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Cutoff scale of quadratic gravity from quantum focusing conjecture
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We derive the cutoff length scale of the quadratic gravity in d > 5 dimensional spacetime by demanding
that the quantum focusing conjecture for the smeared quantum expansion holds at the classical level. The
cutoff scale has a different dependence on the spacetime dimension depending on the sign of the coupling
constant of the quadratic gravity. We also investigate a concrete example of the five-dimensional
Schwarzschild spacetime and directly confirm that the quantum focusing conjecture holds when the
quantum expansion is smeared over the scale larger than our cutoff scale.
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I. INTRODUCTION

The focusing of the null geodesics plays an important
role to understand the various properties of the spacetime
in general relativity, such as the singularity theorem by
Penrose [1] and the area law of the black hole [2,3]. See
also, e.g., the text books [4,5] for the review on these
topics. The focusing of the null geodesics is followed
from the null energy condition. However, the null energy
condition is violated by considering the quantum effects,
for example, by the Casimir effect [6] and the Hawking
radiation [7,8]. Thus, to understand the general property of
the spacetime in the semiclassical regime, it is important to
figure out an extension of the null energy condition, or the
focusing property of the null geodesics, which is appli-
cable there.

It is known that the area of the event horizon of the
black hole, up to the constant factor, can be understood as
the entropy, which is called the Bekenstein-Hawking
entropy [7-11]. In this view, the area law of the black
hole event horizon can be understood as the second law of
the black hole thermodynamics [9-12]. However, as is
mentioned above, the area law, and hence the second
law of the black hole thermodynamics, will be violated by
the Hawking radiation [7,8]. Bekenstein proposed the
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generalized second law [9-11], which states that the
generalized entropy, which is the entropy for the total
system including both the black hole and matter, will not
decrease in any physical process. When the black hole
evaporates with the Hawking radiation, the second law of
the black hole thermodynamics itself is not satisfied.
However, the entropy of the total system is expected to
be nondecreasing because of the increase of the entropy of
the Hawking radiation emitted from the black hole. Thus,
the generalized second law can be understood as a
generalization of the area law in the classical general
relativity to the semiclassical regime.

A lesson from the generalized second law is that a
geometrical property of the area in the classical general
relativity can be promoted to a property of the generalized
entropy in the semiclassical regime. This idea leads to the
quantum focusing conjecture [13]. The quantum focusing
conjecture states that the quantum expansion, defined based
on the generalized entropy, is not increasing along the null
geodesics. Here we note that the generalized entropy is
formulated not only for the event horizon of the black hole
but also the general surface for an arbitrary spacetime. The
quantum focusing conjecture can be regarded as an exten-
sion of the converging property of null geodesics in the
classical general relativity; that is, the property that the
expansion of the null geodesics, defined as the changing rate
of the infinitesimal cross sectional area of the null geo-
desics, is not increasing under the null energy condition. We
will review the quantum focusing conjecture in Sec. II. Note
that the quantum focusing conjecture can be translated into
the condition for the energy momentum tensor of the
quantum matter at a specific point. This condition is called
the quantum null energy condition [13—17] and is regarded
as an extension of the null energy condition in the semi-
classical regime.
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The generalized entropy is composed of the gravitational
entropy and the entanglement entropy of the quantum fields.
In this paper, we focus on the classical limit, # — 0, and
hence the contribution from the quantum entanglement
entropy is omitted. Even in the classical limit, there is a
major difference between the area and the generalized
entropy because the gravitational entropy depends on the
gravitational action itself. Thus, the generalized entropy is
sensitive to the higher derivative corrections to the
Einstein-Hilbert action. In the case of the black hole event
horizon, the gravitational entropy with respect to the
covariant gravitational action can be calculated by
Wald’s Noether charge approach [18-20] or the field
redefinition method [21]. On the one hand, in the develop-
ment of AdS/CFT correspondence [22-24], the general-
ized entropy with respect to the Ryu-Takayanagi surface,
or its generalization, is characterized as the holographic
counterpart of the entanglement entropy in the dual
conformal field theory (CFT), and hence, it is called the
holographic entanglement entropy [25-28]. The effect of
the higher derivative corrections to the holographic entan-
glement entropy is studied in Refs. [29-38]. In particular,
the formula proposed by Dong [33] and Camps [34]
enables us to calculate the holographic entanglement
entropy with respect to the gravitational action expressed
by the Riemann tensors. See Ref. [37] for the entropy
formula for more general gravitational action. By inter-
polating the Dong-Camps entropy formula to the sta-
tionary black hole event horizon, one can reproduce
Wald’s entropy formula. Hence, in this paper, we adopt
the Dong-Camps formula as the gravitational entropy for
the arbitrary surface. Note that the entropy formula for
dynamical black holes is discussed in Ref. [39].

Considering the gravitational entropy with respect to the
Gauss-Bonnet gravity, it was shown in Ref. [40] that the
quantum focusing conjecture is violated. However, in
Ref. [41], it is pointed out that the analysis in Ref. [40]
cannot be valid once the quantum expansion is smeared
over a length scale of the order of the scale determined by
the coupling constant of the Gauss-Bonnet gravity. The
purpose of this paper is to evaluate the quantum expansion
smeared over a length scale in the general quadratic
gravity, which includes the Gauss-Bonnet gravity as a
special choice of the parameters, and derive the condition
for the averaging scale so that the quantum focusing
conjecture holds for arbitrary spacetime.

This paper is organized as follows. In Sec. 1I, we review
the quantum focusing conjecture. Then, in Sec. III, we
evaluate the quantum expansion and its derivative for the
quadratic gravity. There we will find that the expressions
reduce to those of the Gauss-Bonnet gravity studied in
Refs. [40,41]. In Sec. IV, we evaluate the derivative of
the smeared quantum expansion and derive the condi-
tion for the averaging scale so that the quantum focus-
ing conjecture holds for arbitrary spacetime. In Sec. V,

we investigate an axially symmetric surface in the five-
dimensional Schwarzschild spacetime as an example of the
detailed calculation of the smeared quantum expansion.
There we see that the quantum focusing conjecture is
satisfied after the averaging procedure. The final Sec. VI is
devoted to the summary and discussion. We present the
detailed calculations used in the main sections in the
appendixes.

Throughout the paper we mainly consider spacetime
with the dimension d > 5, though we will comment on the
d =4 case at some points. We use indices u, v, p, o, ... to
denote the components of the tensor with respect to the
(unspecified) coordinates {x*} in d-dimensional spacetime,
while we use i, j,k,... for the coordinates {y'} in co-
dimension 2 surface. We use the unit ¢ = 1 and kg =1,
where ¢ is the speed of light and kg is the Boltzmann
constant, respectively.

