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Inverse magnetic catalysis and energy loss in a holographic QCD model
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In this paper, we consider the Einstein-Maxwell-dilaton holographic model for light quarks with nonzero
magnetic field and chemical potential. First, we study the phase diagrams in 7-u and T-B planes. We
observe inverse magnetic catalysis which is consistent with the lattice QCD results. We discuss the
influence of the magnetic field and chemical potential on the location of the critical end point (CEP). It is
found that the magnetic field increases the critical ycpp of the CEP in the T-u plane and the chemical
potential increases the critical Bogp of the CEP in the T-B plane. Second, we discuss the equations of state
(EOS) with nonzero magnetic field and chemical potential. We observe that the EOS near the phase
transition temperature are nonmonotonic. Then we study the energy loss with a nonzero magnetic field and
chemical potential. It is found that the drag force of the heavy quark and jet quenching parameter g show an
enhancement near the phase transition temperature. The peak values of drag force and g are pushed toward
lower temperature with increasing B or u. This phenomenon is consistent with the phase transition
temperature decrease with increasing B or y in this holographic model. Moreover, we find that the heavy
quark may lose more energy when it is perpendicular to a magnetic field, which is consistent with the

results of the jet quenching parameter.

DOI: 10.1103/PhysRevD.110.066010

I. INTRODUCTION

The experimental investigation of the phase structure of
quantum chromodynamics (QCD) matter is one of the
important tasks of heavy ion collision experiments at the
Relativistic Heavy Ion Collider (RHIC) and LHC [1-5]. It
is generally believed that the strongly coupled plasma can
be generated from experiments since heavy ion collisions
create extreme conditions of high temperature and energy
density. It is well known that QCD matter is in the
confinement phase in the region of low temperature T
and small chemical potential ¢ while it is in the deconfine-
ment phase in the high temperature 7" and large chemical
potential u region. Furthermore, the phase diagram for light
quarks [6] crosses over at 4 < p,. (critical chemical poten-
tial) and becomes first-order at u > .. It is interesting and
challenging to probe the phase diagram of QCD. The phase
diagram in the 7-u plane can provide rich information for
promoting the understanding of the properties of QCD
matter under extreme conditions [7,8].
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The phase structure of QCD under an external magnetic
field has attracted much attention since a strong magnetic
field has been generated in the early stage of noncentral
heavy-ion collisions [9-11] and the early Universe [12].
Although the magnetic field rapidly decays, it is still
intense at the initial formation of the quark-gluon plasma
(QGP) [13,14]. As expected, the strong magnetic field has
affected the plasma evolution and the charge dynamics in
the strongly interacting matter. Studying QCD properties
in the magnetized system is still a major focus of current
research, especially the investigation of the phase struc-
ture [15—17]. Lattice QCD serves as a powerful tool to
explore the QCD phase structure under magnetic field.
Early lattice QCD results indicated the chiral condensate
and phase transition temperature increase with the mag-
netic field, namely, magnetic catalysis (MC) [18,19]. The
opposite behaviors were observed in further lattice QCD
studies with physical light quark masses, so-called inverse
magnetic catalysis (IMC) [20-22]. Using the improved
discretization schemes, IMC has been found in the lattice
QCD investigations [23-25]. Further intensive study of
(inverse) magnetic catalysis has drawn much attention to
unveil the microscopic mechanism of the magnetic field
effects [26-36]. It is found that (inverse) magnetic
catalysis is related to the quark mass [37,38]. Inverse
magnetic catalysis is valid for light quarks. The system
turns into MC from IMC with the increase of the quark
mass.
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It is expected that IMC is mainly caused by the strongly
coupled dynamics around phase transition. The perturba-
tive QCD method is not reliable since the coupling constant
is still large around the phase transition temperature.
Furthermore, lattice QCD does not work well at finite
chemical potential due to the sign problem. Studying the
QCD phase structure from AdS/CFT correspondence [39—
41] may provide some significant inspiration. The charac-
teristic features of QCD and phase structure at finite
temperature and chemical potential have been discussed
by using this powerful nonperturbative approach [42—53].
The confinement-deconfinement phase transition and QCD
thermodynamic properties under an external magnetic field
also have been widely investigated from holography, and
some interesting results have been obtained [54—67]. In this
work, we want to study the influence of the magnetic field
and chemical potential on the location of the critical end
point (CEP) simultaneously. To be specific, we want to
discuss the effects of the magnetic field on the critical y.,,
in the 7 — yu plane and the chemical potential on the critical
Bcpp in the T-B plane. It is worth mentioning that the
bottom-up holographic QCD models can describe QCD-
like physics successfully [68—75]. The (inverse) magnetic
catalysis can be observed from the holographic QCD
model. The dilaton field in the Einstein-Hilbert action is
dual to the running of the coupling constant and the
expression of the dilaton field is correctly solved by the
gravity equations. The dynamical breaking of conformal
symmetry is realized by the nontrivial profile of the dilaton
field in bottom-up holographic QCD models. In bottom-up
holographic QCD, one can fit the model parameters to
match the properties of real QCD such as the deconfine-
ment phase transition, equations of state, and Regge
trajectory of meson mass spectrum.

When an energetic parton a with large transverse
momentum passes through the QGP, it radiates gluons,
thereby losing energy since it interacts with the hot dense
matter. This process leads to transverse momentum broad-
ening described by the jet quenching parameter g [76—82].
The jet quenching parameter plays a significant role in
medium-induced radiated energy loss of light partons and is
defined by the mean squared transverse momentum per unit
distance propagated, g = <KLQ The holographic jet quench-
ing parameter g was first studied in leading order of the
large ’t Hooft coupling [83] and later was extended to the
subleading order in the large "t Hooft coupling at a nonzero
temperature in [84]. The results are in good agreement with
the RHIC data [84,85] when "t Hooft coupling 4 = 6z. The
effect of the magnetic field on the jet quenching parameter
from holography has been studied in [86—88]. The temper-
ature dependent jet quenching parameter in the pure gluon
system can be seen in [89,90]. The heavy quark energy loss
can be determined by drag force [91,92]. In the trailing
string model, drag force behaves as an observable quantity

that is sensitive to the in-medium energy loss. It is the

averaged momentum per unit time (dp/dt) and can be
holographically calculated by the energy flow (dE/dx)
from the falling string end point into the world sheet
horizon. The effect of magnetic field or chemical potential
on drag force in the EM(d) models can be seen in [93-97].

In this work, we study the holographic QCD model with
nonzero magnetic field and chemical potential in the
Einstein-Maxwell-dilaton (EMD) gravity background. We
study the phase diagram for light quarks in the 7-x and 7-B
planes. Then we discuss the equations of state (EOS) near the
phase transition temperature. In this model, we find that the
magnetic field suppresses the free energy and this suppres-
sion is stronger when the connecting line of the QQ pair is
parallel to the magnetic field compared with the
perpendicular case, which is consistent with the lattice
QCD results [98]. The fast moving probe energy loss in
the strongly coupled plasma has attracted much interest,
especially near the phase transition temperature. It may be
more comprehensive to consider the influence of both the
magnetic field and chemical potential on energy loss. Based
on this, we discuss the effects of magnetic field and chemical
potential on the drag force and jet quenching parameter near
the phase transition temperature simultaneously and want to
characterize the phase transition temperature by energy loss.

