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We compute correlation functions of local operator insertions on the 1/2 Bogomol’nyi-Prasad-
Sommerfield Wilson lines of A/ = 4 Chern-Simons-matter theories in three dimensions. We study the
algebra preserved by the defect conformal field theory supported on the line, identify the superdisplacement
multiplet, and discuss some of its weak-coupling realizations. By employing a superspace description, we
present the four-point functions of the superdisplacement and show how they are determined by functions
of cross ratios. Within an analytic bootstrap approach, we derive these functions at leading and next-to-
leading order at strong coupling, obtaining a result in agreement with appropriate orbifolds of the ABJM
case considered in Bianchi et al. [Analytic bootstrap and Witten diagrams for the ABJM Wilson line as

defect CFT1, J. High Energy Phys. 08 (2020) 143].
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I. INTRODUCTION AND SUMMARY

Over the years, Bogomol'nyi-Prasad-Sommerfield
(BPS) Wilson loops have provided a rich laboratory for
the investigation of superconformal theories in various
dimensions. Particularly important is their role in holog-
raphy, where they can be computed at strong coupling
through the mapping to minimal surfaces (and other dual
objects) [1], and in supersymmetric localization [2], which
in some instances allows for exact results.

More recently, starting from [3-6], there has been
considerable interest in the theories defined on the
contours of BPS Wilson loops, which are then regarded
as one-dimensional defects immersed in a bulk super-
conformal theory. The resulting defect conformal field
theories (dCFTs) can be studied with a variety of
approaches, from perturbation theory and integrability
to bootstrap techniques and holography, when a dual is
available.

The literature for four-dimensional bulk theories is
already quite extensive, besides the references cited above
see also e.g. [7-23] for a review. The same is not true for
the three-dimensional case which has received far less
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attention.! In general, Wilson loops in three-dimensional
Chern-Simons-matter theories are more complicated than
their four-dimensional counterparts, due to the natural
coupling with all the fields of the theory, both bosonic
and fermionic, which are organized in superconnections
closely reflecting the quiver nature of these theories [28].
The dCFT living on the 1/2 BPS Wilson line in ABJ(M)
theory [29,30] has been studied in [31], employing both
an analytic bootstrap approach and Witten diagrams in
holography.

Inspired by the analysis in [31], here we consider the
dCFT on the 1/2 BPS Wilson lines [32-37] of three-
dimensional A/ = 4 super-Chern-Simons-matter theories
(SCSM) [38-41], see chapter 9 of [42] for a review. These
theories have superconformal algebra 08p(4|4), which gets
broken down to u(1); x psu(l,1]2) x u(l),, by the
insertion of a 1/2 BPS line operator [43]. Deformations
of the contour can be associated with the insertion of local
operators [3,44], which correspond, in turn, to the broken
generators of 03p(4|4) via a Ward identity [31]. These local
operators get arranged in a supermultiplet, the so-called
superdisplacement, with a superprimary R of dimension 1
and its descendants A? and D of dimensions 3/2 and 2,
respectively.

There are several SCSM theories with an 08p(4(4)
algebra and a 1/2 BPS Wilson line [45]. They differ in
the specific structure of the quiver one considers and the

'See [24] for a review of superconformal line defects in three
dimensions and [25-27] for recent work on renormalization
group flows in this context.
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matter fields connecting the nodes of the quiver. This
implies that one can find different weak-coupling realiza-
tions of the superdisplacement multiplet, depending on the
bulk theory considered. At the level of the correlation
functions, the explicit reference to the bulk theory is
encoded in certain physical quantities such as the normali-
zation Cg of the two-point functions, which is also related
to the Bremsstrahlung function of the theory.

These quantities are functions of the 't Hooft couplings
and are explicitly related to the specific bulk theory one
considers. Moreover, there exists a classical degeneracy of
1/2 BPS lines, first identified in [33], which is lifted at the
quantum level [46], with the correct quantum operator to
match the corresponding localization result being, in fact,
the average of the two 1/2 BPS operators found in [33].
However, the functional form of the correlation functions is
fixed by the one-dimensional symmetry [3], which is the
same for all cases, so that our conclusions will apply to all
theories with u(1); x psu(1, 1|2) x u(1),, [we shall see
that the really important bit of this algebra is psu (1, 1]2)].
For example, the four-point functions of the superprimary
R(7) and its conjugate R(r) are given by

(R(1))R(1)R(13)R (1)) = t%zt%4f( 2),
(R(1))R(1)R(13)R (1)) = 7.2 Z4h(){) (1.1)

with f(z) and h(y) being two functions of the cross ratios z
and y of the four coordinates of the insertions.

The main scope of this analysis is then to obtain the
functions f(z) and h(y), which can be done using an
analytic bootstrap approach. First, one studies the operator
product expansion (OPE) for the operators in the super-
displacement multiplet, obtaining certain selection rules
and identifying the protected spectrum of exchanged
operators. This ultimately introduces non-trivial constraints
in the bootstrap procedure. Then, one expands the func-
tions f(z) and h(y) in conformal partial waves (CPWs),
with conformal blocks that turn out to be given by
(=2)%,F (A, A,2A +2;7) for the chiral-chiral channel
and y*,F (A, A,2A; y) for the chiral-antichiral one.

The coefficients of the expansions can be found by
imposing consistency conditions like crossing symmetry
and mild behavior for the anomalous dimensions. One
obtains in this way the expression for f(z) and h(y), as well
as the anomalous dimensions, in an expansion around
strong coupling with a certain expansion parameter €. The
symmetries of the problem do not allow, however, to
completely fix all coefficients and one is left with a free
parameter, which we call £. This is not unexpected and in
fact it is something that also takes place in other non-
maximally symmetric cases, like the 1/2 BPS Wilson line
in four-dimensional N = 2 [8] super-Yang-Mills theory.

One can still fix £ indirectly, by requiring consistency
with the corresponding correlation function of the operator
in the ABJM superdisplacement multiplet [31] which has
the same charges as our displacement operator D. This
comparison can be motivated by the fact that some N = 4
SCSM theories can be obtained by appropriate quotients of
the ABJM quiver and it fixes the free parameter to & = — %
The final result simplifies significantly, leading to

(1-2)
Z

flz)=1 +z2—4€{1 —§+22+ (23 log(-z)

+(1=2%1log(1 - z))] + 0(e?), (1.2)

and a similar expression for /(y). Through this analysis one
can also fix the anomalous dimensions obtaining

A, =2+n-—en*+5n+4)+0(), (1.3)
for the chiral-chiral channel and
A, =2+n—e(n®+3n)+ 0(e?), neven, (1.4)

for the chiral-antichiral case. From a similar discussion,
one can also identify the leading and next-to-leading-
order correction of the four-point correlation function of
the superprimary for the 1/2 BPS Wilson line in three-
dimensional A/ = 2 theories.

The paper is organized as follows. In Sec. Il we introduce
the dCFT associated with the 1/2 BPS Wilson lines of
N =4 Chern-Simons-matter, the preserved superconfor-
mal algebra and the corresponding superdisplacement
multiplet. In Sec. III we write down the two- and four-
point correlation functions of this supermultiplet in terms of
two functions of the cross ratios, we obtain the selection
rules for the operators in the OPE, and derive the conformal
blocks. Finally, in Sec. IV we perform an analytic bootstrap
to get the two functions of the cross ratios and the
anomalous dimensions at strong coupling. We relegate
some details about the superalgebras, their representations,
and the orthogonality conditions for the coefficients of the
block expansions to a series of Appendixes.

II. SUPERCONFORMAL LINE DEFECT

The discussion of this paper is the one-dimensional
superconformal theory living on 1/2 BPS Wilson lines of
three-dimensional A/ = 4 super-Chern-Simons-matter the-
ories. We provide some details about various bulk theories
in the following, but for the moment it suffices to recall that
these line operators are given by the path-ordered holon-
omy of a superconnection £(r)°

*The definition of these Wilson loops in terms of superconnec-
tions, rather than ordinary bosonic connections, is characteristic
of three-dimensional quiver theories, as initially discovered for
ABJM [29,30] in [28]. See chapter 2 of [42] for a review.
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(2.1)

W="Tr {Pexp <—i/_: L(t)dt)} :

with contour extending along the Euclidean time direction
t. As shown in [32-37,45,47], there exist various realiza-
tions of such nonlocal observables. Depending on the
specific bulk theory, one can find an expression for £(¢)
in terms of the bulk fields, for which half of the super-
charges are preserved. Moreover, a one-dimensional con-
formal algebra is also preserved by the operators, so that
in total one has a u(1); x psu(l, 1]2) x u(1),, defect
CFT [43], as we shall see momentarily.

