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In this study, we investigate the decoherence of a spatially superposed electrically neutral spin-1
2
particle

in the presence of a relativistic quantum electromagnetic field in Minkowski spacetime. We demonstrate
that decoherence due to the spin-magnetic field coupling can be categorized into two distinct factors: local
decoherence, originating from the two-point correlation functions along each branch of the superposed
trajectories, and nonlocal decoherence, which arises from the correlation functions between the two
superposed trajectories. These effects are linked to phase damping and amplitude damping. We also show
that if the quantum field is prepared in a thermal state, decoherence monotonically increases with the field
temperature.
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I. INTRODUCTION

In recent years, the quantum superposition of the center-
of-mass (c.m.) degree of freedom of a particle has attracted
considerable attention, particularly in studies exploring the
intersection between quantum theory and gravity. Seminal
works of Bose et al. [1] and Marletto and Vedral [2]
proposed an experimental scheme to test the quantumness
of gravity, known as the Bose-Marletto-Vedral (BMV)
experiment—also referred to as the quantum gravity
induced entanglement of masses (QGEM) protocol. In this
protocol, two spatially superposed masses experiencing the
Newtonian gravitational potential are expected to generate
entanglement if gravity is a quantum entity.
These proposals employ a Stern-Gerlach-type scheme to

generate spatial superposition states. Let jCi be a mass’ c.m.
state. The mass is assumed to have an embedded spin,
which is initialized in a superposition state, j↑i þ j↓i up to a
normalization constant. It is then exposed to an inhomo-
geneous classical magnetic field, and the mass becomes
spatially superposed as j↓; C↓i þ j↑; C↑i, where jC↓i and
jC↑i denote the trajectories corresponding to the spin state
(e.g., left and right trajectories). The BMV experiment

employs two copies of such a spatial superposition state
to test the quantum nature of gravity.
A primary focus of spatial superposition states, in both

experimental and theoretical contexts, is decoherence. In the
BMVexperiment, decoherence hinders our ability to detect
quantum gravity-induced entanglement. As a result, devel-
oping methods to mitigate these decoherence effects is of
paramount importance. Related studies have been carried
out such as the effect of decoherence on the gravitationally
induced entanglement [3–7] and methods for overcoming
decoherence [8–10].
From a theoretical perspective, the decoherence of

spatially superposed particles is also crucial. A thought
experiment, originally proposed in [11], identifies an
inconsistency between the principles of causality and
complementarity. It suggests that an observer’s decision
can affect the coherence of a spatially superposed mass,
even if they are causally disconnected. This problem was
further analyzed and resolved in [12–14] by considering the
decoherence of spatially superposed particles and vacuum
fluctuations. See [15–17] for further analyses on the effect
of decoherence on this thought experiment, and [18–20] in
the context of black hole spacetime.
These studies on the decoherence of spatially superposed

particles typically focus on the c.m. degree of freedom.
However, to our knowledge, little investigation has been
done on the decoherence of a spatially superposed spin
degree of freedom caused by spin-magnetic field coupling.
This is particularly interesting because the embedded spin in
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a mass is responsible for generating spatial superposition,
yet it cannot avoid the decoherence from the vacuum
fluctuations of a quantum electromagnetic field even if
the mass is electrically neutral. See [21–24] for the
decoherence of an electron coupled to a quantum electro-
magnetic field, and [25] for gravity-induced decoherence on
a spin-1

2
system.

In this paper, we analyze the decoherence of a spin’s
superposition state caused by a quantum electromagnetic
field. Assuming the spin particle, which is a nonrelativistic
first quantized system, is prepared in a spatial superposition
state, we allow the superposed spin particle to interact with a
relativistic quantum electromagnetic field via spin-magnetic
field coupling for a finite period. For simplicity, we consider
a superposed trajectory at rest (i.e., no acceleration or relative
velocity) in (3þ 1)-dimensional Minkowski spacetime.
Nevertheless, our analysis can be readily extended to a spin
particle traveling along arbitrary trajectories and to quantum
electromagnetic fields in an (nþ 1)-dimensional curved
spacetime. We carry out a perturbative analysis to obtain
the final density matrix for the spin particle and compute a
decoherence measure. We find that the spatially superposed
spin particle undergoes decoherence due to amplitude dam-
ping and phase damping effects. Each of these effects
contributes to the decoherence measure both locally and
nonlocally. The local contribution depends solely on each
branch of the superposed trajectory and is independent of the
spatial splitting configuration. Conversely, the nonlocal
contribution depends on the field correlation functions
between the two branches of the superposed trajectory.
Depending on the spatial superposition configuration, the
nonlocal contribution may mitigate the decoherence caused
by the local terms. Finally, we consider the quantum electro-
magnetic field in a thermal state and show that the spin
particle monotonically decoheres with the field temperature.
The paper is organized as follows. In Sec. II, we review

the quantum theory of electromagnetic fields and the
Hamiltonian describing the interaction between a single
spin and the field. Assuming a small coupling constant, we
employ a perturbative analysis. In Sec. III, we derive the
final density matrix for the spin system, which is initially
entangled with the c.m. degree of freedom. We provide
concrete expressions of the elements of the final density
matrix when the field is initially in the Minkowski vacuum
and thermal states. We then introduce the l1 norm of
coherence as a coherence measure and define the measure
for decoherence in Sec. IV. The decoherence effect due to
vacuum fluctuations and thermal noise is examined. Our
conclusion is given in Sec. V. Appendix A provides
detailed calculations for the elements of the final density
matrix, and Appendix B discusses the case of the sca-
lar field.
Unless otherwise stated, we work in units where ℏ ¼

c ¼ kB ¼ 1 and use the mostly-plus signature conven-
tion, ð−;þ;þ;þÞ.

II. SETUP

A. Quantum electromagnetic field

We begin by reviewing the quantized electromagnetic
field. Consider a classical Lagrangian density for the
electromagnetic field in (3þ 1)-dimensional Minkowski
spacetime,

L ¼ −
1

4
FμνFμν; ð1Þ

where Fμν ¼ ∂μAν − ∂νAμ is the field strength tensor with
Aμ being the four-potential. In the radiation gauge A0 ¼ 0,
∇ · A ¼ 0, the equation of motion becomes

□AðxÞ ¼ 0; ð2Þ

where □ is the d’Alembert operator and x is a space-
time point.
Quantizing the field in the Heisenberg picture, the vector

potential operator ÂðxÞ can be written as a mode decom-
position,

ÂðxÞ ¼
Z
R3

d3kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ32jkj

p X2
λ¼1

ðeðk;λÞe−ijkjtþik·xâk;λ þ H:c:Þ;

ð3Þ

where eðk;λÞ is the polarization vector with λ representing
the two kinds of polarizations, and it obeys

eðk;λÞ · e�ðk;λ0Þ ¼ δλ;λ0 ; ð4aÞ

k · eðk;λÞ ¼ 0 ∀ λ: ð4bÞ

The Minkowski vacuum j0i is defined to be

âk;λj0i ¼ 0 ∀ k; λ; ð5Þ

and the commutation relation for the creation and annihi-
lation operators reads

½âk;λ; â†k0;λ0 � ¼ δð3Þðk − k0Þδλ;λ0 : ð6Þ

The quantum magnetic field B̂ðxÞ ≔ ∇ × ÂðxÞ reads

B̂ðxÞ ¼
Z
R3

d3k
X2
λ¼1

ðBðk;λÞðxÞâk;λ þ B�
ðk;λÞðxÞâ†k;λÞ; ð7Þ

where

Bðk;λÞðxÞ≡ ik × eðk;λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ32jkj

p e−ijkjtþik·x ð8Þ
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is the mode function for the magnetic field. In this paper,
we will use the following projector:

X
λ

eðiÞðk;λÞe
ðjÞ�
ðk;λÞ ¼ δij −

kikj

jkj2 ; ð9Þ

where eðiÞðk;λÞ and ki are the components of the vectors eðk;λÞ
and k, respectively.
We comment on reparametrization of the time variable of

the free Hamiltonian. So far, we have quantized the
electromagnetic field with respect to the Minkowski time
t. The free Hamiltonian for the field is therefore a generator
of time-translation with respect to t, and we indicate this by
writing

Ĥt
EM;0 ¼

Z
R3

d3k
X2
λ¼1

jkjâ†k;λâk;λ: ð10Þ

In the following sections, we consider the interaction
between the field and a spin particle with proper time τ,
and we will express the full Hamiltonian in terms of τ.
Hence, we will use the field’s free Hamiltonian as a
generator of time-translation with respect to the proper
time τ, Ĥτ

EM;0, given by

Ĥτ
EM;0 ¼

dtðτÞ
dτ

Ĥt
EM;0: ð11Þ

This can be understood as follows [26,27]. In general,
the Schrödinger equation with respect to t is i ddt jψðtÞi ¼
ĤtðtÞjψðtÞi. By changing the time variable to τ using
t ¼ tðτÞ, we obtain the above relation:

i
d
dτ

jψðtðτÞÞi ¼ dtðτÞ
dτ

ĤtðtðτÞÞjψðtðτÞÞi≡ ĤτðτÞjψðτÞi:

