
Mixing between flavor singlets in lattice gauge theories coupled to matter
fields in multiple representations

Ed Bennett ,1,* Niccolò Forzano ,2,† Deog Ki Hong ,3,4,‡ Ho Hsiao,5,§ Jong-Wan Lee ,6,∥ C.-J. David Lin ,5,7,8,¶

Biagio Lucini ,**,1,9 Maurizio Piai ,2,†† Davide Vadacchino ,10,‡‡ and Fabian Zierler 2,§§

1Swansea Academy of Advanced Computing, Swansea University (Bay Campus),
Fabian Way, SA1 8EN Swansea, Wales, United Kingdom

2Department of Physics, Faculty of Science and Engineering, Swansea University,
Singleton Park, SA2 8PP, Swansea, Wales, United Kingdom

3Department of Physics, Pusan National University, Busan 46241, Korea
4Extreme Physics Institute, Pusan National University, Busan 46241, Korea

5Institute of Physics, National Yang Ming Chiao Tung University, 1001 Ta-Hsueh Road, Hsinchu 30010, Taiwan
6Particle Theory and Cosmology Group, Center for Theoretical Physics of the Universe,

Institute for Basic Science (IBS), Daejeon, 34126, Korea
7Centre for Theoretical and Computational Physics, National Yang Ming Chiao Tung University,

1001 Ta-Hsueh Road, Hsinchu 30010, Taiwan
8Centre for High Energy Physics, Chung-Yuan Christian University, Chung-Li 32023, Taiwan

9Department of Mathematics, Faculty of Science and Engineering, Swansea University (Bay Campus),
Fabian Way, SA1 8EN Swansea, Wales, United Kingdom

10Centre for Mathematical Sciences, University of Plymouth, Plymouth, PL4 8AA, United Kingdom

(Received 19 July 2024; accepted 10 September 2024; published 7 October 2024)

We provide the first extensive, numerical study of the nontrivial problem of mixing between flavor-singlet
composite states emerging in strongly coupled lattice field theories with matter field content consisting of
fermions transforming in different representations of the gauge group. The theory of interest is the minimal
candidate for a compositeHiggsmodel that also accommodates amechanism for top partial compositeness: the
Spð4Þ gauge theory coupled to two (Dirac) fermions transforming as the fundamental and three as the two-
index antisymmetric representation of the gauge group, respectively. We apply an admixture of APE smearing
and Wuppertal smearings, as well as the generalized eigenvalue problem approach, to two-point functions
involving flavor-singletmesons, for ensembles having time extent longer than the space extent.Wedemonstrate
that, in the region of lattice parameter space accessible to this study, both masses and mixing angles can be
measured effectively, despite the presence of (numerically noisy) contributions from disconnected diagrams.
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I. INTRODUCTION

A distinguishing feature of a broad class of models of
new physics featuring composite dynamics is the emer-
gence in their spectrum of several scalar singlets, associated
with spontaneously broken, approximate, anomalous
Abelian continuous symmetries [1]. In the context of
composite Higgs models (CHMs) [2–4] that also imple-
ment top partial compositeness (TPC) [5],1 the multiplicity
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1An incomplete catalog of such models, in which the Higgs
fields of the Standard Model emerge as pseudo-Nambu-
Goldstone bosons (PNGBs) associated with the spontaneous
breaking of approximate global symmetries, and of studies of
their phenomenology, includes for example Refs. [6–48]. Im-
plementations of similar ideas within gauge-gravity dualities
have been presented for example in Refs. [49–56] and, more
recently, in Refs. [57–63], in the bottom-up approach, and
Ref. [64] in the top-down approach to holography.

PHYSICAL REVIEW D 110, 074504 (2024)

2470-0010=2024=110(7)=074504(17) 074504-1 Published by the American Physical Society

https://orcid.org/0000-0002-1678-6701
https://orcid.org/0000-0003-0985-8858
https://orcid.org/0000-0002-3923-4184
https://orcid.org/0000-0002-4616-2422
https://orcid.org/0000-0003-3743-0840
https://orcid.org/0000-0001-8974-8266
https://orcid.org/0000-0002-2251-0111
https://orcid.org/0000-0002-5783-5602
https://orcid.org/0000-0002-8670-4054
https://ror.org/053fq8t95
https://ror.org/053fq8t95
https://ror.org/01an57a31
https://ror.org/01an57a31
https://ror.org/00se2k293
https://ror.org/00y0zf565
https://ror.org/00se2k293
https://ror.org/02w8ws377
https://ror.org/053fq8t95
https://ror.org/008n7pv89
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.110.074504&domain=pdf&date_stamp=2024-10-07
https://doi.org/10.1103/PhysRevD.110.074504
https://doi.org/10.1103/PhysRevD.110.074504
https://doi.org/10.1103/PhysRevD.110.074504
https://doi.org/10.1103/PhysRevD.110.074504
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


of such flavor-singlet states arises because the short-
distance origin of the dynamics involves two separate
matter sectors coupled to the same gauge theory.2

Examples can be found in the reviews [70–72], and the
tables in Refs. [73–75]. Closely related classes of theories
are also known to admit an application as new models of
dark matter with strongly coupled origin, for example along
the lines of Refs. [76–88].
The existence of mixing terms in the effective field theory

