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We derive the cutoff length scale of the quadratic gravity in d ≥ 5 dimensional spacetime by demanding
that the quantum focusing conjecture for the smeared quantum expansion holds at the classical level. The
cutoff scale has a different dependence on the spacetime dimension depending on the sign of the coupling
constant of the quadratic gravity. We also investigate a concrete example of the five-dimensional
Schwarzschild spacetime and directly confirm that the quantum focusing conjecture holds when the
quantum expansion is smeared over the scale larger than our cutoff scale.
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I. INTRODUCTION

The focusing of the null geodesics plays an important
role to understand the various properties of the spacetime
in general relativity, such as the singularity theorem by
Penrose [1] and the area law of the black hole [2,3]. See
also, e.g., the text books [4,5] for the review on these
topics. The focusing of the null geodesics is followed
from the null energy condition. However, the null energy
condition is violated by considering the quantum effects,
for example, by the Casimir effect [6] and the Hawking
radiation [7,8]. Thus, to understand the general property of
the spacetime in the semiclassical regime, it is important to
figure out an extension of the null energy condition, or the
focusing property of the null geodesics, which is appli-
cable there.
It is known that the area of the event horizon of the

black hole, up to the constant factor, can be understood as
the entropy, which is called the Bekenstein-Hawking
entropy [7–11]. In this view, the area law of the black
hole event horizon can be understood as the second law of
the black hole thermodynamics [9–12]. However, as is
mentioned above, the area law, and hence the second
law of the black hole thermodynamics, will be violated by
the Hawking radiation [7,8]. Bekenstein proposed the

generalized second law [9–11], which states that the
generalized entropy, which is the entropy for the total
system including both the black hole and matter, will not
decrease in any physical process. When the black hole
evaporates with the Hawking radiation, the second law of
the black hole thermodynamics itself is not satisfied.
However, the entropy of the total system is expected to
be nondecreasing because of the increase of the entropy of
the Hawking radiation emitted from the black hole. Thus,
the generalized second law can be understood as a
generalization of the area law in the classical general
relativity to the semiclassical regime.
A lesson from the generalized second law is that a

geometrical property of the area in the classical general
relativity can be promoted to a property of the generalized
entropy in the semiclassical regime. This idea leads to the
quantum focusing conjecture [13]. The quantum focusing
conjecture states that the quantum expansion, defined based
on the generalized entropy, is not increasing along the null
geodesics. Here we note that the generalized entropy is
formulated not only for the event horizon of the black hole
but also the general surface for an arbitrary spacetime. The
quantum focusing conjecture can be regarded as an exten-
sion of the converging property of null geodesics in the
classical general relativity; that is, the property that the
expansion of the null geodesics, defined as the changing rate
of the infinitesimal cross sectional area of the null geo-
desics, is not increasing under the null energy condition. We
will review the quantum focusing conjecture in Sec. II. Note
that the quantum focusing conjecture can be translated into
the condition for the energy momentum tensor of the
quantum matter at a specific point. This condition is called
the quantum null energy condition [13–17] and is regarded
as an extension of the null energy condition in the semi-
classical regime.
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The generalized entropy is composed of the gravitational
entropy and the entanglement entropy of the quantum fields.
In this paper, we focus on the classical limit, ℏ → 0, and
hence the contribution from the quantum entanglement
entropy is omitted. Even in the classical limit, there is a
major difference between the area and the generalized
entropy because the gravitational entropy depends on the
gravitational action itself. Thus, the generalized entropy is
sensitive to the higher derivative corrections to the
Einstein-Hilbert action. In the case of the black hole event
horizon, the gravitational entropy with respect to the
covariant gravitational action can be calculated by
Wald’s Noether charge approach [18–20] or the field
redefinition method [21]. On the one hand, in the develop-
ment of AdS=CFT correspondence [22–24], the general-
ized entropy with respect to the Ryu-Takayanagi surface,
or its generalization, is characterized as the holographic
counterpart of the entanglement entropy in the dual
conformal field theory (CFT), and hence, it is called the
holographic entanglement entropy [25–28]. The effect of
the higher derivative corrections to the holographic entan-
glement entropy is studied in Refs. [29–38]. In particular,
the formula proposed by Dong [33] and Camps [34]
enables us to calculate the holographic entanglement
entropy with respect to the gravitational action expressed
by the Riemann tensors. See Ref. [37] for the entropy
formula for more general gravitational action. By inter-
polating the Dong-Camps entropy formula to the sta-
tionary black hole event horizon, one can reproduce
Wald’s entropy formula. Hence, in this paper, we adopt
the Dong-Camps formula as the gravitational entropy for
the arbitrary surface. Note that the entropy formula for
dynamical black holes is discussed in Ref. [39].
Considering the gravitational entropy with respect to the

Gauss-Bonnet gravity, it was shown in Ref. [40] that the
quantum focusing conjecture is violated. However, in
Ref. [41], it is pointed out that the analysis in Ref. [40]
cannot be valid once the quantum expansion is smeared
over a length scale of the order of the scale determined by
the coupling constant of the Gauss-Bonnet gravity. The
purpose of this paper is to evaluate the quantum expansion
smeared over a length scale in the general quadratic
gravity, which includes the Gauss-Bonnet gravity as a
special choice of the parameters, and derive the condition
for the averaging scale so that the quantum focusing
conjecture holds for arbitrary spacetime.
This paper is organized as follows. In Sec. II, we review

the quantum focusing conjecture. Then, in Sec. III, we
evaluate the quantum expansion and its derivative for the
quadratic gravity. There we will find that the expressions
reduce to those of the Gauss-Bonnet gravity studied in
Refs. [40,41]. In Sec. IV, we evaluate the derivative of
the smeared quantum expansion and derive the condi-
tion for the averaging scale so that the quantum focus-
ing conjecture holds for arbitrary spacetime. In Sec. V,

we investigate an axially symmetric surface in the five-
dimensional Schwarzschild spacetime as an example of the
detailed calculation of the smeared quantum expansion.
There we see that the quantum focusing conjecture is
satisfied after the averaging procedure. The final Sec. VI is
devoted to the summary and discussion. We present the
detailed calculations used in the main sections in the
appendixes.
Throughout the paper we mainly consider spacetime

with the dimension d ≥ 5, though we will comment on the
d ¼ 4 case at some points. We use indices μ; ν; ρ; σ;… to
denote the components of the tensor with respect to the
(unspecified) coordinates fxμg in d-dimensional spacetime,
while we use i; j; k;… for the coordinates fyig in co-
dimension 2 surface. We use the unit c ¼ 1 and kB ¼ 1,
where c is the speed of light and kB is the Boltzmann
constant, respectively.

II. REVIEW ON THE QUANTUM
FOCUSING CONJECTURE

In this section, we review the quantum focusing con-
jecture proposed by Ref. [13]. The quantum focusing
conjecture claims that the converging property of the null
geodesics in classical general relativity is promoted to a
property of the generalized entropy in a semiclassical level
just by replacing the expansion of the null geodesics θ with
the quantum expansionΘ defined below. The setup that we
focus on is as follows: Let ðM; gÞ be the (part of)
spacetime that we are interested in. Let σ be a compact,
spacelike co-dimension 2 surface. Let kμ be a null vector
field on σ which is orthogonal to σ. By solving geodesic
equations toward the kμ direction with the initial condition
where the tangent vector reduces kμ on σ, we can define the
null hypersurface N generated by these null geodesics. We
define vector field kμ on N by the tangent vector of the
affine parametrized null generator of N. Let y ¼ fyig be
coordinates on σ and λ be the affine parameter of the null
generator of N. Then ðλ; yiÞ can be regarded as coordinates
on N. We can identify a function V of y with the slice of N
defined by λ ¼ VðyÞ. We call both the function and the
surface by the same name. For example, we assume the
surface σ is characterized by a function named σ: λ ¼ σðyÞ.
Now we can describe the variation of a slice of N by a
variation of a function V. The key insight is that the
expansion of the null generator, θ ≔ ∇μkμ, at a point ðλ ¼
VðyÞ; yÞ can be expressed as the functional derivative of
the area functional A½V� ≔ RV dd−2y ffiffiffiffiffiffiffiffiffi

hðyÞp
,

θðyÞ ¼ 1ffiffiffiffiffiffiffiffiffi
hðyÞp δA½V�

δVðyÞ ; ð1Þ

where h is the determinant of the induced metric on the
surface V. See Appendix B, in particular Eq. (B14), for
the detailed calculation of the functional derivative. We
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regard θ as a functional of V as well as a function of
coordinates y, such as θ ¼ θ½V; y�, though we simply
express it as θðyÞ as long as there is no confusion. In
addition, we can express the converging property of the
null geodesic congruence by the functional derivative of θ,