B. Spin-magnetic field system

Consider a spin-1
2
particle interacting with a quantum

electromagnetic field. In this paper, we consider three
degrees of freedom: the spin, the c.m., and the quantum
field. The Hilbert space is given by Hs ⊗ Hc:m: ⊗ HEM,
with “s” standing for the spin system. However, since the
c.m. degree of freedom is only relevant for spatial super-
position and is not involved in the interaction, we focus
only on Hs ⊗ HEM for now.
We first assume that the spin particle is exposed to

a classical magnetic field BðxÞ, which is directed in the
þz-axis, i.e.,

BðxÞ ¼ ½0; 0; B0ðxÞ�⊺: ð12Þ

Note that the magnetic field is not uniform in general,
thereby it could depend on x. In the Schrödinger picture,

the free Hamiltonian for the spin system Ĥτ
s;0 as a generator

of the time-translation with respect to the spin’s proper time
τ is given by

Ĥτ
s;0 ¼ μ̂ · BðxÞ ¼ μBB0ðxÞσ̂3 ∈BðHsÞ; ð13Þ

where μB is the Bohr magneton and μ̂≡ μBσ̂ is the magnetic
moment operator defined with the vector of the Pauli
operators σ̂ ¼ ½σ̂1; σ̂2; σ̂3�⊺. Here, BðHsÞ denotes the space
of bounded operators on the spin’s Hilbert space. It is worth
noting that the Bohr magneton μB has the dimension
of length in natural units. We define j↑i and j↓i as the
eigenstates of Ĥτ

s;0 (or equivalently, eigenstates of σ̂3),

Ĥτ
s;0j↑i¼μBB0ðxÞj↑i; Ĥτ

s;0j↓i¼−μBB0ðxÞj↓i: ð14Þ

Let us now consider the interaction between the spin
system and a quantized magnetic field B̂ðxÞ. In the
Schrödinger picture, the total Hamiltonian ĤS;tot is given by

Ĥτ
S;tot ¼ Ĥτ

s;0 ⊗ 1EM þ 1s ⊗ Ĥτ
EM;0 þ Ĥτ

S;intðτÞ; ð15Þ

where

Ĥτ
S;intðτÞ ¼ μ̂ðτÞ · B̂ðxÞ ¼ μBχðτÞσ̂i ⊗ B̂iðxÞ: ð16Þ

Here, τ is the proper time of the spin particle, χðτÞ is the
switching function that governs the time dependence of the
interaction, and the Einstein summation convention is used
for i ¼ 1, 2, 3. The switching function χðτÞ is typically
assumed to be a compactly supported smooth function,
χ ∈C∞

0 ðRÞ. In the literature, it is also common that χðτÞ is
chosen to be a smooth superpolynomial function such as a
Gaussian function.
Let us write the sum of free Hamiltonians as

Ĥτ
0 ≡ Ĥτ

s;0 þ Ĥτ
EM;0. The interaction Hamiltonian Ĥτ

I in
the interaction picture is then [28,29]

Ĥτ
I ¼ eiĤ

τ
0τĤτ

S;intðτÞe−iĤτ
0τ

¼ μBχðτÞ½eiΩðxÞτσ̂þ ⊗ B̂−ðxðτÞÞ
þ e−iΩðxÞτσ̂− ⊗ B̂þðxðτÞÞ þ σ̂3 ⊗ B̂3ðxðτÞÞ�; ð17Þ

where ΩðxÞ ≔ 2μBB0ðxÞ is the energy difference between
the two spin states, σ̂� are the raising and lowering
operators σ̂� ≔ ðσ̂1 � iσ̂2Þ=2 (or equivalently, σ̂þ ¼
j↑ih↓j and σ̂− ¼ j↓ih↑j), and B̂�ðxÞ ≔ B̂1ðxÞ � iB̂2ðxÞ.
The first two terms involving σ̂� in (17) correspond to
interactions with a spin flip, while the third term does not.
Hence, the first two terms are analogous to the Unruh-
DeWitt particle detector model [30,31], which is linearly
coupled to a quantum scalar field.
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The time-evolution operator ÛI is given by

ÛI ¼ T t exp

�
−i

Z
R
dt
dτ
dt

Ĥτ
I ðτðtÞÞ

�
; ð18Þ

where T t is a time-ordering symbol with respect to time t.
In what follows, we will assume that the energy difference
Ω is constant during the interaction for simplicity:
ΩðxÞ ¼ Ω. This energy Ω can be thought of as a typical
energy scale of our system. To use a perturbative analysis,
we assume that the dimensionless quantity μBΩ is much
smaller than 1, i.e., μBΩ ≪ 1.1 By performing the Dyson
series expansion, we obtain

ÛI ¼ 1þ Ûð1Þ
I þ Ûð2Þ

I þ � � � ; ð19Þ

where

Ûð1Þ
I ≔ −i

Z
R
dt
dτ
dt

Ĥτ
I ðτðtÞÞ; ð20aÞ

Ûð2Þ
I ≔ −

Z
R
dt
Z
R
dt0Θðt − t0Þ dτ

dt
dτ
dt0

Ĥτ
I ðτðtÞÞĤτ

I ðτðt0ÞÞ;

ð20bÞ

with ΘðtÞ being the Heaviside step function. Here, ÛðjÞ
I

indicates that it contains the jth power of the Bohr
magneton; μjB.

III. FINAL DENSITY MATRIX

Using perturbation theory, we derive the final density
matrix for the spin particle. Here, we explicitly include the
c.m. degree of freedom to consider the spin’s spatial
superposition state.

A. Initial state

Let us assume that in the infinite past, the initial state of
the total system is given by

jψ s;0i ⊗ jCi ⊗ jEMi;

where jCi is the c.m. state, jψ s;0i is the spin degree of
freedom’s initial pure state given by

jψ s;0i ¼ αj↑i þ eiϑ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
j↓i; ð21Þ

where α∈ ½0; 1� and ϑ∈ ½0; 2πÞ is the relative phase, and
jEMi corresponds to the initial state of the field. We note
that the field state jEMi is written in this way for the sake of
convenience.

Before the spin particle interacts with the quantum field,
we assume the classical magnetic field B0ðxÞ causes the
particle’s trajectory to split based on its spin. To be precise,
a Stern-Gerlach-type protocol entangles the c.m. state jCi
with the spin degree of freedom,

jψ s;0i ⊗ jCi ↦ αj↑; C↑i þ eiϑ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
j↓; C↓i: ð22Þ

Here jC↑i and jC↓i represent the trajectories corresponding
to the up-spin and down-spin, respectively. Furthermore, for
simplicity, we assume that each wave packet is very narrow
so that fjC↑i; jC↓ig is orthonormal. As a result, the
dimension of the joint Hilbert space of the spin and the
c.m. after splitting is 2 × 2. In the basis fj↑; C↑i; j↑; C↓i;
j↓; C↑i; j↓; C↓ig, the initial joint density matrix for the spin
particle is

ρs;0 ¼

2
66664

α2 0 0 α
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
e−iϑ

0 0 0 0

0 0 0 0

α
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
eiϑ 0 0 1 − α2

3
77775; ð23Þ

and we will denote the total initial density matrix ρtot;0 by

ρtot;0 ¼ ρs;0 ⊗ ρEM;0; ð24Þ

where ρEM;0 is the field’s initial state.
The spatial dependence of the classical magnetic field

vector B0ðxÞ allows for the possibility of manipulating the
spin’s trajectory based on its spin state. By ingeniously
engineering this position dependence of B0ðxÞ, it becomes
feasible to direct the spin’s trajectory in such a way that the
displacement vector, which characterizes the direction of
split between trajectories, can either be aligned parallel to
the z-axis or lie perpendicular to it, within the ðx; yÞ-plane.
This concept is illustrated in Fig. 1.
Finally, let us specify the field’s initial state ρEM;0. In this

paper, we assume that the initial state of the field, ρEM;0, is a
quasifree state. This is a special type of state where any
connected n-point correlation function can be expressed as
products of the Wightman function (i.e., two-point corre-
lation function). To be precise, let us define the n-point
correlation function as

hB̂iðx1ÞB̂jðx2Þ � � � B̂kðxnÞiρEM;0

≔ Tr½B̂iðx1ÞB̂jðx2Þ � � � B̂kðxnÞρEM;0�; ð25Þ

where B̂iðxÞ is the ith component of the quantum magnetic
field B̂ðxÞ (7). Then, ρEM;0 is said to be a quasifree state if
any n-point correlation function can be written as products
of the Wightman function hB̂iðxÞB̂jðx0ÞiρEM;0

. Examples of
quasifree states include, but are not limited to, the

1One needs to consider a dimensionless coupling constant to
compare it to unity.
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Minkowski vacuum state, the squeezed state, and the thermal
state known as the Kubo-Martin-Schwinger (KMS)
state [32,33].

