatures cause more decoherence
as expected.

Recall that the local decoherence terms are all indepen-
dent of L. In Fig. 2, the values of the local decoherence
correspond to those at large L/c because the nonlocal
contributions vanish in the limit L/¢ — oco. In contrast,
decoherence & with smaller splitting separation L includes
both local and nonlocal contributions. Note that M,; — 0
as L — 0, thus the nonlocal phase damping D, accounts
for the increase in decoherence near L ~ 0. The nonlocal
amplitude damping M, mitigates decoherence, which is
evident in the dashed lines around log;, L/o ~ 0.5. Note
that the nonlocal terms depend on the splitting configura-
tion because of the electromagnetic field’s polarization. We
compare this to the scalar field case in Appendix B.

C. Temperature dependence

Here, we examine the temperature dependence of
decoherence Z. In Fig. 3, we show decoherence 7 as a
function of the field temperature 7 in units of 6. We observe
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FIG.2. Decoherence Z/(u}072) as a function of the splitting separation L in units of typical interaction scale ¢. The solid and dashed
lines correspond to the splitting in the z- and x-directions, respectively. (a) When the field is initially prepared in the Minkowski vacuum;
and (b) when the field is in the thermal state at temperature 7o = 1.

that decoherence increases monotonically with 7" for all
energy gaps Q.

Let us mathematically show that, for an arbitrary switch-
ing function y(z), decoherence increases monotonically
with temperature !, based on the analysis in [38].
Consider two inverse temperatures Sy and fSc with
pa' > Bc!. Here, the subscripts “H” and “C” refer to hot
and cold temperatures, respectively. We explicitly indicate

the p-dependence as Dl(ff ) (u). For convenience, we first
show that the phase damping and amplitude damping terms
satisfy

Re[DY) (81)] + PP (By) 2 Re[DY) ()] + DL (Be).  (75)

7 ()

— — — z-direction

z-direction,

FIG. 3. Decoherence 2/(u467%) as a function of the field
temperature 7To. The solid lines indicate splitting in the
z-direction, and the dashed lines indicate splitting in the
x-direction. Here, we have chosen L/o = 1.

Re[AY) (B1)] = MY (B1)] = Rel AP (Be)] — IMP (B0

(76)

which lead to our conclusion
7™ (Bu) = 7 (Be) (77)

where 2™ is understood as
TN (B) = 7 + 2P (p). (78)

First, let us focus on the phase damping terms and prove
Eq. (75). From (62), it is straightforward to show that

Re[DY) (By)] = Re[DY) (hc)]

2 2 2
HB 3 |k| _k3 ~ 2
+ —= d>k————=|7(|k|)|*h(|k

)-
(79)

where

! ! (>0).

(k) = ~ = 2

(80)

Likewise, the nonlocal phase damping term D[(f ) (f) in (66)
results in
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®) k|* — &3
Dnllf </}H) nl (ﬁC) (2 ) / d3k |k|
x [z (|k|)[*h(|kl) cos[k - (x| —xy)]

> DY (pc)
2 2 _
(27)° Jwo k|

and therefore, adding the two results yields Eq. (75).
We can also obtain Eq. (76) through a similar calcu-
lation. Since k2 = |k|? sin> e~ in spherical coordinates

(

M (B < IMP (Be)]

3MWWM

), (81)

2
b | kK@ K7 @+ k)

(27)°
(82)

We also recall that P(f_)>¢ = P(Tﬂii’ and Eq. (57) gives us

3
(/5 d’k
Re[AloC / |k‘ e/}‘k‘

(IQ+WW+W@

<|k|2 +k3)
Ik[)]?). (83)

Since |k|> + k3 = |k|*(1 + cos® 6) in spherical coordinates,

we obtain
RelAL ()] > RelAL ()] + 552 | ki)
x (F(Q+ kP + 7@ [k)P).  (84)
Therefore,
Re[ A% ()] = IMPD (B)] = Re[ AP ()] = IMP (50|

+ i /d%MMWMHQ—MM—WQ+Wm2
2(27)3 Jgs o

> Re[ A (60)] - M (Bl (85)
which is Eq. (76). Hence, we have shown that the
spatially superposed spin particle experiences monotonic
decoherence with increasing temperature as described
in Eq. (77).