The organization of this work is as follows. In Sec. 11, we
introduce the background geometry of the AdS/QCD
model with nonzero chemical potential and magnetic field.
In Sec. III, we investigate the thermodynamics in the
holographic model. In Sec. IV, we discuss the free energy
of the QQ pair in the holographic model. In Sec. V, we
discuss the nonmonotonic jet quenching parameter and
drag force in the AdS/QCD model. The conclusion and
discussion are given in Sec. VL.

II. BACKGROUND GEOMETRY

In this section, we first review the main derivation of the
holographic AdS/QCD model with the nonzero chemical
potential and magnetic field presented in [71]. The action of
the Einstein-Maxwell-dilaton gravity background is

1 —
§=- 167Gs / e/ {R - lé(l(b) FamE™™
1
— f2§¢) F oy FMN — §5M¢0M¢ -V(g)|, (1)

where ¢ denotes the dilaton field. V(¢) represents the
potential of ¢. Moreover, F(jyyy and F(y)yy denote the
field strength tensors of two U(1) gauge fields, respectively.
One can consider that the first gauge field is dual to a
(neutral) flavor current which is able to create a meson. The
second gauge field is dual to the electromagnetic current
which can generate a different neutral meson. In [71], the
authors work with U(1) x U(1) and the meson is charge
neutral. Therefore, one cannot couple electromagnetism to
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a meson in a direct way. In fact, there is no direct coupling
between the two U(1). The baryon chemical potential serves
as the boundary value of time component of the first Abelian
gauge field A )y = A,(2)8),. The second Abelian gauge
field can be treated as the dual of the electromagnetic current.
The gauge kinetic functions f(¢) and f,(¢) represent the

In this model, the second gauge field is used to introduce a
background magnetic field B by F )y = Bdx; A dx3. The
rotation symmetry SO(3) is broken since the magnetic field
B is along the x;-direction. It is worth mentioning that the
background magnetic field B is 5-dimensional (mass dimen-
sion one) in this metric. The physical and 4-dimensional

magnetic field B (mass dimension 2) could be obtained by
rescaling B ~ % [55,62]. For our purpose of investigating the
qualitative characteristics of a magnetic field intuitively, we

coupling between U(1) gauge fields and the dilaton field.
The Ansatz of the metric [71] is

5 L*S(z) 5 T 5 dz2 use the 5-dimensional magnetic field B in this work. In the
ds® = 2 —g(z)dt* +dxi + e 7 (dx3 + dx3) + @ ’ Appendix, we solve the Einstein-Maxwell equations to
justify the metric Ansatz for a small magnetic field, treating

(2) the Ansatz as a small perturbation to the known holographic

solutions without a magnetic field.
The Einstein equations of motion can be obtained by
using the Ansatz of Eq. (2) [71]:

where S(z), g(z) and L denote scale factor, blackening

function, and anti—de Sitter (AdS) length scale, respectively.
|

, 2., 38(2) §> _Zf1(0Al)*
70+ (2870 + 3 -2) - LEA o 6)
BZZE‘_ZBZZZfz(Z) , 3B2sl(z) 4BZ B
T(Z) + ZBzg (Z) + g(z) (4B4Z + W - 7) =0, (4)
38(z)* 28 4B*72 4B 1
§"(2) - zs(é)) - Z(Z) +S(z)< - +T+§¢'(z)2) =0, (5)
and
Jd'(z) S"=z) <7B2z 3g(z) 6 ) , (SBZZ _i)
300 5@ T ase P 250 " s@) TG0 Tl
B272¢7282 £, (7) 2L2S(z2)V(z)  S'(2)*> 8
4.2 —6RB2 =
B 6L29(z)S(z) OB+ 37229(2) + 25(z)? T2 0 (6)
The equation of motion for the dilaton field is
, , 2. 9@ 38() §> ZPAN2)? Of1(p) BT of5(p) L2S(z)aV(e)
w06 (28 55T s s T e =0 O
The equation of motion for the first gauge field is given by
" / 2, N1 S'@) _1> _
A1)+ 4a) (287 + TR 4 X ) o )
One can use the following boundary conditions to solve equations of motion
9(0)=1.  g(z) =0,
At(o) = H At(zh) =0,
5(0)=1.  #(0)=0, )

where z;, is the black hole horizon. The chemical potential 4 can be obtained from the near boundary expansion of the zeroth
component of the first gauge field.
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The expression of the gauge field A,(z) is as follows:

fo 5 fe‘B": —3252
A, = 1 - 2_
(10)

The baryon density p can be obtained from the expansion
of the gauge field when it is close to the boundary in the
holographic dictionary, A, = u — pz>. The baryon density
in this model is

K : (11)

22
fZ/, e‘B ¢
_[52_3252

The forms of scale factor S(z) and the gauge coupling
function f/(z) are

Then the gauge coupling function f,(z) is

12 623212+2P(Z)

~

2(z) = =

Z

X [g(z) <4B2z +6P'(z) - 3) + 29’(z)] . (13)

The blackening function ¢(z) is given as

i ~
g(z) =1 +A dEE3 e BE-3P() {Kl + H

c 2
2c12°¢ f]’ (14

with

[1 + - z;, d§f3€_32§2_3p(§>+652}
6_622_3222 1 2 LZh dEE —B2E-3P(¢) (15)
[1@) =—F—=" (12) Jo' déce
S(2)
The dilaton field in terms of P(z) is
2
= / dz\/—g(SzP”(z) —3zP'(z)> + 6P'(z) + 2B*z* + 2B%7) + K. (16)
where K, is used to ensure ¢» vanishes near the asymptotic boundary.
The potential of the dilaton field is given as
V() 9(z) ( 9B2738'(z) 10B?z2 3z228'(2)* 12z8'(z) 224 (2)* 12 >
7)==51|-— - -
L? 28(z)? S(z) S(z)? S(z)? 28(z)  S(z)
_EN@AR)? g(E) (B 328() 3z (17)
2L4S(z)? L? S(z)  28(z)*  S(z))

The Hawking temperature and entropy in this back-
ground are

3 ,—3P(z;)-B*2

~2
e 1% 2
T =— h K € |
4n { T h]
B2 3P ()
S = T3 (18)
h

where Newton constant G5 is set to be one.

From the above equations, one can find that these
Einstein-Maxwell-dilaton gravity solutions are determined
by P(z) and the gauge kinetic function f,(z) [Eq. (12)].
Different forms of P(z) and f;(z) may lead to different
gravity solutions.

|
We choose the following simple form of P(z) [53]:

P(z) = —alog(bz® + 1). (19)

In this work, we want to study the phase structure of
QCD matter for light quarks which is different from that in
[71]. One can set the parameter ¢ of the gauge kinetic
function f(z) to be 0.227 when B = 0 by matching with
the mass spectrum of the p meson with its excitations [52].
In order to fit the confinement-deconfinement phase
transition temperature at B =0 and p =0, we fix a =
3.943 and b = 0.0158. The phase structure for light quarks
with nonzero chemical potential with the form of Eq. (19)
has been studied in [53]. In this work, we extend the results
to nonzero chemical potential and magnetic field cases.
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(a)u=0.1,z4=21

0 1 2
V4

FIG. 1.

We discuss the effects of chemical potential and magnetic
field on the location of the CEP simultaneously and study
the effects of the magnetic field on the critical ycgp in the
T-u plane and the chemical potential on the critical B gp in
the 7-B plane.

Before studying the black hole thermodynamics and
equations of state in this magnetized background, we want
to check whether the metric solutions are self-consistent or
not in Figs. 1-6. If the metric solutions are self-consistent,
the blackening function and dilaton field should satisfy the
boundary condition of Eq. (9). The gauge kinetic functions
f1 and f, do not break the null energy condition (NEC);
namely, they should be positive. The B, u, and 7" depend-
ence of V(¢) should be slight. We will check these in the
following calculations. We take AdS length scale L =1 in
the calculations.