II. REVIEW ON THE QUANTUM
FOCUSING CONJECTURE

In this section, we review the quantum focusing con-
jecture proposed by Ref. [13]. The quantum focusing
conjecture claims that the converging property of the null
geodesics in classical general relativity is promoted to a
property of the generalized entropy in a semiclassical level
just by replacing the expansion of the null geodesics 6 with
the quantum expansion ® defined below. The setup that we
focus on is as follows: Let (M,g) be the (part of)
spacetime that we are interested in. Let ¢ be a compact,
spacelike co-dimension 2 surface. Let & be a null vector
field on ¢ which is orthogonal to ¢. By solving geodesic
equations toward the k* direction with the initial condition
where the tangent vector reduces k* on o, we can define the
null hypersurface N generated by these null geodesics. We
define vector field &* on N by the tangent vector of the
affine parametrized null generator of N. Let y = {y'} be
coordinates on ¢ and A be the affine parameter of the null
generator of N. Then (4, ') can be regarded as coordinates
on N. We can identify a function V of y with the slice of N
defined by A = V(y). We call both the function and the
surface by the same name. For example, we assume the
surface o is characterized by a function named o: 4 = o(y).
Now we can describe the variation of a slice of N by a
variation of a function V. The key insight is that the
expansion of the null generator, 6 := V, k¥, at a point (1 =
V(y),y) can be expressed as the functional derivative of

the area functional A[V] := [, d*"2y\/h(y),

1 AV
O W

where h is the determinant of the induced metric on the
surface V. See Appendix B, in particular Eq. (B14), for
the detailed calculation of the functional derivative. We
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regard 6 as a functional of V as well as a function of
coordinates y, such as 6 =@[V;y], though we simply
express it as @(y) as long as there is no confusion. In
addition, we can express the converging property of the
null geodesic congruence by the functional derivative of 6,

80(y)  do

Vi) 55‘1‘2@ - ) <0, (2)

which is ensured by the null energy condition because of
the Raychaudhuri equation,

% = —ﬁ@z - 0,,0" — R, k'K, (3)
with 6, being the shear tensor. The right-hand side is
negative or zero when the null energy condition is
satisfied, R, k"k* > 0.

The quantum expansion [13] is defined by replacing the
area functional A in Eq. (1) with the generalized entropy as

A[V] = 4GhS e, [V]. (4)
Thus, the quantum expansion © is defined by

OV:y] = 4Gn 5Sgen[V]. (5)

B Vh(y) dV(y)

Here the generalized entropy Sy, [V] is the total entropy of
the system outside' the surface V, which includes the
entanglement entropy of the quantum fields S, [V] obtained
by tracing out the inside of V, as well as the gravitational
entropy S, (V] that is the geometrical counterterms required
by the renormalization procedures. The quantum expansion
reduces to the usual expansion of the null geodesics if S, is
the Bekenstein-Hawking entropy A[V]/4Gh. Though the
quantum expansion is proposed by motivating us to
characterize the property of the semiclassical physics, we
would like to emphasize that the quantum expansion differs
from the usual expansion even in the classical limit 2 — 0
because the gravitational entropy S,[V] depends on the
higher derivative corrections in the classical gravitational
action,

1
S,[V]= iGh (A[V] + higher derivative corrections) + O(#°),

(6)

as we will discuss in detail in the next section. In this paper,
we focus on the contributions relevant in the classical limit

'To define “outside” and “inside” appropriately, we need to
assume that (M, g) is a globally hyperbolic spacetime with
a Cauchy surface  and V is a surface on X that divides X into
two parts.

7 — 0. In other words, we focus only on the contribution
from the gravitational entropy, that is, See,[V] = S,[V].

The quantum focusing conjecture [13] states the non-
positivity of the functional derivative of the quantum
expansion,

50OV y]
5‘/()’1) =0 (7)

which is an analogy of the converging property of null
geodesics (2). The purpose of this paper is to clarify the
relation between the validity of the quantum focusing
conjecture and the cutoff scale of the gravitational theory
with the higher curvature corrections.

ITII. GRAVITATIONAL QUANTUM EXPANSION
WITH THE HIGHER DERIVATIVE
CORRECTIONS

A. Action and the equations of motion

We consider the higher derivative corrections to the
d-dimensional Einstein-Hilbert action at the fourth order in
the derivative expansion, that is, the quadratic gravity. The
action is given by

1
I = dx/=g[R + aR* + BR, R"
16er/ ¥V=gIR + aR" + R,

+ VR s R*77]. (8)

where a, f3, y are the renormalized coupling constants with

the dimension of a length square. We focus on the classical

limit 2 — 0 and assume that the coefficients a, 3, y are

finite in this limit, although the running of these constants,

as well as that of the Newton constant G, is ignored.
The equations of motion can be written as

162G ol 1 ) @) 3)
V=9 W =Ry — iRgﬂv +aHu + pHu +yHuy =0,
)
with
1
HY =2(R,, -V,V,)R-g, (§R2 - 2DR), (10)

1
H.) =2R,,,,R +0OR,,~V,V,R—~g,,(R,,R” —OR),

K 2
(11)
3) pot 1 POTA PO
Hii) = 2RpoeR™ = 2GR pois R + 4R, R
—4R,,R0 —2V,V,R + 40IR,,. (12)
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We solve these equations of motion perturbatively with
respect to the parameters a, /3, y. In other words, we assume
that the length scale of the parameters a, f, y is much
smaller than the curvature scale. We express the order of the
perturbation by a parameter ¢, for example, a = O(e),
y> = O(€?), and so on. For the validity of perturbation, we
assume +/|y| < L denoting L as the length scale of the
Weyl tensor. The Ricci tensors in the expression of
H,(,L), H,(,%),H,(;i) can be pushed to higher order in €. As a
result, the contribution of the @ and f terms in the equations
of motion disappear and the equations of motion can be
simplified as

(Cy/)arcb mgﬂvcparﬂcpgﬂ) + 0(62),
(13)
where C,,,,, is defined as the Weyl tensor, as follows:
C;wpﬂ R;w/m m (gﬂ[pRO']l/ - gl/[pRO']/l)
2
— R . 14

Since only the parameter y appears in Eq. (13), the
solution of the equation of motion at the leading order is
independent of the choice of a and . We can obtain the
same solution if we start from the specific choice of the
value of a and f, for example, the Gauss-Bonnet coupling,
a=y,=—-4y. We would like to emphasize, however,
that it is not obvious that the entropy, the quantum
expansion, and its functional derivative are independent
of the choice of a, 3. For this reason, we will maintain the
parameters o and f as general below. Note that the right-
hand sides of the equations of motion (13) vanish for d = 4
because of the identity C*,.C,,°" — —5” (o ?0eC)p" =

—12—55[/‘,,C’1PWC Ap“’] = 0 which holds in four dimensions.
This is because the Gauss-Bonnet term becomes a total

derivative and does not affect the equations of motion
in d = 4.