We are interested in considering local insertions O;(t;)
on the line and in studying their defect correlation functions

(O1(11)O05(t2) - O (ta) )
(TrP[W_oo.,] Oy (1 )th,tzoz(tz) . 'On(tn)wtn.OOD
W) ’
(2.2)

where W, , =~ is the untraced Wilson link W, , =

exp(—i f,’n”“ L(t)dt) connecting two consecutive inser-
tions. We take the Wilson lines in the fundamental
representation, so that the local operators are in the adjoint
representation of the (super)gauge group in which L(r)
transforms [28]. The trace in (2.2) guarantees a gauge
invariant operator. In the following we shall drop the
subscript WV from the definition of the correlation functions
in (2.2), to simplify the notation, and simply write
(01(11)01(1)...0,(1,))-

A. The superalgebra preserved by the defect

The superconformal group of three-dimensional ' = 4
theories is OSp(4/4); see Appendix A for details. This has
aS0(1,4) x SO(4), bosonic subgroup, where SO(1,4) is
the three-dimensional conformal group and SO(4)g =~
SU(2), x SU(2) is the R-symmetry group.

Turning on a straight line defect partially breaks this
supergroup. In R® a codimension-2 defect is expected to
preserve SU(1,1) x U(1),,, ie. the conformal group
along the line and the rotations in the plane orthogonal to
the line. The insertion of the line also breaks at least half of
the supercharges of the bulk theory and, consequently,
this leads to only SU(2), x U(1)y surviving out of the
original R-symmetry. By studying carefully the breaking
pattern [43], one finds the preserved superalgebra to
be u(1); » psu(l, 112) x u(1),,, where the Abelian con-
tributions are given by linear combinations of the 1 (1), and
u(1), generators. In particular, u(1),, represent an outer-
automorphism, while (1), is a central ideal; therefore,
one can simply consider psu(1, 112) ~ 8u(1, 112)/u(1);,
which we now describe in detail.

The conformal generators on the line are the translations
P, the dilatations K, and the special conformal trans-
formations K, which obey
[P.K]=-2D, [D.Pl=P, [D.K]=-K. (23)
The 81(2), R-symmetry generators R,” (with a, b = 1, 2)
obey instead

[Rabv Rcd] = 5?Rad - 5ZRcb‘ (24)
The preserved supercharges are taken to be Q,, 0 and S,,,
S? (see Appendix A for details) with anticommutators

(0,0 =260P,  {S,.5"} = 280K,
{Qav Sb} = 252(D + JO) - 2Rab7

{0%,S,} =254(D - Jy) + 2R,°, (2.5)

where

JOZiMlz—Rli (26)
is the u(1); generator given by the combination of the
rotations M, in the orthogonal plane to the line and the
1(1); R-symmetry generator R'j. The remaining commu-
tation relations between bosonic and fermionic generators
are reported in the Appendix A in (A12) and (A13).

As it will be needed in the following, one can also work
out a differential representation for the algebra [31,48]. By
taking superspace coordinates (¢, Hu,éa), where t is the
coordinate on the Wilson line and #¢ and 6, are anti-
commuting, one obtains for p3u(1,1|2)

=-d,, D=-19, —%eaaa —%éﬁa —A,
K =—120,— (t+60)6%0, — (t — 00)0,0" — (60)%0, — 2tA,
Q,=0,—0,0, Q%=0d"—6%,,
S, = (t+60)d,— (t—00)0,0,—20,0,0" —2A8,,
S¢=(t—00)0" — (t+60)00, — 206" 9, — 2A0,,,

- 1 - _
R, =-6"0,+0,0" +§5g(ecac 0.0, (2.7)

where, as usual, 9, = 5%, 0 = %, the contractions are
00 = 6’“9“, and A is the conformal dimension on the
operator on which the transformations act. Moreover, as
it will be needed in Sec. III, one can also write down the

quadratic Casimir for psu(1,1|2)

1 1.- 1 _ 1
C=D? _E{K’ P} +Z[S“’ Q] + 784, 07 —ERabRba-

4
(2.8)
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B. The superdisplacement multiplet

In ordinary dCFTs, one can identify the displacement
operator associated with the broken symmetry generators of
translations orthogonal to the line [49-51]. For super-
symmetric theories, the displacement operator is accom-
panied by all other operators associated with the broken
bulk generators, which are expected to arrange in a
supermultiplet, the so-called superdisplacement multiplet.’®

By recalling the definition of the Wilson line (2.1), one
can see that by considering infinitesimal variations it is
possible to relate the broken symmetry generators G to
defect operator insertions G(z) on the line [3,53]. This
procedure leads to the Ward identity [31,54]

G W] = 660V = / WIG(1)]dt (2.9)

to be understood as inserted in a given correlation function
and with G(t) = —idgL(t). By exploiting (2.9), all the
defect operators associated with the respective broken
generators can be identified and their quantum numbers
can be extracted by applying super-Jacobi identities. The
local defect operators can moreover be represented explic-
itly at weak coupling in terms of the bulk Lagrangian fields,
as we will show in the next subsection.

We begin our analysis from the two insertions associated
with the broken R-symmetry generators R21 and Rlz, for
which one gets

(2.10)

Through appropriate super-Jacobi identities involving
the insertions of the Wilson line, a broken and a preserved
symmetry generator, one can assign quantum numbers to
the operators inserted on the defect. For example, in order
to read the J, charge of R, one considers
21 Vo]l + V. [J0. R?]] =0.

[0, [R2 . W]+ [R (2.11)

Given that

[Jo. W] =0, [Jo.R?j] = R, (2.12)

one concludes that R has charge 1 under the U(1);,.
Using the notation [A, jg, j;], where A is the conformal

dimension, j, is the quantum number associated with the

central ideal and j; the Dynkin label of the preserved

*Parts of this derivation of the superdisplacement multiplet
have been also obtained in [52].

From now on, we write the broken generators in boldface, to
distinguish them more easily from the preserved ones.

81u(2), R-symmetry, the defect insertions are found to have
charges

R: [1,1,0], R: [1,-1,0]. (2.13)
Through a very similar discussion, all the remaining cases
can be studied. For the broken supersymmetry generators
Q. i =€4»Q% and Q_; = iQ,, the corresponding inser-
tions are

:/W[A“(t)]dt
[Qu. W /W (2.14)
with quantum numbers
3 - 3
A=, 1,1 At |5, -1, 1. 2.1
S A G eas)

Finally, the broken orthogonal translations, P = P, 4 iP,
and P = P, — iP;, define the displacement operators

P W] = /W[D(r)]dt

P,W] = /W[D(t)]dt (2.16)
which have charges
D: 2,1,0], D: [2,-1,0]. (2.17)

It is expected that the defect operators arrange in
multiplets of the superconformal group and, therefore,
they must be related by the action of the preserved
generators Q,. This leads to the relations

{Q,,A"} =26"D,

[0,,D]=0. (2.18)

[Qa’ IR] = SabAb7
The action of O on defect operators requires instead
careful consideration due to the fact that [Q¢, G] = 0 for all
broken generators. Notably, the definition of the Ward
identity (2.9) holds up to total derivatives along the
defect [31]. This freedom can be utilized to ensure that
the action of the supercharges remains consistent with the
superalgebra, which is achieved by imposing the super-
Jacobi identities
(0,10, 01} ~{Q,.[D. 0"} + [D.{0". 0, }] =0. (2.19)
By exploiting {Q,, 0%} = 25%P and that the differential
action of P is given by —d,, one obtains
—0,A} =0,

{Qa’[Qb’D]}_25ZatD:{Qa’[Qb7D] (220)
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leading to [Q¢, D] = 9,A%. For {Q% A’} a similar discus-
sion applies:

(07 {00, A} + [Qa. {A°, O"}] + [A°.{ 0", 0, }] = 0,
2550,A" +[Q,. {A°, 0"}] = 2840,A° = 0,
(04, {0", A} = 2¢"0,R] = 0.

(2.21)

This implies that {Q”,A°} = 2¢“9,R. Overall, one finds
the following relations
[0“.R] =0,

{09, AP} =29, R,  [Q% D] = 9,A°.

(2.22)

We see therefore that R(R) is the superconformal
primary of the superconformal multiplet

LA\ [1,1,0) — B,l,l} — [2.1,0], (2.23)

where we adopt the notation of [43,55] with [jo}im

indicating the quantum numbers of the superprimary
and the capital letters specifying whether the multiplet is
long L (L) or short at threshold A (A) with respect to Q,
(0%), see also Appendix B for more details. In this specific
case, LA means that the multiplet is long with respect to Q,,
and short with respect to Q. Again, as expected from the
central ideal of the defect algebra, all O descendants have
the same U(1); charge.