In Fig. 1, we discuss the effects of the magnetic field and
chemical potential on the blackening function g(z). It is
obvious that ¢g(0) = 1 and g(z,) = 0 with nonzero mag-
netic field and chemical potential which implies the black-
ening function satisfies the boundary condition. The
blackening function decreases as the chemical potential
and magnetic field increase.

In Fig. 2, we plot ¢(z) versus z and f(z) versus z to
study the effect of the magnetic field on the dilaton field
and the gauge kinetic function. From Fig. 2(a), we find
$(0) =0 which implies the dilaton field satisfies the
boundary condition. The dilaton field decreases as the
magnetic field increases. The gauge kinetic function f(z)
is related to the mass spectrum of the p meson. In [52], the
authors fitted the mass spectrum of the p(1~) meson with

4
~N
= 2
RS
— B=0.1
— B=0.3
0 ) — B=05
0 1 2

z

(b)B=0.1,2,=21

605' . u=02

0 1 2
z

9(z) versus z. B and u are in units GeV.

m2 = 4cn, where n is consecutive number and ¢ is the
model parameter. It should be mentioned that m? represents
the mass spectrum when the temperature, chemical poten-
tial, and magnetic field vanish. Namely, the model param-
eter ¢ = 0.227 is fitted well with the mass spectrum at zero
magnetic field. In Fig. 2(b), we just want to check whether
the gauge kinetic function f; is always positive or not at
different B. The results show that f(z) has no negative
value and the null energy condition is not broken.
Meanwhile, we observe that f(z) decreases monotonically
as z increases.

In Fig. 3, we plot the gauge kinetic function f,(z) versus
z with different magnetic fields. The gauge kinetic function
f2(z) is calculated from equations of motion (EOMs).
From the results, the magnetic field increases f,(z) slightly.
The gauge kinetic function f,(z) decreases as the dilaton
field increases. Indeed, the values of f,(z) are close to zero
near the horizon. From the results of the gauge kinetic
functions f(z) and f,(z), one can conclude that the values
of the gauge kinetic function are non-negative, which
means f(z) and f,(z) do not break the NEC.

In Figs. 4-6, we study the effects of magnetic field,
chemical potential, and temperature on the dilaton poten-
tial. After expanding the dialton field ¢ and dilaton
potential V(¢) near the asymptotic boundary, one can
rewrite V(¢9) in terms of ¢, V(¢p) = —12 + 2 ¢* 4 - - -. m?
denotes the mass of ¢ and m> = —3 when B = 0 which
satisfies the Breitenlohner-Freedman (BF) bound [99].
Thus, V(¢) < —12 when z # 0 and V(¢) is bounded from
above by its UV boundary value. This phenomenon can be

FIG. 2. ¢(z) versus z and gauge kinetic function f/(z) versus z. B and u are in units GeV.
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60 . . :
(a)u=0.1,z,=2 30+ (b)u=0.2,z, =3
40} -
\’:‘(\,I — B=0.1 % 20y
s onl —B=02 | *
20 — bos 10}
0 N 0 i y
0 1 2 0 1 2 3
Z V4

FIG. 3. Gauge kinetic function f5(z) versus z. B and u are in units GeV.

-12 (2)p=0.1,T=0.16 | 1o (b)p=0.2,T=0.18 |
- __-20
& -sof &
= > 5
-40
~1005 2 4 0 1 2 3
¢ [0

FIG. 4. V(¢) as a function of ¢(z) with different values of magnetic field. B, u, and T are in units GeV.

(2)B=0.1,T=0.16 (b)B=0.2,T=0.18 |

[ — p=0.1

V(¢)

FIG. 5. V(¢) as a function of ¢(z) with different values of chemical potential. B, y, and T are in units GeV.

_1oF . . . .
(a)=0,B=0 (b)=0.1,B=0.1

-50F

100} — T=016

V(9)
V(9)

[ — T=0.18

-150F

FIG. 6. V(¢) as a function of ¢(z) with different values of temperatures. B, u, and T are in units GeV.

observed from the figures. Also, V(0) = =12 =2A and A to the metric and gauge field Ansdtze. We need to discuss
denotes the cosmological constant in AdSs. the magnetic field, chemical potential, and temperature

We can find the dilaton potential is relevant with  dependence of V(¢). If V(¢) is dependent on B, y, and T,
magnetic field, chemical potential, and temperature due then different values of B, i, and T may lead to a different
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action and metric solution. In Figs. 4-6, one can observe
that the curves almost coincide together. Therefore, the B,
u, and T dependence of V(¢) is negligible. The back
reaction of B on action and metric solution is negligible.

III. THERMODYNAMICS
IN THE HOLOGRAPHIC MODEL

In this section, we discuss the Hawking temperature and
black hole free energy behaviors with the nonzero chemical
potential and magnetic field in this holographic model.
Then we plot the phase diagram in the 7-u and 7-B planes.
The equations of state (pressure, entropy density, baryon
density, specific heat, and sound speed) around phase
transition temperature are studied in this section.

A. Black hole thermodynamics

In Fig. 7, we plot temperature T as a function of horizon
z, with different values of chemical potential. From the
results of Fig. 7(a), we find the temperature decreases
monotonically as the horizon increases when g = 0. When
the chemical potential is greater than the critical point
(u. = 0.064 GeV when B = 0), the local minimum value
of temperature appears. In the y > u, case, there may exit
three black hole phases. Specifically, the large black hole
(@), unstable phase (@), and small black hole (®) may exist
simultaneously. The large/small black hole is thermody-
namically stable while the unstable phase is not. This
unstable feature leads to the negative values of specific heat
and square of sound speed. From Fig. 7(b), one can find the

0.165

(@B=0  — k=0
— u=0.064
< — 1=0.09
2
o 0.155-® — p=0.12 1
=
@ 3
0.145 = =
3 5 7
Zp

chemical potential dependence of temperature when B =
0.05 is qualitatively the same as that when B = 0. Indeed, a
phase transition may happen between the small black hole
and large black hole.

The small-large black hole phase transition is dual to the
confinement-deconfinement phase transition in [50].
However, the authors of [51] calculate the phase transition
temperatures from black hole phases and open string
configurations. They find the results have differences
between the two methods. In further study of [70], the
authors consider the small-large black hole phase transition
as the specious confinement-deconfinement phase transition.
Since the Polyakov loop expectation value is nonzero
(extremely small), the small black hole phase is not exactly
dual to confinement. The expectation value of the Polyakov
loop is zero in the confinement phase. However, the
Polyakov loop expectation value is nonzero (extremely
small) in the small black hole phase from the results of
[70]. The expectation value of the Polyakov loop only
behaves as linear confinement for larger distances when T
is small. Therefore, the small black hole phase is called the
specious confinement phase.

From [73], the black hole free energy at fixed chemical
potential, volume, and magnetic field is

o dT
F:/ s——dz,.
Zn th "

(20)

In Fig. 8, we plot free energy F as a function of
temperature 7" with different values of chemical potential.

0.165

(b)B=0.05 — H=0
— u=0.064
< — p=0.09
> jZ
& 0.155-® — p=0.12 1
|_
©
0.145 o)
3 5 7
Zn

FIG.7. Temperature T as a function of horizon z;, with different values of chemical potential (a) for B = 0 and (b) for B = 0.05. B and

u are in units GeV.