B. Gravitational entropy

The higher derivative corrections of the gravitational
action relates with that of the gravitational entropy. Here we
will use the gravitational entropy proposed by Dong [33]
and Camps [34], which motivated us to describe the
gravitational dual of the entanglement entropy of CFT in
the AdS/CFT setup (see also [30-32,35-38]). Let us
consider a co-dimension 2 surface o and the null hyper-
surface N generated by the null generators with the tangent
vector k¥, and the coordinates (4, y) on N as in the previous
section. For a given slice V of the null hypersurface N, we

can introduce another null vector field ¥ on V that is
orthogonal to V and satisfies

gu'l" =0, Guk'l" = —1. (15)

Then the induced metric /4, on V can be defined as

hy = Gu + kul, + 1k,. (16)

h,” becomes the projection tensor to the co-dimension 2
surface V. Similarly, g,* :== —k,I* — [,k* defines the pro-
jection tensor to the two-dimensional space orthogonal to V.

We define the second fundamental tensor K, by

Ky = h,h,Voq,,
= —(h"h, ok )l, = (B, h, Vol )k, (17)
and write
K = XK, (18)
for any vector X*. For example,

KW = hoh Vok, KW =hh VI, (19)

and so on. See, e.g., Ref. [42] for more details though our
notation is slightly different. Note that K, = q,°K ,, =
h,°K,e = h,°K,,,. K’ := K’} is called the mean curva-
ture vector. We also use the notation KX) := XPK Py Then,
the Dong-Camps gravitational entropy of the quadratic

gravity is given by

AV] 1
_ dd—2 h
S:V1 =265 T 16n / yVh

1
x [ZaR + ﬁ(q””RﬂD - EK,,Kﬂ)
+27(¢™q"R,,,, — KWKW)] . (20)

Since we assume R, =
can be expressed as

O(e), the gravitational entropy

AlV] 1

d2 _ 74
SelVl = 4Gh+4Gh f[ KK

(R, — KK + 0<e2>] E

The contribution from the a term is dropped off, while that
from the g term still remains. In addition, by eliminating
" q"°R,,,, by the Gauss equation (A23) in Appendix A,
we can express the gravitational entropy as an integral of
the covariant quantity on o:
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AV] 1
S V] =——=+-— [ d**yVh 4y KD
M =264 T 1ch / wh [(ﬂ +47)
+2y4=2R + 0(62)] : (22)
where (“2)R is the (d — 2)-dimensional Ricci scalar asso-

ciated with &, on V.

C. Quantum expansion and its derivative

The purpose of this paper is to see the validity of
quadratic gravity from the viewpoint of the quantum
focusing conjecture. For this purpose, let us consider a
specific point p on the surface ¢ where the leading order
contribution of the quantum expansion, that is, the usual
expansion 6, saturates the equality of the quantum focusing
conjecture (7). Since it reduces to the expression by the
classical expansion (2), the equality holds if 6], =0,
0|, = 0. Recall that the expansion ¢ and shear tensor
0,, of the null generator of N on the surface o can be
expressed as

1
6, =KW ———K®h,. (23

0=K®",
d-2

Then our requirement is the presence of a point p on o,
which satisfies

KW, = Oe). (24)

Let us first confirm that any term AS[V] of the following
form in the entropy formula does not contribute to the
quantum expansion and its derivative at the point p:

AS[V] = / d2y\/hFK* (25)

4Gnh

where F is an arbitrary scalar function constructed from the
covariant quantities on V. For example, in our entropy
formula (22), F can be understood as F = (4 + 3/y)K")
The contribution from AS[V] to the quantum expansion,
say AO®, can be evaluated by using Eq. (Al3) in
Appendix A as

4GhsAS[V]
Vh 8V(y)

(\/1- (VRF)KW 4 F£,K >>
£(VhF)K*

AB[V;y] =

(7 — FK¥ )’”’K,u,> + O(&?),
(26)

and hence, denoting the y-coordinate value of the point p as
Vp» We obtain

AB[o;y,] = O(e?). (27)

This means that any term proportional to K*) in the entropy
formula does not contribute to the value of the quantum
expansion at the point p. Let us, then, investigate the first
derivative of A® at the point p. Since the first term in
Eq. (26) is again proportional to K*), by repeating above
discussion, one can see that the functional derivative of this
term vanishes at p. In addition, since the second term in

Eq. (26) is quadratic in K ,(,If,), the functional derivative of this
term also vanishes at the point p. Thus, the functional
derivative of A® can be evaluated as

SAQ[V;y]

5V(y 1 ) V=oc.y=y,

Thus, we find that the functional derivative of the quantum
expansion, as well as the quantum expansion itself, does
not depend on the terms AS in the entropy formula. In
particular, there is no contribution of the f term, as well as
the a term, to the functional derivative of the quantum
expansion at the point p. As a result, the expressions of the
quantum expansion and its derivative at the point p, which
we will evaluate below, are equivalent for any choice of «
and f. Especially, our expression reduces to that for the
Gauss-Bonnet coupling @ =y and f = —4y, which is
investigated in Refs. [40,41]. We would like to emphasize
that, though we start from the Dong-Camps entropy
formula (20), our calculations below are applicable for
any gravitational entropy that differs by the terms propor-
tional to K when R,, ~ O(e), such as Wald’s entropy
formula.

To summarize, the relevant terms in the entropy formula
for the calculation of the derivative of the quantum
expansion at the point p can be expressed as

T 4Gh 4Gh VI+as], (29)

as is the Gauss-Bonnet case. Here IEH[V] is the (d —2)-
dimensional Einstein-Hilbert action defined by

P[] = / d2y VRl 2R (30)

Following the analysis for the Gauss-Bonnet case in
Refs. [40,41], the quantum expansion associated with
the quadratic curvature terms can be evaluated as follows:

084037-5
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4Gh 58S,V
W= 5Vg([y)]
1 8A[V] 1 SIFH[V]
CVRSV(Y) f 5V ()
+yO(KW K KRy 4 (9( 2)
= 0 — 4yl IGRKY) + yO(KW), Ky K0
+ O(e?), (31)

where (“-2G,, is the (d — 2)-dimensional Einstein tensor
and the functional derivative of the Einstein-Hilbert action
is given by Eq. (B15) in Appendix B.