D. Order estimation

In this section, we bring back the fundamental constants
¢, h, and kg and estimate the decoherence in a tabletop
experiment. First, let us discuss the interaction time scale.
While our Gaussian switching function is not exactly a
compactly supported function, we use 100 as the effective
total interaction time. This is because the range 7 € [-50, 50]

is sufficient to provide accurate results, as shown by the
normalized Gaussian integral,

5
° dl'; 8—72/252
—56 2ro

= 0.999999.
Thus, if the interaction time is 1 s then 106 = 1 s.

1. Vacuum fluctuations

Let us estimate the amount of decoherence caused by
vacuum fluctuations. We can estimate the local decoherence

terms Re[A"*] and Re[D{"*)] by expressing /o and Qo
in ST units [see Egs. (40), (41), and (43)]. Given that ug =
e/(2m,) in natural units, where e and m, are the electron’s
charge and mass, we can use the fine-structure constant

a; = e/(4r) to convert ug/o to SI units as follows:

JATah | 1
#o_ Vimahl o 1020(Hf). (86)
(e}

o 2m(:0'

From this value, the local phase damping decoherence term
in (43) can be estimated as follows.

vac 1
Re[D\*)] ~ SOXIU“((;) (87)

We recall that the energy gap in natural units is Q = 2ug B,

thereby
2/43 BO 100
Qo=""5~28x10° 88
= ¢ <1T>(ls> (88)

Since this value is large, deexcitation primarily occurs. The
local amplitude damping decoherence in (32), using (40)
and (41), can be approximated as

lﬂB

3/zo*

~ 6.2 x 013(¥f)<1T>? (89)

Therefore, the dominant factor in local decoherence is
amplitude damping.

We now estimate the nonlocal terms. For a splitting
separation of L <o (e.g., L~ 100 pm), we saw in
Eqgs. (45) and (47) that the nonlocal phase damping term

Re [D(Vac)] is

RC[A(VaC)] ~

o > (Qo)*  (for Qo> 1)

2 2
vac H _ Is
RqD;Hz6i§:80x10“<ﬁE). (90)

Although D(Vac> depends on the splitting configuration [see
Egs. (44) and (46)], they both coincide with the local phase
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damping decoherence in this experimental setup.

Moreover, the nonlocal mitigation term |M§Jac)| is exactly
zero for the z-splitting [Eq. (48)], and |Mfl¥a°)| ~ 0 for the
x-splitting [Eq. (50)].

Overall, local amplitude damping is the main source of

decoherence from vacuum fluctuations, but it is still a small
amount.

2. Thermal noise

Here, we estimate the decoherence from local amplitude
damping caused by thermal noise (60). To this end, let us
introduce

Varagk

fig = 22261071, (91a)
2m,c

. AQ  2ugB B

Q.= B2 BP0 520 (91b)
ky kg 1T
k 10

5= %":2.1 x 10° (1—:> (91c)

We change the variable from |k| to r=pglk| in (60)
and use the approximation cosh[2(Q/T)(5T)*r] ~
exp[2(Q/T)(5T)?r]/2 since & is large. Then, changing
the variable to ' = (r — Q/T)&T and using 7' /(6T) < 1,
we get

_Ags @
T3m T

and at higher temperatures (7" > 1 K),

Re[A(ﬁ)]

loc

[1+erf(Q3),  (92)

2035 -
Re[AY)] ~ ﬁng

106\ ( By \2/ T
=92x 1071 (2 ) (22) ().
9210 <1s>(1 T) <100K> 53)

Thus, local amplitude damping due to thermal noise is
more significant than that caused by vacuum fluctuations.

V. CONCLUSION

Maintaining coherence in a spin superposition state is
crucial, particularly for generating a spatial superposition
state of mass. However, the spin degree of freedom is
inevitably influenced by the vacuum fluctuations of the
electromagnetic field, leading to unavoidable decoherence.
In this paper, we have investigated the decoherence of a
spatially superposed spin particle caused by the spin-
magnetic field coupling. To isolate the pure quantum field
effect, we assumed that the spatially superposed spin
trajectories are static (i.e., without acceleration and relative

velocity) in both Minkowski vacuum and thermal states,
and that the interaction occurs very smoothly.