(EFT) description of such flavor singlets is ensured by the
chiral anomaly, which breaks the symmetry even when no
other explicit symmetry-breaking terms are present. The
phenomenology associated with such scalar singlets is
determined by coefficients in the EFT treatment that have
dynamical origin—related to that of axionlike particles
[89–91]. This is the case in the dark matter context, as in
the collider phenomenology one [1,19,75,92–94]. Hence,
gaining nonperturbative information about them is essen-
tial in order to plan and perform an effective program of
experimental searches for new particles in both visible and
dark sectors.
In recent years, extensive numerical investigations have

been developed in the context of extensions to the Standard
Model, based on symplectic gauge groups SUð2Þ ¼ Spð2Þ
[95–106] and Spð4Þ [107–123]. Among the gauge theories
with fermions in two distinct representations, lattice studies
have been performed in SUð2Þ [124,125], as well as in
Spð4Þ gauge theories [113,121,123,126]. In a parallel
development, studies of theories with fermions transform-
ing in multiple representations of SUð4Þ have also appeared
[127–135]. These lattice studies, motivated by new physics
considerations, focus predominantly on the study of fla-
vored mesons.3 This lattice subfield is only beginning to
enter its high precision phase, after the necessary explor-
atory period. Calculating correlation functions involving
singlet mesons requires specific technology, developed to
handle effectively the contributions to observables coming
from disconnected diagrams, which potentially reduce the
signal-to-noise ratio. Only a few studies in the context of
physics beyond the Standard Model (BSM) outside of
SUð3Þ theories exist [99,105,116]. To the best of our
knowledge, this paper is the first one to present a systematic
lattice study of the effects of mixing between different
flavor singlets in models of BSM physics. Our aim is to
demonstrate the feasibility of such an endeavor.

In this publication, we present the first results of the
calculation of the mass spectrum of spin-0, flavor singlet
states with negative parity, in the presence of two distinct
Abelian PNGBs associated with two Uð1Þ factors. One of
them is expected to be anomalously broken, thus giving an
extra contribution to the mass of one PNGB [1]. The
lattice ensembles we study are obtained in the CHM
candidate of Ref. [12]: the Spð4Þ gauge theory coupled to
Nf ¼ 2 (Dirac) fermions transforming according to the
fundamental, as well as Nas ¼ 3 fermions transforming as
the two-index antisymmetric representation of the group.
We use the ensembles described in detail in Ref. [150],
originally produced to study the spectral density of
flavored meson correlators, within the Hansen-Lupo-
Tantalo method [134,151]. Building on the results dis-
cussed in the Appendix of Ref. [116], we introduce
Wuppertal [152–155] and APE smearing [156,157]. We
then implement a variation of the generalized eigenvalue
problem (GEVP) to take into account mixing effects
between states that appear in two-point functions involv-
ing the two distinct meson singlets in the theory.
The paper is organized as follows. We very briefly

introduce the continuum and lattice theories of interest
in Secs. II and III, respectively. We provide the minimal
amount of detail to make the narrative self-contained, and
refer the reader to Ref. [150] for technical details and in-
depth discussions. Nevertheless, we extensively describe
the properties of the flavor-singlet meson states of interest,
with particular reference to decay constants and mixing
angles, as well as our analysis techniques, in Sec. III A. Our
results are then reported and critically discussed in Sec. IV.
A final summary in Sec. V contains also a brief outlook on
future avenues for research.

II. ELEMENTS OF FIELD THEORY

We study the Spð4Þ gauge theory coupled to two Dirac
fermions transforming in the fundamental representation
and three Dirac fermions in the antisymmetric representa-
tion of the gauge group. The Lagrangian density, in
Minkowski space, is given by

L ¼ −
1

2
TrGμνGμν þ

X2
I¼1

Q̄IðiγμDμ −mfÞQI

þ
X3
K¼1

Ψ̄kðiγμDμ −masÞΨk; ð1Þ

where QI, with I ¼ 1, 2, are the fundamental Dirac
fermions and Ψk, with k ¼ 1, 2, 3, are the antisymmetric
Dirac fermions with their respective degenerate masses mf

and mas. The field-strength tensor for the Spð4Þ theory is
denoted as Gμν ≡Ga

μνTa, with the Hermitian generators
normalized so that TrTaTb ¼ 1

2
δab, for a; b ¼ 1;…; 10.

2This requirement may not apply in SUð3Þ theories, for which
the ordinary baryons may provide the origin of the TPC fields
[65]—see also the constructions in Refs. [66,67], which make use
of ideas from Refs. [68,69].

3The literature on the SUð3Þ theory with Nf ¼ 8 Dirac
fermions in the fundamental representation [136–143] or ns ¼
2 sextets [144–149], stands out as it presents extensive studies of
the flavor singlet states. But these studies focus on the phenom-
enology of the dilaton, the Goldstone boson associated with scale
invariance, which has different quantum numbers from the
PNGBs associated with Abelian internal symmetries.
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In the limit of vanishing fermion masses, the Lagrangian
density is invariant under the enhanced global internal
symmetry with group Uð1Þ×Uð1Þ×SUð6Þ×SUð4Þ. This
symmetry of the Lagrangian is not reflected in low-energy
physics; it is broken spontaneously by the fermion con-
densates. The breaking pattern is governed by the realness of
the antisymmetric representation and the pseudorealness of
the fundamental representation; SUð6Þ breaks to its SOð6Þ
subgroup, while SUð4Þ breaks to Spð4Þ [158]. At the same
time, the diagonal and degenerate mass terms induce explicit
symmetry breaking, according to the same, aligned sym-
metry breaking pattern. For small fermion masses, the
spontaneous breaking leads to 20 PNGBs in the antisym-
metric sector and 5 PNGBs in the fundamental sector [159].
In theCHMcontext, one can choose appropriate embeddings
for the standard-model gauge group so that part of the global
symmetry is (weakly) gauged. For example, in this way the
five PNGBs of the fundamental sector can be identified with
the Higgs doublet and one additional singlet [12]. In this
paper we consider the Spð4Þ gauge theory in complete
isolation, ignoring the effects due to coupling to other
external sectors.
In theories with only one species of fermions, the global