Since the quantum expansion is expressed in terms of the
covariant quantity on V, the functional derivative of the
quantum expansion can be calculated by the Lie derivative,

50[V;y] de

=62 (y - 32
where

de do

_— = —— (d_) Hv

=80 == 4G LK +y(9< )+(9()

(33)

The statement of the quantum focusing conjecture
can be simply expressed as d®/di < 0. By using the
Raychaudhuri equation (3) and the equation of motion (13),
the contribution from the classical expansion € can be
calculated as

do 1 -
d—/}{:—ﬂe —O'/“JUM - ﬂl/k!k
1
= —mez —0,0" + ZyCﬂp,,,C Potirky + Ole )
1
= _r 3 0> — oy Lo+ 2y (Ckpw/)ck” vp
= 2C* LGk p = ACoyue i l”) + O(e?), (34)

where we use the identity (A35) in Appendix A. Here we
used the notion

Ck/,w/) = kahyﬁhyyhpﬁcaﬂyév (35)
Crukep = kahﬂﬁkyhpécaﬂyg, (36)
Clutp = KBTI RIC 5 (37)

On the one hand, the contribution from the higher curvature
corrections in the entropy formula can be evaluated as

4 DGR K =4y DGR,k k +7O(KL )

—2y>|<4CkMk,,Ck1 +}’O( >+O< )
(38)

where we used Eq. (A12) in the first equality and Eq. (A41)
in the second equality. Combining Eqgs. (34) and (38), we
obtain

@_ _L92

i d-2
+yO(K}]

HyU HY Zy(CkW,Ck””” - 2Ck”yyckpyp>
)+ 0(e?). (39)

In the final expression (39), the dependence of the
spacetime curvature appears only through the specific
components of the Weyl tensor, C,,. Following
Refs. [40,41] (see also Ref. [43]), we express the inde-
pendent components of Cy,,, as

1

2
Ul/ = d 3Ckﬂl/ 3 ,,w/) = Ck/ll//) d 3 ﬂ[l"ck{’—l/) ’
(40)
or
Clyup = 21 Vo) + T, (41)

where v, and T,,, are the tensor on the co-dimension 2

Hvp

space; that is, they satisfy v, =h, v, and T,, =
h'Ts, =hr°T,., =h, T, In addition, T,, has the
following symmetry on the indices:

Thwp) = Typ) = T = 0. (42)

The (d —3)(d —2)(d —1)/3 independent components of
Cru,p are described by the d — 2 independent components
of v, and the d(d —2)(d —4)/3 independent components
of Tﬂbp Note that 7, identically vanish for d = 4. By
using v, and 7,,,, the Weyl tensor terms in Eq. (39) can be

expressed as

Ty

CrupyCit™? = 2(d = 3)v, 0" + T, TH?, (43)

Ck” Ck p) (d 3) U Uﬂ, (44)

and hence, we obtain

do 1
e R 4 - _ p
7 - 29 0,,0" +2y(=2(d = 3)(d = 4)v,v

+T,,,T") + yO(K,

uvp

J)+0(e). (45)

Note that the contributions from the y term disappear
for d = 4.

084037-6
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IV. VALIDITY OF THE QUANTUM FOCUSING
CONJECTURE AND THE CUTOFF SCALE

A. Quantum expansion at the point p

Let us see the sign of d®/dA at the point p defined by
Eq. (24). From the expression (45), we obtain

doe
21| = A== £ T, T, + 0,

(46)

Note that the expansion and the shear are O(e) at p and
appear as a square in the derivative of the quantum
expansion. Therefore, they do not contribute in the
analysis of O(e). The quantum focusing conjecture states
that Eq. (46) is nonpositive. However, as discussed in
Ref. [40] for the Gauss-Bonnet case, the sign of Eq. (46)
depends on the value of the independent components of
the Weyl tensor, v, and T,,,. Thus, there is a point p
where the quantum focusing conjecture is not satisfied in
the general situation. For example, in the case of y > 0,
Eq. (46) is positive for v, = 0and T,,,, # 0 and in the case
of y <0, Eq. (46) is posmve forv, #0 and T,,, = 0.

Hvp

B. Smeared quantum expansion around the point p

The result in the previous section, as is the result in
Ref. [40] for the Gauss-Bonnet case, reveals the potential
violation of the quantum focusing conjecture at the order
O(e), due to the higher derivative corrections to the gravita-
tional action and the gravitational entropy. However, such a
result will be altered once the cutoff scale of the theory is
taken into account, as suggested in Ref. [41]. In Ref. [41], it
was shown that the discussion in Ref. [40] can not be
applied if the quantum expansion is smeared around the
point p. Concretely, it was shown that, if we consider the
smearing scale ¢ is of the order of \/|7 ,
the smearing does not vanish at O(e), when d®/d4|, does
not vanish at O(e). In this section, we evaluate the O(e)
contribution by the smearing rigorously and derive the
sufficient condition for the smearing scale £ to satisfy the
quantum focusing conjecture.

To formulate the smearing rigorously, let us use
the Riemannian normal coordinates [44], {y'} =
{y', ¥y, ...y}, on o around the point p defined by
Eq. (24). The metric on ¢ can be expanded as

CIR el Yy dy'dyl + - -
(47)

1
hidx'dx) = &,;dy'dy’ _§

where §;; is Kronecker’s delta. The point p corresponds to
y' = 0. Since ““IR; |, is O(L7?) because of the Gauss
equation (A18), the Riemannian normal coordinates

provide a local inertial frame for y; < £ ~ +/|y| < L. We
can approximate the derivative of the quantum expansion
(45) in their Taylor series around a point p. Then, we obtain

d® de 1 .
@l a2 '¥/(0:00,0)|, = 'y (9io10;6)|,
- O(e3/2), (48)

where we regard y' < ¢ and £ is O(+/€) in our perturbative
expansion. Next, we take the average of d®/dA over the
(d — 2)-dimensional hypercube in the Riemannian normal
coordinates with a side length #. We define the average of a
function f(y) by

(f)y = - / 7 g2y (), (49)

72 | _ip

By using the property

o
Me=1. Gw),=58  (50)
we obtain
e\ de| [ 1
N 28 L (20,000 + 0,0 007
<d@>,,, dz, 12<d 2 oo >,,
+ O(€?). (51)

Note that O(e3/?) terms disappear by the smearing because
they are linear or cubic in y’. By translating the result in the
Riemannian coordinates to the general coordinates, we
obtain

do\ _do| _
i/, di|, »

+ (€?), (52)

201
( - 2D,,@Dﬂ@ + Dﬂal,pD”GW’>

where D, is the covariant derivative associated with £,
We express the independent components of D,0 and
D[ﬂdb]p b

®, 1

o =5 Do, (53)
W= Do (54)
" d-3 """

() . 1
Tp,w = =2 <D[”Gy] d—3 —D G[ﬂ l/]p) . (55)
In other words, we express D,6 and D,c,, as

D6 = (d-2)v, (56)
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o 1 o
D,6,y = D6, + 00 hyjy — > T (57)

