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Local quenches in fracton field theory: Lieb-Robinson bound, noncausal
dynamics and fractal excitation patterns
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We study the out-of-equilibrium dynamics induced by a local perturbation in fracton field theory. For the
Z4- and Zg-symmetric free fractonic theories, we compute the time dynamics of several observables such as
the two-point Green’s function, (¢?) condensate, energy density, and the dipole momentum. The time-
dependent considerations highlight that the free fractonic theory breaks causality and exhibits instantaneous
signal propagation, even if an additional relativistic term is included to enforce a speed limit in the system.
We show that it is related to the fact that the Lieb-Robinson bound does not hold in the continuum limit of
the fracton field theory, and the effective bounded speed of light does not emerge. For the theory in finite
volume, we show that the fracton wave front acquires fractal shape with nontrivial Hausdorff dimension and
argue that this phenomenon cannot be explained by a simple self-interference effect.
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I. INTRODUCTION

Fractons are conjectural states of matter possessing a
number of exotic properties that do not allow us to describe
them within the conventional framework of quantum many-
body theory using such concepts as symmetry breaking,
band structures, quasiparticles, or topological phases [1-6].
Continuum fractonic models—fracton quantum field the-
ories—have been analyzed in detail [7-10] and were shown
to be very distinct in many regards from their relativistic
counterparts.

Foremost, since the lattice theory spectrum consists of
immobile particles or particles with restricted mobility,
which are called fractons, at the level of the low-energy
theory, there are local defects, whose locations are restricted.

Also, the ground-state degeneracy of the system on a
lattice scales exponentially with the system size and hence
diverges in the continuum limit. Therefore, the continuum
version of the theory possesses an infinite number of
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ground states. In particular, this leads to UV/IR mixing,
which means that a low-energy observer is sensitive to
short-distance physics. This is a challenge because a
continuum field theory is usually expected to give a
consistent description of low-energy physics, which does
not depend on its UV completion.

Finally, even though fracton field theories are neither
Lorentz invariant nor SO(2) rotationally invariant, they
possess exotic global symmetries, including subsystem
symmetries such that their charges act differently in differ-
ent subspaces of the total space.

Given the very peculiar property of restricted mobility,
out-of-equilibrium dynamics of such systems can be highly
nontrivial and not resembling that of regular isotropic or
smoothly anisotropic theories. By quenching a fracton field
theory, one can get deeper insight into its response proper-
ties and unveil features that cannot be deduced from
equilibrium considerations.

In quantum field theory (QFT), quenches have been
extensively studied in a number of diverse settings. The
number of exactly solvable models is restricted and mainly
includes conformal field theories (CFTs) [11-15]. Some
other results were obtained for free field theories and the
simplest interacting theories [16-25]. At the same time, the
study of global quench setups is promising as demonstrated
by their intensive exploration in terms of AdS/CFT corre-
spondence as a model of thermalization [26-30].

In Ref. [25], some of the authors of this paper initiated
analysis of time-dependent properties of fractonic matter by
considering a global quench in fracton field theory, where
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the behavior of the two-point correlation function after the
abrupt change of system parameters as well as after an
abrupt change of the symmetry of the theory has been
analyzed. However, global perturbation of the theory reveals
its homogeneous temporal dynamics, but not the spatio-
temporal properties, which become visible in the scenario of
inhomogeneous—Ilocal—quench. Hence, in the present
paper, we continue this research line and study the dynamics
of the fracton field subject to a local perturbation. Our goal
is to see how the structure of fractonic theories affects the
propagation of local excitations. To contextualize our
findings, we put the observables calculated for the fracton
field theory in comparison with those in locally quenched
relativistic field theory.

In a local quench prescription, the initial state of the
system is perturbed locally at one (single quench) or several
points (double quench, triple quench, etc.), and its sub-
sequent evolution is reflected in the behavior of quantum
mechanical observables—correlation functions. Local
quenches have recently been studied in various theoretical
areas, such as condensed matter theory [31-36], entangle-
ment and quantum gravity [37-41], and complexity and
chaos [42].