B. Final state

Up to this point, the interaction between the spin and the
field has not been turned on. We assume that, after we split
the trajectories, the classical magnetic field is uniform and
time-independent so that Ω can be treated as a constant
throughout the interaction. We then smoothly turn on the
interaction for duration ∼σ. After the interaction, we
perform a reverse Stern-Gerlach-type procedure to con-
verge the trajectories by admitting the spacetime depend-
ence of B0ðxÞ.
Note that we will consider the interaction between the

spin system and the quantum electromagnetic field while the
spin particle remains at rest. This approach allows us to
investigate the intrinsic effects of vacuum and thermal
fluctuations on the spin superposition state. On the other
hand, if we also consider the interaction during the splitting/
recombination periods, there appears additional decoherence
on the spin state. Especially, the spin particle becomes
entangled with the emitted photons due to acceleration
radiation (see e.g., [5,23]). However, such decoherence
can be neglected by performing the splitting/recombination
processes very slowly. Thus, to focus on the effects of
vacuum fluctuation and thermal noise on the superposition
state, we adopt the initial state Eq. (24) and simplify our

calculations by considering the interaction only when the
spin particle is at rest.
Let us employ a perturbative method to obtain the final

density matrix of the spin particle. Starting from the initial
state (24) with (23), the entire system evolves under the
unitary operator ÛI given by (19) with (20a) and (20b). The
final density matrix of the spin particle ρs (i.e., the spin and
c.m. degrees of freedom) after the interaction can be
obtained by tracing out the field degree of freedom from
the final total state as follows:

ρs ¼ TrEM½ÛIρtot;0Û
†
I �

¼ ρð0;0Þs þ ρð1;1Þs þ ρð2;0Þs þ ρð0;2Þs þOðμ4BÞ; ð26Þ

where TrEM is understood as a partial trace of the field
degree of freedom, and

ρði;jÞs ≔ TrEM½ÛðiÞ
I ρtot;0Û

ðjÞ†
I � ð27Þ

with ρð0;0Þs ≡ ρs;0. Note that ρs includes only even powers of
μB because the odd-point correlation functions vanish for
quasifree states.
Since we are considering the spatial superposition state,

it is necessary to take into account the spacetime point at
which the field observables B̂iðxÞ interact. Recall that each
ÛðiÞ

I contains the interaction Hamiltonians Ĥτ
I ðτÞ (17), each

of which takes the form σ̂i ⊗ B̂iðxÞ. We impose that the

FIG. 1. Comparing the two cases. (a) The two superposed trajectories split in the z-direction and remain static relative to Minkowski
time t. The red and blue lines indicate the duration of interaction. (b) The scenario where the trajectories split in the ðx; yÞ-plane, i.e.,
their displacement vector is perpendicular to the z-axis.
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field observable is defined on x↑ (resp. x↓) when σ̂i ⊗
B̂iðxÞ acts on the states associated with jC↑i (resp. jC↓i),
that is, for any s∈ f↑;↓g,

½σ̂i ⊗ B̂iðxÞ�ðjs; C↑i ⊗ jEMiÞ ↦ σ̂ijs; C↑i ⊗ B̂iðx↑ÞjEMi;
½σ̂i ⊗ B̂iðxÞ�ðjs; C↓i ⊗ jEMiÞ ↦ σ̂ijs; C↓i ⊗ B̂iðx↓ÞjEMi:

The resulting density matrix ρs reads

ρs ¼

2
66664

ρ11 0 0 ρ14

0 ρ22 ρ23 0

0 ρ�23 ρ33 0

ρ�14 0 0 ρ44

3
77775þOðμ4BÞ; ð28Þ

where

ρ11 ¼ ρð0Þ11 ½1 − P
C↑

↑→↓ðΩÞ�; ð29aÞ

ρ22 ¼ ρð0Þ44 P
C↓

↓→↑ðΩÞ; ð29bÞ

ρ33 ¼ ρð0Þ11 P
C↑

↑→↓ðΩÞ; ð29cÞ

ρ44 ¼ ρð0Þ44 ½1 − P
C↓

↓→↑ðΩÞ�; ð29dÞ

ρ14 ¼ ρð0Þ14 ð1 −Dnl −Aloc −DlocÞ; ð29eÞ

ρ23 ¼ ρð0Þ�14 Mnl; ð29fÞ

where ρð0Þ11 ¼ α2; ρð0Þ44 ¼ 1 − α2, and ρð0Þ14 ¼ α
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
e−iϑ,

and

P
C↓

↓→↑ðΩÞ ≔
Z
R
dt
Z
R
dt0hBþðx↓ÞB−ðx0↓ÞiρEM;0

; ð30aÞ

P
C↑

↑→↓ðΩÞ ≔
Z
R
dt
Z
R
dt0hB−ðx↑ÞBþðx0↑ÞiρEM;0

; ð30bÞ

Mnl ≔
Z
R
dt
Z
R
dt0hB−ðx↑ÞB−ðx0↓ÞiρEM;0

; ð30cÞ

Dnl ≔
Z
R
dt
Z
R
dt0hB3ðx↓ÞB3ðx0↑ÞiρEM;0

; ð30dÞ

Aloc ≔
Z
R
dt
Z
R
dt0Θðt− t0ÞhB−ðx↑ÞBþðx0↑ÞiρEM;0

þ
Z
R
dt
Z
R
dt0Θðt0− tÞhBþðx↓ÞB−ðx0↓ÞiρEM;0

; ð30eÞ

Dloc ≔
Z
R
dt
Z
R
dt0Θðt− t0ÞhB3ðx↑ÞB3ðx0↑ÞiρEM;0

þ
Z
R
dt
Z
R
dt0Θðt0− tÞhB3ðx↓ÞB3ðx0↓ÞiρEM;0

; ð30fÞ

and

B̂∓ðxðtÞÞ ≔ μB
dτ
dt

χðτðtÞÞe�iΩτðtÞB̂∓ðxðτðtÞÞÞ; ð31aÞ

B̂3ðxðtÞÞ ≔ μB
dτ
dt

χðτðtÞÞB̂3ðxðτðtÞÞÞ: ð31bÞ

We note that the terms with hB̂3B̂�iρEM;0
vanish.

Here, P
C↓

↓→↑ðΩÞ [resp. P
C↑

↑→↓ðΩÞ] is the transition
probability of the spin degree of freedom from j↓i to
j↑i (respectively from j↑i to j↓i). The superscript Cs with
s∈ f↑;↓g indicates the path along which it is evaluated.
In other words, the transition probabilities are obtained
by evaluating the two-point correlation functions along
each corresponding trajectory: hB̂þðx↓ÞB̂−ðx0↓ÞiρEM;0

or

hB̂−ðx↑ÞB̂þðx0↑ÞiρEM;0
. Henceforth, we will refer to such

quantities that depend on a single trajectory as “local
contributions.” Other local contributions areAloc andDloc.
We will see in the next section that the real parts of these
local contributions, Re½Aloc� and Re½Dloc�, correspond to
decoherence terms. They can be written as

Re½Aloc� ¼
1

2
½PC↑

↑→↓ðΩÞ þ P
C↓

↓→↑ðΩÞ�; ð32Þ

Re½Dloc� ¼
1

2

�Z
R
dt
Z
R
dt0hB3ðx↑ÞB3ðx0↑Þi

þ
Z
R
dt
Z
R
dt0hB3ðx↓ÞB3ðx0↓Þi

�
: ð33Þ

We will call them the “local decoherence terms.”
On the other hand, Mnl and Dnl are “nonlocal”

since they depend on the two-point correlation functions
across two different trajectories; hB̂−ðx↑ÞB̂−ðx0↓ÞiρEM;0

and

hB̂3ðx↓ÞB̂3ðx0↑ÞiρEM;0
. In particular, Dnl only depends on

the anticommutator (i.e., the Hadamard distribution)
hfB̂3ðx↓Þ; B̂3ðx0↑ÞgiρEM;0

.
Let us introduce the types of decoherence; amplitude

damping and phase damping (dephasing). Amplitude
damping is a process corresponding to the spontaneous
emission. In our case, this is governed by the first two terms
of the form eiΩτσ̂þB̂− þ e−iΩτσ̂−B̂þ in the interaction
Hamiltonian (17). The spin particle exchanges energy with
the field and a spin flip occurs. In this way, the spin and the
emitted photon become entangled, leading to the spin’s
decoherence. Amplitude damping, in general, alters both
diagonal and off-diagonal elements in a density matrix,
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which is also the case for our density matrix (28). The
elements of the density matrix with B̂�ðxÞ, such as the
transition probabilities, the nonlocal termMnl, and the local
decoherence term Aloc are the consequence of amplitude
damping.
Phase damping, on the other hand, is governed by the

term σ̂3B̂3 in the interaction Hamiltonian (17). Since σ̂3
does not flip the states j↑i and j↓i, phase damping
corresponds to the loss of the relative phase [34] in the
spin particle without exchanging energy with the field.
Thus, a density matrix loses the off-diagonal elements only.
In our final density matrix (28), the elements Dnl and Dloc
are the results of phase damping.
In the next section, we compute a decoherence measure.

As we will see, the decoherence measure can be written
with Re½Aloc�, Re½Dloc�, Re½Dnl�, and jMnlj. Thus, let us
first evaluate each of these by specifying the field’s initial
state ρEM;0 and the spin’s trajectory xðτÞ.