δθðyÞ
δVðy1Þ

¼ dθ
dλ

δd−2ðy − y1Þ ≤ 0; ð2Þ

which is ensured by the null energy condition because of
the Raychaudhuri equation,

dθ
dλ

¼ −
1

d − 2
θ2 − σμνσ

μν − Rμνkμkν; ð3Þ

with σμν being the shear tensor. The right-hand side is
negative or zero when the null energy condition is
satisfied, Rμνkμkν ≥ 0.
The quantum expansion [13] is defined by replacing the

area functional A in Eq. (1) with the generalized entropy as

A½V� → 4GℏSgen½V�: ð4Þ

Thus, the quantum expansion Θ is defined by

Θ½V; y� ≔ 4Gℏffiffiffiffiffiffiffiffiffi
hðyÞp δSgen½V�

δVðyÞ : ð5Þ

Here the generalized entropy Sgen½V� is the total entropy of
the system outside1 the surface V, which includes the
entanglement entropy of the quantum fields Sout½V� obtained
by tracing out the inside of V, as well as the gravitational
entropy Sg½V� that is the geometrical counterterms required
by the renormalization procedures. The quantum expansion
reduces to the usual expansion of the null geodesics if Sgen is
the Bekenstein-Hawking entropy A½V�=4Gℏ. Though the
quantum expansion is proposed by motivating us to
characterize the property of the semiclassical physics, we
would like to emphasize that the quantum expansion differs
from the usual expansion even in the classical limit ℏ → 0
because the gravitational entropy Sg½V� depends on the
higher derivative corrections in the classical gravitational
action,

Sg½V�¼
1

4Gℏ
ðA½V� þ higher derivativecorrectionsÞþOðℏ0Þ;

ð6Þ

as we will discuss in detail in the next section. In this paper,
we focus on the contributions relevant in the classical limit

ℏ → 0. In other words, we focus only on the contribution
from the gravitational entropy, that is, Sgen½V� ¼ Sg½V�.
The quantum focusing conjecture [13] states the non-

positivity of the functional derivative of the quantum
expansion,

δΘ½V; y�
δVðy1Þ

≤ 0; ð7Þ

which is an analogy of the converging property of null
geodesics (2). The purpose of this paper is to clarify the
relation between the validity of the quantum focusing
conjecture and the cutoff scale of the gravitational theory
with the higher curvature corrections.

III. GRAVITATIONAL QUANTUM EXPANSION
WITH THE HIGHER DERIVATIVE

CORRECTIONS

A. Action and the equations of motion

We consider the higher derivative corrections to the
d-dimensional Einstein-Hilbert action at the fourth order in
the derivative expansion, that is, the quadratic gravity. The
action is given by

I ¼ 1

16πG

Z
ddx

ffiffiffiffiffiffi
−g

p ½Rþ αR2 þ βRμνRμν

þ γRμνρσRμνρσ�; ð8Þ

where α, β, γ are the renormalized coupling constants with
the dimension of a length square. We focus on the classical
limit ℏ → 0 and assume that the coefficients α, β, γ are
finite in this limit, although the running of these constants,
as well as that of the Newton constant G, is ignored.
The equations of motion can be written as

16πGffiffiffiffiffiffi−gp δI
δgμν

¼ Rμν −
1

2
Rgμν þ αHð1Þ

μν þ βHð2Þ
μν þ γHð3Þ

μν ¼ 0;

ð9Þ

with

Hð1Þ
μν ¼ 2ðRμν −∇μ∇νÞR − gμν

�
1

2
R2 − 2□R

�
; ð10Þ

Hð2Þ
μν ¼ 2RμρνσRρσ þ□Rμν −∇μ∇νR−

1

2
gμνðRρσRρσ −□RÞ;

ð11Þ

Hð3Þ
μν ¼ 2RμρστRν

ρστ −
1

2
gμνRρστλRρστλ þ 4RμρνσRρσ

− 4RμρR
ρ
ν − 2∇μ∇νRþ 4□Rμν: ð12Þ

1To define “outside” and “inside” appropriately, we need to
assume that ðM; gÞ is a globally hyperbolic spacetime with
a Cauchy surface Σ and V is a surface on Σ that divides Σ into
two parts.
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We solve these equations of motion perturbatively with
respect to the parameters α, β, γ. In other words, we assume
that the length scale of the parameters α, β, γ is much
smaller than the curvature scale. We express the order of the
perturbation by a parameter ϵ, for example, α ¼ OðϵÞ,
γ2 ¼ Oðϵ2Þ, and so on. For the validity of perturbation, we
assume

ffiffiffiffiffijγjp
≪ L denoting L as the length scale of the

Weyl tensor. The Ricci tensors in the expression of

Hð1Þ
μν ; H

ð2Þ
μν ; H

ð3Þ
μν can be pushed to higher order in ϵ. As a

result, the contribution of the α and β terms in the equations
of motion disappear and the equations of motion can be
simplified as

Rμν ¼−2γ
�
CμρστCν

ρστ −
1

2ðd− 2ÞgμνCρστλCρστλ

�
þOðϵ2Þ;

ð13Þ

where Cμνρσ is defined as the Weyl tensor, as follows:

Cμνρσ ≔ Rμνρσ −
2

d − 2
ðgμ½ρRσ�ν − gν½ρRσ�μÞ

þ 2

ðd − 1Þðd − 2ÞRgμ½ρgσ�ν: ð14Þ

Since only the parameter γ appears in Eq. (13), the
solution of the equation of motion at the leading order is
independent of the choice of α and β. We can obtain the
same solution if we start from the specific choice of the
value of α and β, for example, the Gauss-Bonnet coupling,
α ¼ γ; β ¼ −4γ. We would like to emphasize, however,
that it is not obvious that the entropy, the quantum
expansion, and its functional derivative are independent
of the choice of α, β. For this reason, we will maintain the
parameters α and β as general below. Note that the right-
hand sides of the equations of motion (13) vanish for d ¼ 4

because of the identity Cμρ
στCνρ

στ − 1
4
δμνCλρ

στCλρ
στ ¼

− 15
2
δ½μνCλρ

στCλρ
στ� ¼ 0 which holds in four dimensions.

This is because the Gauss-Bonnet term becomes a total
derivative and does not affect the equations of motion
in d ¼ 4.

B. Gravitational entropy

The higher derivative corrections of the gravitational
action relates with that of the gravitational entropy. Here we
will use the gravitational entropy proposed by Dong [33]
and Camps [34], which motivated us to describe the
gravitational dual of the entanglement entropy of CFT in
the AdS=CFT setup (see also [30–32,35–38]). Let us
consider a co-dimension 2 surface σ and the null hyper-
surface N generated by the null generators with the tangent
vector kμ, and the coordinates ðλ; yÞ on N as in the previous
section. For a given slice V of the null hypersurface N, we

can introduce another null vector field lμ on V that is
orthogonal to V and satisfies

gμνlμlν ¼ 0; gμνkμlν ¼ −1: ð15Þ

Then the induced metric hμν on V can be defined as

hμν ≔ gμν þ kμlν þ lμkν: ð16Þ

hμν becomes the projection tensor to the co-dimension 2
surface V. Similarly, qμν ≔ −kμlν − lμkν defines the pro-
jection tensor to the two-dimensional space orthogonal to V.
We define the second fundamental tensor Kρμν by

Kρμν ≔ hμσhντ∇σqτρ

¼ −ðhμσhντ∇σkτÞlρ − ðhμσhντ∇σlτÞkρ; ð17Þ

and write

KðXÞ
μν ≔ XρKρμν ð18Þ

for any vector Xμ. For example,

KðkÞ
μν ¼ hμσhντ∇σkτ; KðlÞ

μν ¼ hμσhντ∇σlτ; ð19Þ

and so on. See, e.g., Ref. [42] for more details though our
notation is slightly different. Note that Kρμν ¼ qρσKρμν ¼
hμσKρσν ¼ hνσKρμσ. Kρ ≔ Kρ

μ
μ is called the mean curva-

ture vector. We also use the notation KðXÞ ≔ XρKρ. Then,
the Dong-Camps gravitational entropy of the quadratic
gravity is given by

Sg½V� ¼
A½V�
4Gℏ

þ 1

4Gℏ

Z
V
dd−2y

ffiffiffi
h

p

×

�
2αRþ β

�
qμνRμν −

1

2
KρKρ

�

þ 2γðqμνqρσRμρνσ − KμνρKμνρÞ
�
: ð20Þ

Since we assume Rμν ¼ OðϵÞ, the gravitational entropy
can be expressed as

Sg½V� ¼
A½V�
4Gℏ

þ 1

4Gℏ

Z
V
dd−2y

ffiffiffi
h

p �
−
1

2
βKρKρ

þ 2γðqμνqρσRμρνσ − KμνρKμνρÞ þOðϵ2Þ
�
: ð21Þ

The contribution from the α term is dropped off, while that
from the β term still remains. In addition, by eliminating
qμνqρσRμρνσ by the Gauss equation (A23) in Appendix A,
we can express the gravitational entropy as an integral of
the covariant quantity on σ:
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Sg½V� ¼
A½V�
4Gℏ

þ 1

4Gℏ

Z
V
dd−2y

ffiffiffi
h

p �
ðβ þ 4γÞKðlÞKðkÞ

þ 2γðd−2ÞRþOðϵ2Þ
�
; ð22Þ

where ðd−2ÞR is the (d − 2)-dimensional Ricci scalar asso-
ciated with hμν on V.