F
3.x107%; (a)B=0

2.x1078}

— =0

@ —— p=0.064

— =009

\\ — =012

1.x1078}

® .
0.148\0.150
-1.x1078t ©

FIG. 8.
and u are in units GeV.

54 0.156 i
m . _5.x10-!

-1.x1078t

F
2.x1078;

1.5x1078}
1.x1078}
5.x107%

(b)B=0.05

Free energy F as a function of temperature 7 with different values of chemical potential (a) for B = 0 and (b) for B = 0.05. B
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0.16 T
(a)u=0.1
2
— 0.15f
2
g — B=0
— oqab— B=0.04
— B=0.06
— B=0.08
0.13 - -
3 5 7 9
Zp

1.5x1078;

-5.x107%
_1_x10—8,

(b)u=0.1

1.x1078}
5.x107%

FIG.9. Temperature T versus horizon z;, and free energy F versus T with different values of magnetic field when g = 0.1. B and y are

in units GeV.

From the results of Fig. 8(a), one can observe that the black
hole free energy is a smooth function of temperature, which
indicates the phase transition is a crossover with g = 0.
When p > u., the characteristic swallow-tailed shape
emerges, which implies that the first-order phase transition
happens. The small-large black hole phase transition
happens at the kink of the swallow-tailed structure.
From Fig. 8(b), the results of the B = 0.05 case are the
same as those of the B = 0 case. From Figs. 7 and 8, one
finds that the chemical potential promotes crossover to
first-order phase transition.

In Fig. 9, we study the effect of magnetic field on the
temperature and black hole free energy. We plot temper-
ature 7 versus horizon z;, and free energy F versus T with
different values of magnetic field at finite chemical poten-
tial. Fig. 9(a) indicates that the magnetic field suppresses
the unstable phase (®) which vanishes when the magnetic
field is larger than a critical point B.. The temperature
decreases monotonically with horizon when B > B,.. From
Fig. 9(b), one finds that the characteristic swallow-tailed
shape fades away with increasing magnetic field. When it
reaches a critical point B,, the free energy monotonously
decreases with temperature. This means the magnetic field
promotes the first-order phase transition to a crossover.
Moreover, the phase transition temperature moves toward

0.16
Fooz--- (@)
0.15F T 5S Black: B=0
____________ Red: B=0.05
S\ 014 = Blue: B=0.1
5
= 0.13
0.12
0.11 : ; :
0 0.1 0.2 0.3

u

lower values with the increase of the magnetic field,
implying IMC.

In Fig. 10, we plot the phase diagram in 7-u and 7-B
planes. Since the phase diagram for light quarks in the 7 — p
plane is a smooth crossover at small chemical potential and
turns into first-order at the CEP, we choose the minimum of
the square of sound speed C? (dashed lines) to characterize
the drastic change of degrees of freedom between QGP
and the hadron phases in the crossover region. The first-order
phase transition (solid lines) can be fixed by the free energy
when the chemical potential is above a critical value pu..
Fig. 10(a) shows the phase transition in the 7" — y plane for
B = 0,0.05, 0.1 GeV. The phase diagram shows crossover at
u < p. and becomes first-order at u > u.. The locations
of the CEPs are (/’tCEP’ TCEP) = (0064,0153>, <0083,
0.150), (0.123,0.1426) respectively. When increasing the
magnetic field, the location of the CEP shifts toward the
lower right region of the plane. It means the CEP would shift
toward lower temperature and larger chemical potential when
increasing B. The magnetic field increases critical ycgp in
T — u plane. We also find that the phase transition temper-
ature when y =0, B =0 is in the 150-160 MeV region
which is consistent with the lattice QCD prediction
[100,101]. Fig. 10(b) shows the phase transition in the
T-B plane for y =0,0.1,0.15 GeV. One can find the

0.16

Black: u=0
~< Red: p=0.1

0.15\\\\ Blue: p=0.15 1

T(GeV)

] 0.05 0.1

FIG. 10. The phase diagram in the T-u plane and T-B plane. The minima of sound speed squared C? are denoted by dashed lines. The
first-order phase transitions (solid lines) are determined by black hole free energy. The black, red, and blue lines in the 7-x plane denote
B =0, 0.05, 0.1 GeV, respectively. The locations of CEPs are (ucgp.Tcpp) = (0.064,0.153),(0.083,0.150), (0.123,0.1426),
respectively. The black, red, and blue lines in the 7-B plane denote y = 0, 0.1, 0.15 GeV, respectively. The locations of CEP are
(Begp, Tegp) = (0.075,0.147), (0.125,0.137) when u = 0.1, 0.15 GeV, respectively. B and y are in units GeV.
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obvious IMC. The locations of the CEPs are (B¢p, Tcpp) =
(0.075,0.147),(0.125,0.137) when u = 0.1, 0.15 GeV,
respectively. In the 7-B plane and for zero y, the phase
transition is always a crossover. In the 7-B plane with finite y,
the phase transition is of first-order at a small magnetic field
and the CEP appears with the increasing magnetic field. The
phase transition finally turns into a smooth crossover at a
large magnetic field. When increasing the chemical potential,
the location of the CEP shifts to the lower right plane. It
means the CEP would shift toward lower temperature and
larger magnetic field when increasing x. The chemical
potential increases the critical Bgp of the CEP in the 7-B
plane. One also can summarize that the chemical potential
promotes the crossover to a first-order phase transition while
the magnetic field promotes the first-order phase transition to
the crossover. It is worth mentioning that the phase diagram
in the T-u and T-B planes for heavy quarks has been studied
in [73].

B. Equations of state

In [67], the authors discuss the anisotropic pressures and
sound speed. In this subsection, we focus on the pressure
along the magnetic field and speeds of sound near the phase
transition temperature with a parallel magnetic field.

The pressure p along the x; direction (parallel to the
magnetic field) is equal to —F. In Fig. 11, we plot the
pressure p/T* versus temperature 7 near the phase tran-
sition temperature. From Fig. 11(a), one can observe that
the pressure is single-valued and always increases with the
temperature when 0 < p < p.. It indicates that the phase

0.00006 (2)B=0.05
0.00004} o
. 0.00002}
=
o 0 ® r — 11=0.05
-0.00002} ® e
-0.00004} — =012 {

0145 0.147 0.149 0.151 0.153

T(GeV)

FIG. 11.

(a)B=0.05

8.x1076
%‘e.xm*e- @ |
K axtosf K00
6—u=0.1
2.x10°%F
0—;1_0.1I5 @)
0.144 0146 0148 015 0.1
T(GeV)

52

transition crosses over in this region. When y > u,, the
unstable phase (®) appears, which means the first-order
phase transition happens. The findings of Fig. 11(a) are
consistent with the results of the 7' — y phase diagram in
Fig. 10(a). These results also suggest that the chemical
potential promotes the crossover into first-order phase
transition which is consistent with the results of Figs. 7
and 8. From the results of Fig. 11(b), the unstable phase
appears at finite chemical potential and gradually disap-
pears with increasing magnetic field which indicates the
magnetic field causes the unstable phase to vanish. This
finding is consistent with the results of Fig. 9. It also shows
that the phase transition finally turns into a smooth cross-
over from first-order at large magnetic field which agrees
with the results of the 7 — B phase diagram in Fig. 10(b).

In Fig. 12, we plot the baryon density p as a function of
temperature T near the phase transition temperature. It is
obvious that the baryon density is single-valued when
0 < pu < pu. while is multivalued around phase transition
temperature when p > u. from Fig. 12(a). It indicates that
the phase transition is a crossover at y < u. and becomes
first-order at y > u.. The multivalued phenomenon be-
comes single-valued at large magnetic field in Fig. 12(b),
suggesting the phase transition finally turns into a smooth
crossover from the first-order.