1. The Minkowski vacuum case

Here, we assume that the field is initially in the
Minkowski vacuum j0i, and that the spin particle is at
rest with respect to the Minkowski time t so that the
trajectory can be written as xsðτÞ ¼ ðτ; xsÞ, where xs with
s∈ f↑;↓g is a fixed spatial vector describing the spatial
position of the spin with the c.m. state jCsi, and τ is now
understood as τ ¼ t.
We first evaluate the excitation transition probability

P
C↓

↓→↑ðΩÞ. The same transition probability was examined
in [28], but they encountered an ultraviolet (UV) diver-
gence. We will comment on their results below.
Inserting the mode expansion given in (7), one finds

hB̂þðxðτÞÞB̂−ðxðτ0ÞÞiρEM;0

¼ h0jB̂þðxðτÞÞB̂−ðxðτ0ÞÞj0i

¼
Z
R3

d3k
X
λ

BðþÞ
ðk;λÞðxðτÞÞBðþÞ�

ðk;λÞðxðτ0ÞÞ;

where BðþÞ
ðk;λÞðxÞ ≔ Bð1Þ

ðk;λÞðxÞ þ iBð2Þ
ðk;λÞðxÞ, and so the transi-

tion probability reduces to

P
C↓

↓→↑ðΩÞ ¼ μ2B

Z
R3

d3k
ð2πÞ32jkj ðjkj

2 þ k23Þjχ̃ðjkj þ ΩÞj2

¼ μ2B
3π2

Z
∞

0

djkjjkj3jχ̃ðjkj þΩÞj2; ð34Þ

where we employed the Fourier transformation

χ̃ðωÞ ≔
Z
R
dτ χðτÞeiωτ; ð35Þ

and used the identity

X
λ

ðk × eλðkÞÞþðk × e�λðkÞÞ− ¼ jkj2 þ k23; ð36Þ

where ðk × eðk;λÞÞ� ≡ ðk × eðk;λÞÞ1 � iðk × eðk;λÞÞ2. This
identity can be directly proven by using the projector
(9). Note that we have not specified the switching function
χðτÞ yet in (34).
We first comment on the results obtained by [28]. The

authors in [28] considered a special case of our result (34)
when a rectangular switching function is chosen. In
general, the Fourier transform of the rectangular function
with width 2σ is known to be 2 sinðωσÞ=ω. The integral
in (34) takes the form

Z
∞

0

djkj jkj
3sin2½ðjkj þ ΩÞσ�
ðjkj þ ΩÞ2 ; ð37Þ

which is UV divergent, even though the switching function
is compactly supported. This divergence is attributed to the
poor choice of a switching function, which does not
converge at large jkj. One can instead choose a more
appropriate switching function, such as a Gaussian func-
tion, which ensures convergence,

χðτÞ ¼ e−τ
2=2σ2 ; ð38Þ

where σ is the typical time scale. The Fourier transform of
such a Gaussian function reads

χ̃ðωÞ ¼
ffiffiffiffiffiffi
2π

p
σe−ω

2σ2=2; ð39Þ

which is also a Gaussian, and the integrand in the transition
probability (34) converges at large jkj. The resulting
transition probability reads

P
C↓

↓→↑ðΩÞ ¼
μ2B
6πσ2

½2e−Ω2σ2ð1þΩ2σ2Þ
−

ffiffiffi
π

p
Ωσð3þ 2Ω2σ2ÞerfcðΩσÞ�; ð40Þ

where erfcðxÞ is the complementary error function. The

deexcitation transition probability P
C↑

↑→↓ðΩÞ is obtained as

P
C↑

↑→↓ðΩÞ ¼
μ2B
6πσ2

½2e−Ω2σ2ð1þΩ2σ2Þ
þ ffiffiffi

π
p

Ωσð3þ 2Ω2σ2Þerfcð−ΩσÞ�; ð41Þ

which is just P
C↓

↓→↑ð−ΩÞ. Adding these transition proba-
bilities yields the (vacuum) local amplitude damping term
Re½Aloc� in (32).
In the same manner, by using the identity

X
λ

ðk × eðk;λÞÞ3ðk × e�ðk;λÞÞ3 ¼ jkj2 − k23; ð42Þ
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the local phase damping term Re½Dloc� reads

Re½Dloc� ¼
μ2B
6πσ2

: ð43Þ

The nonlocal terms Re½Dnl� and jMnlj depend on the
configuration of the spin’s spatial splitting. Let x↓ − x↑ be
a displacement vector pointing from the point on x↑ðτÞ to
the point on x↓ðτÞ at a fixed time τ. Since we are assuming
static superposed trajectories, the displacement vector is
time independent. The length of the displacement vector,
L≡ jx↓ − x↑j, represents the spatial distance between
the two trajectories. Then, as we will show below, one
can consider two scenarios: (i) when the displacement
vector is parallel to the z-axis [see Fig. 1(a)]; and (ii) when
the displacement vector is perpendicular to the z-axis
[see Fig. 1(b)]. We provide a detailed calculation in
Appendix A.
For the nonlocal phase damping term Re½Dnl�, a straight-

forward calculation leads to
(i) When the spin is split along the z-axis; x↓ − x↑ ¼

½0; 0; L�⊺,

Re½Dnl� ¼
μ2Bσ

2πL3

�
−
L
σ
þ
�
L2

σ2
þ 2

�
Dþ

�
L
2σ

��
; ð44Þ

where DþðxÞ ≔ ffiffiffi
π

p
e−x

2

erfiðxÞ=2 is the Dawson
function with erfiðxÞ being the imaginary error
function. In particular, if the spatial splitting is
small, it reduces to

Re½Dnl� ≃
μ2B
6πσ2

ðfor L ≪ σÞ: ð45Þ

(ii) When the spin is split along the x-axis: x↓ − x↑ ¼
½L; 0; 0�⊺,

Re½Dnl� ¼
μ2Bσ

8πL3

�
L3

σ3
þ 2

L
σ
−
�
L4

σ4
þ 4

�
Dþ

�
L
2σ

��
;

ð46Þ

which also reduces to

Re½Dnl� ≃
μ2B
6πσ2

ðfor L ≪ σÞ: ð47Þ

While Re½Dnl� is nonnegative for case (i), it can be
negative for case (ii) in some regions in a parameter
space. Nevertheless, the amount of decoherence
coincides with the local phase damping (43) when
the spatial displacement is small.

For the other nonlocal term jMnlj, we find:

(i) When the spin is split along the z-axis: x↓ − x↑ ¼
½0; 0; L�⊺,

jMnlj ¼ 0. ð48Þ

(ii) When the spin is split along the x-axis: x↓ − x↑ ¼
½L; 0; 0�⊺,

jMnlj ¼
−3μ2Bσe−Ω

2σ2

4πL3

�
L
σ

�
L2

6σ2
þ 1

�

− 2

�
L4

12σ4
þ L2

3σ2
þ 1

�
Dþ

�
L
2σ

��
; ð49Þ

which reduces to

jMnlj ≃
μ2BL

2e−Ω
2σ2

30πσ4
ðfor L ≪ σÞ: ð50Þ

Let us comment on the rotation symmetry of the
system. Although we considered the perpendicular sce-
nario (ii) with a specific displacement vector x↓ − x↑ ¼
½L; 0; 0�⊺, it is worth pointing out that the whole com-
posite system is invariant under rotation about the
z-axis. Therefore, the result does not change for x↓ − x↑ ¼
½L cos θ3; L sin θ3; 0�⊺ as long as the quantum field
is also rotated. To see this, it is straightforward to
show that ½ĤS;tot; Ûsðθ3Þ ⊗ ÛEMðθ3Þ� ¼ 0, where ĤS;tot

is the full Hamiltonian in the Schrödinger pic-
ture, and Ûsðθ3Þð¼ e−iθ3σ̂3=2Þ and ÛEMðθ3Þ are the
unitary representations of rotation about the z-axis
for the spin particle and the quantum field, respec-
tively. This commutation relation can be computed
by realizing that Û†

s ðθ3Þσ̂Ûsðθ3Þ¼Dðθ3Þσ̂ as well as
Û†

EMðθ3ÞB̂ðxÞÛEMðθ3Þ¼Dðθ3ÞB̂ðR−1ðθ3ÞxÞ, where

Dðθ3Þ ¼

2
64
cos θ3 − sin θ3 0

sin θ3 cos θ3 0

0 0 1

3
75 ð51Þ

is the rotation matrix and Rðθ3Þ is the rotation matrix for a
spacetime point. These relations allow us to show that the
σ̂ · B̂ðxÞ term in the interaction Hamiltonian is invariant
under the joint unitary transformation Ûsðθ3Þ ⊗ ÛEMðθ3Þ.
On the other hand, if one rotates only the spin particle,
i.e., Ûsðθ3Þ ⊗ 1EM, the entire system is not invariant.
This leads to θ3-dependent results for x↓ − x↑ ¼
½L cos θ3; L sin θ3; 0�⊺.