The so-called geometric quench introduced in Ref. [12]
involves joining two different theories with a boundary at
some time moment. In Ref. [43], an attempt is made to
generalize this setup to a higher-dimensional case. Another
example is the operator local quench, which is a setup
describing creating a localized excited state prepared by
inserting a local operator into the path integral that defines
the state [40]. Even though localized excited states have
been studied in diverse contexts [38-40,42,44—68], most of
the known examples of local quenches are related to two-
dimensional CFT [45,46,63,69]. Recently, we have studied
operator local quenches in massive scalar field theory [70],
which is a natural extension of earlier considerations [38],
where the form of observables after a local excitation was
completely fixed by conformal symmetry. The method of
the straightforward calculation of correlators using Wick’s
theorem, proposed in this work, allows us to rederive
previously known results and study QFTs with arbitrary
interactions without having to confine ourselves to consid-
ering only conformal theories. Also, conformal derivation
was limited to two dimensions, while this approach works in
arbitrary dimensions. The latter fact, in particular, makes it
possible to rederive the results obtained earlier in holo-
graphic correspondence AdS,.;/CFT,, where the time
evolution of the state on the CFT, side is dual to a falling
massive particle in AdS,,; (d 4+ 1-dimensional anti-de
Sitter spacetime) [69].

In this paper, we rely on this approach to study operator
local quenches in 2 4 1-dimensional fracton field theory,
which is a low-energy limit [8] of the XY-plaquette
model [71]. In the latter theory, a compact scalar field,
¢y ~ ¢ + 2, is defined on each site s of a periodic square

lattice with spacing a and the number of sites L* and L” in
the x and y direction, correspondingly. Its Hamiltonian
reads [8]

H— gz;ﬁ - KE cos (A, ), (1)

where 7, denotes conjugate momenta of the scalar
field, and

Andis = Psi1501 — Prv1s — Prgr1 + iy

The coordinates (%,9) are integer labels of the sites,
x=1,...,L*and y =1, ..., L”. Hamiltonian (1) is invari-
ant under momentum dipole symmetries [which are U(1);
subsystem symmetries along ith coordinate line on the
lattice, ¢, — ¢, + @] as well as under Z, rotations of the
lattice. The continuum limit of the XY-plaquette model is
achieved by taking the double limit @ — 0, L’ — oo such
that product aL’ is kept fixed. The resulting Lagrangian
density is given by [8]

p 1
L=70@) -5 (00,47 [#1=0. holll=1. (2)

where yo and p are parameters with mass dimension +1.
The U(1), symmetries of the lattice model become in the
continuum limit a momentum dipole symmetry ¢(z, x, y) —
¢(t.x,y) + f(x) + f,(y) for arbitrary functions f, and f,.
The symmetry under Z, spatial rotations is preserved in the
continuum limit.

The paper is organized as follows. In Sec. II, we review
the operator local quench protocol and the fracton field
theory we are studying. The postquench dynamics of the
two-point function is described in Sec. III, and the dynamics
of the energy and dipole momentum densities is described
in Sec. IV. In Sec. V, we show that the Lieb-Robinson bound
of a discretized fractonic theory does not support the
emergence of the finite speed of light in the continuous
theory. In Sec. VI, we generalize our considerations onto the
finite volume case. In Sec. VII, we comment on the fractal
structure of the excitations in the locally quenched theory in
finite volume. We also note there that there is a considerable
difference between local and global quench setups in fractal
behavior of the corresponding excitations. Section VIII is an
outlook.

II. SETUP
A. Operator local quench

An insertion of a local operator O at spacetime point
(19, xg) creates an excited state |¥(¢)) evolving in time,

(W(1)) =N - e =) e=1 0 (15, x0)[0),  (3)
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where N is a normalization factor, which ensures that
(P|¥) =1, and the UV regularization parameter & pre-
serves a finite norm of the state. Choosing (¢, xq) = (0,0),
the evolution of some observable O after the single-point
local quench (3) reduces to a three-point Lorentzian
correlation function:

(0|0 (ie, 0)O(t, x) O(—ie, 0)|0)
(0|07 (ie, 0)O(—ie, 0)|0)