In Fig. 13, we plot the entropy density s/T° versus
temperature 7. From Fig. 13(a), one can find that the
entropy is single-valued and always increases with the
temperature when 0 < y < p,. while is multivalued around
the phase transition temperature when p > u.. It indicates
that the phase transition is a crossover at u < u,. and

0.00004 (b)p=01

0.00002}

P/T*

0

— B=0.04
—— B=0.06

— B=0.08

0.145 0.147 0.149 0.151 0.153
T(GeV)

-0.00002f

The pressure p/T* versus temperature T near the phase transition temperature. B and p are in units GeV.

0.00004

(b)u=0.1
0.00003
E 0.00002
= — B=0.04
- B=0.06
— B=0.08
000
0.140 0.142 0.144 0.146 0.148 0.150
T(GeV)

o

0.00001

FIG. 12. The baryon density p as a function of temperature T near the phase transition temperature. B and y are in units GeV.
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FIG. 13.

becomes first-order at y > p,. Interestingly, the magnetic
field suppresses this multivalued phenomenon from
Fig. 13(b). The multivalued phenomenon turns into single-
valued at a large magnetic field. The phase transition finally
turns into a crossover from the first-order phase. Indeed, the
magnetic field and chemical potential enhance the values of
entropy.
The specific heat is defined by

os

ov-1(2)

In Fig. 14, we plot the specific heat Cy/T* versus
temperature 7. From Fig. 14(a), one can find the specific
heat is always positive when 0 < p < p.., which means the
black hole is thermodynamically stable. The unstable phase
and the negative values of specific heat appear when
u > p,., signaling the emergence of a first-order phase
transition. The results indicate the phase transition crosses

(21)

ol " (b)u=0.1
— B=0.04
L — B=0.06
= A x
% |— B=0.08 i
E 0.0015
2r J
. ,,
0.14 0.145 0.15
0 / L T(GeV)
0.1 0.2 0.3 0.4
T(GeV)

The entropy density s/7> versus temperature T. B and y are in units GeV.

over at y < u, and becomes first-order at y > p.. From
Fig. 14(b), we find that the unstable phenomenon gradually
disappears with the increasing magnetic field and the
specific heat is always positive at a large magnetic field.
It indicates that the phase transition finally turns into a
CrOssover.

The square of sound speed along the x; direction is

, OlnT s
= oms Cy’ (22)

In Fig. 15, we plot the square of sound speed C? versus
temperature 7. From Fig. 15(a), one observes that the
square of sound speed is always positive when 0 < p < .,
suggesting the black hole is thermodynamically stable. The
negative values appear when u > .., indicating thermody-
namical instability. From Fig. 15(b), we find that the
unstable phenomenon fades away and the square of sound
speed is always positive at large B. The results of C2 are

15 . 10
(2)B=0.05 (0)r=0.1
10} ;
h L—»\// °
51 : L
% 1 ST
3 — =001 3
— B=0.04
-5 — p=0.05
01 _5f— B=0.06
-1or = — B=0.08
15 N — pz0.15 -10 " N
0.142 0.146 0.15 0.154 0.144 0.148 0.152
T(GeV) T(GeV)

FIG. 14. The specific heat Cy/T? versus temperature T near the phase transition temperature. B and y are in units GeV.

0.3}— H=0.01 (a)B=0.05
— p=0.075
. 0.2}— p=0.1 - :
4 — =
© p=01 0.02 T
0.1} % ]
/ 0 U S
0 -0.015 oads Y o 0.145 0.15
0.05— N N T(Gey) ~0.05 N N N T(Ge:')
Y0.15 0.2 0.25 0.3 0.35 U045 0.2 0.25 0.3 0.35
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FIG. 15.

The square of sound speed C2 versus temperature 7. The dotted black line denotes C2 = 1/3. B and u are in units GeV.
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similar to the findings of C,/T3. Indeed, the chemical
potential and magnetic field enhance the sound speed
slightly at high temperatures.

We can find that the equations of state near the phase
transition temperature are nonmonotonic and nontrivial.
From the results of Figs. 11-15, one finds that the pressure,
baryon density, and entropy density are single-valued and
the specific heat and square of sound speed are always
positive when 0 < u < u.. When u > u., the pressure,
baryon density, and entropy density are multivalued and
the specific heat and square of sound speed have negative
values. It indicates that the phase transition is a crossover at
u < pu. and becomes first-order at u > u., which is con-
sistent with the results of the 7 —yu phase diagram in
Fig. 10(a). These results also suggest that the chemical
potential promotes the crossover into first-order phase
transition which is consistent with the results of Figs. 7
and 8.

At finite chemical potential, the multivalued phenome-
non of the pressure, baryon density, and entropy density
gradually disappears with increasing magnetic field and
finally turns into single-valued at a large magnetic field.
The negative value phenomenon of the specific heat and
square of sound speed fades away with increasing magnetic
field. The specific heat and square of sound speed are
always positive at a large magnetic field. It means the phase
transition finally turns into a smooth crossover from first-
order at a large magnetic field, which agrees with the results
of the T — B phase diagram in Fig. 10(b). These results also
indicate that the magnetic field promotes the first-order
phase transition into crossover, which is consistent with the
results of Fig. 9. The results of the equations of state can
characterize the phase transition. We expect that the

nontrivial behavior of the equations of state near the phase
transition temperature could provide some theoretical
reference for the study of QCD phase diagrams.

IV. FREE ENERGY OF A QQ PAIR IN THE
HOLOGRAPHIC MODEL

In this section, we discuss the free energy of a quark-
antiquark (QQ) pair in this holographic QCD model and
compare it with the results of lattice QCD. The free energy
of a QQ pair is related to the on-shell action of a
fundamental string from holography and can be deduced
from the Nambu-Goto action. We study the anisotropic free
energy since the rotation symmetry SO(3) is broken by the
magnetic field. We consider the QQ pair is perpendicular
and parallel to the magnetic field. From holography, the
string world sheet action is calculated by the Nambu-Goto
action for test string. Thus, one should transfer the metric to
string frame from Einstein frame.

In the perpendicular case, the coordinates in Eq. (2) are
parameterized by
t=r, X3 = o0, x| =x, =0, z=12z(0). (23)

One can get the Lagrangian density from the Nambu-
Goto action:

e2Ps(2)

L=" /" g0 + 2, (24)

where P (z) = P(z) + \@d)(z) in the string frame.

One obtains the interdistance x, of the QQ pair
perpendicular to the magnetic field

4 AP (2.) B2
e Ze
xl—2/ dz 44P B 2 4 4P, 9( ) B2z% Bz’ (25)
“(2) = 2t g(z)g(z ) e T e
where z, is the tip of U-shaped string.
The free energy of the QQ pair of the connected string in the perpendicular case is
4 £8P (2) B%7?
o =2 [ty e D (20
Zzce “g(z) - et e g(z,)
where V4 = L?/o’ represents the 't Hooft coupling.
The free energy of QQ pair of the disconnected solution in the perpendicular case is
Va [
Fdiscon(l_) = _/ (27)
T Jo
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FIG. 16. The free energy of the QQ pair as a function of
interdistance x in a large black hole when 7 = 0.18 GeV and
u = 0.1 GeV. The solid line (dashed line) represents the QQ pair
parallel (perpendicular) to the magnetic field. The black line, red
line, and blue line represent B = 0.1, 0.2, 0.3 GeV, respectively.
We set 1 =1 in this figure.