C. Quantum expansion and its derivative

The purpose of this paper is to see the validity of
quadratic gravity from the viewpoint of the quantum
focusing conjecture. For this purpose, let us consider a
specific point p on the surface σ where the leading order
contribution of the quantum expansion, that is, the usual
expansion θ, saturates the equality of the quantum focusing
conjecture (7). Since it reduces to the expression by the
classical expansion (2), the equality holds if θjp ¼ 0,
σμνjp ¼ 0. Recall that the expansion θ and shear tensor
σμν of the null generator of N on the surface σ can be
expressed as

θ ¼ KðkÞ; σμν ¼ KðkÞ
μν −

1

d − 2
KðkÞhμν: ð23Þ

Then our requirement is the presence of a point p on σ,
which satisfies

KðkÞ
μν jp ¼ OðϵÞ: ð24Þ

Let us first confirm that any term ΔS½V� of the following
form in the entropy formula does not contribute to the
quantum expansion and its derivative at the point p:

ΔS½V� ≔ γ

4Gℏ

Z
V
dd−2y

ffiffiffi
h

p
FKðkÞ; ð25Þ

where F is an arbitrary scalar function constructed from the
covariant quantities on V. For example, in our entropy
formula (22), F can be understood as F ¼ ð4þ β=γÞKðlÞ.
The contribution from ΔS½V� to the quantum expansion,
say ΔΘ, can be evaluated by using Eq. (A13) in
Appendix A as

ΔΘ½V; y� ≔ 4Gℏffiffiffi
h

p δΔS½V�
δVðyÞ

¼ γ

�
1ffiffiffi
h

p £kð
ffiffiffi
h

p
FÞKðkÞ þ F£kKðkÞ

�

¼ γ

�
1ffiffiffi
h

p £kð
ffiffiffi
h

p
FÞKðkÞ − FKðkÞμνKðkÞ

μν

�
þOðϵ2Þ;

ð26Þ

and hence, denoting the y-coordinate value of the point p as
yp, we obtain

ΔΘ½σ; yp� ¼ Oðϵ2Þ: ð27Þ

This means that any term proportional toKðkÞ in the entropy
formula does not contribute to the value of the quantum
expansion at the point p. Let us, then, investigate the first
derivative of ΔΘ at the point p. Since the first term in
Eq. (26) is again proportional to KðkÞ, by repeating above
discussion, one can see that the functional derivative of this
term vanishes at p. In addition, since the second term in

Eq. (26) is quadratic inKðkÞ
μν , the functional derivative of this

term also vanishes at the point p. Thus, the functional
derivative of ΔΘ can be evaluated as

δΔΘ½V; y�
δVðy1Þ

����
V¼σ;y¼yp

¼ Oðϵ2Þ: ð28Þ

Thus, we find that the functional derivative of the quantum
expansion, as well as the quantum expansion itself, does
not depend on the terms ΔS in the entropy formula. In
particular, there is no contribution of the β term, as well as
the α term, to the functional derivative of the quantum
expansion at the point p. As a result, the expressions of the
quantum expansion and its derivative at the point p, which
we will evaluate below, are equivalent for any choice of α
and β. Especially, our expression reduces to that for the
Gauss-Bonnet coupling α ¼ γ and β ¼ −4γ, which is
investigated in Refs. [40,41]. We would like to emphasize
that, though we start from the Dong-Camps entropy
formula (20), our calculations below are applicable for
any gravitational entropy that differs by the terms propor-
tional to KðkÞ when Rμν ∼OðϵÞ, such as Wald’s entropy
formula.
To summarize, the relevant terms in the entropy formula

for the calculation of the derivative of the quantum
expansion at the point p can be expressed as

Sg½V� ¼
A½V�
4Gℏ

þ 2γ

4Gℏ
IEH½V� þ ΔS½V�; ð29Þ

as is the Gauss-Bonnet case. Here IEH½V� is the (d − 2)-
dimensional Einstein-Hilbert action defined by

IEH½V� ≔
Z
V
dd−2y

ffiffiffi
h

p ðd−2ÞR: ð30Þ

Following the analysis for the Gauss-Bonnet case in
Refs. [40,41], the quantum expansion associated with
the quadratic curvature terms can be evaluated as follows:
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Θ½V; y� ¼ 4Gℏffiffiffi
h

p δSg½V�
δVðyÞ

¼ 1ffiffiffi
h

p δA½V�
δVðyÞ þ 2γ

1ffiffiffi
h

p δIEH½V�
δVðyÞ

þ γOðKðkÞ; KðkÞ
μν KðkÞμνÞ þOðϵ2Þ

¼ θ − 4γðd−2ÞGμνKðkÞ
μν þ γOðKðkÞ; KðkÞ

μν KðkÞμνÞ
þOðϵ2Þ; ð31Þ

where ðd−2ÞGμν is the (d − 2)-dimensional Einstein tensor
and the functional derivative of the Einstein-Hilbert action
is given by Eq. (B15) in Appendix B.
Since the quantum expansion is expressed in terms of the

covariant quantity on V, the functional derivative of the
quantum expansion can be calculated by the Lie derivative,

δΘ½V; y�
δVðy1Þ

¼ dΘ
dλ

δðd−2Þðy − y1Þ; ð32Þ

where

dΘ
dλ

¼ £kΘ¼ dθ
dλ

− 4γðd−2ÞGμν£kK
ðkÞ
μν þ γO

�
KðkÞ

μν

	
þOðϵ2Þ:

ð33Þ

The statement of the quantum focusing conjecture
can be simply expressed as dΘ=dλ ≤ 0. By using the
Raychaudhuri equation (3) and the equation of motion (13),
the contribution from the classical expansion θ can be
calculated as

dθ
dλ

¼ −
1

d − 2
θ2 − σμνσ

μν − Rμνkμkν

¼ −
1

d − 2
θ2 − σμνσ

μν þ 2γCμρστCν
ρστkμkν þOðϵ2Þ

¼ −
1

d − 2
θ2 − σμνσ

μν þ 2γ
�
CkμνρCkμνρ

− 2CkμνμCkρνρ − 4CkμkνCkμlν
	
þOðϵ2Þ; ð34Þ

where we use the identity (A35) in Appendix A. Here we
used the notion

Ckμνρ ≔ kαhμβhνγhρδCαβγδ; ð35Þ

Ckμkρ ≔ kαhμβkγhρδCαβγδ; ð36Þ

Ckμlρ ≔ kαhμβlγhρδCαβγδ: ð37Þ

On the one hand, the contribution from the higher curvature
corrections in the entropy formula can be evaluated as

−4γðd−2ÞGμν£kK
ðkÞ
μν ¼4γðd−2ÞGμνRρμσνkρkσþγO

�
KðkÞ

μν

	
¼2γ �4CkμkνCkμlνþγO

�
KðkÞ

μν

	
þOðϵ2Þ;

ð38Þ

where we used Eq. (A12) in the first equality and Eq. (A41)
in the second equality. Combining Eqs. (34) and (38), we
obtain

dΘ
dλ

¼ −
1

d − 2
θ2 − σμνσ

μν þ 2γðCkμνρCkμνρ − 2CkμνμCkρνρÞ

þ γOðKðkÞ
μν Þ þOðϵ2Þ: ð39Þ

In the final expression (39), the dependence of the
spacetime curvature appears only through the specific
components of the Weyl tensor, Ckμνρ. Following
Refs. [40,41] (see also Ref. [43]), we express the inde-
pendent components of Ckμνρ as

vν ≔ −
1

d − 3
Ckμνμ; Tμνρ ≔ Ckμνρ þ

2

d − 3
hμ½νjCkσjρ�σ;

ð40Þ

or

Ckμνρ ¼ 2hμ½νvρ� þ Tμνρ; ð41Þ

where vμ and Tμνρ are the tensor on the co-dimension 2
space; that is, they satisfy vμ ¼ hμνvν and Tμνρ ¼
hμσTσνρ ¼ hνσTμσρ ¼ hρσTμνσ . In addition, Tμνρ has the
following symmetry on the indices:

T ½μνρ� ¼ TμðνρÞ ¼ Tμ
νμ ¼ 0: ð42Þ

The ðd − 3Þðd − 2Þðd − 1Þ=3 independent components of
Ckμνρ are described by the d − 2 independent components
of vμ and the dðd − 2Þðd − 4Þ=3 independent components
of Tμνρ. Note that Tμνρ identically vanish for d ¼ 4. By
using vμ and Tμνρ, the Weyl tensor terms in Eq. (39) can be
expressed as

CkμνρCkμνρ ¼ 2ðd − 3Þvμvμ þ TμνρTμνρ; ð43Þ

CkμνμCkρνρ ¼ ðd − 3Þ2vμvμ; ð44Þ

and hence, we obtain

dΘ
dλ

¼ −
1

d − 2
θ2 − σμνσ

μν þ 2γð−2ðd − 3Þðd − 4Þvμvμ

þ TμνρTμνρÞ þ γOðKðkÞ
μν Þ þOðϵ2Þ: ð45Þ

Note that the contributions from the γ term disappear
for d ¼ 4.
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IV. VALIDITY OF THE QUANTUM FOCUSING
CONJECTURE AND THE CUTOFF SCALE

A. Quantum expansion at the point p

Let us see the sign of dΘ=dλ at the point p defined by
Eq. (24). From the expression (45), we obtain

dΘ
dλ

����
p
¼ 2γð−2ðd − 3Þðd − 4Þvμvμ þ TμνρTμνρÞjp þOðϵ2Þ:

ð46Þ

Note that the expansion and the shear are OðϵÞ at p and
appear as a square in the derivative of the quantum
expansion. Therefore, they do not contribute in the
analysis of OðϵÞ. The quantum focusing conjecture states
that Eq. (46) is nonpositive. However, as discussed in
Ref. [40] for the Gauss-Bonnet case, the sign of Eq. (46)
depends on the value of the independent components of
the Weyl tensor, vμ and Tμνρ. Thus, there is a point p
where the quantum focusing conjecture is not satisfied in
the general situation. For example, in the case of γ > 0,
Eq. (46) is positive for vμ ¼ 0 and Tμνρ ≠ 0 and in the case
of γ < 0, Eq. (46) is positive for vμ ≠ 0 and Tμνρ ¼ 0.

B. Smeared quantum expansion around the point p

The result in the previous section, as is the result in
Ref. [40] for the Gauss-Bonnet case, reveals the potential
violation of the quantum focusing conjecture at the order
OðϵÞ, due to the higher derivative corrections to the gravita-
tional action and the gravitational entropy. However, such a
result will be altered once the cutoff scale of the theory is
taken into account, as suggested in Ref. [41]. In Ref. [41], it
was shown that the discussion in Ref. [40] can not be
applied if the quantum expansion is smeared around the
point p. Concretely, it was shown that, if we consider the
smearing scale l is of the order of

ffiffiffiffiffijγjp
, the contribution of

the smearing does not vanish at OðϵÞ, when dΘ=dλjp does
not vanish at OðϵÞ. In this section, we evaluate the OðϵÞ
contribution by the smearing rigorously and derive the
sufficient condition for the smearing scale l to satisfy the
quantum focusing conjecture.
To formulate the smearing rigorously, let us use

the Riemannian normal coordinates [44], fyig ¼
fy1; y2; y3;…; yd−2g, on σ around the point p defined by
Eq. (24). The metric on σ can be expanded as

hijdxidxj ¼ δijdyidyj −
1

3
ðd−2ÞRikjljpykyldyidyj þ � � � ;

ð47Þ

where δij is Kronecker’s delta. The point p corresponds to
yi ¼ 0. Since ðd−2ÞRikjljp is OðL−2Þ because of the Gauss
equation (A18), the Riemannian normal coordinates

provide a local inertial frame for yi ≤ l ∼
ffiffiffiffiffijγjp

≪ L. We
can approximate the derivative of the quantum expansion
(45) in their Taylor series around a point p. Then, we obtain

dΘ
dλ

¼ dΘ
dλ

����
p
−

1

d − 2
yiyjð∂iθ∂jθÞjp − yiyjð∂iσkl∂jσklÞjp

þOðϵ3=2Þ; ð48Þ

where we regard yi < l and l isOð ffiffiffi
ϵ

p Þ in our perturbative
expansion. Next, we take the average of dΘ=dλ over the
(d − 2)-dimensional hypercube in the Riemannian normal
coordinates with a side length l. We define the average of a
function fðyÞ by

hfil ≔
1

ld−2

Z
l=2

−l=2
dd−2yfðyÞ: ð49Þ

By using the property

h1il ¼ 1; hyiyjil ¼ l2

12
δij; ð50Þ

we obtain



dΘ
dλ

�
l
¼ dΘ

dλ

����
p
−
l2

12

�
1

d − 2
∂iθ∂

iθ þ ∂iσjk∂
iσjk
�����

p

þOðϵ2Þ: ð51Þ

Note that Oðϵ3=2Þ terms disappear by the smearing because
they are linear or cubic in yi. By translating the result in the
Riemannian coordinates to the general coordinates, we
obtain



dΘ
dλ

�
l
¼ dΘ

dλ

����
p
−
l2

12

�
1

d − 2
DμθDμθ þDμσνρDμσνρ

�����
p

þ ðϵ2Þ; ð52Þ

where Dμ is the covariant derivative associated with hμν.
We express the independent components of Dμθ and
D½μσν�ρ by

vðθÞμ ≔
1

d − 2
Dμθ; ð53Þ

vðσÞμ ≔ −
1

d − 3
Dνσμ

ν; ð54Þ

TðσÞ
ρμν ≔ −2

�
D½μσν�ρ þ

1

d − 3
Dασ½μαhν�ρ

�
: ð55Þ

In other words, we express Dμθ and Dμσνρ as

Dμθ ¼ ðd − 2ÞvðθÞμ ; ð56Þ
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Dμσνρ ¼ DðμσνÞρ þ vðσÞ½μ hν�ρ −
1

2
TðσÞ
ρμν: ð57Þ

In this notion, the Codazzi equations (A30) can be simply
expressed as

vðθÞμ jp þ vðσÞμ jp ¼ vμjp; TðσÞ
ρμνjp ¼ Tρμνjp: ð58Þ

By rewriting the independent components of the Weyl

tensor by vðθÞμ ; vðσÞμ , and TðσÞ
μνρ, the derivative of the smeared

quantum expansion can be expressed as



dΘ
dλ

�
l
¼−

l2

12

�
ðd−2ÞvðθÞμ vðθÞμþd−3

2
vðσÞμ vðσÞμþ48

γ

l2
ðd−3Þðd−4ÞðvðθÞμ þvðσÞμ ÞðvðθÞμþvðσÞμÞ

�����
p

−
l2

48

�
1−96

γ

l2

�
ðTðσÞ

ρμνTðσÞρμνÞjp−
l2

12
ðDðμσνÞρDðμσνÞρÞjpþOðϵ2Þ: ð59Þ

By introducing the 2 × 2-matrix

MIJ ≔

 
d − 2þ 48ðd − 3Þðd − 4Þ γ

l2 48ðd − 3Þðd − 4Þ γ
l2

48ðd − 3Þðd − 4Þ γ
l2

d−3
2
þ 48ðd − 3Þðd − 4Þ γ

l2

!
; ð60Þ

and the 2-component vector

vIμ ≔

 
vðθÞμ

vðσÞμ

!
; ð61Þ

the final result can be expressed as



dΘ
dλ

�
l
¼ −

l2

12
MIJðvIμvJμÞ

��
p

−
l2

48

�
1 − 96

γ

l2

�
ðTðσÞ

ρμνTðσÞρμνÞ��p
−
l2

12
ðDðμσνÞρDðμσνÞρÞ��p þOðϵ2Þ: ð62Þ

Thus, the quantum focusing conjecture is satisfied for any

choice of vðθÞ; vðσÞ, TðσÞ
ρμν, and DðμσνÞρ if all of the eigen-

values ofMIJ and the factor ð1 − 96γ=l2Þ are non-negative.
The eigenvalues of the matrix MIJ are explicitly given by

λ� ¼

0
B@3d − 7

4
þ 48ðd − 4Þðd − 3Þ γ

l2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd − 1Þ2

16
þ 482ðd − 4Þ2ðd − 3Þ2 γ

2

l4

s 1
CA: ð63Þ

One can see that λþ is always positive and λ− is non-
negative if and only if

l2 ≥ −
48ðd − 4Þð3d − 7Þ

d − 2
γ: ð64Þ

To summarize, the quantum focusing conjecture is

satisfied for any choice of vðθÞ; vðσÞ, TðσÞ
ρμν, and DðμσνÞρ, if

the smearing scale l is large enough to satisfy

l2 ≥ 96γ; l2 ≥ −
48ðd − 4Þð3d − 7Þ

d − 2
γ: ð65Þ

Depending on the sign of γ, either one of the two
inequalities is trivially satisfied. Thus, the quantum focus-
ing conjecture requires

l ≥ lþ ≔ 4
ffiffiffiffiffi
6γ

p
ðfor γ > 0Þ; ð66Þ

l ≥ l− ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
48

ð3d − 7Þðd − 4Þ
d − 2

jγj
r

ðfor γ < 0Þ: ð67Þ

This is the main result of this paper. The possible smallest
value of the smearing scale, that is, lþ or l− depending on
the sign of γ, is understood as the cutoff scale of the higher
curvature gravity. We note that l− depends on the space-
time dimension d. For example, d ¼ 5, the cutoff scale for
the γ < 0 case is given by l− ¼ 8

ffiffiffiffiffiffiffiffi
2jγjp

.