2. Thermal state

We are also interested in the case where the quantum
field is in a thermal state. In quantum field theory, the
thermal state is identified as the Kubo-Martin-Schwinger
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(KMS) state [32,33]. Technically, the Gibbs thermal state at
inverse temperature β,

ρβ ¼
1

Z
e−βĤ

t
EM;0 ; ð52Þ

where Z ≔ Tr½e−βĤt
EM;0 � is the partition function, is not well-

defined for quantum fields in free space. This stems from
the fact that the field’s Hilbert space has uncountably many
dimensions. Nevertheless, as discussed in Ref. [35], we can
consider a large finite-sized box to make the Hilbert space
countable and then take the infinite-size limit. This allows
us to practically compute the correlation functions using the
Gibbs state (52), and the final result will agree with the
rigorous definition of the KMS thermal state.
It is straightforward to see that one-point correlation

functions vanish for the thermal state, and using Eqs. (10)
and (52), we obtain [35]

Tr½ρβâk;λâ†k0;λ0 � ¼
eβjkj

eβjkj − 1
δð3Þðk − k0Þδλ;λ0 ; ð53aÞ

Tr½ρβâ†k;λâk0;λ0 � ¼
1

eβjkj − 1
δð3Þðk − k0Þδλ;λ0 ; ð53bÞ

Tr½ρβâk;λâk0;λ0 � ¼ Tr½ρβâ†k;λâ†k0;λ0 � ¼ 0: ð53cÞ

From these properties, any thermal two-point correlation
functions hB̂iB̂jith can be written as

hB̂iB̂jith ≡ hB̂iB̂jiρβ ≔ Tr½ρβB̂iB̂j�
¼ hB̂iB̂jivac þ hB̂iB̂jiβ; ð54Þ

where hB̂iB̂jivac ≔ h0jB̂iB̂jj0i is the vacuum two-point
correlation function and

hB̂iB̂jiβ ≔
Z
R3

d3k
X
λ

BðiÞ
ðk;λÞB

ðjÞ�
ðk;λÞ þ c:c:

eβjkj − 1
ð55Þ

is the contribution coming from the thermal state.
Therefore, any quantities that we have obtained so far,
such as transition probabilities, can be decomposed into the
vacuum and thermal contributions,

PðthÞ
↓→↑ ¼ PðvacÞ

↓→↑ þ PðβÞ
↓→↑: ð56Þ

Here, PðvacÞ
↓→↑ and PðβÞ

↓→↑ come from hB̂þB̂−ivac and hB̂þB̂−iβ
in (54), respectively. The excitation probability in the

vacuum, PðvacÞ
↓→↑, is given by (40) and

PðβÞ
↓→↑ ¼ PðβÞ

↑→↓ ¼ μ2B
2ð2πÞ3

Z
R3

d3k

jkjðeβjkj − 1Þ ðjkj
2 þ k23Þ

× ðjχ̃ðΩþ jkjÞj2 þ jχ̃ðΩ − jkjÞj2Þ

¼ μ2B
3π2

Z
∞

0

djk
���� jkj3
eβjkj − 1

× ðjχ̃ðΩþ jkjÞj2 þ jχ̃ðΩ − jkjÞj2Þ: ð57Þ

Employing the Gaussian switching function (38),

PðβÞ
↓→↑ ¼ PðβÞ

↑→↓

¼ 4μ2Bσ
2e−Ω

2σ2

3π

Z
∞

0

djkj jkj
3e−jkj2σ2

eβjkj − 1
coshð2Ωjkjσ2Þ:

ð58Þ

Therefore, the local decoherence due to amplitude damping

Re½AðthÞ
loc � in (32) becomes

Re½AðthÞ
loc � ¼ Re½AðvacÞ

loc � þ Re½AðβÞ
loc �; ð59Þ

where

Re½AðβÞ
loc � ¼ ðPðβÞ

↓→↑þPðβÞ
↑→↓Þ=2

¼ 4μ2Bσ
2e−Ω

2σ2

3π

Z
∞

0

djkj jkj
3e−jkj2σ2

eβjkj−1
coshð2Ωjkjσ2Þ:

ð60Þ

Similarly, the local decoherence due to phase damping

Re½DðthÞ
loc � in (33) reads

Re½DðthÞ
loc � ¼ Re½DðvacÞ

loc � þ Re½DðβÞ
loc �; ð61Þ

where Re½DðvacÞ
loc � is given in (43) and

Re½DðβÞ
loc � ¼

μ2B
ð2πÞ3

Z
R3

d3k
jkj2 − k23

jkjðeβjkj − 1Þ jχ̃ðjkjÞj
2 ð62Þ

¼ 2μ2Bσ
2

3π

Z
∞

0

djkj
���� jkj

3e−jkj2σ2

eβjkj − 1
: ð63Þ

The nonlocal contributions,

Re½DðthÞ
nl � ¼ Re½DðvacÞ

nl � þ Re½DðβÞ
nl �; ð64Þ

MðthÞ
nl ¼ MðvacÞ

nl þMðβÞ
nl ; ð65Þ

where
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Re½DðβÞ
nl � ¼

μ2B
ð2πÞ3

Z
R3

d3k
jkj2 − k23

jkjðeβjkj − 1Þ jχ̃ðjkjÞj
2

× cos½k · ðx↓ − x↑Þ�; ð66Þ

MðβÞ
nl ¼ −μ2B

ð2πÞ3
Z
R3

d3k
χ̃ðΩ − jkjÞχ̃ðΩþ jkjÞ

jkjðeβjkj − 1Þ
× Re½k2−e−ik·ðx↓−x↑Þ�; ð67Þ

depend on the splitting configuration:
(i) When the spin is split along the z-axis: x↓ − x↑ ¼

½0; 0; L�⊺,

Re½DðβÞ
nl � ¼

2μ2Bσ
2

πL3

Z
∞

0

djkj e
−jkj2σ2

eβjkj − 1

× ½−jkjL cosðjkjLÞ þ sinðjkjLÞ�; ð68Þ

MðβÞ
nl ¼ 0: ð69Þ

This meansMðthÞ
nl ¼ 0 because both the vacuum and

thermal contributions are zero.
(ii) When the spin is split along the x-axis: x↓ − x↑ ¼

½L; 0; 0�⊺,

Re½DðβÞ
nl � ¼

μ2Bσ
2

πL3

Z
∞

0

djkj e
−jkj2σ2

eβjkj−1

× ½jkjLcosðjkjLÞþðjkj2L2−1ÞsinðjkjLÞ�;
ð70Þ

MðβÞ
nl ¼−μ2Bσ2e−Ω

2σ2

πL3

Z
∞

0

djkj e
−jkj2σ2

eβjkj− 1

× ½3jkjLcosðjkjLÞþ ðjkj2L2 − 3Þ sinðjkjLÞ�:
ð71Þ

IV. DECOHERENCE OF SPIN

A. (De)coherence measure

We employ the coherence measure known as the l1 norm
of coherence Cl1 [36,37] defined as

Cl1 ≔
X
i≠j

jρijj: ð72Þ

We are particularly interested in a 4 × 4 density matrix
given in (28). The corresponding l1 norm of coherence is

Cl1 ¼ 2ðjρ14j þ jρ23jÞ:

Based on (29), we have

Cl1 ¼ 2jρð0Þ14 jð1−Re½DnlþDlocþAloc�þ jMnljÞþOðμ4BÞ;
ð73Þ

where Re½Aloc� is identical to the “average” of transition
probabilities; Eq. (32). From this expression, we define the
measure for decoherence D as

D ≔ Re½Dnl þDloc þAloc� − jMnljð≥ 0Þ; ð74Þ

which is independent of the initial amount of coherence.
The explicit form for each term in (74) is given in the
previous section.
The local decoherences from amplitude damping

Re½Aloc� and phase damping Re½Dloc� in D are always
present regardless of the spin’s superposition configuration.
However, the nonlocal terms, Re½Dnl� and jMnlj, depend on
the superposition configuration because they rely on the
two-point correlation functions evaluated along the two
trajectories, x↑ðτÞ and x↓ðτÞ. The nonlocal term jMnlj from
amplitude damping is always nonnegative, and thus “mit-
igates” decoherence. In contrast, the nonlocal term Re½Dnl�
from phase damping can be either positive or negative.
Therefore, it can either worsen or reduce decoherence
depending on the spatial superposition configuration and
the chosen parameters.
In the following sections, we compute decoherence D

divided by the dimensionless coupling constant ðμB=σÞ2.

B. Splitting dependence

In Fig. 2, we show the decoherence D=ðμ2Bσ−2Þ as a
function of the logarithm of the splitting separation L in
units of the typical interaction time scale σ. The graph
includes both the Minkowski vacuum case (a) and the
thermal state case (at temperature Tσ ¼ 1) (b), each
depicting z-splitting (solid lines) and x-splitting (dashed
lines). From these figures, we can see that decoherence
worsens as the energy gap increases due to amplitude
damping, and higher temperatures cause more decoherence
as expected.
Recall that the local decoherence terms are all indepen-

dent of L. In Fig. 2, the values of the local decoherence
correspond to those at large L=σ because the nonlocal
contributions vanish in the limit L=σ → ∞. In contrast,
decoherence D with smaller splitting separation L includes
both local and nonlocal contributions. Note that Mnl → 0
as L → 0, thus the nonlocal phase damping Dnl accounts
for the increase in decoherence near L ≈ 0. The nonlocal
amplitude damping Mnl mitigates decoherence, which is
evident in the dashed lines around log10 L=σ ≈ 0.5. Note
that the nonlocal terms depend on the splitting configura-
tion because of the electromagnetic field’s polarization. We
compare this to the scalar field case in Appendix B.