2

In this notion, the Codazzi equations (A30) can be simply

expressed as

d® % © d-
7N - 2 )
<d/1> P <(d Jou v+

% o) rtorint 2
T <1 96f2>(me (@)pu )|p_ﬁ(p(

By introducing the 2 x 2-matrix

d—2+48(d—3)(d—4)
e ( 48(d - 3)(d - 4)

and the 2-component vector

)
v

vl = ( ’(‘@), (61)
U

the final result can be expressed as

de 2
o

48 2
52
13 <D<”6D)/,D(”6D>p)|p + O(e?). (62)

Thus, the quantum focusing conjecture is satisfied for any
choice of »@), p(), Tf,',’,)p and D,0,), if all of the eigen-
values of M ; and the factor (1 — 96y/£?) are non-negative.
The eigenvalues of the matrix M;; are explicitly given by

3{77+ 48(d - 4)(d - 3) L

j’i - fz

i\/(d_1)2+482(d—4)2(d—3)2;1 . (63)

One can see that 4, is always positive and A_ is non-
negative if and only if

3
o} 0l 448 (d=3) (d=4) (0 + 047 ) (0 —|—1j(")"))

o, + o, = vl Thl, =

[);w| p* (5 8)
By rewriting the independent components of the Weyl

tensor by v, v\, and T'J), the derivative of the smeared

quantum expansion can be expressed as

p

60 D¥0")| +O(e2). (59)

L 48(d -3)(d—4)%
© ) (60)
F2+48(d-3)(d-4) 4
48(d —4)(3d —17)
2> — 64
- d—-2 (64)
To summarize, the quantum focusing conjecture is
satisfied for any choice of v(@, v(®), T,(,ZL, and D(,0,),, if
the smearing scale 7 is large enough to satisfy
48(d —4)(3d -7
£% > 96y, 2> ( I ) . (65)

= d—2

Depending on the sign of y, either one of the two
inequalities is trivially satisfied. Thus, the quantum focus-
ing conjecture requires

£>t, =4,/6y

(for y > 0), (66)

(for y < 0). (67)

This is the main result of this paper. The possible smallest
value of the smearing scale, that is, £, or #_ depending on
the sign of y, is understood as the cutoff scale of the higher
curvature gravity. We note that #_ depends on the space-
time dimension d. For example, d = 5, the cutoff scale for

=8y/2Jyl.

V. EXAMPLE: FIVE-DIMENSIONAL
SCHWARZSCHILD SPACETIME

A. Setup

In this section, we investigate an explicit example for
evaluation of the derivative of the smeared quantum
expansion and see that the smeared quantum expansion
satisfies the quantum focusing conjecture if the smearing
scale satisfies (66) or (67). We consider the Schwarzschild

the y < 0 case is given by £_

084037-8



CUTOFF SCALE OF QUADRATIC GRAVITY FROM QUANTUM ...

PHYS. REV. D 110, 084037 (2024)

spacetime as the O(€”) term of the metric. Then, let ¢ be an
axially symmetric three-dimensional surface in the five-
dimensional Schwarzschild spacetime. For this purpose, let
us describe the metric in the cylindrical coordinates,

1 = f(r) (zdz + pdp)(zdz + pdp)
70 » e
+dp® + p*(dg? + sin’pdy?), (68)

ds* = —f(r)dr* +

where f(r) is the function of r given by

f(r)=1- ZGZM , (69)

I%

and r is described by z and p by

ri=1\/22 +p*. (70)

Note that the Schwarzschild coordinates {r,0} can
be obtained by z = rcos@ and p = rsinf. In the follo-
wing calculation, we simplify the expression by using
£/(r) = 2(1= £(r)/r.

Let us consider the spacelike hypersurface ¥ defined
by t = t, and the timelike hypersurface S defined by

z=2z(p). (71)

We define the co-dimension 2 surface o as the cross section
of § by X We will determine the functional form of
z(p) later.

Let us construct a null hypersurface N as in the previous
sections. To express the null vector field on o, let us
introduce the unit normal vector fields with respect to X
and S by

t,dxt = —/f(r)dt, (72)

hydxtdxt = (g,, + k.1, + 1,k,)dx"dx

((zlp + 22') = pf (r)(z = p2))dz + (p(p + 22') + 2f (r)(z = p2') )dp)*

mydxt = n(z.p)d(z — 2(p)) = m.(z.p)(dz — Zdp). (T3)
where n, is given by

n.(z.p) = r . (74
(r) Vp+22(p)> + f(r)(z— pZ (p))? 7

Note that the definition of 7, and n,, can be applied beyond
the surface £ or S. In such a case, 7, and n, are the unit
normal vectors of 7 = const slices and z — z(p) = const
slices, respectively. 7, and n, satisfy 7,/ = -1, n,n* =1
and tun” =0 by the definition. Then, we introduce
the outgoing null vector k, and the ingoing null vector
[, on ¢ by

a

k|, == — (" +n")| , 75

o= 5| (75)

Wy =—=—("—n")| , (76)
2a -

which satisfy k”k” =0, lﬂl” = 0and kﬂl" — —1 on 6. Here
a represents a degree of freedom for the choice of null
vector k. We can freely choose the coefficient a. In the
following, we use

Y
=) 77)

for the simplicity to express the result. The tangent vector
k* of the null generators of N, is, then, defined by solving
the geodesic equation with the initial condition on ¢ given
by (75).

B. Induced metric

Let us evaluate the induced metric on o. By the
definition, we can express h,, as the degenerate tensor
in the five-dimensional spacetime,

rf(r)((p+22)* + f(r)(z = p2')?)

On the other hand, it is also useful to evaluate the
expression of the induced metric as the nondegenerate
tensor in the three-dimensional space o, through the pull-
back by the embedding {y'} = (p,¢,w) > {x*} =
(to,z(p), p, ¢, w). The result is

+ p*(d? + sin*pdy?). (78)

(p+22)? + f(r)(z—p2)?
rf(r)
+p*(dg? + sin*pdy?). (79)

hydy'dy! = dp?
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We use the same notation /4 for both the five-dimensional
tensor h,, and its pullback £;;.