V. EXAMPLE: FIVE-DIMENSIONAL
SCHWARZSCHILD SPACETIME

A. Setup

In this section, we investigate an explicit example for
evaluation of the derivative of the smeared quantum
expansion and see that the smeared quantum expansion
satisfies the quantum focusing conjecture if the smearing
scale satisfies (66) or (67). We consider the Schwarzschild
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spacetime as theOðϵ0Þ term of the metric. Then, let σ be an
axially symmetric three-dimensional surface in the five-
dimensional Schwarzschild spacetime. For this purpose, let
us describe the metric in the cylindrical coordinates,

ds2 ¼ −fðrÞdt2 þ 1− fðrÞ
fðrÞ

ðzdzþ ρdρÞðzdzþ ρdρÞ
r2

þ dz2

þ dρ2 þ ρ2ðdϕ2 þ sin2ϕdψ2Þ; ð68Þ

where fðrÞ is the function of r given by

fðrÞ ≔ 1 −
2GM
r2

; ð69Þ

and r is described by z and ρ by

r ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ρ2

q
: ð70Þ

Note that the Schwarzschild coordinates fr; θg can
be obtained by z ¼ r cos θ and ρ ¼ r sin θ. In the follo-
wing calculation, we simplify the expression by using
f0ðrÞ ¼ 2ð1 − fðrÞÞ=r.
Let us consider the spacelike hypersurface Σ defined

by t ¼ t0 and the timelike hypersurface S defined by

z ¼ zðρÞ: ð71Þ

We define the co-dimension 2 surface σ as the cross section
of S by Σ. We will determine the functional form of
zðρÞ later.
Let us construct a null hypersurface N as in the previous

sections. To express the null vector field on σ, let us
introduce the unit normal vector fields with respect to Σ
and S by

tμdxμ ≔ −
ffiffiffiffiffiffiffiffiffi
fðrÞ

p
dt; ð72Þ

nμdxμ ≔ nzðz; ρÞdðz − zðρÞÞ ¼ nzðz; ρÞðdz − z0dρÞ; ð73Þ

where nz is given by

nzðz; ρÞ ¼
rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðρþ zz0ðρÞÞ2 þ fðrÞðz − ρz0ðρÞÞ2
p : ð74Þ

Note that the definition of tμ and nμ can be applied beyond
the surface Σ or S. In such a case, tμ and nμ are the unit
normal vectors of t ¼ const slices and z − zðρÞ ¼ const
slices, respectively. tμ and nμ satisfy tμtμ ¼ −1, nμnμ ¼ 1

and tμnμ ¼ 0 by the definition. Then, we introduce
the outgoing null vector kμ and the ingoing null vector
lμ on σ by

kμjσ ≔
αffiffiffi
2

p ðtμ þ nμÞ
���
σ

; ð75Þ

lμjσ ≔
1ffiffiffi
2

p
α
ðtμ − nμÞ

���
σ
; ð76Þ

which satisfy kμkμ ¼ 0, lμlμ ¼ 0 and kμlμ ¼ −1 on σ. Here
α represents a degree of freedom for the choice of null
vector kμ. We can freely choose the coefficient α. In the
following, we use

α ¼
ffiffiffi
2

p

nzðz; ρÞ
ð77Þ

for the simplicity to express the result. The tangent vector
kμ of the null generators of N, is, then, defined by solving
the geodesic equation with the initial condition on σ given
by (75).

B. Induced metric

Let us evaluate the induced metric on σ. By the
definition, we can express hμν as the degenerate tensor
in the five-dimensional spacetime,

hμνdxμdxν ¼ ðgμν þ kμlν þ lμkνÞdxμdxν

¼ ððzðρþ zz0Þ − ρfðrÞðz − ρz0ÞÞdzþ ðρðρþ zz0Þ þ zfðrÞðz − ρz0ÞÞdρÞ2
r2fðrÞððρþ zz0Þ2 þ fðrÞðz − ρz0Þ2Þ þ ρ2ðdϕ2 þ sin2ϕdψ2Þ: ð78Þ

On the other hand, it is also useful to evaluate the
expression of the induced metric as the nondegenerate
tensor in the three-dimensional space σ, through the pull-
back by the embedding fyig ¼ ðρ;ϕ;ψÞ ↦ fxμg ¼
ðt0; zðρÞ; ρ;ϕ;ψÞ. The result is

hijdyidyj ¼
ðρþ zz0Þ2 þ fðrÞðz − ρz0Þ2

r2fðrÞ dρ2

þ ρ2ðdϕ2 þ sin2ϕdψ2Þ: ð79Þ
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We use the same notation h for both the five-dimensional
tensor hμν and its pullback hij.

C. Second fundamental form

To apply the discussion in the previous section, we
require that there is a point p on σ, denoting the coordinate
value ρ ¼ ρ̄, where the second fundamental form along the
k direction vanishes (24). We will determine the functional
form of zðρÞ near the point p, that is, the coefficients of the
Taylor series,

zðρÞ ¼ z̄þ z0ðρ̄Þðρ − ρ̄Þ þ 1

2
z00ðρ̄Þðρ − ρ̄Þ2

þ 1

3!
z000ðρ̄Þðρ − ρ̄Þ3 þ � � � ð80Þ

by this requirement.

To evaluate the second fundamental form on σ, we will
use the null vector field uμ defined by

uμ ≔
αffiffiffi
2

p ðtμ þ nμÞ; ð81Þ

instead of kμ. Since uμjσ ¼ kμjσ, we obtain

KðkÞ
μν jσ ¼ KðuÞ

μν jσ ¼ hμρhνσ∇ρuσjσ: ð82Þ

Then, by using the expression of uμ, the pullback of KðkÞ
μν to

σ, denoted KðkÞ
ij , can be evaluated as

KðkÞ
ij dy

idyj¼ K̂ðkÞ
ρρ hρρdρ2þ K̂ðkÞ

ϕϕðhϕϕdϕ2þhψψdψ2Þ: ð83Þ

Here, K̂ðkÞ
ρρ and K̂ðkÞ

ϕϕ are the components ofKðkÞ
ij based on the

tetrad basis, which are given by

K̂ðkÞ
ρρ ¼ ð1 − fðrÞÞðz − ρz0Þððρþ zz0Þ2 − fðrÞðz − ρz0Þ2Þ − r4fðrÞz00

r2ððρþ zz0Þ2 þ fðrÞðz − ρz0Þ2Þ ; ð84Þ

K̂ðkÞ
ϕϕ ¼ −

zðρþ zz0Þ − fðrÞρðz − ρz0Þ
r2ρ

; ð85Þ

while hρρ, hϕϕ, and hψψ are the components of hij given by
Eq. (79). In the above expression, z and r are regarded as a
function of ρ: z ¼ zðρÞ and r ¼ rðρÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zðρÞ2 þ ρ2

p
.