The general expression for the coherence measure (the /
norm of coherence C;,) in the leading order of the coupling
constant is given by (73), which is valid as long as the
quantum field is initially in a quasifree state. We note that
this expression can be straightforwardly generalized to an
arbitrary globally hyperbolic spacetime. From this expres-
sion, we defined the amount of decoherence 2 in (74).
Decoherence originates from amplitude damping and phase
damping effects, and these come into & as local and
nonlocal terms. The local terms correspond to the
decoherence that solely depends on each branch of spatially
superposed trajectories. In contrast, the nonlocal terms
depend on the field correlation functions between the
two branches, and it may mitigate decoherence depending
on the configuration of the spatial superposition.

We then specified the field’s state to the Minkowski
vacuum and thermal state, and chose a Gaussian switching
function to obtain the analytic form of Z. The result
depends on how the spin’s spatial superposition is con-
figured: (i) when the spin’s trajectory is split along the
direction of the classical magnetic field in the spin’s free
Hamiltonian; and (ii) when it is split perpendicular to it.
Such configuration dependence comes from the electro-
magnetic field’s polarization, but it is invisible in a tabletop
experiment because the separation distance is very small.
We note that a qubit coupled to a quantum scalar field also
exhibits such a nonlocal contribution, which is independent
of the splitting configuration. Unlike the spin—% particle
case, the nonlocal term for a qubit mitigates the local
decoherence when the splitting distance is small. See
Appendix B for details.

We also analytically showed that a spatially superposed
spin-% particle decoheres monotonically with the field’s
temperature. While the thermal contribution dominates
over the decoherence due to vacuum fluctuations, the
amount of decoherence is very small in a table-top
experiment.

Although our analysis focused on static superposition
trajectories, it can be applied to any trajectory in spacetime.
One interesting example is a uniformly accelerating trajec-
tory. In this case, the spin particle experiences thermality
due to the Unruh effect [30] since the pullback of the
Wightman function along a single acceleration trajectory
satisfies the KMS condition at the Unruh temperature
Ty =a/(2x), where a is the proper acceleration.
Consequently, any local decoherence terms (i.e., Re[Ajq.]
and Re[D,,]) for the uniformly accelerating spin particle are
equivalent to those for the static particle in a thermal bath.
However, as pointed out in [18,19], the uniformly accel-
erating spin particle is expected to decohere more by
emitting soft photons in the long interaction limit, which
does not occur in our thermal bath case. Such decoherence
is characteristic when Killing horizons exist. We suspect
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that this soft photon-induced decoherence effect is encoded
in the nonlocal terms Re[D,] and | M| in 2.
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APPENDIX A: ELEMENTS IN COHERENCE

In this appendix, we provide an explicit calculation for

M, in (48) and (49). The other nonlocal term Re[D,;| can
be obtained in a similar way.

The nonlocal term M, is defined as

My —ﬂB/dT/dT)(

Recall that the quantum magnetic field B(X) can be
expanded as [see Eqgs. (7) and (8)]

/dgkz (ki) ( aka*’B(“)()Tz)’

) (B (x)B_(X)))

(A1)

where

ik x e<k’,1)

o-ilklr+ikox
(27) 2[k]|

Bz (X) =

Denoting the components of the vector mode function
B(k,ﬁ) (X) as
I 2 3
By (x) = B, (X). Blp, (). B, ()], (A2)

each component of the quantum magnetic field can be
explicitly written as

By(x)
B(x) = | By(x)
B;(x)
, Bie) Bies)
:A3d3k; By |+ | Bey |ais |-
By B

where we have abbreviated the spacetime dependence in
the second equation for simplicity.

Assuming that the field is initially in the Minkowski
vacuum |0), the vacuum two-point correlation function of
B_(=B, —iB,) reads

PEMO "

(01B_(x;)B_(x})[0)

/ d*kz( ) (X0) -

(1)* ip(2)*
x (Bls () =BG (X))

E >)(XT))

3
:/ 2 d)s];|k| (—kZ)erHlrriks ekt ey (A3)
R (27
where we have used the identity
> (ke x e ) (k x €)= =k, (A4)

A

where (k X e ;) =
ky —ik,.