U(1) is anomalous, and no Goldstone bosons, related to its
breaking, appear. In the large-N limit, the associated
pseudoscalar flavor-singlet, η0, becomes the would-be
Goldstone mode, as the effects of the axial anomaly are
suppressed in this limit [160–162]. In the presence of
fermions in two distinct representations, the axial anomaly
can only break one (linear combination) of the two global
Uð1Þ symmetry factors. Hence, an additional PNGB is
expected to appear at small fermion masses, in the
pseudoscalar flavor-singlet sector, the lightest mass eigen-
state in this channel. The other pseudoscalar flavor singlet
should acquire a larger mass through the axial anomaly and
show up as an excited state in the same channel [93].
In this paper, we perform the first measurement of flavor-

singlet ground and excited states in a theory with multiple
fermion representations, which we call η0l and η0h.

4

The theory of interest has Spð4Þ gauge group, and
explicit mass terms for the fermions, which are not small.
Hence, we expect both the aforementioned flavor singlets
to be comparatively heavy, as the mass terms contribute
together with the anomaly to the explicit symmetry break-
ing. One can draw an analogy between this regime and the
η − η0 system in the theory of strong nuclear interactions,
QCD.5 In this case, the η meson is a PNGB accommodated
within the approximate SUð3Þ flavor symmetry, while the

η0 is the would-be-PNGB associated with the anomalously
broken global Uð1Þ. Within QCD, both the mass spectrum
and the mixing between those states have been studied in
detail [163–173].

III. NUMERICAL STRATEGY

Our numerical analysis is based on ensembles generated
using the Wilson plaquette action for the gauge sector and
standard Wilson fermions for both the fundamental and
antisymmetric fermions [174]. We consider hypercubic
lattices with a volume L3 × T ¼ a4ðN3

s × NtÞ, where a
is the lattice spacing. The ensembles have been generated
using the Grid software library [175–177] which has been
extended to Spð2NÞ gauge theories [117]. We study five
ensembles, at three different values of the bare fundamental
fermion mass, amf

0 ¼ −0.7;−0.71, 0.72, while we keep the
antisymmetric fermion mass fixed, amas

0 ¼ −1.01. We
consider only one value of the inverse gauge coupling,
β ¼ 8=g2 ¼ 6.5. The measurements of the mesonic corre-
lation function are performed using the HiRep code
[178–180]. The configurations have been converted to
the HiRep binary format using the GLU library [181]. We
set the overall scale using the Wilson flow [182], the lattice
implementation of the gradient flow [183,184], by calcu-
lating the gradient flow quantity, w0 [185], in units of the
lattice spacing, a. For further information on the generation
of these ensembles we refer to Ref. [150]. Detailed
characterization of the five ensembles is summarized in
Table I.
We determine the ground state energy as well as the

energy of the first excited state for the system of interest by
using a variational analysis [186,187]. To this purpose, we
measure the (zero-momentum) correlation matrix for a set
of interpolating operators, fOig, which can be expanded in
the Hamiltonian eigenstates as

Cijðt − t0Þ ¼ hŌiðtÞOjðt0Þi

¼
X
n

1

2En
h0jŌijnihnjOjj0ie−Enðt−t0Þ: ð2Þ

The eigenvalues of Cij are obtained by solving the
GEVP with eigenvalues λnðt; t0Þ and eigenvectors vnðt; t0Þ
given by

CðtÞvnðt; t0Þ ¼ λnðt; t0ÞCðt0Þvnðt; t0Þ: ð3Þ

Assuming that the states created by each of the operators in
the variational basis have a sufficient overlap with the first
M eigenstates in the selected channel, the leading behavior
of the mth eigenvalue at large t for fixed but sufficiently
large t0 can be written as [188]

4Note, that this corresponds to the states a and η0 in the
notation of Ref. [1].

5Note, that this analogy has its limits. In QCD, the mixing
between the η and the η0 is introduced by an explicit breaking of
the global flavor symmetry. For the mixed representations
system, this is not the case, and both states are pseudoscalar
singlets even without additional symmetry breaking.
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λmðt → ∞; t0Þ ¼ e−Emðt−t0Þ þOðe−ðEmþ1−EmÞtÞ: ð4Þ

In summary, the solution of the above GEVP enables us to
find the operator that produces states with the maximal
overlap with the ground state and the first excited state, and
thus to access their energies.
The two meson operators of interest in the pseudoscalar

singlet channel are coupled, respectively, to Nf fundamen-
tal fermions and Nas antisymmetric fermions, and they are
given by the following6:

OηasðxÞ ¼
1ffiffiffiffiffiffiffi
Nas

p
XNas

k¼1

Ψ̄kðxÞγ5ΨkðxÞ; ð5Þ

Oηf ðxÞ ¼
1ffiffiffiffiffiffi
Nf

p
XNf

I¼1

Q̄IðxÞγ5QIðxÞ: ð6Þ

Performing the required Wick contractions for the corre-
lation matrix resulting from Eq. (2), for operators at lattice
sites x and y, we find the diagrammatic expression