In the parallel case, the interdistance x| of the pair is

4 4P( >g(z)

-2 d < .
| / Z\/ 4 4P, — 4P g(2)g(z0)

The free energy of the QQ pair of the connected string in
the parallel case is

e \/_ 4 8P s(z >g(z)
00(I) Z4 4 4P ( — BetPilz )Q(Zc)'

(28)

(29)
X (a) parallel case
3.5; -
3.0¢ SN \\\
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FIG. 17.

-2.0f

The free energy of the QQ pair of the disconnected
solution in the parallel case is

VA [a
Fdiscon(H) = 7A

In Fig. 16, we plot the free energy of the QQ pair as a
function of interdistance x in a large black hole when 7" =
0.18 GeV and u = 0.1 GeV. We observe that the free
energy behaves as a Cornell-type potential. We can fit the
free energy as F = —% +0.4703x + 3.266 when
1 = 0.1 GeV and B = 0. Furthermore, the magnetic field
suppresses the free energy and this suppression is stronger
when the QQ pair is parallel to the magnetic field compared
with the perpendicular case. This observation is consistent
with the lattice QCD results [98].

In Fig. 17, we plot interdistance x as a function of z,. and
AF = Fp — Fiseon as a function of x in a large black hole
when 7 =0.18 GeV and u = 0.1 GeV. In Figs. 17(a)
and 17(c), one can find that there exists a x,,,, value above
which the connected string disappears. Namely, the con-
nected string configuration exists for small z, (solid lines)
while the disconnected string arises for large z,. (dotted lines).
Moreover, one can find that the magnetic field decreases x,,,x
and promotes dissociation of the QQ pair.

In Figs. 17(b) and 17(d), we show the difference in free
energy between the connected and disconnected string as
AF = Fp — Fiscon- The solid and dotted lines in panels
(b) and (d) denote the smaller and larger branches of
interdistance x, respectively. It is obvious that the free
energy of the smaller branch is always less than that of the
larger branch. Moreover, there exists a critical value xj.

(30)

AF (b) parallel case

The interdistance x as a function of z, and AF = F 5 — Fliscon as a function of x in a large black hole when 7' = 0.18 GeV

and 4 = 0.1 GeV. The black line, red line and blue line represent B = 0.1, 0.2, 0.3 GeV respectively. Panels (a) and (b) represent the gg
pair parallel to the magnetic field, while panels (c¢) and (d) represent the perpendicular case. We set A = 1 in this figure.
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AF is negative for x < x4, which implies the free energy
of the connected configuration is less than that of the
disconnected string. AF is positive for x > x;, which
indicates the disconnected string has a lower free energy.
AF = 0 indicates a phase transition from a connected to a
disconnected string at x.;. This means the QQ pair
dissociates to a free quark and antiquark at large x.j.
We also find that x_;; decreases with increasing magnetic
field. Thus, the magnetic field enhances the dissociation of

the QQ pair.

V. ENERGY LOSS
IN THE HOLOGRAPHIC MODEL

In this section, we study the energy loss of fast moving
probes near the phase transition temperature in a baryon-
dense, magnetized, and strongly interacting medium. We
discuss the effects of magnetic field and chemical potential
on the drag force and g.

A. Nonmonotonic jet quenching parameter
in the holographic model

The jet quenching parameter plays a crucial role in
energy loss of partons and can be deduced through lightlike
adjoint Wilson loops. Since the magnetic field is along the
x; direction and breaks the rotation symmetry, we study the
anisotropic jet quenching parameter with nonzero magnetic
field and chemical potential. One can summarize the main
deduced formulas of the jet quenching parameter from [83].
In this paper, we focus on the jet quenching parameter around
the phase transition temperature. We observe a nonmono-
tonic temperature dependence behavior of the jet quenching
parameter ¢ in this holographic AdS/QCD model.

First, we study the jet moving parallel to the magnetic
field c}H. In this case, the results with momentum broad-
ening along the x, or x3 direction are the same. Here we
consider the case that the jet is moving along the x
direction with momentum broadening along the x, direc-
tion, namely g 1).

We rewrite metric (2) in the string frame

ds? = g, df* + g, dxi + gy, (dx3 + dx3) + g..dz*,  (31)

o L2e2Ps(2) o 1.22Ps (z) o 1.2 2P (z) B2 ,2
where g, = —=55—9(2), gux, = ezz > Gxx, = ezz_e iR
_ L2e2Ps(d) 1
and G2z = 2 g(z)
With the light cone coordinates
dxt + dx~ dxt —dx™

dt ,
V2

the metric (31) becomes

1 1
ds? = Eg,,(dx* +dx™)? + 5 9 (dxt —dx™)?

+ gy, (A3 + dx3) + g.d2. (33)
Then we choose the static gauge coordinate

xT = x3 = const, z=z(0),

(34)

X =71, Xy, = 0,

and the metric (33) becomes

dsz - (gtt + gml)dlz + (gxxz + 91222)610'2, (35)

N =

where 7z = %.

Finally, the jet quenching parameter g 1) is

e 2 -1
@w):i(/z’dz — ) . (36)
7 \Jo P@DeBT/g(z) - ¢ (2)

Then we discuss the jet quenching parameter when the
jet is moving perpendicular to the magnetic field g, . There
are two cases for ¢, since the momentum broadening may
occur in different directions. First, we consider the jet is
moving along the x, direction with momentum broadening
along the x; direction, namely, g, |, which can be
expressed as

A [ 2 B
d) = % </Z' dz —— ) . (37)
0 2P(z) B*z* _ 92(2)

e g(z)e

Then we consider the jet is moving along the x, direction
with momentum broadening along the x5 direction, namely,
q(1,1)> which is obtained as

. V[ [ 72 B
Ly = 7 / az 2,2 2.2 ’
0 &P [g(2)e" T ~ ¢ (2)

(38)

In Fig. 18, we plot g 1)/ T3 versus temperature 7. One
can find that the magnetic field and chemical potential
enhance the jet quenching parameter. With the critical
temperature for deconfinement phase transition 7, =
0.155 GeV with B =0, u =0 in this model, g ()/T"
is temperature dependent and reaches a peak around
1.3T. — 1.4T .. from the numerical results. Moreover, the
peak value of g 1/ T3 is moving toward lower temperature
with increasing magnetic field or chemical potential. This
phenomenon is consistent with the deconfinement phase
transition temperature decrease with increasing B or p.

066010-13



ZHOU-RUN ZHU and DEFU HOU

PHYS. REV. D 110, 066010 (2024)

(a) B=0.05 (b) p=0.1
12f 12f
% o T o
E‘ — k=0 E
1< 4} — u=0.1 J <S> 4t — B=0 |
— 02 — B=01
— =03 — B=02
0 . . . 0 . . .
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
T(GeV) T(GeV)

FIG. 18.  g.1)/ T3 versus temperature 7 when A = 1. B and p are in units GeV.

We plot g, )/T? and g, 1)/T> versus temperature T,
respectively, in Figs. 19 and 20. We observe that the
magnetic field and chemical potential enhance g, )/ T3
and g, 1/ T3. In cases of the jet moving perpendicular to
the magnetic field, there is also a peak around 1.37,. —
1.4T, which implies g, /T> has an enhancement around the
phase transition temperature. One can summarize that §/73
is enhanced the near phase transition temperature which
agrees with the lattice QCD results [102]. Moreover, g, /T
decreases monotonously with temperature at a large mag-
netic field.