We now assume that each superposed trajectory is at
rest in a single reference frame, so that X4 and Xli can be
written as X;(7) = (z.x4) and X (7') = (7',x}). This
implies that the proper spatial separation L = |x| — x|
is fixed throughout the interaction. The nonlocal term M,
reduces to

2 2
HB /d3k( —kZ ) —'k(xi—xT (
@2r)2)r ||

(k x e(“))l —i(k x e(“))z and k_=

Mnl

— k) (

);
(AS)

where () is the Fourier transformation (35) of the
switching function y(z). We employ the spherical coor-
dinates (|k|,0,¢) for k so that k = [|k|sinfcos e,
|k| sin @sin ¢, |k| cos 0]T and the integration measure reads
d*k = |k|? sin @d|k|dfdg. Consequently the nonlocal term
becomes

2
_ _~HB_ 7 3
My = 25 [ dRE7@ - 7@+ k)

T 2n . .
X / d@sin’ 9/ dg e~2iv =ik (e, —xy)
0 0

This expression for M, tells us that the result depends on
the spin’s splitting configuration x| — x4. In what follows,
we examine two cases: (i) when the trajectory is split along
the z-axis; and (ii) along the x-axis.

(i) z-splitting: x| —xy = [0,0,L]T.

In this case, k- (x; —x4) = |k|L cos§, which is inde-
pendent of ¢. This means that the nonlocal term M, =0

since
2r X
/ dpe™?? = 0.
0

[L.0,0]".

(A6)

(A7)

(1) x-splitting: x X =
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Instead, if the spin trajectory is split along the (x,y)-
plane, the inner product k - (x| —x;) depends on ¢. In the
case of x-splitting, we have

2n . ) .
/ dg 20 IKLsn0cse — o7, (|k|Lsing), (AS)
0

where J,(z) is the Bessel function of the first kind. Further
integrating over @ yields

My = sl / dlkl7(Q — )7(Q + [K])

(271)32L3 0

x [3|k|L cos(|k|L) + (|k|*L* = 3) sin(|k|L)]. (A9)
One obtains the final result (49) by specifying the Gaussian

switching function (38).

APPENDIX B: UDW DETECTOR CASE

For a Unruh-DeWitt (UDW) detector, the interaction
Hamiltonian only contains the amplitude damping part.
In the interaction picture, it is given by

1) ® d(x(2)).

In (3 + 1) dimensions, the coupling constant 4 is dimen-
sionless. We assume the initial state

Hi(7) = x(0)(e%6, + e (B1)

Proto = Pupw,o @ Pyp.0s (B2)
where p o is a quasifree state for the scalar field and pypw o
is the initial spatial superposition state of the detector
corresponding to

Y+ eV 1 —a?

)- (B3)

The final density matrix pypw of the detector reads

pn 0O 0 pu
0 pn ps3 O
Pupw = * ’ (B4)
0 p3 p O
Pis O 0 pu
where
c
i =P (1= PPl (Q). (BSa)
P = P§;4)P¢i¢<g) (B5b)
p3s =P PLL L (Q), (B5c)
0
pas =iy [1 = P11 (Q)], (B5d)

P14 = P14 ( = Ajoc): (B5e)
P13 = P(l(i)*/\/lnl, (B5f)
with
My —AZAdT/RdT’)((T))((T) 1Q(r+7)
X (P(x1) (X)), (Boa)
Apoe =12 /dr/dr@ —1(7))
(@)= (x4 )P (X)),
+ A2 / dr / d70(t t(z))
1 (D)x (@)™ (P(x )X, )y, (BOb)

Here, p\¥ = &2, p\Y = av1=c2e™, and p{) = 1 - a?
[see Eq. (23)].

From the final density matrix, the /; norm of coherence
can be computed as

€, =207 1(1 = Re[Ae] + [Myl).  (BY)
and the amount of decoherence ¥ is defined as
D = Re[Aloc] - |Mnl|' (Bg)

As in the case of the electromagnetic field (32), we have

L ¢

Re[Aioe] = S[PyL (@) + P (@) (B9)

1. The Minkowski vacuum case

Consider a static detector coupled to the massless
quantum scalar field in the Minkowski vacuum in
(3 + 1)-dimensional Minkowski spacetime. Employing
the Gaussian switching function (38), the excitation tran-
sition probability can be computed as

2

Cy A _02s2
Q) =—

i,—)T( ) A [e

p — V/nQoerfc(Qo))]. (B10)

Moreover, M, is independent of the direction of spatial
split and it reads

/12
My =22 o=@ DH(L)20).