(O(t, %)) = (4)

To evaluate it, it is easier to perform calculations in
imaginary time and then transform the result to real times
by Wick rotation ¢t — —ir.! Usually, the observable O is a
composite operator, and the calculation requires regulari-
zation. One of the possibilities is the point-splitting scheme,
where the spacetime point, at which the observable is
defined, is split into two separated ones, and then the
correlation function (4) is calculated using Wick’s con-
tractions [70]. The final correlation function consists of a
finite part and a term, which in the limit of merging points
contains a constant and a divergence. The sum of the finite
part and the constant is interpreted as the actual value of the
observable, while the divergent part is discarded (i.e.,
the correlator is renormalized). For example, in the case
of the two-dimensional CFT stress-energy tensor, the
constant coming from the point splitting corresponds to
the anomalous term in its transformation law [70].

At this point, we do not consider theories with inter-
actions, but only free field theories, in which all informa-
tion is encoded in the two-point correlation functions. In
momentum space, it means that the theory is completely
determined by its dispersion relation. We will use this
machinery to study local quenches in a free QFT with
discrete rotational symmetries—the massive scalar fracton
field theory.

B. Fracton field theory

In this paper, we consider scalar fracton field theories
introduced in Ref. [25] with underlying Z, symmetry and a
relativistic and a mass terms added for the purpose of
regularization. This Z, invariance translates into the
following Euclidean dispersion relation’:

1 k
w?=—-—— e(k2+q2)+f7a( ’Q)—Fﬂmz ,
Ho H

[fal =4 a=

13
—~
9]
=

For a discussion on analytical continuation, we refer the
reader to Appendix A of Ref. [70].

’Note that in the d =3 case the field ¢ has zero mass
dimension (2). This means that the coefficient before the ¢
term has mass dimension 3/2. We write this coefficient as um? to
deal with the usual dimension-1 mass parameter m, using u to add
up one more dimension, so that [um?] = 3.

The function f,(k,q) of momenta k and g reflects the
underlying symmetry of the theory. We also assume that
this general form of the dispersion relation includes a
rotationally invariant part e(k* + ¢?) which tames the
divergences corresponding to the UV/IR mixing of frac-
tonic theories, i.e., when k£ — oo and ¢ — 0 or vice versa,
and a mass term, which regulates IR divergences, when
both k and ¢ tends to 0.

In coordinate space, function f, corresponds to higher-
derivative operators in the action. In the case of n = 2, the
expression for f, is given by k>¢? as follows from Ref. [8].
For higher orders, the expression for f,(k,g) can be
derived through the transformation to polar coordinates

with stretched angular coordinate, k = \/k* + ¢ cos(ag)
and ¢ = \/k* + ¢* sin(ag). The result is given by [25]
fa= (K + ¢*)* cos(ap) sin*(ag)

B (k_|_ l'q)4a _ (k2 +q2)2(z 2 (6)
4R+ g (k+ig)* ]

Specific examples of such fracton free field theories

include:

(i) Z4-symmetric theory, which is invariant under 90°
spatial rotations. The Euclidean action is given by
the low-energy limit of the XY-plaquette lattice
model (2) with an added relativistic and a mass term

A
s =5 [ avasas (w00 + 0.
+ €(dy)* + /% (0,0,0)* + ,um2¢2) . ()

where A is a normalization constant that we keep
here for generality but fix it to be equal to 1/(4x) in
the calculations. The global momentum dipole
symmetry of the original theory is now broken by
the presence of mass. The dispersion relation is
given by (5) with @ = 1 (see Appendix A for details)
2.2
=L {e(k2 +q%) + Kq +um2]. (8)
Ho H

(i) Zg-symmetric theory, which is invariant under 45°
rotations. The dispersion relation is given by (5) with

a=2,

1 4(kq—kq*)?

o =——|e(k*+¢*) +————D3+
Mo[( 7) PIGEE.

mz} . (9)