C. Second fundamental form

To apply the discussion in the previous section, we
require that there is a point p on o, denoting the coordinate
value p = p, where the second fundamental form along the
k direction vanishes (24). We will determine the functional
form of z(p) near the point p, that is, the coefficients of the
Taylor series,

W0) =2+ Z()(p - P) + L) (o - )

To evaluate the second fundamental form on o, we will
use the null vector field u* defined by

a
ut = —(t* + nt), 81
ﬁ( ) (81)

instead of k*. Since u#|, = k*|,, we obtain
Ko = Ky = byl (82)

Then, by using the expression of u/, the pullback of K ,S’? to

o, denoted K%

; ] , can be evaluated as

2 K i
| K\ dy'dy = Ky h,,dp? + Rip) (hygd?® + hy, dy®). (83)
52—+ (80
' Here, K ,(,I;,) and K ((;2 are the components of K ff) based on the
by this requirement. tetrad basis, which are given by
|
ol _ (L= f()(z=p)((p +22)* = f(r)(z = p2')?) = Ff ()"
Kpp = 2 2 N2 ’ (84)
r((p +22)* + f(r)(z = p2)7)
|
2 (k 2 (k
& _ _2lp+22) = f(r)p(z - p2) . 0 =K} + 2Ky, (88)
Koy = 7 . (89)

rp

while h,,, hy,, and hy,, are the components of h;; given by
Eq. (79). In the above expression, z and r are regarded as a
z2(p)? + p.
Thus, the requirement Kt i | » =0 can be achieved by
choosing the functional form of z(p) so that

function of p: z=z(p) and r=r(p) =

2() = -5 L0, (36)
Z”(ﬁ) — _ ?22(1 __{(’7))(%2__52]“(’7)) ) (87)

where we use the notion 7= +/z>+ p’. Finally, the
expansion and the shear can be written as

(Dioy)dy' ® dy! ® dy*|, = (9,K})

Similarly, the derivative of the expansion can be
evaluated as

i ~(k ~(k
D.Ody'|, = (apK,‘,,) + 2@1{%) dp‘p. (92)

- apkg(bk(;) <3 h..dp ® dp ® dp — §h¢¢dp ®dp @ dp — hwd/) ®dy ® dl//)

igvi — (0 _ (k)
Gljdy dyj = (K/)p —K¢¢>

X (3 ppdp §h¢¢d¢ 3 ll/l// 2). (89)

D. Derivative of the second fundamental form

Let us evaluate the derivative of the shear tensor ;; at the
point p. Since o;; vanish at the point p, we can evaluate the
covariant derivative at the point p by the partial derivative,

DiO'jk|p = aiO'jk|p- (90)

Then, we obtain

p

o1

Let us focus on the case where the contribution from the

D0,), in (d®/dA)|, vanishes. It can be achieved by

choosing the third derivative of z(p) at the point p so that
& (k & (k
0,k | =0,k . (93)

P P
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More explicitly, this condition can be expressed as

"= __SZﬁ’ﬁ(l _f(?)) _ 7
=2(1=fENF()Zp* + f(F)*(1+£(7)pY).  (94)

Since all of the components of D;cj; vanish under the
condition (93), we obtain

0|, = TE;.’,2|I, = Do

; il = 0. (95)

In addition, the components described by D;0 can be
evaluated as

© i _1 il — 5 g
v, dy , —gD,de p—de¢¢dp
2zp(1 — f(7
_ 2=, o)
(2 +7°f(7)?

Finally, the independent components of the Wey] tensor,
v; and T';j;, can be evaluated through the Codazzi equation,

(@)

Uilp:l)i

p Tiel, =0 (97)

E. Derivative of the quantum expansion
Substituting Eqgs. (97) into Eq. (46), the first derivative of

quantum expansion at the point p can be evaluated as

) 2292 (1 — £(7)

; f(R)?f(7)?
a7, —8yvv'|, = =32 RNt (98)
Thus, our surface ¢ with the conditions (86), (87), and (94)
is an example of the violation of the quantum focusing
conjecture for unsmeared quantum expansion at the point
p, if y is negative.
By substituting Egs. (95) and (96) into Eq. (62), the
derivative of the smeared quantum expansion can be
obtained as

<@> — _(KZ + 32]/)/52%2(21 _f(
7 r

1 (99)

Thus, the quantum focusing conjecture is satisfied even
when y < 0 if the smearing scale ¢ satisfies the inequality,

£ >4+/2yl|.

We note that this is automatically satisfied if ¢ satisfies our
requirement (67) for d = 5, that is, £ > £_ = 8,/2]y|.
To summarize, if the coupling y is negative, our axially
symmetric surface o in the five-dimensional Schwarzschild
spacetime, with the conditions (86), (87), and (94), pro-
vides an example where the quantum focusing conjecture

(100)

does not hold for unsmeared quantum expansion but holds
for smeared over the length that satisfies Eq. (67).

VI. SUMMARY AND DISCUSSION

In this paper, we derive the condition for the averaging
scale # by demanding that the quantum focusing conjecture
holds for the quantum expansion smeared over Z in the
quadratic gravity in the classical limit 2 — 0. The gravita-
tional action that we focused on is given by Eq. (8) and the
corresponding gravitational entropy is given by Eq. (20).
These expressions include three parameters a, 3, and y. At
the beginning of Sec. III C, we find that the « and f terms,
and more generally any contribution of the form of
Eq. (25), do not contribute to the quantum expansion and

its derivative at the point p where the K,(f,,) vanishes. The
expression of the first derivative of the quantum expansion
is given by Eq. (45) and reduces to Eq. (46) at the point p.
The expression (46) agrees with the results in Refs. [40,41]
for the Gauss-Bonnet gravity, because a and f terms are
irrelevant, and hence, the quantum focusing conjecture
could be violated at the point p. Then, motivated by
the observation in Ref. [41], we rigorously formulate
the smearing procedure by using a (d — 2)-dimensional
hypercube with the side length # in the Riemannian
normal coordinates, and evaluate the first derivative of
the smeared quantum expansion. The final expression is
given by Eq. (62). By demanding that the nonpositivity of
Eq. (62), that is, nothing but the quantum focusing con-
jecture, for any choice of the spacetime and the surface, we
obtain the sufficient conditions for the smearing scale 7,
Egs. (66) and (67). In Sec. V, we investigate an axially
symmetric surface in the five-dimensional Schwarzschild
spacetime as an example where the quantum focusing
conjecture at a point p is violated but the smeared one is
satisfied.

One observation from our final result, Egs. (66) and (67),
is the d dependence of the cutoff scale #,.. Let us compare
our results with the argument of the cutoff scale required
from the viewpoint of causality [45]. The positivity of the
time delay for the graviton passing through a shock wave
requires that the impact parameter » must be greater than

the scale determined by the coupling constant y: b > b, =

2\/(d=4)y for y>0 and b>b_:=2(d—4)\/]y| for

y < 0.2 Comparing the two length scales [, and b, we
can say that the cutoff length scale required by the quantum
focusing conjecture is larger than the one required by the

These inequalities are derived from Eq. (2.19) in Ref. [45].
The former mequahty is required when ¢; n’ = 0, and the latter
€;n'e ok __d-3

€imEim ) — a2
graviton, n' = b'/|b|, and b’ is the impact parameter vector. Here
i,j,... represent the indices in the Cartesian coordinates
of (d —2)-dimensional spacetime transverse to the graviton
propagation.

one is where ¢;; is the polarlzatlon tensor of the
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causality, at least when d is not so large. Concretely
speaking, one can see that /[, > b, for 5 <d <28 and
[_ > b_ for 5 <d <39. In this sense, our result implies
that the quantum focusing conjecture is stronger than the
causality.