This analysis is consistent with [43], where our super-
displacement multiplet is also considered as part of their
general classification of superconformal defects.

C. 1/2 BPS Wilson lines in A =4 theories

Here we briefly review some 1/2 BPS Wilson lines in
N = 4 theories, thus providing an explicit realization of the
defects discussed so far. These operators have been initially
introduced in [32,33] and then generalized and studied in,
e.g. [34-37,45,47]. See chapter 9 of [42] for a review.
|

r (A(i+1)1 —%(ﬁ(z‘))ii
v N i
1 (1- l)\/%‘/’(li+1)+

defined in terms of fields in the {i,i + 1,i + 2} nodes. The
spinor indices are 4, see Appendix A for details. The
Wilson loop is then (2.1), with the superconnection above.
It preserves half of the superconformal charges [33]

>We mix the two equivalent notations [jo}(Aj‘) = [A, jo. Ji]-

in
B ELGY

The theories we consider are defined by circular or linear
quivers with gauge groups U(N;) [38,40]. The nodes,
labeled by the index i, are connected to each other by
bifundamental fields, which can be either hypers or twisted
hypers. The components of the hypers (twisted hypers) are
the scalars g, (qf‘l.)) and the fermions y/f‘i) (¥ (1)), all in the
(anti)bifundamental representation of the gauge groups
U(N;) and U(N;,). We recall that a = 1, 2 is the index
for 31(2),, while @ = 1,2 is the one for 81(2).

1. Alternating CS levels

Following [33], we first consider circular quivers with
vector multiplets coupled to hypers and twisted hypers.
In particular, we consider ' =4 SCSM theories with
alternating levels specified by the (partial) necklace quiver
diagram

where the solid lines stand for hypers linking the two nodes
and the dashed line for twisted hypers. One defines the
following scalar bilinears [33,39]

V(i) = 4i)ad ) Uiy = 4y 9(i)as
_ 1
(/’l(l))ab = q([)aq(bl) - Eéahl/(z)v
1

(2.24)

transforming in the adjoint representation of the gauge
group of their respective node.

For this case we consider the so-called y; loop specified
by the superconnection6

(1- i)\/%wzﬂ)i

i

. o ) (2.25)
Alizoy — T (His2)i' = Flis)

®With respect to [33] we have just added a factor of 7. There is
a second operator, called y, loop, corresponding to having
8u(2), preserved. The choice of which R-symmetry subgroup
is preserved and which one is broken is immaterial, being just a
matter of swapping hypers and twisted hypers. There is also a
sign difference in the scalar coupling, which however does not
affect the result at this level.
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Qior Sy Qo Sy (226)
For example, by looking at the contributions with y(; ) and
fi(i)» only the diagonal part of 81(2), is unbroken. On the
other hand, the line defect has to commute with the
preserved symmetry generators. For example, one can look
at the relation involving J, which, consistently with the

previous discussion, vanishes for the fermions

0w, ] = 0. (227)
and for all other fields.

It is worth recalling that for these Wilson lines expressed
in terms of superconnection, one relaxes the requirement
that the supersymmetry variation dg of the superconnection
be zero, imposing instead the weaker requirement [28,56]

6sL=D,G=0,G+i[L,3], (2.28)
where G is a U(N, {|N;,) supermatrix. The gauge
invariance of the operator guarantees then its supersym-
metry invariance as well.

We are now in the position to write down a weak-
coupling realization of the superprimary operator R in
terms of the ingredients introduced above. By computing
explicitly the variation (2.9) of the superconnection (2.25)
with respect to the broken R-symmetry generators, one
finds

R:_< 2 (B 0 )
\/%IZ/ i+1)+ 2771 l+2))12 ’
5 _ (27”(,“(1'))21 (I+i \/:‘/’ i+1)2 >

| (2.29)
0 (ﬁ(H—Z))l )

The Q descendants can be obtained in a similar way,
exploiting (2.9) or, equivalently, the gauge transforma-
tion (2.28).

2. Linear quivers

The same analysis done for the case of an alternating CS
level can be performed analogously for all the other cases.
The linear case just follows from the previous, by removing
a hyper or twisted hyper from the circular case [33]:

’ _(A(Hl)l_%(ﬁ(i))li_ (i+1) \/W,H )
v i
(L= D)/ i1+ Ao —F )
(2.30)

Again, one can identify the superprimaries for this par-
ticular case, which read

R——( 27”(/7(1'))21 O)
(14 )\ /f sy, 0)

R:<2_]f(ﬂi2l +l\/_l//,+1>

0

(2.31)

It is clear at this point that for each case of [33] (or
of [45,47]) one can construct the corresponding weak
coupling representation in terms of supermatrices of the
bulk fields, through the prescription in (2.9). It is rather
interesting to note that these different 1 /2 BPS Wilson lines
are all mapped to the same functionally equivalent quan-
tities in the defect CFT analysis, as dictated by the
preserved superconformal symmetry. However, the explicit
reference to a specific bulk theory is not to be completely
lost, for it is encoded in a physical normalization factor and
a small expansion parameter of the correlation functions.

III. DEFECT CORRELATION FUNCTIONS

Now we organize the operators of the superdisplacement
multiplet into (anti)chiral superfields, for which one can
define and study correlation functions in superspace. This
will set the groundwork for the next section.

A. Correlation functions in superspace

We begin by defining (anti)chiral coordinates in
superspace

=t+6,, y=1-0,, (3.1)
and the corresponding covariant derivatives
D, =0d,+0,0, D% = 0° + 0%0,, (3.2)

such that D,y =0 and D,y =0. This allows us to
introduce the component expansion of generic (anti)chiral
superfields obeying the conditions D“®@(y,6) =0 and
D,®(3,0) = 0:
D(y,0) = p(y) + 0“4y (y) + 0“0"cap F(y),
D(3,0) = (3) +0,4°(F) + 0.0, F(3).  (3.3)

The two-point function in superspace is then given by

_ _ C
(@(yy,0,)@(¥5,0,)) = ﬁ’ (3.4)
where [31]
(ify =yi—¥;— 29?éja (3.5)

is the chiral distance between two points in superspace and
A the conformal dimension of the superfields.
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In the case of interest, the superfields associated with the
superdisplacement multiplet of the 1/2 BPS Wilson line are

O(y,0) =
®(y.0) =

R(y) + A, (y) + 090", D(y),
R(3) + 0,4(5) + 0,0,¢”"D(3), (3.6)
and have A = 1. The two-point functions for each defect
operator are obtained by expanding (3.4) in the Grassmann
variables. By comparing the product of the superfields on
the left-hand side and the expansion of the chiral distance
on the right-hand side, one gets7

RODRW) =2 (A(0)An(e) = 5525,

6Ce

(D(11)D(1y)) = o (3.7)

with 7;; = t; — t;. The powers of #,, in these expressions are
of course consistent with the conformal dimensions of the
components of the superdisplacement (2.23). The normali-
zation Cg depends on the coupling constant of the theory
and, for the superdisplacement multiplet, it has an impor-
tant physical meaning, beln% generally related to the
Bremsstrahlung function [50].

Moving on to the four-point functions, there are two
inequivalent ordering choices:

(@01 0)B(52.8)0(35.08(54.00)) = 5 (2).
(3.8)
and
- _ . _ C2
(@01 0)B(52. 80550 @(04.00)) = 55 ().
(3.9)

Here f(Z) and h(X) are functions of the cross ratios of the
chiral distances

v = 12)03) (3.10)
3)(42

By expanding in the fermionic coordinates, one can
identify the bosonic part of these cross ratios, which are
given by

7Alternatively to expanding (3.4), one can equivalently take
(3.7) with generic normalizations of the various components,
Crap> and relate them by applying the supercharges on mixed
two-point correlation functions like (R(#;)A,(#,)) = 0. One finds
Cq;. = C[R = 4CA and ZCD = 3C

*For ABIM see also, e. g., [27,57-60] and chapters 10 and 11
of [42] for a review.

_ SPLE _ hals

) . (3.11)
lial3o 13024
In the specific case of one-dimensional theories, the operator
insertions are ordered along the line: #; < 1, < 13 < 1.

Before moving on, it is worth discussing the domains of
the variables and their relations. First of all, as typical in
CFTs, one can exploit the symmetries to fix a frame. In the
following we will work in the conformal frame specified by
t; = 0, 13 > 1, and 74, — 0. In this setup the cross ratios
are given by

1
1=—2— €(-,0),

=1re€(0,1),
-1 x=1ne€(0.1)

(3.12)

which are related by
=2, (3.13)

with branch cut singularities at the endpoints of the
intervals above. Relevant limits are given by ¢, — #;, which
implies y — 0 and z — 0, and by ¢, — t;, which implies
y — 1 and z - —o0. Moreover, under the mapping
x — 1 —y, one has 7z —» 1/z. We will see how these limits
will play a role in the following.