ð7Þ

ð8Þ

ð9Þ

where dashed lines denote the contraction of two anti-
symmetric fermion fields and solid lines denote the con-
traction of two fundamental fermion fields. Unlike the

singlet-octet basis in QCD for the η and η0 mesons, the
cross-correlator does not vanish in the limit of vanishing
fermion masses; hence we expect sizeable mixing effects
for moderate and light fermion masses.
The disconnected diagrams in Eqs. (7)–(9) are challeng-

ing for lattice calculations, as they introduce a smaller
signal-to-noise ratio than the connected diagrams—that
are also present in nonsinglet mesons. Our objective is to
improve the signal by enlarging the variational basis
through smearing techniques. The general principle at
work is that one expects the adoption of a larger variational

TABLE I. Ensembles studied in this paper. For each of the five ensembles, we list the value of the inverse lattice coupling, β, the
masses of the two fermion species, amas

0 and amf
0, the extent of the lattice in time, Nt, and space directions, Ns, the number of

thermalization steps, Ntherm, discarded from the analysis, the number of complete sweeps, nskip, discarded between configurations
retained in the analysis, the number of configurations constituting the ensemble and used in the analysis, Nconf , the average plaquette in
the ensemble, hPi, the value of the Wilson flow scale, w0=a, the topological autocorrelation time in configuration units, τQint, and the
average topological charge in the ensemble, Q̄. Details, explanations and discussions can be found in Ref. [150].

Label β amas
0 amf

0 Nt Ns Ntherm nskip Nconf hPi w0=a τQint Q̄

M1 6.5 −1.01 −0.71 48 20 3006 14 479 0.585172(16) 2.5200(50) 6.9(2.4) 0.38(12)
M2 6.5 −1.01 −0.71 64 20 1000 28 698 0.585172(12) 2.5300(40) 7.1(2.1) 0.58(14)
M3 6.5 −1.01 −0.71 96 20 4000 26 436 0.585156(13) 2.5170(40) 6.4(3.3) −0.60ð19Þ
M4 6.5 −1.01 −0.70 64 20 1000 20 709 0.584228(12) 2.3557(31) 10.6(4.8) −0.31ð19Þ
M5 6.5 −1.01 −0.72 64 32 3020 20 295 0.5860810(93) 2.6927(31) 12.9(8.2) 0.80(33)

6We note, that in principle a contribution from the JP ¼ 0−

glueball state is also allowed. However, an investigation of
η0-glueball mixing in two-flavor QCD showed no sizeable
contributions from the glueball state [189]. Studies of the
quenched Spð4Þ theory suggest that indeed the 0− glueballs is
very heavy with respect to the scale of the vector mesons—see
Fig. 13 of Ref. [121], for example.
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basis in the GEVP analysis to suppress the effects of
excited state contamination at smaller Euclidean times,
where the signal-to-noise ratio is substantially better.
We implement Wuppertal smearing of the fermionic

operators [152–155], in conjunction with APE smearing
for the gauge fields [156,157]. We follow the approach
used in Ref. [121] for the connected diagrams, and apply
the smearing function to point sources. For the discon-
nected diagrams, we use spin-diluted stochastic sources
[190], with Z2 × Z2 noise [191], and perform the mea-
surements on nsrc ¼ 64 stochastic samples. As pointed
out in Ref. [170], it is possible to measure the discon-
nected loops at several smearing levels using only one
inversion of the Dirac operator. Doing so comes at the
cost of potentially introducing a bias in the construction
of the full correlation function, following the procedure
deployed in Ref. [99]. The construction of a completely
unbiased estimator would require one to perform a
separate inversion for every smearing level, but this
would go beyond the purposes of this paper. We apply
APE smearing for every measurement. We choose the
smearing parameter as αAPE ¼ 0.4, with NAPE ¼ 50
smearing steps.
The variational basis is composed of the operators

defined in Eqs. (5) and (6) together with their
Wuppertal-smeared versions, with Nsmear ¼ 10; 20;…; 80
smearing steps, and ϵf ¼ 0.2 for the fundamental fermions,
or ϵas ¼ 0.12 for the antisymmetric fermions (we follow the
notation of Ref. [121], to which we refer the reader for
technical details). In total, we have a variational basis of 18
operators.
For a finite sample, the correlation functions of pseu-

doscalar flavor-singlet mesons (or any other quantity that
has the same quantum numbers as the topological charge
density) can acquire an additional, constant contribution
[192]. In order to remove this constant we consider the
central difference approximation to the derivative of the
correlation matrix, as proposed in Ref. [193] and use of
the following redefinition:

CijðtÞ → C̃ijðtÞ ¼
Cijðt − 1Þ − Cijðtþ 1Þ

2
: ð10Þ

Doing so changes the periodicity of the correlation matrix
with respect to the lattice midpoint, t ¼ T=2, from periodic
to antiperiodic [116].
After performing the GEVP analysis, we fit the eigen-

values to an exponentially decaying function according to
Eq. (4). We first visually examine the effective mass,
meffðtÞ, defined implicitly as

λðt − 1Þ
λðtÞ ¼ e−meffðtÞ·ðT−tþ1Þ � e−meffðtÞ·ðt−1Þ

e−meffðtÞ·ðT−tÞ � e−meffðtÞ·t : ð11Þ

We solve for the effective mass numerically using a root
finding algorithm. It exhibits a plateau when the eigenvalue
is dominated by its leading exponential term at large
Euclidean time. The sign in Eq. (11) is chosen to be
positive for symmetric correlation functions, and negative
for antisymmetric ones. We then perform a fit to the
eigenvalue using constrained curve fitting [194], utilizing
the CORRFITTER package [195].
Finally, in order to gauge the physical meaning of the

results of our analysis, we use the same ensembles and
processes also to perform the measurement of the mass of
the lightest flavored mesons, in the pseudoscalar and
vector channel, for mesons constructed with either species
of fermions. We denote as PSðpsÞ flavored pseudoscalar
mesons made of vfermions transforming in the funda-
mental, f, (antisymmetric, as) representation, and as VðvÞ
flavored vector mesons with the same composition. We
refer the reader to Ref. [150] for more details about the
operators, and the spectrum of flavored mesons, that are
not central to the results and discussions presented in
this paper.