III. DYNAMICS OF TWO-POINT FUNCTION
AND ¢* CONDENSATE

In free theory, the dynamics is fully determined by the
behavior of two-point correlation functions. Hence, two
cases with different properties can be studied: i. when two
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operators are defined at different spacetime points and ii. when they are defined at the same point—the so-called ¢>
condensate. In this paper, we will consider local quenches corresponding to the insertion of ¢ operator.
Let us define equal-time two-point correlation function with the equilibrium part subtracted, namely,

G(t,x,y) =

(0lg(ie, 0,0)¢p(z, x, )9 (1, 0, 0)¢p(—ie, 0,0)|0)

(0] (ie,0,0)p(—ie, 0,0)|0)

— (#(2.x.y)$(2.0,0)). (10)

A similar one was studied before in the context of global quenches [17,18,25] and represents a perturbation of the two-point
function caused by quench excitation. By the Wick theorem, it transforms to

(Olg(ie, 0,0)¢p(z, x, y)|0) (0l (2, 0, 0)p(—ie, 0, 0)|0)

G(t,x,y) =

(0l¢p(ie. 0.0)¢p(—ie.0,0)[0)
, (0l¢(ie. 0.0)(z. 0.0)[0) {0 (z. x. y)¢(~ie. 0. 0)[0)

11
(Ol (ie. 0,0)p(—iz, 0,0)[0) (1
Calculating Wick’s contractions using the two-point function in mixed representation (A6), we get
(Ol (i, 0,0)p(, x,y)[0)(0lh(z, 0, 0)p(—ie, 0,0)[0) + (0l¢h(ie, 0,0)¢h(z, 0, 0)[0)(0lh(z, x, y)p(—ie, 0,0)|0)
1 [ dkdg e~V e=i*+ikxtiay\ [ 1 dkdg e~V (0’ -

with the overall normalization factor given by

dkdg e
(27)? 2w

(lie,0,0)(—ie, 0,0)) — % / (13)

The dynamics of the ¢> condensate after the local
quench by operator ¢ is given by another type of corre-
lation function, namely,

(@ (t.x.9))g =

(Olp(ie. 0,0)¢? (1, x, y)(=ie. 0,0) 0)

(@ (t.x.y))y = (0]¢(ie, 0, 0)¢p(—ie. 0,0)]0)

(14)

Objects of this type have been studied in works on operator
local quenches [70]. To deal with divergences of composite
operator ¢>, we split the point at which this operator is
inserted into two separate onmes, (f;,x;) and
(tz,Xz) = (tl + 51,X1 + 52), and take the limit 5172 -0
at the end of the calculation. After that, Wick’s contractions
are performed, and we obtain

(0lgp(ie, 0.0)¢p* (1. x, y)p(—ie., 0, 0)|0)

= lim

(0|¢p(ie, 0,0)p(—ie, 0,0)|0)
(0|¢p(ie, 0,0)(t1, x1,y1)p(t2, X2, ¥2)p(—ie, 0,0)]0)

(t2.X2.y2) = (t1.x1.31)

(0] (ie, 0,0)¢p(~ie, 0,0)]0)
(Ol¢p (i€, 0,0)h(z, x, y)|0) (Olp(1, x, y) (e, 0, 0)[0)

(0l (ie,0,0)p(—ie, 0,0)|0)

+(0[¢?(1.x.7)[0). (15)

where the last term is divergent and should be subtracted. We calculate each contraction numerically starting with the two-

point function in mixed representation (A6),

(Ol i€, 0.0)h (7. x.)[0) (Ol (1. x. y)h(—ie.. 0,0)0) = ‘— /

dkdq e (e—it)>+ikx+igy 2
(27)? 2w

1

) (16)
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FIG. 1.
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0.000
10 20 -20 =10 0 10 20
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Dynamics of the nonequilibrium two-point function after a local quench corresponding to operator ¢ insertion. (a)—(c) Spatial

profiles of perturbations for fixed time moments in the relativistic model for m = 1, ¢ = 0.05. (d)—(f) The same for the Z,-symmetric
fractonic model; m =1, yg=p =1, ¢ =0.05, ¢ =0.1. (a) Relativistic, r = 1. (b) Relativistic, t = 8. (c) Relativistic, t = 20.