Bl1l
2L ( )

Note that the Dawson function D" (x) has this property
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(a) : L L B I I L B | : <b) [ T T T T T T T
030F 030f - 1
025} 025 .
~  020F . 020F ]
= F = [ ]
£ oasf 2 oasf 9

S S

o.10fF 010 ]
005F / 0.05 ~ <
0.00 E Y T S S S TS ST N T S S SN S N S ST SO S | 0.00 :A B S S S S S ST ST S S T S S S (SN ST ST SRS (NSO ST SR SR ST SN SO SO S s |
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— Qo =0, Qo =05 — Qo=1

FIG. 4. The amount of decoherence %/ as a function of log,, L/c for Qo = 0, 0.5, and 1 when (a) the scalar field is in the
Minkowski vacuum state, and (b) in the thermal state at the temperature 7o = 1.

(B12)

x=0 X

and therefore, M, takes the maximum value in the limit
L -0,

li =2 @0 B13
L/(%LOM“I 4z ¢ (B13)

This is a very different behavior compared to the electro-
magnetic field case, in which the nonlocal term M,
vanishes at the coincidence limit L — 0. Then, one can
easily check that, in the coincidence limit L — 0, a gapless
detector (Q = 0) does not decohere; 2 = 0. Note that if
we start the interaction without splitting the trajectory, the
density matrix for the UDW detector is a 2 x 2 matrix.
In this case, the decoherence measure is 2 = Re[Ay.]—
Re[M,;], which is different from the splitting scenario.
However, since M, is real and positive, Re[M ] = | M,
and the decoherence measure coincides.

On the other hand, the nonlocal term vanishes in the limit
L — oo and therefore

lim 2 = Re[Ay).

L—-oo

In contrast to the electromagnetic field case, decoherence
reaches its maximum at large distances. See Fig. 4(a) for
the separation dependence.

2. The thermal state case

As we saw in the electromagnetic field case, it is known
that the thermal Wightman function Wy, (X, x’) for a scalar
field is a sum of the vacuum and the pure-thermal
Wightman functions [38];

WX X) = Wy (),X) + Wy(x.X),  (BI4)
where
Bk e ilkle=1) ik (x—x") +ec.
Wi(x,X') = B15
p(x.X) Az (27)32k| ekl — 1 (BL5)

Therefore, the amount of decoherence for the thermal state
2™ can be decomposed as

g(th) — glvac) | ¢(B) (B16)
where
PV) = Re[A kfé‘c} |/\/( vac) [, (B17a)
2P = Re[AV] = | MP). (B17b)
In this case,
(B) (B)
Pioy =Py
_ /12/ Ek Q@+ KD + Q- k)
rs (27)32|k| e — 1 ’
(B13)
3 ~ ~
B) _ o &k (R + [k)p(Q - ki)
=21
M Ae (27)32|k| Pkl — 1
x coslk - (x; —x4)]. (B19)

In particular, if we choose the Gaussian switching function
(38), these become
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262 oo k|~ ke
po o 6—9202/ d|k|||67cosh(2g\k|0'2),
T 0

-t = S 1
(B20)
22 o k22
B _ 40" g ¢ :
MY =22 A dlkl S sin(lL).  (B21)

The L-dependence is depicted in Fig. 4(b) when the field
temperature is 7o = 1.

Following the same proofin Sec. IV C, we can show that
for an arbitrary switching function yx(z), decoherence
monotonically increases with temperature p~!. That is,

for g > pc,

™ (Bu) = 7 (Be). (B22)

A recent paper [39] discusses the decoherence of a
uniformly accelerating UDW detector. Let us compare our
UDW setup with theirs. In our study, we consider the

qubit, the c.m., and the field degrees of freedom:
Hupw ® Hem ® Hy. The c.m degree of freedom is
assumed to be fixed after splitting, so it does not deco-
here. Specifically, the interaction Hamiltonian in the
Schrodinger picture takes the form 6, ® 1., ® g?), where
61 € B(Hypw). Thus, this Hamiltonian describes the
decoherence of a UDW detector (spin degree of freedom)
caused by amplitude damping. In contrast, [39] considers
Hem ® Hy and examines the c.m.’s decoherence caused
by the quantum field. Similar to our case, each wave packet
of the superposed system is assumed to be narrow and
localized, making H, ,, a two-dimensional Hilbert space.
Hence, they treat the c.m. degree of freedom as a UDW
detector. The interaction Hamiltonian is derived from

1C1)(Cy| ® ¢(xy) +|C )(C}| ® p(x,), which can be
reduced to 653 ® £'0,¢(x), where 63 €B(H,.,,) and &
describes the displacement between the two trajectories.

This describes the decoherence of the c.m. degree of
freedom caused by phase damping.
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