Similarly to the two-point functions, one can specialize
(3.9) to the superdisplacement multiplet and, by expanding
both sides, one can obtain the expressions in terms of the
defect insertions. The most straightforward relations are the
ones regarding the superprimaries, which are given by

(R(1)R()R(13)R(1)) = 52

(R(t1)R(12)R(13)R(1y)) = (3.14)

For reference, in order to distinguish them in the following,
we will refer to the first correlator as the f correlator and to
the second one as the & correlator.

It is remarkable to notice how the preserved supersym-
metry allows one to determine all four-point correlation
functions of the supermultiplet insertions in terms of just
two quantities, f(z) and h(y), and their derivatives. For
example, the fermionic superdescendant has

(A% (1) A, (12)A% (13) A, (14))

_ (4Ce)* 1
it 4
— 8aibay (22 + 2],

—[Garbal (4f = 3zf" + 22f")
(3.15)

while for the displacement operators one obtains
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(D(1,)D(1,)D(13)D(14))
_(6C)* 1 '
=T, g P8 a4 ~ 2= 30)f
+222(72 4 2+ T)f" + Dz - 1)(8z +4)0)

+ 24z = 1)2fW)],

(3.16)

with f = f(z) everywhere. Similarly, all other correlators
that can appear by expanding (3.8) or (3.9) are completely
specified by either f(z) or h(y) and their derivatives. The
computation of the correlators reduces then to determining
these functions.

B. Selection rules

We now study the operator product expansion for the
superdisplacement multiplet and obtain the selection rules
that constrain the exchanged operators. Due to the sim-
ilarity with ABJM, some of the considerations in [31] may
be also applied here.

Let us start with the chiral-antichiral case, namely the
OPE between a chiral and an antichiral superfield. In [60] it
was found that only the identity and long multiplets can
appear in the chiral-antichiral OPE for the 8u(1, 1|1) case,
which corresponds to N = 2 theories. It follows that in all
other algebras with higher supersymmetry, one can always
identify the subalgebra 8u(1,1[1) C 8u(1,1||N/2]) gen-
erated by Q,, Q° for fixed a [31]. This is true for the 1/2
BPS Wilson line in A = 6, but also for the one of N' = 4.
Hence, the OPE schematically reads

. 1(0 =r .10 7 r1(0
LAJjo) x AL[-jol Y ~Z + LLI0]Y).  (3.17)

where the notation introduced at the end of Sec. II B and in
Appendix B is adopted.

Regarding the chiral-chiral case, one can study the OPE
expansion by requiring consistency under the chirality
condition and the charges. In particular, if one considers

the OPE for [jo]ﬁ'g) X [J'o};g) where [j ]5-2) is the super-
(0)

j, » the first contribution one expects to be

exchanged is again a superprimary, as it satisfies the full

shortening condition, with quantum numbers |2 jo]g;()).

primary of LA[j]

Notice, however, that it is not the full LA[2 jO]gj‘i multiplet
that takes part in the OPE, but just one of its components (in
this case the superprimary), with all its conformal family.
Analogously, all other contributions that can be exchanged
are constrained by chirality. These are built by acting a
sufficient number of times with Q¢ on a given super-
primary, until the correct chirality condition and charge
consistency are met. The result for the supermultiplets is
schematically given by

a0:.10)

LA[j,)¢ O~ LARjo)Y) + LA[2jo))

x LA [jolfu 2jo 2j0+%

+ LL[2jo) V. (3.18)
Then, when considering the superprimary OPE, one obtains
[see (B3) for the charges of Q%]

. 1(0 . 1(0 . 1(0 = . q(1 0 = . 1(0
Liolly x Liolly! ~ [24olS)) + 0" Rioly ,, + @20 2ol
(3.19)

where we have explicitly written down the Q descendants
given by the action of the supercharges on the correspond-
ing superprimaries. The quantum numbers of the
exchanged conformal primaries are therefore [2jq, 2, 0],
[2jo + 1,2j0, 0], and [A + 1,2jy,0].

In order to complete the discussion, one has also to
investigate the implications of the decomposition rules at
the threshold A, = j, +% Jj1 for the long superprimary.
In particular, one has [43]

LL[jolg s, = LALOS @ LAy ). (3.20)

which, specialized to our case in order to meet (3.19), reads

=~ - 1(0 “r~ - 1(0 <1~ - 1(1
LLRjoly s, = LARjoly;, ® LARjo)y) .

(3.21)
Since this is precisely the contribution that has been
already considered, one can avoid this case by requiring
that the dimension of long multiplets never hits the
threshold value. Therefore, the long superprimaries are
only allowed to have dimension strictly greater the satu-
rating one, A°"e=SP > 2, Rewritten in terms of the Q
superdescendants appearing in the expansion, this means

AL > 2o+ 1.

(3.22)
Consequently, the OPE within the chiral-chiral sector
allows for the exchange of two conformal primaries that
are protected and have dimensions 2j, and 2j, + 1, along-
side an infinite number of operators whose dimensions are
unprotected and strictly larger than those of the protected
operators.

C. Block expansions

Now everything is set for identifying the superconfor-
mal blocks of the conformal partial wave (CPW)
expansions [61] of (3.14). These contributions will be
associated with the conformal family of the operators that
appear in the OPE expansion of the corresponding channel.
In the following we identify all such contributions.
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1. f correlator

We start by the s channel, in which we expand around the
insertions at points (12) and (34). In terms of the cross
ratios, this corresponds to z — 0. The chiral-antichiral OPE
(3.17) can be exploited, thus leading to the CPW expansion
of f(z) given by

@) =1+ anFa(z) (3.23)

A>0

where A > 0 follows directly from the selection rule and
the blocks sum the contributions of the superconformal
descendants with quantum numbers [A,0,0]. In order to
identify them, we rely on the shadow formalism [62],
see [63] for a review. We consider the quadratic Casimir
(2.8) acting on the operators inserted at y; and y,. To this
scope, we replace the generators in (2.8) with generators
acting on the two coordinates, e.g. D — D, = D + D,
K - K, =K+ K, and so on.” Overall, the differential
operator one obtains is

1

1 _
Q1.,2 - {KG’ P } +— [S?, Qsa] [Ssa’ Q?]

1
- _RsabRsba'

5 (3.24)

Moreover, from (2.8) and the quadratic Casimir eigen-
value ¢, = A(A + 1), one reaches the condition

(Din = a)(P(y1.601)D(72.6:)P(y3,03) D (34, 64)) = 0.

(3.25)

By expanding in the Grassmann variables, one can identify
the second-order differential equation

2(2 = 2)0.Fa(z) + (1 = 2)2%02F 5(2) = A(A 4 1)F4(2),

(3.26)
which is solved by the linear combination'’
Fa(z) =ci(=2) ™2 LF (mA=1,-A = 1,-2A;z)
+ ca(=2)2,F (A, A, 24 + 2; 2), (3.27)

where c¢; and ¢, are integration constants. By defining

Ga(z) = (=2)2,F (A A 2A +2;7),  (3.28)

This is just the same as considering Dy & (Tap1 +
Tap2) (T + T4) where J¢ are the differential representa-
tions of the generators of the superconformal algebra and
the s1ngle Casimir is € « J°7 ..

'9An initial derivation of these conformal blocks is contained

n [52].

the superconformal blocks have the simple expression

Fp(2) = ¢1G_1_a(2) + 2Ga(2). (3.29)
The G_;_,(z) term is associated with the so-called shadow
contributions. Its appearance is related to the fact that
G_i_a(z) and Ga(z) have the same -eigenvalues
¢a = ¢_j_a. Having dimension strictly less than the uni-
tarity bound, they have no real physical interpretation,
meaning that they do not belong to the physical spectrum of
the theory. So, consistently with the OPE, one sets ¢; = 0
and ¢, = 1. However, with a little foresight, we can already
expect that these contributions, precisely because they have
the same eigenvalue under ®, ,, will be prime candidates
for defining an internal (weighted) product, see Sec. IVA.
Moreover, it is worth noticing that the superblocks can be
consistently decomposed in terms of one-dimensional con-
formal blocks 7, (z) = (—2)2,F (A, A,24A; 7) as follows:

Ga(z) = 9a(z) + mgml (z)

AZ

TG T anE ¢ ay) el

(3.30)

We move on to the ¢ channel. In this case we focus on the
proximity of the defect insertions at (23) and (14). The
latter may initially appear unusual due to the sequential
ordering of the correlator insertions with ¢; <1t;,.
However, as discussed in [7], crossing symmetry allows
for the interchange of the second and fourth insertions. We
will see this better in the following. For the moment, notice
that this implies that the ¢ channel is equivalent to the
previous configuration. Therefore, it is useful to introduce a
cross invariant function which can be defined as

=iz

=f(1-7).