Thus, the requirement KðkÞ
ij jp ¼ 0 can be achieved by

choosing the functional form of zðρÞ so that

z0ðρ̄Þ ¼ −
z̄ ρ̄ð1 − fðr̄ÞÞ
z̄2 þ fðr̄Þρ̄2 ; ð86Þ

z00ðρ̄Þ ¼ −
r̄2z̄ð1 − fðr̄ÞÞðz̄2 − ρ̄2fðr̄ÞÞ

ðz̄2 þ fðr̄Þρ̄2Þ3 ; ð87Þ

where we use the notion r̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z̄2 þ ρ̄2

p
. Finally, the

expansion and the shear can be written as

θ ¼ K̂ðkÞ
ρρ þ 2K̂ðkÞ

ϕϕ; ð88Þ

σijdyidyj ¼
�
K̂ðkÞ

ρρ − K̂ðkÞ
ϕϕ

	
×

�
2

3
hρρdρ2 −

1

3
hϕϕdϕ2 −

1

3
hψψdψ2

�
: ð89Þ

D. Derivative of the second fundamental form

Let us evaluate the derivative of the shear tensor σij at the
point p. Since σij vanish at the point p, we can evaluate the
covariant derivative at the point p by the partial derivative,

Diσjkjp ¼ ∂iσjkjp: ð90Þ

Then, we obtain

ðDiσjkÞdyi ⊗ dyj ⊗ dykjp ¼ ð∂ρK̂ðkÞ
ρρ − ∂ρK̂

ðkÞ
ϕϕÞ
�
2

3
hzzdρ ⊗ dρ ⊗ dρ −

1

3
hϕϕdρ ⊗ dϕ ⊗ dϕ −

1

3
hψψdρ ⊗ dψ ⊗ dψ

�����
p
:

ð91Þ

Similarly, the derivative of the expansion can be
evaluated as

Diθdyijp ¼
�
∂ρK̂

ðkÞ
ρρ þ 2∂ρK̂

ðkÞ
ϕϕ

	
dρ
���
p
: ð92Þ

Let us focus on the case where the contribution from the
DðμσνÞρ in hdΘ=dλijp vanishes. It can be achieved by
choosing the third derivative of zðρÞ at the point p so that

∂ρK̂
ðkÞ
ρρ

���
p
¼ ∂ρK̂

ðkÞ
ϕϕ

���
p
: ð93Þ
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More explicitly, this condition can be expressed as

z000ðρ̄Þ¼−
3z̄ ρ̄ r̄2ð1−fðr̄ÞÞ
ðz̄2þfðr̄Þρ̄2Þ5 ðð1−3fðr̄ÞÞz̄4

−2ð1−fðr̄ÞÞfðr̄Þz̄2ρ̄2þfðr̄Þ2ð1þfðr̄ÞÞρ̄4Þ: ð94Þ

Since all of the components of Diσjk vanish under the
condition (93), we obtain

vðσÞi jp ¼ TðσÞ
ijk jp ¼ DðiσjÞkjp ¼ 0: ð95Þ

In addition, the components described by Diθ can be
evaluated as

vðθÞi dyi
���
p
¼ 1

3
Diθdyi

���
p
¼ ∂ρK̂

ðkÞ
ϕϕdρ

���
p

¼ 2z̄ ρ̄ð1 − fðr̄ÞÞfðr̄Þ
ðz̄2 þ ρ̄2fðr̄ÞÞ2 dρ: ð96Þ

Finally, the independent components of the Weyl tensor,
vi and Tijk, can be evaluated through the Codazzi equation,

vijp ¼ vðθÞi jp; Tijkjp ¼ 0: ð97Þ

E. Derivative of the quantum expansion

Substituting Eqs. (97) into Eq. (46), the first derivative of
quantum expansion at the point p can be evaluated as

dΘ
dλ

����
p
¼ −8γvivijp ¼ −32γ

z̄2ρ̄2ð1 − fðr̄ÞÞ2fðr̄Þ2
r2ðz̄2 þ fðr̄Þρ̄2Þ3 : ð98Þ

Thus, our surface σ with the conditions (86), (87), and (94)
is an example of the violation of the quantum focusing
conjecture for unsmeared quantum expansion at the point
p, if γ is negative.
By substituting Eqs. (95) and (96) into Eq. (62), the

derivative of the smeared quantum expansion can be
obtained as



dΘ
dλ

�
l
¼ −ðl2 þ 32γÞ ρ̄

2z̄2ð1 − fðr̄ÞÞ2fðr̄Þ2
r̄2ðz̄2 þ fðr̄Þρ̄2Þ3 : ð99Þ

Thus, the quantum focusing conjecture is satisfied even
when γ < 0 if the smearing scale l satisfies the inequality,

l ≥ 4
ffiffiffiffiffiffiffiffi
2jγj

p
: ð100Þ

We note that this is automatically satisfied if l satisfies our
requirement (67) for d ¼ 5, that is, l ≥ l− ¼ 8

ffiffiffiffiffiffiffiffi
2jγjp

.
To summarize, if the coupling γ is negative, our axially

symmetric surface σ in the five-dimensional Schwarzschild
spacetime, with the conditions (86), (87), and (94), pro-
vides an example where the quantum focusing conjecture

does not hold for unsmeared quantum expansion but holds
for smeared over the length that satisfies Eq. (67).

VI. SUMMARY AND DISCUSSION

In this paper, we derive the condition for the averaging
scale l by demanding that the quantum focusing conjecture
holds for the quantum expansion smeared over l in the
quadratic gravity in the classical limit ℏ → 0. The gravita-
tional action that we focused on is given by Eq. (8) and the
corresponding gravitational entropy is given by Eq. (20).
These expressions include three parameters α, β, and γ. At
the beginning of Sec. III C, we find that the α and β terms,
and more generally any contribution of the form of
Eq. (25), do not contribute to the quantum expansion and

its derivative at the point p where the KðlÞ
μν vanishes. The

expression of the first derivative of the quantum expansion
is given by Eq. (45) and reduces to Eq. (46) at the point p.
The expression (46) agrees with the results in Refs. [40,41]
for the Gauss-Bonnet gravity, because α and β terms are
irrelevant, and hence, the quantum focusing conjecture
could be violated at the point p. Then, motivated by
the observation in Ref. [41], we rigorously formulate
the smearing procedure by using a (d − 2)-dimensional
hypercube with the side length l in the Riemannian
normal coordinates, and evaluate the first derivative of
the smeared quantum expansion. The final expression is
given by Eq. (62). By demanding that the nonpositivity of
Eq. (62), that is, nothing but the quantum focusing con-
jecture, for any choice of the spacetime and the surface, we
obtain the sufficient conditions for the smearing scale l,
Eqs. (66) and (67). In Sec. V, we investigate an axially
symmetric surface in the five-dimensional Schwarzschild
spacetime as an example where the quantum focusing
conjecture at a point p is violated but the smeared one is
satisfied.
One observation from our final result, Eqs. (66) and (67),

is the d dependence of the cutoff scale l�. Let us compare
our results with the argument of the cutoff scale required
from the viewpoint of causality [45]. The positivity of the
time delay for the graviton passing through a shock wave
requires that the impact parameter b must be greater than
the scale determined by the coupling constant γ: b ≥ bþ ≔
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðd − 4Þγp

for γ > 0 and b ≥ b− ≔ 2ðd − 4Þ ffiffiffiffiffijγjp
for

γ < 0.2 Comparing the two length scales l� and b�, we
can say that the cutoff length scale required by the quantum
focusing conjecture is larger than the one required by the

2These inequalities are derived from Eq. (2.19) in Ref. [45].
The former inequality is required when ϵijnj ¼ 0, and the latter

one is ϵijnjϵikn
k

ϵlmϵlm
¼ d−3

d−2, where ϵij is the polarization tensor of the
graviton, ni ¼ bi=jbj, and bi is the impact parameter vector. Here
i; j;… represent the indices in the Cartesian coordinates
of (d − 2)-dimensional spacetime transverse to the graviton
propagation.
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causality, at least when d is not so large. Concretely
speaking, one can see that lþ ≥ bþ for 5 ≤ d ≤ 28 and
l− > b− for 5 ≤ d ≤ 39. In this sense, our result implies
that the quantum focusing conjecture is stronger than the
causality.
Throughout the paper, we have focused on the d ≥ 5

dimensional spacetime. Then, it might be interesting to ask
what happens for the d ¼ 4 case. As we commented in the
main section, the contributions from the quadratic gravity
disappear in d ¼ 4 for the perturbative solution around the
Ricci flat spacetime. Thus, to see the leading order
correction, we need to consider the higher derivative
corrections at the cubic order in the curvature tensor or
consider the matter field, e.g., electromagnetic field, as a
source of the Ricci tensor. In the quadratic gravity, the
Codazzi equation plays an important role to relate the

smearing effects, vðθÞi , vðσÞi , and TðσÞ
ijk , and the components of

the Weyl tensor, v and Tijk, describing the violation of the
quantum focusing conjecture at the point p. It is not clear
whether a similar relation appears even for the cubic order
gravity or even when the matter fields are included. We do
not address this issue in the present paper, leaving it for the
future work.
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APPENDIX A: SOME FORMULAS ON 2+ ðd − 2Þ
DECOMPOSITION

In this appendix, we derive the formulas about the
2þ ðd − 2Þ decomposition used in the body of this paper.
The formulas in this appendix can be derived in the
following setup:
(1) kμ is the tangent of affine parametrized null geo-

desics. Thus, we assume that kμ satisfies

kμkμ ¼ 0; kν∇νkμ ¼ 0: ðA1Þ

(2) lμ is a null vector field which satisfies

lμlμ ¼ 0; kμlμ ¼ −1: ðA2Þ

(3) kμ and lμ are orthogonal to a co-dimension 2 surface
with the induced metric hμν. Then, the induced
metric hμν is given by

hμν ¼ gμν þ kμlν þ lμkν; ðA3Þ

and kμ and lμ are orthogonal to hμν, kμhμν ¼
lμhμν ¼ 0. In addition, kμ and lμ are twist-free:

KðkÞ
½μν� ¼ KðlÞ

½μν� ¼ 0; ðA4Þ

where the second fundamental forms are defined as
in the main section; see Eq. (19).