C. Temperature dependence

Here, we examine the temperature dependence of
decoherence D . In Fig. 3, we show decoherence D as a
function of the field temperature T in units of σ. We observe
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that decoherence increases monotonically with T for all
energy gaps Ω.
Let us mathematically show that, for an arbitrary switch-

ing function χðτÞ, decoherence increases monotonically
with temperature β−1, based on the analysis in [38].
Consider two inverse temperatures βH and βC with
β−1H > β−1C . Here, the subscripts “H” and “C” refer to hot
and cold temperatures, respectively. We explicitly indicate

the β-dependence as DðβÞ
nl ðβHÞ. For convenience, we first

show that the phase damping and amplitude damping terms
satisfy

Re½DðβÞ
locðβHÞ�þDðβÞ

nl ðβHÞ≥Re½DðβÞ
locðβCÞ�þDðβÞ

nl ðβCÞ; ð75Þ

Re½AðβÞ
locðβHÞ� − jMðβÞ

nl ðβHÞj ≥ Re½AðβÞ
locðβCÞ� − jMðβÞ

nl ðβCÞj;
ð76Þ

which lead to our conclusion

D ðthÞðβHÞ ≥ D ðthÞðβCÞ; ð77Þ

where D ðthÞ is understood as

D ðthÞðβÞ ¼ D ðvacÞ þD ðβÞðβÞ: ð78Þ

First, let us focus on the phase damping terms and prove
Eq. (75). From (62), it is straightforward to show that

Re½DðβÞ
locðβHÞ� ¼ Re½DðβÞ

locðβCÞ�

þ μ2B
ð2πÞ3

Z
R3

d3k
jkj2 − k23

jkj jχ̃ðjkjÞj2hðjkjÞ;

ð79Þ

where

hðjkjÞ ≔ 1

eβHjkj − 1
−

1

eβCjkj − 1
ð≥ 0Þ: ð80Þ

Likewise, the nonlocal phase damping term DðβÞ
nl ðβÞ in (66)

results in

FIG. 3. Decoherence D=ðμ2Bσ−2Þ as a function of the field
temperature Tσ. The solid lines indicate splitting in the
z-direction, and the dashed lines indicate splitting in the
x-direction. Here, we have chosen L=σ ¼ 1.

FIG. 2. DecoherenceD=ðμ2Bσ−2Þ as a function of the splitting separation L in units of typical interaction scale σ. The solid and dashed
lines correspond to the splitting in the z- and x-directions, respectively. (a) When the field is initially prepared in the Minkowski vacuum;
and (b) when the field is in the thermal state at temperature Tσ ¼ 1.
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DðβÞ
nl ðβHÞ ¼ DðβÞ

nl ðβCÞ þ
μ2B

ð2πÞ3
Z
R3

d3k
jkj2 − k23

jkj
× jχ̃ðjkjÞj2hðjkjÞ cos½k · ðx↓ − x↑Þ�

≥ DðβÞ
nl ðβCÞ

−
μ2B

ð2πÞ3
Z
R3

d3k
jkj2 − k23

jkj jχ̃ðjkjÞj2hðjkjÞ; ð81Þ

and therefore, adding the two results yields Eq. (75).
We can also obtain Eq. (76) through a similar calcu-

lation. Since k2− ¼ jkj2 sin2 θe−i2φ in spherical coordinates
ðjkj; θ;φÞ, Eq. (67) becomes

jMðβÞ
nl ðβHÞj≤ jMðβÞ

nl ðβCÞj

þ μ2B
ð2πÞ3

Z
R3

d3kjkjhðjkjÞjχ̃ðΩ− jkjÞχ̃ðΩþjkjÞj:

ð82Þ

We also recall that PðβÞ
↓→↑ ¼ PðβÞ

↑→↓, and Eq. (57) gives us

Re½AðβÞ
locðβÞ� ¼

μ2B
2ð2πÞ3

Z
R3

d3k

jkjðeβjkj − 1Þ ðjkj
2 þ k23Þ

× ðjχ̃ðΩþ jkjÞj2 þ jχ̃ðΩ − jkjÞj2Þ: ð83Þ

Since jkj2 þ k23 ¼ jkj2ð1þ cos2 θÞ in spherical coordinates,
we obtain

Re½AðβÞ
locðβHÞ� ≥ Re½AðβÞ

locðβCÞ� þ
μ2B

2ð2πÞ3
Z
R3

d3kjkjhðjkjÞ

× ðjχ̃ðΩþ jkjÞj2 þ jχ̃ðΩ − jkjÞj2Þ: ð84Þ

Therefore,

Re½AðβÞ
locðβHÞ� − jMðβÞ

nl ðβHÞj ≥ Re½AðβÞ
locðβCÞ� − jMðβÞ

nl ðβCÞj

þ μ2B
2ð2πÞ3

Z
R3

d3kjkjhðjkjÞðjχ̃ðΩ − jkjÞj − jχ̃ðΩþ jkjÞjÞ2

≥ Re½AðβÞ
locðβCÞ� − jMðβÞ

nl ðβCÞj; ð85Þ

which is Eq. (76). Hence, we have shown that the
spatially superposed spin particle experiences monotonic
decoherence with increasing temperature as described
in Eq. (77).

D. Order estimation

In this section, we bring back the fundamental constants
c, ℏ, and kB and estimate the decoherence in a tabletop
experiment. First, let us discuss the interaction time scale.
While our Gaussian switching function is not exactly a
compactly supported function, we use 10σ as the effective
total interaction time. This is because the range τ∈ ½−5σ; 5σ�

is sufficient to provide accurate results, as shown by the
normalized Gaussian integral,

Z
5σ

−5σ
dτ

1ffiffiffiffiffiffi
2π

p
σ
e−τ

2=2σ2 ¼ 0.999999:

Thus, if the interaction time is 1 s then 10σ ¼ 1 s.

1. Vacuum fluctuations

Let us estimate the amount of decoherence caused by
vacuum fluctuations. We can estimate the local decoherence

terms Re½AðvacÞ
loc � and Re½DðvacÞ

loc � by expressing μB=σ and Ωσ
in SI units [see Eqs. (40), (41), and (43)]. Given that μB ¼
e=ð2meÞ in natural units, where e and me are the electron’s
charge and mass, we can use the fine-structure constant
αf ¼ e=ð4πÞ to convert μB=σ to SI units as follows:

μB
σ

¼
ffiffiffiffiffiffiffiffiffiffi
4παf

p
ℏ

2mec2
1

σ
≃ 1.2 × 10−20

�
1s
10σ

�
: ð86Þ

From this value, the local phase damping decoherence term
in (43) can be estimated as follows.

Re½DðvacÞ
loc � ≃ 8.0 × 10−42

�
1s
10σ

�
2

: ð87Þ

We recall that the energy gap in natural units isΩ ¼ 2μBB0,
thereby

Ωσ ¼ 2μBB0

ℏ
σ ≃ 2.8 × 109

�
B0

1 T

��
10σ

1 s

�
: ð88Þ

Since this value is large, deexcitation primarily occurs. The
local amplitude damping decoherence in (32), using (40)
and (41), can be approximated as

Re½AðvacÞ
loc � ≈ 1

3
ffiffiffi
π

p μ2B
σ2

ðΩσÞ3 ðfor Ωσ ≫ 1Þ

≃ 6.2 × 10−13
�
10σ

1 s

��
B0

1 T

�
3

: ð89Þ

Therefore, the dominant factor in local decoherence is
amplitude damping.
We now estimate the nonlocal terms. For a splitting

separation of L ≪ σ (e.g., L ∼ 100 μm), we saw in
Eqs. (45) and (47) that the nonlocal phase damping term

Re½DðvacÞ
nl � is

Re½DðvacÞ
nl � ≈ μ2B

6πσ2
¼ 8.0 × 10−42

�
1s
10σ

�
2

: ð90Þ

Although DðvacÞ
nl depends on the splitting configuration [see

Eqs. (44) and (46)], they both coincide with the local phase
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damping decoherence in this experimental setup.

Moreover, the nonlocal mitigation term jMðvacÞ
nl j is exactly

zero for the z-splitting [Eq. (48)], and jMðvacÞ
nl j ≈ 0 for the

x-splitting [Eq. (50)].
Overall, local amplitude damping is the main source of

decoherence from vacuum fluctuations, but it is still a small
amount.

2. Thermal noise

Here, we estimate the decoherence from local amplitude
damping caused by thermal noise (60). To this end, let us
introduce

μ̄B ≔
ffiffiffiffiffiffiffiffiffiffi
4παf

p
kB

2mec2
≃ 2.6 × 10−11; ð91aÞ

Ω̄ ≔
ℏΩ
kB

¼ 2μBB0

kB
≃ 1.3

�
B0

1 T

�
; ð91bÞ

σ̄ ≔
kBσ
ℏ

≃ 2.1 × 109
�
10σ

1 s

�
: ð91cÞ

We change the variable from jkj to r≡ βjkj in (60)
and use the approximation cosh½2ðΩ̄=TÞðσ̄TÞ2r� ≈
exp½2ðΩ̄=TÞðσ̄TÞ2r�=2 since σ̄ is large. Then, changing
the variable to r0 ≡ ðr − Ω̄=TÞσ̄T and using r0=ðσ̄TÞ ≪ 1,
we get

Re½AðβÞ
loc � ≈

μ̄2Bσ̄

3
ffiffiffi
π

p Ω̄3

eΩ̄=T − 1
½1þ erfðΩ̄ σ̄Þ�; ð92Þ

and at higher temperatures (T ≫ 1 K),

Re½AðβÞ
loc � ≃

2μ̄2Bσ̄

3
ffiffiffi
π

p Ω̄2T

¼ 9.2 × 10−11
�
10σ

1 s

��
B0

1 T

�
2
�

T
100 K

�
: ð93Þ

Thus, local amplitude damping due to thermal noise is
more significant than that caused by vacuum fluctuations.