F0) =221(2) (3.31)

with the property
Ft0)

This clearly relates the s channel limit, y — 0, with the ¢
channel one, y — 1. Thus the f correlator can be written as

(3.32)

2
RRIR(IR() = 55 116) = 2 t)
12 34 12°34
570, (3.33)

which is explicitly crossing invariant. The f(y) can also be
written in terms of a block expansion and its expression is
given by
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) = Zi + Y asGaly). (3.34)

A>0

with GA(r) = 5 Galy) = 2" 2F (A, A + 2,24 + 2;).

2. h correlator
We start again from the analysis of the s channel, which
is important in order to make contact with the s channel of
the f correlator. Again, one expands around the insertions
at (12) and (34), or y — 0. One can, once more, exploit the
chiral-antichiral OPE and expect h(y) to have the func-
tional expansion

h(x) =1+ bsGalx), (3.35)

with G, = y*,F (A, A,2A +2;y) being obtained by
solving (3.28) and by imposing consistency with the
OPE expansions. In this respect, the s channel OPE
coefficients of both correlators are specified by the
three-point coefficients

apx = CRRO,CRRO, by = CRRO, CRRO, » (3.36)
where O, denotes the exchanged operator of conformal
dimension A. As it can be seen by applying a parity
transformation [31], the two coefficients are related by

ap = (—l)soAbA, (337)
where 50, stands for the charge of the exchanged operator
under parity. Taking, for example, operators schematically
defined as O,., ~Ra!'R, see Sec. IV, the corresponding
charge is sp, = n. In passing, let us also notice that (3.37)
depends solely on the quantum number of the exchanged
operator under parity, and thus it remains valid even when
perturbations are considered.

Finally, we consider the ¢ channel. In this last case, one
expands around the insertions at (14) and (24), or y — 1,
allowing to exploit, for the first time, the chiral-chiral OPE.
Let us recall the crossing symmetry briefly discussed for the
S correlator: once one identifies the endpoints at infinity, it
is possible to swap the positions of points two and four [7].
This allows one to relate the defect insertions

(R(1))R(14)R(13)R (1)),
(3.38)

(R(1))R(1)R(13)R (1)) =

and to exploit the chiral-chiral OPE. In terms of /(y), (3.38)
implies

(1=x)*h(y) = 2*h(1 - x). (3.39)

It follows that the correlator can be rewritten conven-
iently as

2
RRIR()R(1) = tf%h(l %)
t%;; hy). (3.40)
where we have defined
hy) = (1; >h(;() (3.41)

Now we can perform the CPW expansion and, again, we
rely on the analysis of Sec. III B regarding the chiral-chiral
channel. In this case, we have seen that only a single
component of each supermultiplet, with all its conformal
family, participates in the OPE. It follows that, in this case,
the expansion is given in terms of the one-dimensional
conformal blocks [61]

9aly) = 1*

If follows that the CPW expansion (in terms of new
coefficients b,) is

JFL (AL A 24 ). (3.42)

h(x) = 12,02),(1 = 1) + bajo 1192741 (1 = 1)
+ > bagall (3.43)
A>2jo+1

where, as a consequence of the selection rule (3.19), the
sum is taking into account the protected and unprotected
long contributions with A > 2j, 4+ 1. Specializing to our
case j, = 1, it reads

h(x) =byg2(1 = 2) + b3gs(1 —

+ ZbAgA 1 —

A>4
(3.44)

IV. ANALYTIC BOOTSTRAP

At strong coupling, the Wilson lines are mapped
through holography to minimal surfaces extending in the
AdS bulk and ending along the operator contour on the
boundary [1].11 The induced metric on the minimal surface
is AdS,, which is dual to a CFT; on the defect [4,64]. The
operators of the superdisplacement multiplet are associated
with the fluctuations near the minimal surface of transverse
string modes, the leading contribution to a four-point
correlation function arising from a disconnected Witten
diagram in AdS,. The first-order correction, on the

See chapters 12 and 13 of [42] for a review of the ABJM
case.
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other hand, is given by the connected four-point Witten
diagram [4,31].

The strong coupling regime can also be accessed by
analytic bootstrap methods, which we proceed to perform
in this section. The idea is to expand the functions in terms
of a small parameter €

f2) = fO) +efM(z) + O(e).

h(y) = hO(y) + ehD(y) + O(€?), (4.1)
with the superscripts indicating the leading and the next-to-
leading (NLO) order terms of the expansions, to be
eventually matched with the holographic contributions
mentioned above.

By general arguments, the parameter € scales like the
inverse string tension 1/7 ~ 1/+/2 and is therefore small at
strong coupling in the gauge theory, as stated above. The
precise mapping depends on the specific N =4 theory
(and, therefore, coupling 1) one considers and can only be
established after an explicit comparison with the Witten
diagram computation, not being fixed by symmetry.

To emphasize the physical meaning of this small param-
eter, we derive below an explicit relation between ¢ and Cg,
(or, equivalently, between ¢ and the Bremsstrahlung func-
tion) following the ideas in [65,66] based on the computa-
tion of the Zamolodchikov metric of the defect conformal
manifold."?

A. Leading order

We start from the leading order, which is given by Wick
contractions of generalized free fields [4,67-70]. For example,
the four-point correlation function (R(#;)R(2,)R(t3)R(14))
factorizes in this limit as products of two-point correlation

functions
(R(1)R (1)) (R(£3)R(24)) + (R(11)R(24)) (R(12)R(13))

1 1 C?
—C(2D< + )— (14 722),
MG, M, YN

(4.2)

where (3.7) and the explicit expression (3.11) for z have been
used. For (3.14), one obtains
O =1+ W) =1+, (43)
As expected, the two expressions have the same functional
form. In fact, the operators that are exchanged in the s channels
of both four-point functions of (3.14) are Ro’R, besides
the identity, while for the ¢ channel of the / correlator they are
Ro/R. All these have dimensions A5 = Al =2 4+ .

"“We thank Nadav Drukker for suggesting this computation.
“Here and in the following, A/, and !, refer exclusively to the ¢
channel of the h correlator, i.e. the chiral-chiral channel.

To get the conformal data, one has to identify the OPE
coefficients of the CPW expansion. By using orthogonality
conditions of the conformal blocks in Sec. IIIC, it is a
simple task to project out the coefficients (see Appendix C
for details). For our discussion we will only need the
relations [31,61]

dz
fz—ﬂ_i(U(Z)Gn_H(Z)G—Z—m (Z) = 5n,m7

f%p(x)gnﬂ(l 9w (L =) = B (4.4)

where the densities are w(z) = — ﬁ and p(y) = — W

and the circles close counter-clockwise around the points
z =0 and y = 1. Notice that, as discussed in the previous
section, the contribution over which we project G, (z) is
precisely G_,_,,(z), i.e. the shadow one obtains when
solving the differential equation. Equating the functions
(4.3) with the CPW expansion and exploiting the ortho-
gonality, one gets right away the coefficients. For the s
channel, these are

0 _ Va2 (n 4+ 1)['(n +5)
o (n+2)T(n+3)

, (4.5)

and, from the discussion of Sec. IIIC2, one finds

b,(f)) = (—1)”a£,0). For the ¢ channel, only even n contribute:

220520 (n+ 1)I(n + 3
b£,0>:ﬁ (n+3) (n + ) if neven,
C(n+53)
b =0, if nodd.  (4.6)

This is expected, since only for even n the exchanged
operators Ro/R respect the Z, symmetry t — —t.

B. Next-to-leading order

We move now to investigate the NLO of the expansions
(4.1). Following [31], one can start from an ansatz for f(!)
and (V. It is however particularly convenient to focus on

f (x) in (3.31), since one can exploit crossing invariance to
fix its generic structure, given by

FV ) = (1 =) log(x) + r(x)log(1 = x) + q(x). (4.7)

where ¢(y) and r(y) are rational functions expanded as [31]

i) = it

k

ar) => ax'(1-x).  (48)
1

In the following, we will investigate how to fix the
coefficients r, and ¢;. Plugging the ansatz in f(z), one has
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fW(z) =

1

S = () () s 5))

(4.9)

Similarly, one can find an analogous expression for i(!) by recalling that in the s channels the two functions have the same
functional form. Hence, by replacing z — y, one obtains the expression for 4(!)(y), up to the sign in the logarithm14

K0 = ofnz (52 ) et - (o

) o) et ool

(4.10)

and, plugging (4.10) in (3.41), also the expression for iz“)(;(),

(o (2

> +r(/f 1)) log(1 ~7) +q(}(%1>.