) Zy,t = 1. (e) Zy,t = 8. (f) Zy, t = 20.

The numerical results for the postquench dynamics of
the relativistic free scalar theory and the fracton field theory
are shown in Fig. 1 for the two-point function and in Fig. 2
for the ¢»* condensate. One can see that, in the fracton field
theory containing the relativistic regulator term, two types
of dynamics are present. The severe anisotropy of the
fractonic term leads to instantaneous propagation of exci-
tations along the x and y axes, and emergence of wavelike
patterns beyond the light cone. On the other hand, the
relativistic regulator imposes a speed limit on the propa-
gation of square-shaped wave fronts.

IV. DYNAMICS OF THE ENERGY DENSITY
AND DIPOLE MOMENTUM

It is instructive to compare the dynamics of the two-point
correlation functions with the propagation of energy
density £ given by the following expression,

(#(ie. 0,0)|E(z, x, y)|p(=ie, 0,0))
(#(ie.0,0)p(=ie,0,0))

where the Euclidean energy density is

(E1.x.7))y =

(17)

€ =5(=(0:¢)" + (0:0)* + (9y)* + m*¢?)  (18)

N =

for the relativistic field theory and

1

e =5 (02 +5 0007 +w'#?) (19)

for the massive fracton scalar field theory (see also
Appendix C). Adding the relativistic regulator ¢ to the
fractonic theory modifies this expression to

£ =5 (w02 + 002 + 007

+ ;11 (0.0,)* + yngbz) : (20)

The corresponding numerical results for the postquench
dynamics are shown in Fig. 2.

Another observable important in this context is the dipole
momentum, since its conservation in time is a characteristic
feature of fractonic theories. While, strictly speaking, by
introducing the relativistic regularization of the UV/IR
mixing we violate the dipole momentum conservation, it
is still interesting to look at its dynamics. Specifically, we
consider the postquench dynamics of the square of the time
component of dipole, given by the following correlation
function (see Appendix C for details),
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20
0.002
10 0.02
= 0
—10
0.00 0.000
—20
-20 —10 0 10 20
X
(a)
0.04
0.030
0.02
0.015
0.00 0.000
-20 —-10 0 10 20 -20 =10 0 10 20
X X
() ()

FIG. 2. Dynamics of the observables after a local quench corresponding to insertion of operator ¢. (a),(b) Spatial profiles of the
perturbations of ¢? condensate for fixed moments of time ¢t = 20 and ¢ = 100 in Z,-symmetric fractonic model. (c) Spatial profile of
the perturbations of ¢? condensate for a fixed moment of time ¢ = 20 in Zg-symmetric fractonic model. (d) Spatial profile of the
perturbations of the energy density for a fixed moment of time ¢ = 20 in Z,4-symmetric fractonic model. For all cases, m = 1, ¢ = 0.05,
o =p =1, and € = 0.1. (a) (¢?), Z,, t = 20. (b) (¢?), Z,, t = 100. (c) {¢?), Zg, t = 20. (d) (£), Z,, t = 20.

((ie, 0.0)|J5(t. x. y)|$(—ie.0,0))

J§) = .21
= e 0. 0pg-ie 0.0 OV
where the time component of the dipole current is
0.002
Jo = uo0,9. (22)
In Fig. 3, we show the spatial profile of (J3) for # = 100. 0.001

One can see that the general structure is similar to other
observables, but a manifold of excitation fronts emerges
and leads to a complex interference picture near the corners
of the square formed by the wave fronts.

—20 0 50
V. INSTANTANEOUS SIGNAL PROPAGATION T

AND THE LIEB-ROBINSON BOUND

) ) ) FIG. 3. Spatial profile of (J%) after a local quench correspond-
As evident from the postquench evolution profiles  ing to operator ¢ insertion for a fixed moment of time # = 100 for
shown in the previous sections, a local pointlike m=1,e=0.05 yp=p=1, and ¢ =0.1.
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perturbation of fractonic medium instantaneously excites
points far away from the perturbation region, violating
causality. Adding a relativistic term to the action changes
the excitation patterns but does not recover causal dynam-
ics. On the other hand, the fracton field theory can be
viewed as a continuum limit of a many-body lattice
quantum theory with local interactions, for which the
Lieb-Robinson bound setting an effective light cone can be
expected to exist. Hence, it is important to analyze this
apparent discrepancy and understand whether the Lieb-
Robinson bound induces the finite speed of signal propa-
gation in the continuum theory.