1. Lie derivative of hμν
Let us evaluate the Lie derivative of hμν projected to σ. It

can be calculated as

hμρhνσ£khρσ ¼ hμρhνσðkλ∇λhρσ þ hλσ∇ρkλ þ hρλ∇σkλÞ
ðA5Þ

¼ 0þ KðkÞ
μν þ KðkÞ

νμ ¼ 2KðkÞ
μν ; ðA6Þ

where we use the fact that hμρhνσ∇λhρσ ¼ hμρhνσ∇λ×

ðkρlσ þ lρkσÞ ¼ 0 and KðkÞ
μν is symmetric. Thus, we obtain

hμρhνσ£khρσ ¼ 2KðkÞ
μν : ðA7Þ

By a similar way, we can also obtain

hμρhνσ£khρσ ¼ −2KðkÞμν: ðA8Þ

2. Lie derivative of K

hμρhνσ£kK
ðkÞ
ρσ ¼ hμρhνσðkλ∇λK

ðkÞ
ρσ þ KðkÞ

λσ ∇μkλ þ KðkÞ
μλ ∇σkλÞ

¼ hμρhνσkλ∇λK
ðkÞ
ρσ þ 2KðkÞ

μρ K
ðkÞρ
ν : ðA9Þ

The first term in the last line can be calculated as

hμρhνσkλ∇λK
ðkÞ
ρσ ¼ hμρhνσkλ∇λðhραhσβ∇αkβÞ

¼ hμαhνβkλ∇λ∇αkβ

¼ hμαhνβkλRλαβ
γkγ þ hμαhνβkλ∇α∇λkβ;

ðA10Þ

where we use the affine parametrized geodesic equation
kν∇νkμ ¼ 0 and kν∇μkν ¼ 0 in the second equality. Further
more, the last term can be evaluated as
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hμαhνβkλ∇α∇λkβ ¼ −hμαhνβ∇αkλ∇λkβ

¼ −hμαhνβðhρλ − kρlλ − lρkλÞ∇αkρ∇λkβ

¼ −KðkÞ
μ

ρKðkÞ
ρν : ðA11Þ

Thus, we obtain the useful formula

hμρhνσ£kK
ðkÞ
ρσ ¼ hμαhνβkλRλαβ

γkγ þ KðkÞ
μρ K

ðkÞρ
ν : ðA12Þ

By using Eq. (A12), as well as Eq. (A8), we obtain

£kKðkÞ ¼ hμν£kK
ðkÞ
μν þ £khμνK

ðkÞ
μν

¼ hαβRλαβτkλkτ þ KðkÞ
μν KðkÞμν − 2KðkÞμνKðkÞ

μν

¼ −KðkÞμνKðkÞ
μν − Rμνkμkν: ðA13Þ

Note that Eq. (A13) is nothing but the Raychaudhuri
equation (3) if we express the second fundamental form

KðkÞ
μν by θ and σμν.

3. Gauss equations

By expressing the covariant derivativeDμ with respect to
hμν in terms of the covariant derivative ∇μ with respect to
gμν, we obtain

DμDνVρ ¼ hμαhνβhργ∇αðhβλhγτ∇λVτÞ ðA14Þ

¼ hμαhνβhρτ∇αhβλ∇λVτ þ hμαhνλhργ∇αhγτ∇λVτ

þ hμαhνλhρτ∇α∇λVτ; ðA15Þ

where Vμ is an arbitrary vector field on σ, Vμ ¼ hμνVν. By
expressing the hμν that the covariant derivative is acting on
in terms of k and l, we obtain the following expression:

DμDνVρ ¼ KðlÞ
μνhρτkλ∇λVτ þ KðkÞ

μν hρτlλ∇λVτ

− KðkÞ
μρ K

ðlÞ
ν

σVσ − KðlÞ
μρK

ðkÞ
ν

σVσ

þ hμαhνβhργ∇α∇βVγ: ðA16Þ

Here we used the identity kμ∇νVμ ¼ −∇νkμVμ and so on.
By antisymmetrized indices μ and ν, we define the

(d − 2)-dimensional Riemann tensor ðd−2ÞRμνρσ associated
with hμν on σ as follows:

ðd−2ÞRμνρ
σVσ ≔ 2D½μDν�Vσ

¼ 2h½μαhν�βhργ∇α∇βVγ − 2KðkÞ
½μjρK

ðlÞ
jν�

σVσ

− 2KðlÞ
½μjρK

ðkÞ
jν�

σVσ

¼ ðhμαhνβhργhδσRαβγ
δ − 2KðkÞ

½μjρK
ðlÞσ
jν�

− 2KðlÞ
½μjρK

ðkÞσ
jν� ÞVσ: ðA17Þ

In the third equality, we used the fact that KðlÞ
½μν� ¼ 0 as well

as KðkÞ
½μν� ¼ 0. Since this equation holds for any vector Vμ on

σ, we obtain the Gauss equation

ðd−2ÞRμνρ
σ ¼ hμαhνβhργhδσRαβγ

δ − 2KðkÞ
½μjρK

ðlÞσ
jν� − 2KðlÞ

½μjρK
ðkÞσ
jν� :

ðA18Þ

By contracting indices ν and σ, we define the (d − 2)-
dimensional Ricci tensor ðd−2ÞRμρ associated with hμν on σ
as follows:

ðd−2ÞRμρ ≔ hσνðd−2ÞRμνρ
σ ðA19Þ

¼ hμαhργRαγ þ hμαhργRαβγδlβkγ

þ hμαhργRαβγδkβlγ − KðkÞ
μρKðlÞ þ KðkÞ

νρ K
ðlÞν
μ

− KðlÞ
μρKðkÞ þ KðlÞ

νρK
ðkÞν
μ : ðA20Þ

Again, by contracting the indices μ and ρ, we define the
(d − 2)-dimensional Ricci scalar ðd−2ÞR associated with hμν
on σ as follows:

ðd−2ÞR ≔ hμρðd−2ÞRμρ ðA21Þ

¼ Rþ 4kαlγRαγ − 2kαlβkγlδRαβγδ − 2KðkÞKðlÞ

þ 2KðkÞ
μν KðlÞμν: ðA22Þ

Note that by using qμν ¼ −kμlν − lμkν, the above equation
can be expressed as

ðd−2ÞR ¼ R − 2qαγRαγ þ qαγqβδRαβγδ þ KρKρ − KρμνKρμν:

ðA23Þ

4. Codazzi equations

Similar to the derivation of the Gauss equation we can
derive the Codazzi equation by rewriting the covariant
derivative Dμ in terms of ∇μ,

DμK
ðkÞ
νρ ¼ hμαhνβhργ∇αðhβλhγτ∇λkτÞ

¼ hμαhνβhρτ∇αhβλ∇λkτ þ hμαhνλhργ∇αhγτ∇λkτ

þ hμαhνλhρτ∇α∇λkτ: ðA24Þ

Again, by expressing the hμν with the covariant derivative
by k and l, we obtain the following expression:

DμK
ðkÞ
νρ ¼ KðkÞ

μν hρτlλ∇λkτ þ KðlÞ
μνhρτkλ∇λkτ

þ KðkÞ
μρ hνλlτ∇λkτ þ hμαhνβhργ∇α∇βkγ: ðA25Þ
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Then, antisymmetrizing the first two indices, we obtain the
Codazzi equation

D½μK
ðkÞ
ν�ρ ¼ h½μαhν�βhργ∇α∇βkγ þ KðkÞ

½μjρhjν�
λlτ∇λkτ

¼ 1

2
hμαhνβhργRαβγ

δkδ þ KðkÞ
½μjρhjν�

λlτ∇λkτ: ðA26Þ

For our purpose, it is useful to express the Codazzi
equation in terms of the Weyl tensor and others,