V. CONCLUSION

Maintaining coherence in a spin superposition state is
crucial, particularly for generating a spatial superposition
state of mass. However, the spin degree of freedom is
inevitably influenced by the vacuum fluctuations of the
electromagnetic field, leading to unavoidable decoherence.
In this paper, we have investigated the decoherence of a
spatially superposed spin particle caused by the spin-
magnetic field coupling. To isolate the pure quantum field
effect, we assumed that the spatially superposed spin
trajectories are static (i.e., without acceleration and relative

velocity) in both Minkowski vacuum and thermal states,
and that the interaction occurs very smoothly.
The general expression for the coherence measure (the l1

norm of coherence Cl1) in the leading order of the coupling
constant is given by (73), which is valid as long as the
quantum field is initially in a quasifree state. We note that
this expression can be straightforwardly generalized to an
arbitrary globally hyperbolic spacetime. From this expres-
sion, we defined the amount of decoherence D in (74).
Decoherence originates from amplitude damping and phase
damping effects, and these come into D as local and
nonlocal terms. The local terms correspond to the
decoherence that solely depends on each branch of spatially
superposed trajectories. In contrast, the nonlocal terms
depend on the field correlation functions between the
two branches, and it may mitigate decoherence depending
on the configuration of the spatial superposition.
We then specified the field’s state to the Minkowski

vacuum and thermal state, and chose a Gaussian switching
function to obtain the analytic form of D . The result
depends on how the spin’s spatial superposition is con-
figured: (i) when the spin’s trajectory is split along the
direction of the classical magnetic field in the spin’s free
Hamiltonian; and (ii) when it is split perpendicular to it.
Such configuration dependence comes from the electro-
magnetic field’s polarization, but it is invisible in a tabletop
experiment because the separation distance is very small.
We note that a qubit coupled to a quantum scalar field also
exhibits such a nonlocal contribution, which is independent
of the splitting configuration. Unlike the spin-1

2
particle

case, the nonlocal term for a qubit mitigates the local
decoherence when the splitting distance is small. See
Appendix B for details.
We also analytically showed that a spatially superposed

spin-1
2
particle decoheres monotonically with the field’s

temperature. While the thermal contribution dominates
over the decoherence due to vacuum fluctuations, the
amount of decoherence is very small in a table-top
experiment.
Although our analysis focused on static superposition

trajectories, it can be applied to any trajectory in spacetime.
One interesting example is a uniformly accelerating trajec-
tory. In this case, the spin particle experiences thermality
due to the Unruh effect [30] since the pullback of the
Wightman function along a single acceleration trajectory
satisfies the KMS condition at the Unruh temperature
TU ¼ a=ð2πÞ, where a is the proper acceleration.
Consequently, any local decoherence terms (i.e., Re½Aloc�
and Re½Dloc�) for the uniformly accelerating spin particle are
equivalent to those for the static particle in a thermal bath.
However, as pointed out in [18,19], the uniformly accel-
erating spin particle is expected to decohere more by
emitting soft photons in the long interaction limit, which
does not occur in our thermal bath case. Such decoherence
is characteristic when Killing horizons exist. We suspect
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that this soft photon-induced decoherence effect is encoded
in the nonlocal terms Re½Dnl� and jMnlj in D .
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APPENDIX A: ELEMENTS IN COHERENCE

In this appendix, we provide an explicit calculation for
Mnl in (48) and (49). The other nonlocal term Re½Dnl� can
be obtained in a similar way.
The nonlocal term Mnl is defined as

Mnl≔μ2B

Z
R
dτ
Z
R
dτ0χðτÞχðτ0ÞeiΩðτþτ0ÞhB̂−ðx↑ÞB̂−ðx0↓ÞiρEM;0

:

ðA1Þ

Recall that the quantum magnetic field B̂ðxÞ can be
expanded as [see Eqs. (7) and (8)]

B̂ðxÞ ¼
Z
R3

d3k
X2
λ¼1

ðBðk;λÞðxÞâk;λ þ B�
ðk;λÞðxÞâ†k;λÞ;

where

Bðk;λÞðxÞ≡ ik × eðk;λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ32jkj

p e−ijkjtþik·x:

Denoting the components of the vector mode function
Bðk;λÞðxÞ as

Bðk;λÞðxÞ ¼ ½Bð1Þ
ðk;λÞðxÞ; Bð2Þ

ðk;λÞðxÞ; Bð3Þ
ðk;λÞðxÞ�⊺; ðA2Þ

each component of the quantum magnetic field can be
explicitly written as

B̂ðxÞ ¼

2
64
B̂1ðxÞ
B̂2ðxÞ
B̂3ðxÞ

3
75

¼
Z
R3

d3k
X2
λ¼1

0
BBB@

2
6664
Bð1Þ
ðk;λÞ

Bð2Þ
ðk;λÞ

Bð3Þ
ðk;λÞ

3
7775âk;λ þ

2
6664
Bð1Þ�
ðk;λÞ

Bð2Þ�
ðk;λÞ

Bð3Þ�
ðk;λÞ

3
7775â†k;λ

1
CCCA;

where we have abbreviated the spacetime dependence in
the second equation for simplicity.
Assuming that the field is initially in the Minkowski

vacuum j0i, the vacuum two-point correlation function of
B̂−ð≡B̂1 − iB̂2Þ reads

h0jB̂−ðx↑ÞB̂−ðx0↓Þj0i

¼
Z
R3

d3k
X2
λ¼1

�
Bð1Þ
ðk;λÞðx↑Þ− iBð2Þ

ðk;λÞðx↑Þ
	

×
�
Bð1Þ�
ðk;λÞðx0↓Þ− iBð2Þ�

ðk;λÞðx0↓Þ
	

¼
Z
R3

d3k
ð2πÞ32jkj ð−k

2
−Þe−ijkjt↑þik·x↑eijkjt↓−ik·x↓ ; ðA3Þ

where we have used the identity

X
λ

ðk × eðk;λÞÞ−ðk × e�ðk;λÞÞ− ¼ −k2−; ðA4Þ

where ðk × eðk;λÞÞ− ≡ ðk × eðk;λÞÞ1 − iðk × eðk;λÞÞ2 and k−≡
k1 − ik2.
We now assume that each superposed trajectory is at

rest in a single reference frame, so that x↑ and x0↓ can be
written as x↑ðτÞ ¼ ðτ; x↑Þ and x↓ðτ0Þ ¼ ðτ0; x↓Þ. This
implies that the proper spatial separation L≡ jx↓ − x↑j
is fixed throughout the interaction. The nonlocal term Mnl
reduces to

Mnl¼
μ2B

ð2πÞ32
Z
R3

d3k
ð−k2−Þ
jkj e−ik·ðx↓−x↑Þχ̃ðΩ− jkjÞχ̃ðΩþjkjÞ;

ðA5Þ

where χ̃ðωÞ is the Fourier transformation (35) of the
switching function χðτÞ. We employ the spherical coor-
dinates ðjkj; θ;φÞ for k so that k ¼ ½jkj sin θ cosφ;
jkj sin θ sinφ; jkj cos θ�⊺ and the integration measure reads
d3k ¼ jkj2 sin θdjkjdθdφ. Consequently the nonlocal term
becomes

Mnl ¼
−μ2B
ð2πÞ32

Z
∞

0

djkjjkj3χ̃ðΩ − jkjÞχ̃ðΩþ jkjÞ

×
Z

π

0

dθsin3 θ
Z

2π

0

dφ e−2iφ e−ik·ðx↓−x↑Þ: ðA6Þ

This expression for Mnl tells us that the result depends on
the spin’s splitting configuration x↓ − x↑. In what follows,
we examine two cases: (i) when the trajectory is split along
the z-axis; and (ii) along the x-axis.
(i) z-splitting: x↓ − x↑ ¼ ½0; 0; L�⊺.
In this case, k · ðx↓ − x↑Þ ¼ jkjL cos θ, which is inde-

pendent of φ. This means that the nonlocal term Mnl ¼ 0
since

Z
2π

0

dφe−2iφ ¼ 0: ðA7Þ

(i) x-splitting: x↓ − x↑ ¼ ½L; 0; 0�⊺.
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Instead, if the spin trajectory is split along the ðx; yÞ-
plane, the inner product k · ðx↓ − x↑Þ depends on φ. In the
case of x-splitting, we have

Z
2π

0

dφ e−2iφe−ijkjL sin θ cosφ ¼ −2πJ2ðjkjL sin θÞ; ðA8Þ

where J2ðzÞ is the Bessel function of the first kind. Further
integrating over θ yields

Mnl ¼
−μ2B4π
ð2πÞ32L3

Z
∞

0

djkjχ̃ðΩ − jkjÞχ̃ðΩþ jkjÞ

× ½3jkjL cosðjkjLÞ þ ðjkj2L2 − 3Þ sinðjkjLÞ�: ðA9Þ

One obtains the final result (49) by specifying the Gaussian
switching function (38).