A. Decay constants and mixing angles

It is interesting to extract the mixing angle between the
lightest states sourced by the operators in Eqs. (5) and (6).
For the purposes of this paper, we assume that the state
mixing is given by the mixing of the decay constants. We
call η0l and η0h, respectively, the lightest and next-to-lightest
states identified in the GEVP analysis. We parametrize the
nonrenormalized matrix elements of axial-vector currents
with the pseudoscalar singlets as follows:

0
B@ F

η0l
f p

η0l
μ F

η0l
asp

η0l
μ

F
η0h
f p

η0h
μ F

η0h
asp

η0h
μ

1
CA≡

0
B@ h0j 1ffiffiffiffi

Nf
p
PNf

i¼1 Q̄iðxÞγμγ5QiðxÞjη0li h0j 1ffiffiffiffiffi
Nas

p
PNas

i¼1 Ψ̄iðxÞγμγ5ΨiðxÞjη0li
h0j 1ffiffiffiffi

Nf
p
PNf

i¼1 Q̄iðxÞγμγ5QiðxÞjη0hi h0j 1ffiffiffiffiffi
Nas

p
PNas

i¼1 Ψ̄iðxÞγμγ5ΨiðxÞjη0hi

1
CA: ð12Þ

In this general relation, we define the relevant decay constants computed with an operator (op) and a state (s) as Fs
op. By

setting μ ¼ 0 we obtain the familiar relation

 
F
η0l
f p

η0l
0 F

η0l
asp

η0l
0

F
η0h
f p

η0h
0 F

η0h
asp

η0h
0

!
¼
 

F
η0l
f mη0l

F
η0l
asmη0l

F
η0h
f mη0h

F
η0h
asmη0h

!
: ð13Þ
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These nonrenormalized local matrix elements can be
obtained from the eigenvectors of the GEVP analysis, for a
variational basis without Wuppertal smearing. This matrix
is parametrized as follows, in terms of two mixing angles,
and two decay constants [196]:

�
F
η0l
f F

η0l
as

F
η0h
f F

η0h
as

�
≡
� Fη0l

cosϕη0l
Fη0l

sinϕη0l

−Fη0h
sinϕη0h

Fη0h
cosϕη0h

�
; ð14Þ

in analogy to the η − η0 mixing system in the singlet-octet
basis of QCD.
For this work, we choose a variational basis of inter-

polating operators and the matrix elements of the currents
according to Eqs. (5), (6), and (12). The difference in mass
between mesons made of antisymmetric and fundamental
fermions is expected to be large for the ensembles studied
in this paper, on the basis of existing numerical results for
other parts of the spectrum [113]. In QCD, the two mixing
angles are approximately equal, ϕη0l

≈ ϕη0h
, at the physical

point [197], and Eq. (14) is effectively described by a single
mixing angle, ϕ≡ ϕη0l

¼ ϕη0h
. We test this assumption for

the present theory in Sec. IV B.
A variation of this approach requires one to use the

pseudoscalar matrix elements. This alternative approach
has also been successfully applied to studying η − η0
mixing in QCD [163–166]. Again, the matrix elements
are generically parametrized in terms of two mixing angles:

� h0jOηf jη0li h0jOηas jη0li
h0jOηf jη0hi h0jOηas jη0hi

�

¼
�
A
η0l
f A

η0l
as

A
η0h
f A

η0h
as

�
≡
� Aη0l

cosϕη0l
Aη0l

sinϕη0l

−Aη0h
sinϕη0h

Aη0h
cosϕη0h

�
: ð15Þ

We can extract the matrix elements of interest from the
eigenvectors that diagonalize the 2 × 2 matrix of correla-
tion functions defined by the local operators (i.e., without
smearing). Under the assumption that only two states
contribute to the 2 × 2 correlation matrix, the eigenvectors,
vnðt; t0Þ, obtained from the GEVP analysis should be
proportional to time-independent vectors, un [188]. We
use this to determine the matrix elements Fs

opms and As
op,

by fitting the effective mixing angle ϕ defined as

−ðtanϕÞ2 ≡ A
η0l
asA

η0h
f

A
η0h
asA

η0l
f

; ð16Þ

to a constant value, for a suitable interval t∈ ½tmin; tmax�,
with tmin > t0. We further determine ϕη0l

and ϕη0h
independ-

ently to test the deviations from ϕ in a two-angle
parametrization.