D½μK
ðkÞ
ν�ρ ¼

1

2
Ckρνμ þOðRμν; K

ðkÞ
μν Þ: ðA27Þ

Expressing KðkÞ
μν in terms of the expansion θ and shear σμν

by Eq. (23) and rewriting their derivatives in terms of vðθÞμ ,

vðσÞμ , and TðσÞ
μνρ defined by (53)–(55), the left-hand side of the

Codazzi equation (A27) can be expressed as

D½μK
ðkÞ
ν�ρ ¼ ðvðθÞ½μ þ vðσÞ½μ Þhν�ρ −

1

2
TðσÞ
ρμν: ðA28Þ

On the other hand, the right-hand side of the Codazzi
equation (A27) can be expressed in terms of vμ and Tμνρ

through Eq. (41),

1

2
Ckρνμ ¼ v½μhν�ρ −

1

2
Tρμν þOðRμν; K

ðkÞ
μν Þ: ðA29Þ

Comparing Eqs. (A28) and (A29), we obtain the result

vμ ¼ vðθÞμ þ vðσÞμ þOðRμν; K
ðkÞ
μν Þ;

Tρμν ¼ TðσÞ
ρμν þOðRμν; K

ðkÞ
μν Þ: ðA30Þ

5. Other formulas

In this subsection, we derive the other formulas used in
the main section.
First, let us derive the expression for CμρστCν

ρστkμkν in
terms of the projected Weyl tensors Ckμνρ and so on. It can
be obtained as follows:

CμρστCν
ρστkμkν ¼ CμρστCναβγkμkνgραgσβgτγ ðA31Þ

¼ CμρστCναβγkμkνhραðhσβ − kσlβ − lσkβÞ
× ðhτγ − kτlγ − lτkβÞ ðA32Þ

¼ CkμνρCkμνρ − 2CklνkCklνk − 4CkμkνCkμlν:

ðA33Þ

In addition, the traceless property of the Weyl tensor can
be represented as

0 ¼ kμhνρCμαρβgαβ

¼ kμhνρCμαρβhαβ − kμhνρCμαρβlαkβ

¼ Ckανα − Cklνk: ðA34Þ

Hence, the second term in Eq. (A33) can be expressed by
Ckμνρ, and we obtain

CμρστCν
ρστkμkν ¼ CkμνρCkμνρ − 2CkμνμCkρνρ − 4CkμkνCkμlν:

ðA35Þ

Next, let us evaluate ðd−2ÞGμνRρμσνkρkσ. By the definition
of the Einstein tensor, this can be expressed as

ðd−2ÞGμνRρμσνkρkσ ¼ ðd−2ÞRαβγδ

�
hαγhβμhδν −

1

2
hμνhαγhβδ

�
× Rρμσνkρkσ: ðA36Þ

Then, by using the Gauss equation, the (d − 2)-dimensional
Riemann tensor can be written by the d-dimensional
Riemann tensor projected on σ, with the terms including

KðkÞ
μν . Thus, the right-hand side of (A36) can be expressed as

Rαβγδ

�
hαγhβμhδν −

1

2
hμνhαγhβδ

�
Rρμσνkρkσ þOðKðkÞ

μν Þ:

ðA37Þ

In addition, by extracting Weyl tensor term, we obtain

ðd−2ÞGμνRρμσνkρkσ

¼ Cαβγδ

�
hαγhβμhδν −

1

2
hμνhαγhβδ

�
Cρμσνkρkσ

þOðKðkÞ
μν ; RμνÞ ðA38Þ

¼ CαμανCkμkν −
1

2
CαβαβCkμkμ þOðKðkÞ

μν ; RμνÞ: ðA39Þ

Again, the traceless property of the Weyl tensor can be
expressed as

Cαμαν ¼ CkμlνþClμkν; Ckμkμ ¼ CkkklþCklkk ¼ 0; ðA40Þ

and hence, we obtain

ðd−2ÞGμνRρμσνkρkσ ¼ 2CkμlνCkμkν þOðKðkÞ
μν ; RμνÞ: ðA41Þ
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APPENDIX B: FUNCTIONAL DERIVATIVE
AND LIE DERIVATIVE

The variation of a functional S of V with respect to δV is
defined by

δS½V; δV� ≔ lim
ϵ→0

S½V þ ϵδV� − S½V�
ϵ

: ðB1Þ

Then, the functional derivative of S by Vðy1Þ is defined by

δS½V�
δVðy1Þ

≔ δS½V; δy1 �; ðB2Þ

where δy1 is Dirac’s delta function δy1ðyÞ ≔ δðd−2Þðy − y1Þ.
Let us focus on the situation where S½V� is represented as

an integral of a scalar density constructed by the tensor on
V by a covariant manner. By denoting the tensor on V by χI,
our assumption can be expressed as

S½V� ¼
Z
V
dd−2ysðχIÞ: ðB3Þ

For our purpose, χI ¼ fhμν; KðkÞ
μν ; K

ðlÞ
μνg and so on. Let us

consider the foliation of a neighborhood of V in N by the
slices fV þ ϵδVgϵ. We can regard the tensor fields χI
originally defined on each slice V þ ϵδV as tensor fields on
N. We can define one parameter family of diffeomorphism
on N that maps a point ðλ; yÞ to ðλþ ϵδVðyÞ; yÞ. Since the
surface V and V þ ϵδV are diffeomorphic, the integral over
V þ ϵδV can be pulled back to the integral over V,

S½V þ ϵδV� ¼
Z
VþϵδV

dd−2y sðχIÞ ¼
Z
V
dd−2y sðϕϵ�χIÞ

¼
Z
V
dd−2y sðχI þ ϵ£XχI þOðϵ2ÞÞ: ðB4Þ

Here ϕϵ� is the pullback with respect to the diffeomorphism
ϕϵ, £X is the Lie derivative on N, and Xμ is the tangent
vector of the integral curve by ϕϵ. That is nothing but the ϵ
derivative with fixing y coordinate. Since λ ¼ VðyÞ þ
ϵδVðyÞ, we obtain

Xμ
∂μ ¼

∂

∂ϵ
¼ ∂λ

∂ϵ

∂

∂λ
¼ δVðyÞkμ∂μ: ðB5Þ

Note that, since y is constant along null generators, ϵ is also
the affine parameter.
In this view, we can regard S½V� as a functional of χI. We

express it by the same name S,

S½χI� ≔
Z
V
dd−2y sðχIÞ: ðB6Þ

Then the variation of V can be translated into the variation
of χI as follows:

δS½V; δV� ¼ lim
ϵ→0

S½V þ ϵδV� − S½V�
ϵ

ðB7Þ

¼ lim
ϵ→0

S½χI þ ϵ£XχI� − S½χI�
ϵ

ðB8Þ

¼ δS½χI; £XχI�: ðB9Þ

Thus, the variation of the surface V with respect to δV can
be translated into the variation of the tensor χI with respect
to £XχI . Expressing the final term in the functional
derivative, we obtain a useful formula,

δS½V; δV� ¼
Z
V
dðd−2Þy

δS½χI�
δχIðyÞ

£XχIðyÞ;

XμðyÞ ¼ kμðyÞδVðyÞ: ðB10Þ

By setting δV ¼ δy1 , we also obtain

δS½V�
δVðy1Þ

¼
Z
V
dðd−2Þy

δS½χI�
δχIðyÞ

£XχIðyÞ;

XμðyÞ ¼ kμðyÞδðd−2Þðy − y1Þ: ðB11Þ

In the main section, we use the notion of the functional
derivative for the geometrical quantity itself, regarding it as
a functional χIðyÞ ¼ χI½V; y�. Applying (B11), the func-
tional derivative can be calculated as

δχIðyÞ
δVðy1Þ

¼ £XχIðyÞ;

XμðyÞ ¼ kμðyÞδðd−2Þðy − y1Þ: ðB12Þ

By using this notion, we simply express Eq. (B11) as the
chain rule,

δS½V�
δVðy1Þ

¼
Z
V
dðd−2Þy

δS½χI�
δχIðyÞ

δχIðyÞ
δVðy1Þ

: ðB13Þ

We note that the Lie derivative £X is defined in the
submanifold N and hence Xμ is defined only on N. To
calculate £XχI in terms of d-dimensional spacetime, one
can simply use any extension of Xμ apart from N and
project it to σ by hμν.
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By using the above formula, let us evaluate the functional
derivative of the area functional A½V� and the (d − 2)-
dimensional Einstein-Hilbert action. The functional deriva-
tive of the area functional can be calculated as follows:

δA½V�
δVðyÞ ¼

1

2

ffiffiffi
h

p
hμν£khμν ¼

ffiffiffi
h

p
KðkÞ ¼

ffiffiffi
h

p
θ; ðB14Þ

where we use Eq. (A7). The functional derivative of the
Einstein-Hilbert action can be evaluated as

δIEH½V�
δVðyÞ ¼−

ffiffiffi
h

p ðd−2ÞGμν£khμν¼−2
ffiffiffi
h

p ðd−2ÞGμνKðkÞ
μν ; ðB15Þ

where we again use Eq. (A7).
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