Throughout the paper, we have focused on the d > 5
dimensional spacetime. Then, it might be interesting to ask
what happens for the d = 4 case. As we commented in the
main section, the contributions from the quadratic gravity
disappear in d = 4 for the perturbative solution around the
Ricci flat spacetime. Thus, to see the leading order
correction, we need to consider the higher derivative
corrections at the cubic order in the curvature tensor or
consider the matter field, e.g., electromagnetic field, as a
source of the Ricci tensor. In the quadratic gravity, the
Codazzi equation plays an important role to relate the

smearing effects, 9 v,@, and Tl(f,g and the components of

the Weyl tensor, v and 7';;, describing the violation of the
quantum focusing conjecture at the point p. It is not clear
whether a similar relation appears even for the cubic order
gravity or even when the matter fields are included. We do
not address this issue in the present paper, leaving it for the
future work.
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APPENDIX A: SOME FORMULAS ON 2+ (d-2)
DECOMPOSITION

In this appendix, we derive the formulas about the
2 4 (d — 2) decomposition used in the body of this paper.
The formulas in this appendix can be derived in the
following setup:

(1) k* is the tangent of affine parametrized null geo-

desics. Thus, we assume that k# satisfies

ktk, =0, k*V k* = 0. (A1)
(2) " is a null vector field which satisfies
#l, =0, ktl, = —1. (A2)

(3) k* and [# are orthogonal to a co-dimension 2 surface
with the induced metric 4. Then, the induced
metric A, is given by

h/w = G T kﬂll/ + lﬂkl/’ (A3)
and k* and /¢ are orthogonal to h,, kh, =

*h,, = 0. In addition, k, and [, are twist-free:

kM _ gl

) = Ky =0

(A4)

where the second fundamental forms are defined as
in the main section; see Eq. (19).

1. Lie derivative of h,,

Let us evaluate the Lie derivative of 4, projected to . It
can be calculated as

hPh £ hy = h b (KN hy, + oV k4 b,V K
(AS)

—0+ KW + K =2k (A6)
where we use the fact that h,/h,°V,h,, = h, h,°V;x

(kyl, 4+ 1,k,) =0 and K, ,(,ky) is symmetric. Thus, we obtain

- k
hh, ok, = 2K (A7)
By a similar way, we can also obtain

W R £ b = —2K0m (A8)

2. Lie derivative of K

hhCEKY = hh (VK + KV, K+ K9V k)

= hh KV, K 4+ 2K K (A9)

The first term in the last line can be calculated as

(o2 k — 2 o a
he VK = b bk, (b, ho PV 4y
— hﬂ"hyﬂk’lvivakﬁ
— hﬂ(lhyﬁkﬂRﬂa/}Yk}/ + hﬂ“h,/”k’lvav,lk/;,
(A10)
where we use the affine parametrized geodesic equation

k*V, k* = 0 and k*V k, = 0 in the second equality. Further
more, the last term can be evaluated as
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hﬂ"hyﬂk’lvavlkﬂ - —hﬂahl]ﬂvakﬁvlkﬂ

= —hﬂ"‘h,,ﬁ(h/ — kpl’1 — lpk’l)Vak/’V,lkﬂ
—k Pkl (Al1)

Thus, we obtain the useful formula
£ K = hh PR 5k, + Ko K& (A12)

By using Eq. (A12), as well as Eq. (A8), we obtain

£KO = g, K 4+ £ K
_ haﬂRﬂ k/lkr + K( ) ( v __ 2K(k)/le(];)
—K©m K — R, k. (A13)

Note that Eq. (A13) is nothing but the Raychaudhuri
equation (3) if we express the second fundamental form

K\ by 6 and o,,.

3. Gauss equations

By expressing the covariant derivative D,, with respect to
hy,, in terms of the covariant derivative V,, with respect to
Gu» WE Obtain

D,D,V, = h,h, 1,V (hs'h, "V, V) (Al4)
= h P,V h V4 by AR b Y,V
T RAA A (A15)

where V, is an arbitrary vector field on o, V, = h,"V,. By

expressing the h,” that the covariant derivative is acting on

in terms of k and /, we obtain the following expression:
D,D,)V, = Km,

R AT Sl AT

_ KWk Wey _ g g0ay

+ h,"h,h, 'V, NV, (Al16)

Here we used the identity k*V,V, = =V, k*V, and so on.
By antisymmetrized indices y and v, we define the

(d — 2)-dimensional Riemann tensor “-?R,,,, associated
with A, on ¢ as follows:
(@=2R,,,°V, = 2D,D,V,
=20, 1,7V VsV, = 2K K1)V,
.
= (h, R hs"Rap,” — 2K (4 K1)
—2K|,) K|}))V,. (A17)

In the third equality, we used the fact that K ([/?y] = 0 as well

as K E‘fz] = 0. Since this equation holds for any vector V', on
o, we obtain the Gauss equation

b ge _r gD gke

= 2K, K\ = 2K K|

(A18)

@=2R,," = h, h,h, hs°R 5,°

By contracting indices v and o, we define the (d — 2)-
dimensional Ricci tensor (“"?R,,, associated with A, on &

as follows:
(d=2R,, = h,""“PR,,,° (A19)
= h,"h," Ry, + h,*h, Ry, 51 kY
+ R hy Rag sk 1 — K KO 4 KU KL
—kDKk® 4 gD, (A20)

Again, by contracting the indices y and p, we define the
(d — 2)-dimensional Ricci scalar (“~)R associated with £,
on o as follows:

(d=2)R := prrd=2R (A21)
= R+ 4Kk°I'R,,, — 2k“IPK' PR 5,5 — 2K W KD
12K W kOm (A22)

Note that by using g, = —k,I,

ul, — Lk, the above equation
can be expressed as

(@=2R = R — 24" Ry, + 44" R,p,5 + K, K — K, KP*".
(A23)

4. Codazzi equations

Similar to the derivation of the Gauss equation we can
derive the Codazzi equation by rewriting the covariant
derivative D, in terms of V,,,

K _ ) a .
DKy = b, h/ R,V (hyth, Y k,)
= h, hh, NV h? Nk + b T Yk
+ 1, h, h, TV Y ik, (A24)

Again, by expressing the h,” with the covariant derivative
by k and /, we obtain the following expression:

k T T
DKL = KW n, 0V k, + KR,V k.