(4.11)

These must match with the perturbed CPW expansions. In particular, we expect the conformal dimensions to become

anomalous

Ay =2+ n+ey;,

for the s and ¢ channels, respectively. Similarly, the CPW coefficients will now be given by

(0)

(1)
a, = ay

+eay”,

The NLO expansions for the functions (3.23) and (3.44) are then explicitly given by

F(@) = (=) (@ Fayn(2) + rhal) Fay(2) log(=2) + 73a 0sFa(2) ).

n>0

n>0

WD) =300 =) 208 By (1= 1) + 70 Foyn (1= ) Tog(1 = 1) + 708 05 Fa (1 = 1)),

Al =2+ n+ ey, (4.12)
b, = b\ + eb}). (4.13)
(4.14)

with simplified notation: F,(z) = ,F (A, A,2A +2;z) and Fx(1 —y) = ,F (A, A,2A; 1 — »). One may infer the CFT
data as it was done in the previous section at leading order. In particular, the anomalous dimensions can be extracted and

related to the ansatz by

s_Lfﬁ
In =" 0 f 2zi

=

<
==

while 7!, = 0 for n odd. Here a comment is in order: from
the evaluation of the anomalous dimensions through this
procedure, one is not extracting the contributions of
individual operators entering the OPE, but rather a linear
combination thereof, weighted by the corresponding CPW
coefficients [4,59]. The unmixing of these contributions is a

“The sign is changed in order to require consistency with the
first-order expansion of the expression (3.35), see also [31]. By
doing the expansion explicitly, two contributions given by log(y)
and log(1 — y) factorize. Equivalently, one can consider absolute
values in the arguments as done in [4].

o

(4.15)

|
highly nontrivial task [12,71,72], which we do not address
here.

To fix the coefficients in (4.8), one can first truncate
their expansions borrowing some arguments from
[4,8,31,64,67,73,74] regarding the large-n behaviour of
the anomalous dimensions. The lore goes as follows: the
increase in anomalous dimensions is tied to the local
interactions occurring within the AdS dual counterpart.
As the relevance of these interactions decreases, the growth
in anomalous dimensions becomes more significant. In
aiming to bootstrap a leading correction for the holographic
correlator, it is sensible to prioritize solutions characterized
by minimal, or mildest, growth. In the CFT this can be
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justified a posteriori knowing that y, < 0, so that the
mildest growth of the anomalous dimension is the one that
guarantees reliability for the largest span of values of n [4].
If y,, grows too fast, the contribution ey’ will grow faster
compared to the leading order 2 + n until, eventually,
hitting the unitarity bound. Through the prescription
(4.15) one can compute the anomalous dimensions exploit-
ing the rational function r(y). This leads to the parametric
expressions

1 2+ (=1)"(6+5n+n?)
s =—(1 4
}/n 4( +n)( +n)r—3+r—2+ 2<4+5n+n2) -1
—1)n
_ 6) (6+5n+n?)ry+0(n*),
Yt:ln(”‘”)r 3= 2+;71
"4 =T (I+n)(24n) T

+0(n*), forneven. (4.16)

To meet the mildest-n behavior, the coefficients of the
expansion of r(y) must be r; #0 only for =3 <k <0.
However, there are some oscillating contributions appear-
ing on the s channel anomalous dimension. Motivated by
the results in [4,8,31], one could think to further fix them by
expecting a universal strong coupling trend for n > 1 and
€ < 1 but with ne fixed, see e.g. [4]. This consideration
would enable one to fix ry = 0 (which will also emerge
from requiring the regularity of the ansatz anyway), but it
does not allow one to draw any conclusion on the r_;
coefficient, as it become negligible at large n. Crucially, the
requirement that yj, = 0, following from the selection rules,
introduces a further condition that must be satisfied, and
that is

2}’_2 —r_; = 0. (417)

This constraint and ry, = 0 can be equivalently obtained by
requiring that the series expansion around y — 1 of the
ansatz (4.11) starts at (1 — y)*, precisely as in (4.14).

As anticipated, other restrictions can be drawn from
imposing the condition of regularity for the ansatz (4.7) and
(4.11). This translates into the requirement of pole can-
cellations in the regimes y — 1 (or equivalently y — 0) for

FY(y) and y — 1 for iV (y). One obtains the conditions

29 5 +q —%— rp,=0, (4.18)

qo—r3=0,
and all others g; = 0. All other constraints that can be
obtained from similar analyses will just be redundant.

Summarizing, one can consider the ansatz specified by
the rational functions

rs T '
) =2+ 24 L
2o
) q-1
q(x) = + : (4.19)
(=P x(1=y)
with the five coefficients subject to
3q-
r3=q.. ro= Tz+q 1 ro1=3g,+2q_,. (4.20)

There remain then two independent coefficients, which are
not fixed by internal consistency, crossing symmetry, and
so on. This is not an unexpected result, as it can be justified
by drawing analogies from cases in four dimensions. In
particular, for A/ = 4 super-Yang-Mills the corresponding
solutions are defined up to an overall parameter [4].
However, when one studies less supersymmetric cases,
e.g. N =2, one finds that the solutions are expressed in
terms of two free parameters [8]. Something similar
happens for three-dimensional theories. The solutions
found for the ABJM case [31] were defined up to a single
overall parameter too, while here we find, as for N' =2, a
two-parameter family of solutions.

In order to state the final answer one can proceed by
absorbing one of the coefficients in the expansion param-
eter € and, in analogy w1th the SU(1, 1|3) case [31], we also
change the overall sign.' > Hence, by reabsorbing ¢_, into
the definitions of ¢ and expressing the ratio of the two free
parameters as

q-1
=—, 4.21
5 s (4.21)

Equation (4.7) now reads

3
}‘(1)(){):_(2§+3+§t n >log(1— )
X )(

X
26 +3 '3 +
- )
£ 1
— — . 4.22
(M= (=) =
The expression for f(1)(z) is given instead by
V(@) =-1+2+¢&z-2?
_(1=-2)*(222 = (28 + 1)z +2) log(1 — 2)
2z
B 22(6E+272 — (26 +T)z+ 11)log(—2)
=2 . (423)

Bn fact, the discussion in this section is true regardless of the
overall sign of the ansatz. This sign change was justified in [31]
by the comparison with the holographic dual.
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As before, h'!) (y) can be obtained from f(!)(z) through the
usual mapping, while for (4.11) one has explicitly

A

0 <2 2= i1 = @+ )
+ (=132 = (1428)x +2¢)log(1—y)
Y PQE=3) =22 + Ty —11) 1og(;()} . (4.24)

With these parametrizations, the anomalous dimensions for
the two channels are now expressed as

,_ Adn(n+D)24n+n?+45+2(=1)"(3+28)]

Yn=

4(=2+n+n?) ’
1 n(3+n)(3+2¢)
r I A
rh= 4n(n—|—3)—|—2(1+n)(2+n), forneven, (4.25)

and the NLO OPE coefficients can be consistently written
as [67,68,74]

C. Relation to the 1/2 BPS line in ABJM

By looking at most of the results above, e.g. (4.22) for
FY () or (4.25) for the anomalous dimensions, one notices
that £ screams to be set to & = —3/2, to drastically simplify
those expressions. However, as discussed, this cannot be
done by invoking internal consistency or crossing sym-
metry. The presence of the free parameter ¢ is simply due to
the A/ = 4 case being less constrained by supersymmetry
than ABJM.

We can, however, make contact with the ABJM case'® by
identifying the operators in the ABJM superdisplacement
multiplet which map to the ones in (2.23), which is

0,0
LA F] o LA\, (4.28)
2l

In ABJM, the primary operator is a fermion with A = 1/2,
Jjo =3/2 and singlet under R-symmetry. We may then
compare the four-point functions of the defect operators
with the same dimension A in ABJM and in A/ = 4. In the
comparison, one has to take into account that the normal-
izations of the two-point functions and the small parameters
of the expansions are different in the two cases, so we call

0
a) = —( S,O)yfl), (4.26)  them Cyppyy and epppy in the ABIM case, to distinguish
on them from Cg and e above.
The displacement operator [, which appears in both
and theories and is neutral under the preserved R-charges, is the
natural place to start the comparison. Its four-point corre-
a . . . .
b; n_9 (b,(z())]/ﬁ, ), forneven. (4.27) latlop function for the ABJ M case ha§ been obtained in [31]
on and is a rather complicated expression,
J
= = (12(:ABJM)2 1 4 / 2 3 2 /1
12134

—623(557> = 3977 4 3z + 1)f®) — 3z*(4673 — 6372 + 187 — 1)f¥

=3(2 =102 (T2 = DO = (2 = 1)’2°f)]

of the function f(z) = fapm(z) and its first six
derivatives.