APPENDIX B: UDW DETECTOR CASE

For a Unruh-DeWitt (UDW) detector, the interaction
Hamiltonian only contains the amplitude damping part.
In the interaction picture, it is given by

Ĥτ
I ðτÞ ¼ λχðτÞðeiΩτσ̂þ þ e−iΩτσ̂−Þ ⊗ ϕ̂ðxðτÞÞ: ðB1Þ

In (3þ 1) dimensions, the coupling constant λ is dimen-
sionless. We assume the initial state

ρtot;0 ¼ ρUDW;0 ⊗ ρϕ;0; ðB2Þ

where ρϕ;0 is a quasifree state for the scalar field and ρUDW;0

is the initial spatial superposition state of the detector
corresponding to

αj↑; C↑i þ eiϑ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
j↓; C↓i: ðB3Þ

The final density matrix ρUDW of the detector reads

ρUDW ¼

2
6664
ρ11 0 0 ρ14

0 ρ22 ρ23 0

0 ρ�23 ρ33 0

ρ�14 0 0 ρ44

3
7775; ðB4Þ

where

ρ11 ¼ ρð0Þ11 ½1 − P
C↑

↑→↓ðΩÞ�; ðB5aÞ

ρ22 ¼ ρð0Þ44 P
C↓

↓→↑ðΩÞ; ðB5bÞ

ρ33 ¼ ρð0Þ11 P
C↑

↑→↓ðΩÞ; ðB5cÞ

ρ44 ¼ ρð0Þ44 ½1 − P
C↓

↓→↑ðΩÞ�; ðB5dÞ

ρ14 ¼ ρð0Þ14 ð1 −AlocÞ; ðB5eÞ

ρ23 ¼ ρð0Þ�14 Mnl; ðB5fÞ

with

Mnl ≔ λ2
Z
R
dτ

Z
R
dτ0 χðτÞχðτ0ÞeiΩðτþτ0Þ

× hϕ̂ðx↑Þϕ̂ðx0↓Þiρϕ;0 ; ðB6aÞ

Aloc ≔ λ2
Z
R
dτ

Z
R
dτ0ΘðtðτÞ − tðτ0ÞÞ

× χðτÞχðτ0ÞeiΩðτ−τ0Þhϕ̂ðx↑Þϕ̂ðx0↑Þiρϕ;0
þ λ2

Z
R
dτ

Z
R
dτ0Θðtðτ0Þ − tðτÞÞ

× χðτÞχðτ0Þe−iΩðτ−τ0Þhϕ̂ðx↓Þϕ̂ðx0↓Þiρϕ;0 : ðB6bÞ

Here, ρð0Þ11 ¼ α2, ρð0Þ14 ¼ α
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
e−iϑ, and ρð0Þ44 ¼ 1 − α2

[see Eq. (23)].
From the final density matrix, the l1 norm of coherence

can be computed as

Cl1 ¼ 2jρð0Þ14 jð1 − Re½Aloc� þ jMnljÞ; ðB7Þ

and the amount of decoherence D is defined as

D ≔ Re½Aloc� − jMnlj: ðB8Þ

As in the case of the electromagnetic field (32), we have

Re½Aloc� ¼
1

2
½PC↑

↑→↓ðΩÞ þ P
C↓

↓→↑ðΩÞ�: ðB9Þ

1. The Minkowski vacuum case

Consider a static detector coupled to the massless
quantum scalar field in the Minkowski vacuum in
(3þ 1)-dimensional Minkowski spacetime. Employing
the Gaussian switching function (38), the excitation tran-
sition probability can be computed as

P
C↓

↓→↑ðΩÞ ¼
λ2

4π
½e−Ω2σ2 −

ffiffiffi
π

p
ΩσerfcðΩσÞ�: ðB10Þ

Moreover, Mnl is independent of the direction of spatial
split and it reads

Mnl ¼
λ2σ

2πL
e−Ω

2σ2DþðL=2σÞ: ðB11Þ

Note that the Dawson function DþðxÞ has this property
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lim
x→0

DþðxÞ
x

¼ 1; ðB12Þ

and therefore, Mnl takes the maximum value in the limit
L → 0,

lim
L=ð2σÞ→0

Mnl ¼
λ2

4π
e−Ω

2σ2 : ðB13Þ

This is a very different behavior compared to the electro-
magnetic field case, in which the nonlocal term Mnl
vanishes at the coincidence limit L → 0. Then, one can
easily check that, in the coincidence limit L → 0, a gapless
detector (Ω ¼ 0) does not decohere; D ¼ 0. Note that if
we start the interaction without splitting the trajectory, the
density matrix for the UDW detector is a 2 × 2 matrix.
In this case, the decoherence measure is D ¼ Re½Aloc�−
Re½Mnl�, which is different from the splitting scenario.
However, sinceMnl is real and positive, Re½Mnl� ¼ jMnlj,
and the decoherence measure coincides.
On the other hand, the nonlocal term vanishes in the limit

L → ∞ and therefore

lim
L→∞

D ¼ Re½Aloc�:

In contrast to the electromagnetic field case, decoherence
reaches its maximum at large distances. See Fig. 4(a) for
the separation dependence.

2. The thermal state case

As we saw in the electromagnetic field case, it is known
that the thermal Wightman function Wthðx; x0Þ for a scalar
field is a sum of the vacuum and the pure-thermal
Wightman functions [38];

Wthðx; x0Þ ¼ Wvacðx; x0Þ þWβðx; x0Þ; ðB14Þ

where

Wβðx;x0Þ ¼
Z
R3

d3k
ð2πÞ32jkj

e−ijkjðt−t0Þþik·ðx−x0Þ þ c:c:

eβjkj −1
: ðB15Þ

Therefore, the amount of decoherence for the thermal state
D ðthÞ can be decomposed as

D ðthÞ ¼ D ðvacÞ þD ðβÞ: ðB16Þ

where

DðvacÞ ¼ Re½AðvacÞ
loc � − jMðvacÞ

nl j; ðB17aÞ

D ðβÞ ¼ Re½AðβÞ
loc � − jMðβÞ

nl j: ðB17bÞ

In this case,

PðβÞ
↓→↑ ¼ PðβÞ

↑→↓

¼ λ2
Z
R3

d3k
ð2πÞ32jkj

jχ̃ðΩþ jkjÞj2 þ jχ̃ðΩ − jkjÞj2
eβjkj − 1

;

ðB18Þ

MðβÞ
nl ¼ 2λ2

Z
R3

d3k
ð2πÞ32jkj

χ̃ðΩþ jkjÞχ̃ðΩ − jkjÞ
eβjkj − 1

× cos½k · ðx↓ − x↑Þ�: ðB19Þ

In particular, if we choose the Gaussian switching function
(38), these become

FIG. 4. The amount of decoherence D=λ2 as a function of log10 L=σ for Ωσ ¼ 0, 0.5, and 1 when (a) the scalar field is in the
Minkowski vacuum state, and (b) in the thermal state at the temperature Tσ ¼ 1.
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PðβÞ
↓→↑ ¼ λ2σ2

π
e−Ω

2σ2
Z

∞

0

djkj jkje
−jkj2σ2

eβjkj − 1
coshð2Ωjkjσ2Þ;

ðB20Þ

MðβÞ
nl ¼ λ2σ2

πL
e−Ω

2σ2
Z

∞

0

djkj e
−jkj2σ2

eβjkj − 1
sinðjkjLÞ: ðB21Þ

The L-dependence is depicted in Fig. 4(b) when the field
temperature is Tσ ¼ 1.
Following the same proof in Sec. IV C, we can show that

for an arbitrary switching function χðτÞ, decoherence
monotonically increases with temperature β−1. That is,
for β−1H > β−1C ,

D ðthÞðβHÞ ≥ D ðthÞðβCÞ: ðB22Þ

A recent paper [39] discusses the decoherence of a
uniformly accelerating UDW detector. Let us compare our
UDW setup with theirs. In our study, we consider the

qubit, the c.m., and the field degrees of freedom:
HUDW ⊗ Hc:m: ⊗ Hϕ. The c.m degree of freedom is
assumed to be fixed after splitting, so it does not deco-
here. Specifically, the interaction Hamiltonian in the
Schrödinger picture takes the form σ̂1 ⊗ 1c:m: ⊗ ϕ̂, where
σ̂1 ∈BðHUDWÞ. Thus, this Hamiltonian describes the
decoherence of a UDW detector (spin degree of freedom)
caused by amplitude damping. In contrast, [39] considers
Hc:m: ⊗ Hϕ and examines the c.m.’s decoherence caused
by the quantum field. Similar to our case, each wave packet
of the superposed system is assumed to be narrow and
localized, making Hc:m: a two-dimensional Hilbert space.
Hence, they treat the c.m. degree of freedom as a UDW
detector. The interaction Hamiltonian is derived from
jC↑ihC↑j ⊗ ϕ̂ðx↑Þ þ jC↓ihC↓j ⊗ ϕ̂ðx↓Þ, which can be

reduced to σ̂3 ⊗ εμ∂μϕ̂ðxÞ, where σ̂3 ∈BðHc:m:Þ and εμ

describes the displacement between the two trajectories.
This describes the decoherence of the c.m. degree of
freedom caused by phase damping.
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