+ KU R AV ke, + b, h PRV gk, (A25)
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Then, antisymmetrizing the first two indices, we obtain the
Codazzi equation

) = hyhy PV ke, + KL

(k
Dy K il

p h‘y]/{lTVﬁ

1
= Eh" hfh/Raﬁy‘ské + KM h|,,]'11 V,k.. (A26)
For our purpose, it is useful to express the Codazzi

equation in terms of the Weyl tensor and others,

1
k
DK\ = 5 Ch + O(R K&y, (A27)

Hv

Expressing K ,(,lf,) in terms of the expansion 6 and shear o,

by Eq. (23) and rewriting their derivatives in terms of 1},@,

v, and T'C), defined by (53)(55), the left-hand side of the
Codazzi equation (A27) can be expressed as

(4 ° 1 c
DK = (o7 + vy, =S Th. (A28)

o~ Pl 2
On the other hand, the right-hand side of the Codazzi
equation (A27) can be expressed in terms of v, and T,
through Eq. (41),

1 1
5 Coon = Uity =5 Ty + O(Ry KW, (A29)

Comparing Eqgs. (A28) and (A29), we obtain the result

U = 11,(4)+Uﬂ +O<R K;(w))

Hv

Ty = To + O(R,, K)). (A30)

5. Other formulas

In this subsection, we derive the other formulas used in
the main section.

First, let us derive the expression for C,,,.C,”*"k*k" in
terms of the projected Weyl tensors Cy,,,, and so on. It can

be obtained as follows:

Cyporcu/)mkﬂky = Cﬂpaﬂ:cyaﬁykﬂkyg)agﬂ}gw (A31)
= CyposCoap Kk (WP — k1P — KD

x (W — K1 — kP (A32)
= CryupCi"” = 2CiaunCra’x — 4Ciui Ci'1" -

(A33)

In addition, the traceless property of the Weyl tensor can
be represented as

0 = KB, Cpppg™

= K, Cgpph™ — K1, C il kP

Crauk- (A34)

= Ckava -
Hence, the second term in Eq. (A33) can be expressed by
Ciup» and we obtain

C C POTJH |V —

Hpot

D
Ck,uypckﬂbp - 2Ck'uyﬂcklb - 4Ckﬂkyckﬂly'

(A35)

P

Next, let us evaluate (“"2G**R,,,, k”k°. By the definition
of the Einstein tensor, this can be expressed as

(=2)GH R kP k® = @=DR 1, 5<hamﬂﬂh5v —Ehﬂvharhﬂﬁ)

kke. (A36)

Roov

Then, by using the Gauss equation, the (d — 2)-dimensional
Riemann tensor can be written by the d-dimensional

Riemann tensor projected on o, with the terms including

K f,];) Thus, the right-hand side of (A36) can be expressed as

a; 2 1 v a, o k
Ropys <h T = 7hﬁ5> Ry kK7 + O(KLA)).

(A37)
In addition, by extracting Weyl tensor term, we obtain
d-2 v 01,6
(=2)GHR 0 kP
1
= Copys <h 7 WP+ h? _Ehﬂ h Vhﬂ5> Coruo K k°

+O(Kpw) . R,,) (A38)

1
= Co"™ Cryter — Eca/)’aﬂ Cru + O (K/(AI;), R,,). (A39)

Again, the traceless property of the Weyl tensor can be
expressed as

C =C"" +C'Y. Cru = Crgaa + Crare =0, (A40)
and hence, we obtain
(@GR KOk = 20 Croy + O(KW  R,).  (A41)
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APPENDIX B: FUNCTIONAL DERIVATIVE
AND LIE DERIVATIVE

The variation of a functional S of V with respect to oV is
defined by

5S[V16V] = lim L, T €OV =SV

e—0 €

(B1)

Then, the functional derivative of S by V(y,) is defined by

= 6S[V;6, ], (B2)

where 8, is Dirac’s delta function 8, (y) = 512 (y — y)).

Let us focus on the situation where S[V] is represented as
an integral of a scalar density constructed by the tensor on
V by a covariant manner. By denoting the tensor on V by y;,
our assumption can be expressed as

S[V] = / 2ys(z). (B3)

For our purpose, y; = {h,,, K,(,]f,>, Kffp)} and so on. Let us
consider the foliation of a neighborhood of V in N by the
slices {V +e6V},. We can regard the tensor fields y;
originally defined on each slice V + €5V as tensor fields on
N. We can define one parameter family of diffeomorphism
on N that maps a point (4, y) to (14 €5V (y),y). Since the
surface V and V + ¢§V are diffeomorphic, the integral over
V + €8V can be pulled back to the integral over V,

S[V +esV] = /

V+esV

&2y s(yy) = / &2y s(ots)
1%

= Ad"‘zy s(ur + efxxr + O(e?)). (B4)

Here ¢, is the pullback with respect to the diffeomorphism
¢., £x is the Lie derivative on N, and X* is the tangent
vector of the integral curve by ¢,. That is nothing but the €
derivative with fixing y coordinate. Since 1= V(y) +
€SV (y), we obtain

X*0 :3_‘3'13

29 _sviyka,.
“ " 0c 0cod (v)k*9,

(BS)

Note that, since y is constant along null generators, € is also
the affine parameter.

In this view, we can regard S[V] as a functional of y;. We
express it by the same name S,

Sk = / 2y 5(z,). (B6)

Then the variation of V can be translated into the variation
of y; as follows:

S[V + esV] = S[V]

58[V:6V] = lim ; (B7)
e—0 €
= 0S[rrs £xx1- (B9)

Thus, the variation of the surface V with respect to 6V can
be translated into the variation of the tensor y; with respect
to £xy;. Expressing the final term in the functional
derivative, we obtain a useful formula,

8S[V;6V] = /V d”‘z)y;flb{y’]) £x01(v),

Xt(y) = K(y)8V(y). (B10)
By setting 6V = 4,,, we also obtain
5S[V] / oy OS[x]
= [ qld-2) £ ,
sV(y) 14 y@(/()’) 10)
Xt(y) = k()82 (y = 1) (B11)

In the main section, we use the notion of the functional
derivative for the geometrical quantity itself, regarding it as
a functional y;(y) = y,[V;y]. Applying (B11), the func-
tional derivative can be calculated as

Sy1(y)
V(v

X+(y

= fx)(I()’),

= k()82 (y = ).

— ~—

(B12)

By using this notion, we simply express Eq. (B11) as the
chain rule,

5S[V] _/d(d_z)y 5Sb(1] 5)(1()’) ) (B13)

5‘/()71)

We note that the Lie derivative £y is defined in the
submanifold N and hence X* is defined only on N. To
calculate £yy; in terms of d-dimensional spacetime, one
can simply use any extension of X* apart from N and
project it to ¢ by h,".
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By using the above formula, let us evaluate the functional
derivative of the area functional A[V] and the (d —2)-
dimensional Einstein-Hilbert action. The functional deriva-
tive of the area functional can be calculated as follows:

SA[V] 1
oAl _ 5 Vi ey, = VRKYW = Vo, (B14)

SV(y)

where we use Eq. (A7). The functional derivative of the
Einstein-Hilbert action can be evaluated as

SIFH]V]
sV(y)

= —VhA2AGH £ by, = -2VRA2GH K, (B15)

where we again use Eq. (A7).
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