IV. RESULTS

We present in this section our main numerical results.
First, we explain our strategy in applying the GEVP
analysis. As discussed in the previous section, we applied
APE smearing to the ensembles, as well as Wuppertal
smearing to the meson operators. A basis of 18 distinct
operators was obtained by varying the number of smearing
levels applied to the operators in Eqs. (5) and (6). While the
inclusion of further smearing levels in the GEVP improves
the determination of the effective mass, it soon reintroduces
a signal-to-noise ratio in the form of a loss signal at
intermediate values of t. Hence, we identify by inspection
a subset of smearing levels appropriate to our analysis. By
inspection, we find that the optimal choice for our purpose
is to include only a subset of the operators produced with
different Nsmear. We find that restricting ourselves to three
smearing levels Nsmear ¼ 0, 40, 80 is a good choice for our
ensembles in all channels studied here. We observed that
the stability of the GEVP analysis is improved by using a
small value of t0 ¼ 1. This choice may in principle give
rise to unaccounted systematic effects, that scale with
Oðe−ΔEt0Þ, where ΔE is the energy difference to the next
state that is not properly captured by the chosen varia-
tional basis [188]. In the Appendix we show that no
significant deviations are observed when choosing a larger
value of t0.

A. Meson masses

In Fig. 1, we show the effective masses of the states,
ameff

η0l
< ameff

η0h
, expressed in units of the lattice scale, a. The

effective mass plots, obtained from the GEVP analysis, are
shown to provide visual guidance in the choice of the fitting
range. In some cases, only an approximate plateau appears
within the statistical errors. This could be attributed to an
insufficient stochastic sampling of the Dirac propagator. In
this work we have chosen nsrc ¼ 64 stochastic sources to
sample the disconnected diagrams in (7)–(9). This choice
introduces an error in the correlation matrix, that is
expected to scale as Oð1= ffiffiffiffiffiffiffi

nsrc
p Þ [198].

As can be seen in Fig. 1, the signal in the effective mass
is lost for times t much smaller than the temporal lattice
midpoint T=2. Thus, we only fit a single exponential in the
specified fit interval. The choices we made for the fitting
parameters and the associated χ2=Nd:o:f . values are reported
in Table II. The extracted meson masses (expressed in
lattice units) are reported in Table III. We find that the
statistical uncertainties obtained for the flavor-singlet states
are up to 1 order of magnitude larger than those for the
flavored states. For the aforementioned reasons, it is likely
that the systematic errors are also larger than those of the
flavored mesons.
In Fig. 2, we show all the low-lying pseudoscalar and

vector meson masses. They are displayed as a function of
Nt in the left-hand panel and as a function of amf

0 in the
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FIG. 1. Effective masses, ameff
η0l

< ameff
η0h

in units of the lattice spacing, of the ground state and first excited state in the flavor singlet,
pseudoscalarmeson sector of the Spð4Þ theory coupled to twoDirac fermions transforming in the fundamental representation, f, and three in
the antisymmetric, as. The effective mass makes use of the eigenvalues extracted in the GEVP analysis.We display, for comparison, also the
masses as extracted by an exponential fit to the eigenvalues as colored bands. The variational analysis used three distinct levels of smearing.
For some ensembles, there is no clear plateau for the first excited state. The five panels correspond to the five available ensembles.

TABLE II. Fit parameters used in the extraction of the meson masses, reported in Table III. We report the fitting ranges, I, the number
of exponential terms, Nexp, used in the fit, and the values of χ2=Nd:o:f . for every fit.

Label Iη0l Iη0h IPS Ips IV Iv Nexp

χ2=Nd:o:f:
η0l

χ2=Nd:o:f:
η0h

χ2=Nd:o:f:
PS

χ2=Nd:o:f:
ps

χ2=Nd:o:f:
V

χ2=Nd:o:f:
v

M1 (9,15) (5,11) (7,14) (9,14) (7,11) (7,14) 1 2.7 2.4 3.8 2.9 0.9 1.5
M2 (9,13) (7,11) (8,13) (8,15) (8,13) (8,16) 1 1.8 1.9 2.7 1.7 2.3 1.8
M3 (9,14) (7,11) (9,16) (10,13) (11,20) (10,13) 1 1.4 1.4 1.1 1.9 1.3 1.8
M4 (7,13) (6,10) (8,18) (7,16) (8,16) (7,13) 1 2.2 2.0 1.3 2.0 1.3 3.4
M5 (8,14) (5,9) (9,16) (7,13) (12,16) (8,13) 1 1.4 1.6 1.4 2.2 1.5 1.9
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right-hand panel. On the same plots, we display the
masses of the corresponding states in the flavored
channels. Overall, the ground states and first excited
state masses in the flavor-singlet channels are found to
lie, within uncertainties, in the mass range of the flavored

states. We find larger uncertainties for the η0 state;
hence the mass hierarchy is not fully determined.
For the lightest ensemble, M5, the flavor-singlet pseu-
doscalar states have mass compatible to the flavored
vector mesons.

TABLE III. Meson masses extracted from large Euclidean-time behavior of the eigenvalues, λðtÞ, within the GEVP analysis. We report
the ground states and first excited states in the flavor-singlet pseudoscalar channel as well as the ground states for flavored pseudoscalar
and vector mesons made of either species of fermions, and for all five ensembles, which we characterize by the lattice coupling, β, its
number of sites in the temporal, Nt, and spatial, Ns, directions, and the bare masses of the fermions in lattice units, amf

0 and amas
0 .