At leading order one finds f®(z) =1-z [31].
Notice that since it encodes the information of the
superprimary four-point function of the ABJM 1/2-
BPS Wilson line, it has clearly a different functional
form compared to the N' = 4 case in (4.3). Nonetheless,
when computing the four-point function at this order, one
obtains

2
(D) B(1)D(13)D(14)) pons = “ic—t““ (1424
+ O(eapim)- (4.30)

(4.29)

I

which is, upon the overall factor, precisely the same
functional form that one gets in N' = 4, see (3.16) with
f(z) = f9(z) in (4.3). The NLO result for ABJM was
obtained in [31] and reads

1
fE\];JM(Z) =z—-1-

+ 2(3 — z) log(—2).

0= g1 - 2)
Z

(4.31)

*We specialize to those configurations that can be directly
derived from the ABJM theory, for example from quotients of the
latter [42].
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When plugged into (4.29), the four-point function of the displacement operator of the ABJM theory becomes

_ _ 12Capm)? s
(D)D) D15 )B (1)) = oA [y oy g, (<8 = 2= T s
al34 6
8
+ <3 - +3z% - 825> log(1 —z) +z*(8z = 3) log(—z))] . (4.32)
Remarkably, if we evaluate (3.16) for £ = —3/2, we precisely reproduce the formula above for ABIM.
For reference, the anomalous dimensions and coefficients of the CPW expansion for £ = —3/2 reduce to
yh = —n*—5n—4,
v, =—-n*>—=3n, forneven, (4.33)
and
aV = ql¥ {—Zn -5 —l—y;‘,(w(n +5) - w(n +§> - 210g2+;>],
2 (n+1)(n+2)
(1) (0) ‘ 3 1
by =by’ |2n=3+y\wn+3)—w|n +§ —2log?2 +? , forneven, (4.34)
n

where y(z) =I"(z)/I'(z) is the digamma function.

D. Relation to the 1/2 BPS line in A/ =2 theories

One can exploit what has been computed so far to guess
what the result for the bootstrap of the displacement
operator would be like for the 1/2 BPS Wilson line defect
of N =2 SCSM [75]. To do this, one needs to recall the
different superdisplacement multiplets in the three-dimen-
sional V' = 2, 4, 6 cases [43]:

37(0,0) 57(0,1)
v=s [ = — B — e

1
2

N =4z 1) — [ — [,

3

N =2: [_5] — [~1],, (4.35)
3
2

with the wusual notation for the charges [jo}(Am,

with (R) standing for the Dynkin labels of the considered
representation.

All displacement operators are singlets of the preserved
R-symmetry (when present), and the four-point function is
neutral under the Abelian symmetry. Therefore, one
expects the same relation to take place, where now the
less supersymmetric one is the defect theory of the 1/2 BPS
Wilson line in NV = 2 and the N = 4 defect plays the same
role as the ABJM one in the previous section. Thus, one can
expect that whatever function is relative to the super-
primary, it should be consistent, upon normalization,
with the A/ = 4 one, precisely as before. Moreover, one
can extract much more information about the unknown

[
function. Notably, as illustrated in the scheme above, the
multiplets shorten as the bulk supersymmetry decreases, as
expected. Consequently, the superprimary of the less
supersymmetric multiplet can be matched with the first
O descendant of the higher supersymmetric theory. This is
true and can be verified for the matching between the
N =4 case and ABJM, as seen above. By exploiting
(3.15), one can do the same for N' = 4 and N = 2, arriving
at the f function for the A/ = 2 case, both at the leading
order

@) =1-2, (4.36)
and at the NLO
Ay =9+ 2-Z 4o
+ (5 - g +52° - 9z4> log(1 - 2)
+ (5 - 92)2 log(—2). (4.37)

One can straightforwardly extend this analysis to the &
function, the anomalous dimensions, and so on.

E. Comments on the holographic dual

A natural question at this point is of course to try to
reproduce the results obtained here from the holographic
dual [76], by computing explicitly the disconnected and
connected Witten diagrams in AdS,, as pioneered in [4]. In
fact, this is not strictly necessary, as one can simply reuse
the analysis in [31] for the ABJM case.
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The supergravity dual is of course different in the N' = 4
case, namely AdS, x $7/Q, where Q is some appropriate
quotient of §7, for example Q = (Z, @ Z,)/Z; for quiv-
ers coupled to p hypers and ¢ twisted hypers. This implies
that the Kaluza-Klein reduction of the supergravity fields in
the internal space is going to be different, e.g. one does not
expect the three massless fields found in [31] due the
SU(3)z R-symmetry. However, the analysis for the AdS,
fluctuations is going to be the same, correspondingly to the
fact that the displacement operator D is the same as in that
case. The Witten diagram for this field is decoupled from
the rest, so that the result in [31] also applies here,
consistently with the discussion above in Sec. IV C.

F. Relation between ¢ and Cg

It is possible to establish a relation between the expansion
parameter ¢ and the normalization of the two-point corre-
lation functions Cg or, equivalently, the Bremsstrahlung
function of the theory. This was first proposed in [65] and
then extended to higher orders at strong coupling in [66].

The idea is to consider the defect conformal manifold
associated with exactly marginal deformations of our 1/2
BPS operators. This manifold is CP! with Zamolodchikov
metric given by

g = (ROR(1)) = Cobes (4.38)
which is conformally related to the line element
4C
2 _ [ -
dSC[P" = dedZ. (439)
The corresponding Riemann tensor is
1
Ry = _EgzigzZRC[P’" R.z: =0, (4.40)
with Ricci scalar
2
Rept = — . 4.41
= (441)

Now, as suggested in [65], the Riemann tensor can be
also interpreted as the four-point correlation functions of
the primary operator, by extending the Zamolodchikov
metric beyond the flat space approximation. There are the
two possible orderings seen above, so that one has to
consider

5 (R(1)R(6)R(16)R(1)) = 9292 (2) = Co.f(2)

11,53, (R(t) )R (12)R(13)R(14)) = g.z9:.h(x) = Ch(x).
(4.42)

Following the analysis in [65] and identifying our func-
tions with their functions as f=K;—-K, and
h=H,—H,, one finds R,--=0, consistently with
(4.40) above, and R_:;: = 2¢.:9.-R with

R= Alj—f {log(l ) (2}’0() _%f%»

1
—log)(<h()() +§fg%l)>} (4.43)
Evaluating this with (1) and 2("), one obtains
R = 27°€. (4.44)

Comparing with the Riemann tensor in (4.40), one finds the
desired relation

1

TN

(4.45)

with the minus sign being consistent with having absorbed
another minus sign in € in the Ansatz (see discussion in
footnote 15).

If one knows the Bremsstrahlung function of the theory
at strong coupling, this relation can be used to determine e
in a way which is independent of the comparison with the
holographic computation in terms of Witten diagrams. This
was done in [65] for the 1/2 BPS Wilson loops of N = 4
super-Yang-Mills and of the ABJM theory. Unfortunately,
such computation of the Bremsstrahlung function has not
been performed yet for N' = 4 Chern-Simons-matter the-
ories, so that one cannot get the precise expression of e.
However, the leading term of the Bremsstrahlung function
scales generically like \/Z, sothate ~ 1/ \/Z, as stated at the
beginning of this section.
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APPENDIX A: SYMMETRIES OF THE BULK
AND DEFECT THEORIES

We collect here details about our conventions and the
symmetries preserved by the bulk AV = 4 theory and its 1/2
BPS Wilson lines. We work in Euclidean space R3.

The three-dimensional N' = 4 superconformal algebra
is 08p(4]|4). Its bosonic subalgebra consists of the
three-dimensional conformal algebra 3o(1,4) and of
the R-symmetry algebra 80(4)p ~3u(2), @ su(2),.
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The conformal generators are the rotations M**, the trans-
lations P*, the special conformal transformations K*, and
the dilations D, with y, v =0, 1, 2 and algebra given by

[ M,uy’ M/)o’] SCHMPP — §° MHP + SPYMHO — §PH Murr’
[PH, M*P] = 8" PP — 5" P,
[KH, M| = §"KP — §"" K",
[P¥,KY] = =28"D — 2M™,

[D.PY] =P, [D,K'| = —K". (A1)
The R-symmetry generators are R;; = —R;, with I, J = 1,
2, 3, 4, and obey

[Riy, Rir] = 0xR 1 + SRy k- (A2)

The fermionic generators O, and S7, with spinorial
indices @ = =, satisfy
{01a: Qup} = 2085 (r") o Py

{8787} = 2i8,, (") 7K.