First, we briefly remind the reader of the main con-
ditions, which a lattice many-body quantum model should
satisfy to ensure the existence of the Lieb-Robinson bound.
For that, we shall closely follow Ref. [72]. Let us consider a
general harmonic system on lattice .#, defined by a
Hamiltonian of the form

HN Zpl l]pj +~x1 l_]x_] ’ (23)
i.je?

with a locality constraint: X; ; = 0 for d(i, j) > R, where
d(i, j) is the length of the shortest path on the lattice
between sites i and j and R is a fixed constant. For many
systems including the discretization of the fracton field
theory considered here, P;j = &;;, so we shall assume
this in the subsequent dlscussmn Then, introducing
rescaled time,

== V|IX]lll, (24)

one can claim that the Lieb-Robinson bound is satisfied
[72],

VR0 g Giiy)

an j><1 - (2553)>2>

for d(i, j) > eRz/2. (25)

VX (2), %]

In this case, an effective light cone arises, the interior of
which is defined as

d(i, j) < c|t] « eRz/2, (26)
with effective speed of light ¢ given by
1
cocEeR I1X])- (27)

To derive the exact emergent speed of light, more assump-
tions are required, but it is only important for us whether it
is bounded from above or not.

Now, let us construct the discretization of the fracton
field theory, which is given in the continuum limit by its
Lagrangian density,

2
0 5 000, - (0,7 -

(28)

€
(ax¢)2 - 5

where we included the mass term and the relativistic
regulator. The corresponding Hamiltonian density is

= ( t¢)

um?
+ (29)

45 008 + 5 (0 +5 (0,07

The derivatives can be discretized as

e
0~ UNVMﬁ1¢MJ
0,0, UNJ@+MH biori, =i+ i ] (30)

where we assumed that the system is defined on a square
lattice [0, L] x [0, L], i, and iy denote sites, and N? is the
total number of sites. To simplify consideration, we fix
L = 1. In contrast with (2.2) in Ref. [8], we introduce here
lattice constant a = 1/N. On the resulting lattice, it is
handy to define finite-difference operators,

bivri, — i,
Axd’ipi}, = T,
bi i1~ i,
Ay i, = )IT (31)
The corresponding discretized Hamiltonian is
1 N*
Hy = N2 Z (ﬂoﬂi,,’v +— [¢ix+l.iy+l — i1,
(i) e H
—bii1 i) TN i 1, — i ]
+ N[y i a1 — i [P A pm? %;) ; (32)

where 7 is the canonical momentum operator. After some
transformations, it acquires the following form,
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( l l\érjz\é‘jv .]X.]\
{iciy} {ivis} €2

N* due  p’m
+_|:<4+W )qblrl‘ ixofx l\]}¢j‘])'

<2 + N >¢1x 1\ lx /A 6’\ ./\ (Ax + A)v)¢jx’jy

+ ¢ir Jy 55 ]X(S yody X\¢]X j‘:|> (33)
where we defined lattice operators A as
Bsiiy = Givri, T Di-1i,s
Avii =biiv1+bii-1s
Avybii, = biriyr1 i1 T hivri—1 + Pi i1

(34)

In the intermediate calculation, we used the translational
invariance and reshuffled the indices.