In this section, we want to study the behaviors of §/73
near the first-order phase transition temperature. From the
results of Figs. 7-9, one can find that the metric solutions

black hole phases simultaneously when the chemical
potential is large or the magnetic field is small. In this
case, the first-order phase transition exists. We study the
behaviors of §/T? in the three phases simultaneously. We
do not fix the temperature to be constant. Then one can find
that §/T3 is enhanced near the first-order phase transition.
In Fig. 9, the first-order phase transition disappears and
crossover appears at large B. Thus, in Figs. 19(b) and 20(b),
G /T? decreases monotonously with temperature and there
is no enhanced phenomenon at large B. Therefore, we can
use the jet quenching parameter to characterize phase
transition.

Moreover, the peak value is moving toward lower
temperature with increasing magnetic field or chemical

contain small black hole, large black hole, and unstable  potential. This phenomenon is consistent with the
(a) B=0.05 (b) u=0.1
16 T 30 T
- — B=0
=~ 12r — B=0.1 1
,% — B=0.2
4
<o 8 — =0
— p=0.2
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
T(GeV) T(GeV)
FIG. 19. g/ T3 versus temperature 7 when A = 1. B and u are in units GeV.
(a) B=0.05 (b) p=0.1
16 r r

3
4
<& 8F — =0
— p=0.1
— p=0.2
0.1 0.2 0.3 0.4 0.5
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FIG. 20.

E)
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G/ T3 versus temperature 7 when A = 1. B and u are in units GeV.
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FIG. 21. §/T? versus temperature 7 when 1 = 1. B and y are in units GeV.

deconfinement phase transition temperature decrease with
increasing B or u. From the discussions above, one can find
that §/T3 is enhanced near the first-order phase transition.
From the results of the phase diagram in Fig. 10, one can
find that the deconfinement phase transition temperature
decreases with increasing B or u. Thus, the peak value of
§/T? is moving toward lower temperature with increasing
B or pu.

We plot §/T? versus temperature T in Fig. 21. One can
find Q(J_’J_) > f](J_H) > Q(Hal)’ namely, @J_ > QH It indicates
that the jet may lose more energy when it is moving
perpendicular to the magnetic field. In order to compare
with the RHIC data, we calculate the numerical results of
the jet quenching parameter with A = 6z and 7 = 0.3 GeV
in Table I. One finds that the jet quenching parameter g is in
the 6-10 GeV?/fm region in this holographic model which
agrees with the extracted values from RHIC data [85].

B. Nonmonotonic drag force in the holographic model

From the description of the trailing string model [91,92],
the heavy probe passing through the strongly coupled
plasma in the spatial direction with a fixed velocity v
can be treated as the end point of an open string moving on
the boundary. The rest of the string trails behind it and the
loss of averaged momentum per unit time (dp/dt) can be
holographically calculated by the energy flow (dE/dx)
from the string end point into world sheet horizon.

The anisotropic drag force in the EMD model has been
discussed in [94]. We summarize the main deduced for-
mulas of drag force. When the heavy quark moves parallel
to the magnetic field in the x; direction, the drag force is

TABLE I.  The values of §(GeV?/fm) with different magnetic
fields and chemical potentials when 7 = 0.3 GeV and 4 = 6x.

~

q
(u.B) (0,0) (0,0.1) (0.1,0.1) (0.1,02) (0.2,02)
ag. 671 682 6.86 7.13 731
gy 671 8.00 8.05 9.36 9.55
4.y 671 8.04 8.09 9.55 9.75

1 I
fH = _ﬁgxxl (ZC)D’ (39)
where zﬂ is the string world sheet horizon. zﬂ can be
obtained by the following equation
9un(2d) = =g, ()02, (40)

When the heavy quark moves perpendicularly to the
magnetic field in the x, direction, the drag force is

1
fi= _%gxxz(zcl‘)v (41)
and z} is determined by
gtt(zg_> = —Uxx, (Zg_)vz' (42)

The drag force in N/ =4 Super-Yang Mills (SYM)
theory [91] is

aT>J/A o
Sfsym = S

where /1 = % = /g yN..

In Fig. 22, we plot drag force normalized by its
conformal limit f/f gy, versus temperature 7" with differ-
ent chemical potentials. Fig. 22(a) is for moderate velocity
v =0.6, and Fig. 22(b) is for ultrarelativistic velocity
v =0.99. One can observe that drag force with small
velocity is not sensitive to the chemical potential of the
medium since the curves are indistinguishable in Fig. 22(a).
We only can conclude that a heavy quark may lose more
energy when the quark moves perpendicular to the mag-
netic field. From Fig. 22(b), we can observe that drag force
with a large velocity has a nonmonotonic dependence on
temperature and shows an enhancement near the first-order
phase transition. It is also found that the chemical potential
enhances the energy loss. Moreover, drag force with a large
velocity in the perpendicular case is larger than that in the
parallel case at the same chemical potential, which is
consistent with the results of Fig. 22(a). The peak value

— (43)

066010-15



ZHOU-RUN ZHU and DEFU HOU

PHYS. REV. D 110, 066010 (2024)

ok k (a)v=0.6, B=0.1 1.6} (b)v=0.99, B=0.1
Black: p=0 /’—’_::-:-:‘1\ Black: y=0
Red: p=0.1 ! ,/'I,’— ~~=5=‘$$¢~ Red: p=0.1
E Blue: p=0.15 E 1.4 1) _Swe Blue: y=0.15 1
& & | S
— Y-
1.2¢
2F
1 " " i 1 i i i
0.12 0.2 0.3 0.4 0.5 0.12 0.2 0.3 0.4 0.5
T(GeV) T(GeV)

FIG. 22. Drag force normalized by its conformal limit f/f gy, versus temperature 7 with different chemical potentials. The solid
(dashed) line represents the heavy quark moving parallel (perpendicular) to the magnetic field. The black, red, and blue lines denote

u=0,0.1, 0.15 GeV, respectively. B and u are in units GeV.
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FIG. 23.

Drag force normalized by its conformal limit f/ f ¢y, versus temperature 7 with different magnetic fields. The solid (dashed)

line represents the heavy quark moving parallel (perpendicular) to the magnetic field. The black, red, and blue lines denote B = 0.05,

0.1, 0.15 GeV, respectively. B and p are in units GeV.

isaround 1.37, and moves toward a lower temperature with
increasing chemical potential which is consistent with the
phase transition temperature decrease with increasing pu.

In Fig. 23, we plot drag force normalized by its
conformal limit f/fgy,, versus temperature 7 with differ-
ent magnetic fields. From the results, we can find that drag
force with a small velocity is not sensitive to the magnetic
field in Fig. 23(a). We can observe that the heavy quark
loses more energy in the perpendicular case than in the
parallel case. From Fig. 23(b), it is obvious that drag force
with a large velocity has a nonmonotonic behavior as a
function of temperature and is enhanced near the phase
transition temperature. The peak value is moving toward
lower temperature with increasing magnetic field which
agrees with the phase transition temperature decrease with
increasing B. The magnetic field enhances heavy quark
energy loss. In the perpendicular case, the heavy quark may
lose more energy than that in the parallel case at the same
magnetic field, which is consistent with the results of
Fig. 23(a).

From the discussion of Figs. 22 and 23, we find that the
heavy quark energy loss is larger in the perpendicular case
than in the parallel case. Namely, f, > f), which is
consistent with the results of the jet quenching parameter
41 > q|- Jets and heavy quarks have charge and will
experience Lorentz force when moving in the magnetized
background. The Lorentz force reaches a maximum value

when jets or heavy quarks move perpendicularly to the
magnetic field. Thus, jets and heavy quarks will lose more
energy when moving perpendicularly to B.