Label β Nt Nl amf
0 amas

0 amη0l
amη0h

amPS amps amV amv

M1 6.5 48 20 −0.71 −1.01 0.3769(96) 0.6334(59) 0.3639(14) 0.6001(11) 0.4030(33) 0.6452(18)
M2 6.5 64 20 −0.71 −1.01 0.3867(68) 0.619(13) 0.3648(13) 0.59856(82) 0.4038(17) 0.6421(15)
M3 6.5 96 20 −0.71 −1.01 0.3826(67) 0.588(12) 0.3652(16) 0.59940(79) 0.4040(18) 0.6467(21)
M4 6.5 64 20 −0.7 −1.01 0.4381(33) 0.6433(88) 0.4067(13) 0.62426(85) 0.4476(17) 0.6742(13)
M5 6.5 64 32 −0.72 −1.01 0.3591(53) 0.637(26) 0.31076(68) 0.57718(85) 0.3518(12) 0.6223(15)

FIG. 2. Masses, am, of the lightest flavor-singlet and flavored pseudoscalar mesons, and flavored vector mesons, constituted of either
species of fermions. Top left panel: measurements of the masses in lattice units for the three ensembles (M1–M3) that have common
values of amas

0 ¼ −1.01 and amf
0 ¼ 0.71. The masses as shown for the three available choices of spatial lattice extent Nt. Top right

panel: measurements of the masses in lattice units for the three available choices of bare fundamental fermion mass. A small horizontal
offset has been introduced, for visual clarity, in the ensembles M1–M3. Bottom left panel: measurement of the masses in lattice units for
all ensembles with Nt ¼ 64 (M2, M4, and M5), plotted against the ratio of the mass of the flavored pseudoscalar and vector mesons
constituted of fermions in the fundamental representation. Bottom right panel: same as bottom left, but the masses of the mesons are
expressed in gradient flow units.
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The general trends exhibited by our results suggest that
the effect of the disconnected diagrams is suppressed by the
heavy fermion masses present in these ensembles. Thus, the
spectrum resembles that of Nf ¼ 2 single-representation
theories at moderately heavy to heavy fermion mass [116].
A suppression of the disconnected diagrams also implies a
suppression of the η0l − η0h mixing effects, according to
Eq. (9). Thus, we expect that the associated mixing angle is
small and that the state a is mostly dominated by the
fundamental fermionic contribution, whereas the mass of
the η0 is mostly determined by the antisymmetric fermion
masses. We will return to the determination of the mixing
angle in the next subsection.
Because the ensembles M1–M3 share the same lattice

parameters, with only the temporal lattice extent, Nt,
distinguishing them, we can compare across the three to
ascertain the contribution of Nt to systematic effects. We
find that for both the singlet ground states, η0l, and the first
excited state, η0h, measurements with different Nt yield
compatible results. This may not be the case for further
excited states [150], but these considerations go beyond the
purposes of the present study.

B. Mixing angle

With the available ensembles we measured the pseudo-
scalar matrix elements of Eq. (15), from which we extracted
the effective mixing angle, ϕ, determined according to
Eq. (16), which we display in Fig. 3 as a function of the
time t. A similar analysis for the axial-vector currents, in
Eq. (12), did not yield a significant signal; hence we did not
determine the pseudoscalar decay constants. This behavior
is similar to what has been found in QCD, where the flavor-
singlet axial-vector matrix elements are affected by poor
signal-to-noise ratios [169].
We stress that the result for the effective mixing

angle displayed in Fig. 3 have been obtained with a
simplified analysis that only involves local sources.
The simpler GEVP is analyzed with a larger value
of t0 ¼ 5, as it is in this regime where the systematic
error on the determination of the matrix element should
be smaller; see Ref. [188]. We leave to future, high-
precision studies the task of measuring the relevant
components of the correlation matrix itself [170] to
determine simultaneously the mixing angle and the decay
constants.
We extract the mixing angle, ϕ, via a constant fit to

the effective mixing angle. We similarly determine ϕη0l
and ϕη0h

. We choose the fitting interval to start at t ¼
t0 þ 1 and end at the first t ¼ tmax for which the relative
uncertainty in the effective mass of the flavor-singlet
pseudoscalar ground state exceeds 50%. We report the
extracted mixing angles in Table IV. We find a small
mixing angle in all available ensembles. We find that a
parametrization using two mixing angles leads to

statistically significant deviations. We do not find clear
evidence of mass dependence in the mixing angles ϕ and
ϕη0l

in the ensembles studied here. All measurements
indicate a mixing angle of roughly 6° for ϕ. These results
further support earlier conclusions: because of the large
value of the fermion masses, the mixing effects between
the flavor-singlet pseudoscalar states η0l and η0h are
strongly suppressed.

V. SUMMARY AND OUTLOOK

In this paper, we have presented the first numerical
lattice study of the mass spectrum of flavor-singlet pseu-
doscalar bound states in an Spð4Þ gauge theory with
fermions in multiple representations. The channels of
interest result from the mixing effects between the
Abelian PNGBs associated with the two global Uð1Þ
factors in the approximate symmetry of the system.
These Abelian symmetries are broken explicitly both by
the masses of the fermions, and by the axial anomaly. The
motivation for this study is that, in the context of composite
Higgs models, the phenomenology of such flavor singlets
deserves special consideration [1], and requires detailed
knowledge of nonperturbative properties of the theory in its
strongly coupled regime.
Our measurements have been performed on five avail-

able ensembles, generated in a lattice field theory that is of
interest in its own terms, as it has been proposed as a short-
distance completion to the minimal CHM that also imple-
ments top partial compositeness [12].
This type of spectroscopy measurement is challenging

because it requires performing explicit calculations of
disconnected diagrams contributing to the two-point func-
tions of interest, which introduce high noise level in the
numerical analysis. These measurements were obtained
with a combination of APE and Wuppertal smearing, as
well as with an implementation of the GEVP analysis.
The results presented above provide the first