{Q1ax I} = 81/((1) P M,y +284D) + 284R,;,  (A3)

with (y#),” being the Pauli matrices satisfying {y*, 7"} =
26" and y* = %(yﬂ}/’/ — }/’“}/ﬂ) = ie"PyP.

{Qaam Q/)‘bb} - 2l8ab8ab 7 aﬂP ’

{Qaaiz’ S

1
[Ra > Qacc] 5 Qaac - 5 Qacc’

[R(I/Jz’ Qaci‘] = _5f Q(zca +5 6bQ(1cu

The insertion of a 1/2 BPS Wilson line [33] breaks the
08p(4|4) of the bulk theory down to 8u(l,1|2). The
3u(1,1) generators are those of the one-dimensional
conformal group, i.e. {D, P = Py, K = K, }, satisfying

[P,K] = -2D, [D,P] =P, [D,K] =-K. (A7)
The preserved R-symmetry is taken to be 81(2) , generated
by R,”. Since the translations along the line are preserved
(as well as special conformal transformations and rotations
around the line M,,), one can conveniently choose
(")’ = (6°.06%,0”), as a basis and therefore (y*),; =
(6',—63,il) and (y*)* = (=6¢',6%,i1). From the anti-
commutation relations one can identify the preserved
fermionic charges. In our conventions

The remaining commutation relations are

1
[D Qlu] Qla’ [D’Sla]:__slav
2
1 1
M Qi ==y M5 =3 ()]
(K, Q0] = i(7") 0 S1 [P*,S;" ] ==i(r")" Qyp
R17.Okal =61k Q1a—06,k Q10 [R17.S%] =061xS5— 6,57,

(A4)

where spinorial indexes are raised/lowered with €% and €aps
such that e~ =e_, = 1.

Since the Wilson line insertion breaks half of the
supersymmetry, it is convenient to decompose the
R-symmetry in terms of the isomorphic 311(2), @ 8u(2),

[Rabv Rcd] = 5107Rad - 5ZRcbv
[RY),R¢)] = 52Ri’d — (()ZR%, (AS)
where R,” = -1(c'3’),"R;; and R’, = -1(5'c")} R,,,

with indices a, b =1, 2 and a,b = 1,2. We take aaa =
(1,ic',i0?,ic*) and 5% = (1, —ic', —ic?, —ic?).

For the fermionic charges we define instead Q,,, =
6!.,0,, and similarly for the superconformal charges.

Correspondingly, (A3) becomes

{Sa Sﬂb} = 2i£ab€ab(yﬂ)aﬁKw

aa’

< abgab< 7ﬂy /}M +5ﬁD> +5€( abRab abRab)>’

R?,S%] = 8085, — 3 8187,
1
RE. 52,) = ~o8%, + 5 8487 (A6)
{Qaa> Oy} = 2ieapes P (A8)

If one picks Q_ 5, then the closure of the one-dimensional
superconformal algebra requires that the other set of
conserved charges be ¢”Q_,i, and similarly for the
superconformal ones. The full set of conserved super-
charges is then

Q,= Q+a2?
Qa = ieahQ—biﬂ

S, =S,

S'a = _ abs+

D (A9)

which obey the anticommuation relations
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{0, 0"y =284P,  {S.. 8"} = 28K,
{Q4. 8"} = 254(D + Jo) = 2RG,

{09, 8,} =284(D — Jo) + 2RY, (A10)
with

The mixed bosonic/fermionic commutation relations are

D _1 D Na _1 Na
[ ’Qa]*EQa’ [ ’Q]*EQ,
1 _ 1-
[D,Sa]:—isa, [D,S]:—ES N
[K’ Qa] :Sm [K, Qa] :Sa’
[P.S4] = =0 [P.§%] = -0¢, (A12)
and

1 1
[Rah’ Qc] :5£Qa _552 0., [Ruh’Sc] :65'5“ _56256’

- - 1., - _ 1 -
R0 ==050" +5860°, [R5 ==658" + 15",

= 1 1

[R%7Qa]:EQav [M127Qa]:_l§Qa’ [JO’QH]:O’
iy 1 1

[R%,Sa]zisa, [Mlz’Sa]:_iESa’ [JO’SLJ:O’

o 1 _ 1. ~
R1.0Y==30% [M".0)=i50" [Jp.0]=0.

1. 1.
[R},S”]:—Esa, [M‘Q,S“}:iES”, [J0.597=0. (A13)

Here one can see that the preserved u(1); @ 80(2),outions
, 18 the nontrivial

combine in u(1); @ u(1),, where u(1);
central ideal and u(1),, is the outer-automorphism gen-
erated by J = iM, + R i> giving for example the relations
[Jatr Qul = +0, and [T, 0% = —Q°. Consistently
with [43], the maximal subalgebra of 03p(4|4) is there-
fore u(1); > psu(1,1]2) x u(1),,, where psu(l, 1]2) ~
su(1,12)/u(1);,.

aut?

APPENDIX B: REPRESENTATIONS
OF 3u(1,1]2)

We discuss now the representations of u(1); x
p3u(1,1]2) x u(l),, [43]. First let us notice that the
defect superconformal algebra has a 8u(1,1) @ 8u(2); @
u(1); @ u(l),, subalgebra. We can therefore label the
representations in terms of the Dynkin labels [A, jo; ji]
where the u(1),, charge can be neglected as it is unim-
portant for the following discussion. For the preserved

R-symmetry one can define the Cartan generator H and the
associated raising and lowering operators E*

_ pl 2 _ ~pl
H =R, -R;=2R|,

Et =R3, E- =R (Bl)

that satisfy

[H,E*] = +E*, [ET,E7] =2H. (B2)
One can therefore characterize the states and the super-
charges in terms of the corresponding quantum numbers. In

particular

1
o |=,0,11, ,
0: [3.0.1] :

o' B,O,—l}, 02: B,O,l].

The highest-weight state |A, jo;j;) is defined from the
conditions

0,: F O,—l},

(B3)

SalA, joi j1) S4IA, jos j1) =0,

= O’
E*|A. jo: j1) = 0. (B4)

and long multiplets are obtained by acting on it with Q,,
Q% E-, and P. The unitarity bound reads

. 1.
A= |Jo|+§J1, (BS)

which is strictly satisfied by the long multiplets. One can
also impose the shortening conditions

QA joi j1) =0, (B6)
leading to the two following cases:
. 1 . Al 1
1/4BPS: A = jo+5 1, LAJjo)y",
1/2BPS: A = j, LA[j)Y. (B7)

where we adopt (a simplified version of) the notation
of [43,55] with [ jo](A“) indicating the quantum numbers of
the superprimary and the capital letters specifying whether
the multiplet is long L (L) or short at threshold A (A) with

respect to Q, (Q%).
The conjugate ones are instead given by the conditions

Q.lA, joi 1) =0, (B8)

which leads to
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o1, -
1/4BPS: A = —jo+ 2 ji. ALJjold",
1/2BPS: A = —j,, AL[jo]Y). (B9)

One can explicitly recognize the displacement multiplet
as LA[1)\”.

APPENDIX C: ORTOGONALITY CONDITIONS

In this appendix we provide some details on the ortho-
gonality conditions for the blocks G, (z) which we have used
to extract the coefficients of the CPW expansions.

We begin by recalling that the blocks are the eigenfunc-
tions of the differential operator
D =a(z)0? + b(z)0, = (1 —z)2?0? + z(2—-z)9,  (Cl1)
satisfying the eigenvalue equation DGy(z) = ¢4Ga(2).
As noted in the main text, however, the spectrum is
degenerate as also the shadow contributions have the same

eigenvalue. One can then define the w-weighted inner
product as

dz

(63,165 = § 30165, (IGs,2). (€2)

denoting the block contributions as |G, ) and the shadow
ones as (G, |. Defining A to be the shadow dimension,
such that ¢, = ¢z, one has the orthogonality

(G31Ga) = 74 & ()Gs()Ga(2) = 8ps.  (C3)

Now one must determine the weight @(z). This can be done
by rewriting (C1) in Sturm-Liouville form

1 0 0
D=——F— —, C4
o(z) 6zp(z) 0z (4
from which one gets
p(z) P'z) bz)-d(z)
> b - 5 =o' )
(2) o(2) (2) o(2) e 0(z)=w'(2)
(C5)
and finally
() === (c6)
o(z) =—-——
where the normalization is fixed by requiring
orthonormality.
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