VI. CONCLUSION AND DISCUSSION

In this paper, we consider the holographic QCD model
with nonzero magnetic field and chemical potential. It is
found that the metric solutions are self-consistent. Then we
discuss the black hole thermodynamics and study the phase
diagrams in the 7-u and 7-B planes. We find IMC which is
consistent with lattice QCD results. We also discuss the
influence of the magnetic field and chemical potential on
the location of the CEP. It is found that the magnetic field
increases the critical ycgp of the CEP in the T-u plane and
the chemical potential increases the critical Bogp of the
CEP in the 7-B plane. It is also found that the chemical
potential promotes the crossover phase transition into first-
order, while the magnetic field promotes the first-order
phase transition into crossover.

Further, we find the EOS near the phase transition
temperature are nonmonotonic and nontrivial. Then we
study the effect of the magnetic field on the free energy of
the QQ pair with nonzero chemical potential. It is found
that the magnetic field suppresses free energy and has a
stronger influence when the QQ pair is parallel to the
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magnetic field. This finding is consistent with the lattice
QCD results.

From the analyses of the jet quenching parameter, we
find that §/T? is temperature dependent and has a peak
around 1.37, — 1.4T.. Indeed, the peak value of §/T3
moves toward lower temperatures when increasing the
magnetic field or chemical potential. This phenomenon
is also consistent with the phase transition temperature
decrease with increasing B or u. Moreover, the magnetic
field and chemical potential enhance the jet quenching
parameter. The chemical potential and magnetic field
enhance the energy loss of heavy quarks. Drag force with
a large velocity is sensitive to the chemical potential and
magnetic field and has an enhancement near the phase
transition temperature. The peak value moves toward lower
temperature with increasing magnetic field which agrees
the phase transition temperature decrease with increasing
B. We also find that the heavy quark energy loss is larger in
the perpendicular case than along the magnetic field
direction. Namely, f; > f|, which is consistent with the
results of the jet quenching parameter ¢, > g

We hope our results of the phase diagram and jet
quenching parameter in this holographic QCD model
can provide more insight into the investigation of phase
structure and jet energy loss in heavy ion collision experi-
ments. It is also significant to study the phase transition in
the rotating background. We leave this part for future study.
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APPENDIX

In the appendix, we solve the Einstein-Maxwell equa-
tions to justify the metric Ansdtze for small magnetic
fields, treating the Ansdtze as small perturbations to the
known holographic solutions without a magnetic field.

The metric (2) [71] is

L%S dz?
ds> = % —g(2)df* 4+ dx? + ¥ (dxd 4 dxd) + FZZ) .

(A1)

The factor ¢2’%" is a natural choice in one of the metric

components. The reasons are as follows:
(1) We can find that the energy-momentum tensor is of
order B? from the field strength tensor. Thus, one

needs to take the Ansdtze of the metric with the B?
term in it.

(2) The rotation symmetry SO(3) is recovered when B
vanishes.

(3) The metric could reduce to AdS at the asymptotic
boundary even with finite B.

(4) It is necessary to mention that the z> term is used to
make the exponent dimensionless.

(5) The effect of magnetic field on the string tension of
QQ in this bottom-up holographic QCD model with

the factor ¢2°% is more compatible with magnetized
lattice QCD results [71].

(6) We find that the magnetic field suppresses the free
energy and this suppression is stronger when the
connecting line of the QQ pair is parallel to the
magnetic field when compared to the perpendicular
case, which is consistent with the lattice QCD results
in this work. One also can take the different form of
the factor; see Ref. [55].

Then we consider the perturbative expansion in the

presence of a small magnetic field

L?S(z7)

ds® ~ 2 [9,d1* + dx? + (1 + B*Z?)
x (dx3 + dx3) + g..dz?], (A2)
where
gn = =5(z) + B*hy (2).
Gpe = % + B?h_.(z), (A3)

where g(z) denotes the blackening function g(z) at B — 0.
h,(z) and h,.(z) denote the perturbation functions of g,
and g,,, respectively, which describe the correction to the
metric component.

The perturbative Einstein equation for the g,, component is

R = 2 5 2 0D g ),

g A

where RE,I ) is the first-order perturbation of the ## component

of the Riccci tensor of the spacetime.
The first-order perturbation of the zz component of the
Riccci tensor is

S

z h(z) ' (A3)

where
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FIG. 24. The effect of magnetic field on g,,. The black, red, and
blue lines denote B = 0.05, 0.1, 0.15 GeV, respectively.

h(z)zﬁz(z).

(A6)
z

For the electromagnetic field’s stress-energy tensor

ro = S0 oo,
ren L g, (a7

where gg?) and 922) are the original #f and zz components,

respectively, of the spacetime metric in the absence of the
magnetic field.
The final perturbative equations are

~S O =5 R = PL(2)3().
VhL(z) 3h.(z) R
290 zh@ D@5 (A8
where
(a) B=0.1

2.5}
2.0}
N
>
1.5}
1 O [ A A A A
05 1.0 15 2.0
z

FIG. 26. The effect of magnetic field on g,.. The black, red, and
blue lines denote B = 0.05, 0.1, 0.15 GeV, respectively.

2623212+2P(z)
fale) = -
X {g(z) <4B2z +6P'(z) — g) + 2@’(1)] . (A9)

where P(z) = —alog(bz?> + 1).
To determine the integration constants, we specify the
boundary conditions as

(A10)

With these boundary conditions, the integration con-
stants are zero.

In order to discuss the influence of B, we take 4 = 0 and
Z;, = 2 in the calculations. In Fig. 24, we plot the effect of
magnetic field on the perturbative expansion results
[Eq. (A3)] of g,,. One can find that the magnetic field
has little influence on g,,. Furthermore, we discuss the
difference between the perturbative results [Eq. (A3)] of g,,
and the origin results in the Ansdtze [Eq. (2)] of g,,. We can
observe that the difference is small.

(b) B=0.15

=0t

FIG. 25.

The difference between the perturbative results [Eq. (A3)] of g,, and the origin results in the Ansdtze [Eq. (2)] of g,, when

B = 0.1 and 0.15. The solid line represents the perturbative results, while the dashed line represents the origin results.
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(a) B=0.1

(b) B=0.15

2.0

FIG. 27. The difference between the perturbative results [Eq. (A3)] of g,, and the origin results in the Ansdtze [Eq. (2)] of g,, at
B = 0.1 and 0.15. The solid line represents the perturbative results, while the dashed line represents the origin results.

In Fig. 26, we draw the effect of magnetic field on the
perturbative expansion results [Eq. (A3)] of g_,. It is found
that the magnetic field has little effect on g,,. Moreover, we
plot the difference between the perturbative results [Eq. (A3)]
of g, and the origin results in the Ansdtze [Eq. (2)] of g,, in
Fig. 27. We can find that the difference is small.

Through detailed derivation and numerical solution, we
verify that, under the small magnetic field approximation,

the perturbative terms h,(z) and h,(z) conform to our
Ansatze and satisfy the Einstein equations. In Figs. 24-27,
we justify the Ansdtze for the metric for a small magnetic
field. It is found that the magnetic field has little effect on
the perturbative expansion results. Moreover, the difference
between the perturbative expansion results and the metric
(2) 1s small. Then one can treat the Ansdrze as a small
perturbation to the known holographic solutions.
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