determination—and a demonstration of feasibility—of
the masses of the ground and first excited state in the
flavor-singlet pseudoscalar channel of this theory, as well
as of their associated mixing angle.
Some limitations of the analysis descend from the fact

that all the ensembles have the same value of the lattice
coupling, β, so that a continuum-limit extrapolation is
beyond the reach of this analysis. Furthermore, the masses
for the two species of fermions belong to a regime in which
the theory is far from the massless limit. As a result, the
masses of neither the flavor-singlet nor the flavored
pseudoscalar states in the theory are particularly light,
and a massless extrapolation of the results is also beyond
current reach.
The natural next step for future studies would be to

deploy the numerical strategy we developed and tested in a
large-scale investigation that would allow for performing
continuum and massless extrapolations. This endeavor
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FIG. 3. Effective mixing angles, ϕ, between the lightest pseudoscalar singlets, for all ensembles M1–M5, based on the pseudoscalar
singlet matrix elements defined in Eq. (15). We fit the effective mixing angle in the range from a minimum value t ¼ t0 þ 1 to a
maximum value t ¼ tmax. Conventionally, we choose the latter to coincide with the smallest t value at which the relative error of the
ground-state effective mass is larger than 50%. We find good signal-to-noise ratios in all ensembles, even for the comparatively large
value of t0 ¼ 5. We find no clear evidence of mass dependence of the mixing angle.

TABLE IV. Results for the pseudoscalar singlet mixing angle, ϕ, expressed in degrees, extracted from the flavor-singlet pseudoscalar
matrix elements, using correlation functions with pointlike source and sink (no Wuppertal smearing). The quoted uncertainties have
been obtained using jackknife resampling.

Label β Nt Ns ϕ=∘ ϕη0l
=∘ ϕη0h

=∘

M1 6.5 48 20 6.15(83) 3.83(57) 9.8(1.1)
M2 6.5 64 20 6.07(63) 3.74(43) 9.78(89)
M3 6.5 96 20 6.16(66) 3.76(44) 10.00(92)
M4 6.5 64 20 7.44(58) 4.77(42) 12.26(86)
M5 6.5 64 32 6.61(54) 5.87(52) 7.67(64)

ED BENNETT et al. PHYS. REV. D 110, 074504 (2024)

074504-10



would allow one to better assess the effect on the spectrum
and mixing angle of the axial anomaly, and connect this
study to ongoing model-building and collider phenomenol-
ogy programs. Furthermore, having demonstrated the
viability of the numerical techniques, it would be interest-
ing to understand how the results depend also on other
intrinsic parameters of the theory, such as the numbers, Nf
and Nas, of fermions transforming on the fundamental and
antisymmetric representation of the group. An interesting
connection to more formal field-theory research topics
would involve changing the group, within the Spð2NÞ
class of theories, to explore the approach to the large-N
limit. We plan to exploit all of these opportunities for
further research in the future.

The supporting data for this paper are openly available
from Ref. [199] and the analysis code from Ref [200].
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APPENDIX: SYSTEMATIC EFFECTS RELATED
TO THE CHOICE t0

In principle, the value of t0 in the GEVP should be
chosen to be large in order to suppress systematic effects
[188]. However, a choice of small t0 can lead to smaller
statistical uncertainties. In Table V we report the masses of
the pseudoscalar singlet mesons as a function of t0. We do
not find any significant deviations.

TABLE V. The mass of the pseudoscalar singlet states as a function of t0. When varying t0 we find no deviations outside of statistical
uncertainties.

Label β Nt Nl amf
0 amas

0 amη0h
ðt0 ¼ 1Þ amη0h

ðt0 ¼ 2Þ amη0h
ðt0 ¼ 3Þ amη0h

ðt0 ¼ 4Þ amη0h
ðt0 ¼ 5Þ

M1 6.5 48 20 −0.71 −1.01 0.6354(61) 0.6344(62) 0.6306(74) 0.6306(77) 0.634(10)
M2 6.5 64 20 −0.71 −1.01 0.621(13) 0.6239(74) 0.6225(92) 0.623(10) 0.623(11)
M3 6.5 96 20 −0.71 −1.01 0.592(13) 0.6111(76) 0.6079(92) 0.609(10) 0.620(18)
M4 6.5 64 20 −0.7 −1.01 0.6436(89) 0.6423(90) 0.643(11) 0.647(12) 0.658(13)
M5 6.5 64 32 −0.72 −1.01 0.667(26) 0.660(28) 0.668(21) 0.659(21) 0.651(20)

Label β Nt Nl amf
0 amas

0 amη0l
ðt0 ¼ 1Þ amη0l

ðt0 ¼ 2Þ amη0l
ðt0 ¼ 3Þ amη0l

ðt0 ¼ 4Þ amη0l
ðt0 ¼ 5Þ

M1 6.5 48 20 −0.71 −1.01 0.3769(96) 0.3968(34) 0.3900(43) 0.3836(68) 0.3913(69)
M2 6.5 64 20 −0.71 −1.01 0.3867(68) 0.3969(34) 0.3917(43) 0.3898(51) 0.3912(70)
M3 6.5 96 20 −0.71 −1.01 0.3826(67) 0.387634) 0.3826(41) 0.3815(48) 0.3750(84)
M4 6.5 64 20 −0.7 −1.01 0.4380(33) 0.4394(26) 0.4362(29) 0.4348(45) 0.4360(36)
M5 6.5 64 32 −0.72 −1.01 0.3590(53) 0.3582(54) 0.3617(33) 0.3586(63) 0.3615(36)
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