Introducing ~ shorthand  notations, & ;=6; ; 6; ;.
¢i = ¢, ; » and redefining coordinate (field) and momen-

tum operators as
{=N"¢;
pi=N'm;, (35)

we can rewrite the Hamiltonian in the conventional
harmonic form,

Hy =7 Z PiPijDj + %X ;% |, (36)
ije s
with PlJ = 5i,j and Xi,j = X5,J, where
N* _
X =2 [f(N.p€) = gV, €) (B, + &) + A, (37)
Hio
and
due  pPm?
f(N,pu,e )—4+N2 + N
9N pe) =245 (38)

N2

To get a bound on the norm | X||, we first obtain
spectrum of this matrix. Through a direct substitution, it
can be shown that any plane wave is an eigenfunction of X,

ZX,Jexp< J) = A exp <%k1> (39)

je&

where k = (k,.k,) and k,, ky, iy, iy, jy, j, take integer
values from 0 to N — 1, with the eigenvalues

16N* k
A = oN sin’ (ﬂkx> sin? <u>
Hito N N
4N? k k 2
4= (sm2 (”—) + sin? (ﬂ» LH (40)
Ho N N Ho

We shall show that the emergent speed of light in the
fractonic theory can be unbounded from above. Let us pick
a particular norm, = ||X||5, namely, the spectral norm,
in (27). Then, the following identity holds:

HXHZ = M'max‘ (41)

Here, the critical difference between the fractonic theory
and the relativistic theory becomes clear. First, let us
assume that the dispersion relation contains only the
relativistic and massive terms, but not the fractonic part,
and take for simplicity 4 = o = € = 1. Then,

| X, = 8N? + m?, (42)

and in the continuum limit, one obtains

1 1 2
c ocieR\/||X||2 zi-e~N\/8N2+m2 - 2V2e,
as N — oo. (43)

On the other hand, in the discrete version of the fractonic
theory, the leading term in the dispersion relation scales as
~N*; hence, in the continuum limit, R+/[|X][, ~ N — oo.

At this point, it is only an indication of the fact that there
is no continuum limit of the Lieb-Robinson bound in
fracton systems, because in the lhs of (25) there is also
commutator ||[%;(z), X;]||,
sate for the rapid growth of \/||X||. Hence, we need to
analyze it as well.

For that, we rely on (56) from Ref. [72]. If P; j o &; j, the
commutator of position operators at different tlmes in the
harmonic theory can be represented as a series

oo [ t2n+l ( Xn) .
Cxx =] s 44
{0 §=j ra (44
that boils down to matrix-valued function
in (tv/X
Cxx<t) = M (45)
N

It can be evaluated in the diagonal basis of X in the
momentum space and then Fourier transformed back to the
coordinate representation:

065011-8



LOCAL QUENCHES IN FRACTON FIELD THEORY: LIEB- ...

PHYS. REV. D 110, 065011 (2024)

Cxx _NZZSIH l\/—‘) <N(kl—k,])> (46)

Prefactor N2 here comes from inversion of the basis
vectors.

In the continuum limit, we should rather consider the
commutator of field operators

[#i(1). 3] = N*[i(1). %] (47)

which we denote as (1) = N>C}(1).

The apparent superluminal signal propagation occurs
along the symmetry lines of the fractonic theory, so it is
sufficient to analyze behavior of the commutator along one
of the coordinate axes. Specifically, we can pick up two
points lying on the y axis, i = ip = 0 and j = j, = (0, rN),
with rN € Z, which turn into (0,0) and (0,r) in the
continuum limit. Then,

iy = Y e )

In the case of the nonregularized fractonic theory with m =
0 and € = 0, we can proceed by splitting the sum into three
parts: summation over points with momenta (k,,0), sum-
mation over points with momenta (0, k,) (for these two
groups A = 0), and summation over other points (k, > 0,
ky, > 0). We get

N-1 N-1 .
. sin(tv/2y ) ,
Cic(x (l‘) =N +¢ E e—2mrk), + E e—Zmrk)..
o ky=1 keky=1 V Ax
(49)

The next step is to find an upper bound on the last sum
in (49),

Zl SlIl

kxx

—27ri rky

MZ

N-1
t
Sln \/—. | —2nmirk, | Z (50)

WAl

Recalling (40), the fact that sinx > x/2 for x € (0, 7/2),
and the symmetry sina = sin(z — @), one can obtain the
following estimate,

N-1 15
1 < VHHo 1
<-— (51)
— \/ﬂ.k T

kg =1

where |¥] denotes the integer part of the fraction. The
resulting sum can be estimated from above by integral

kkflkk

- (s) < (1 ey’ o
- (1 +1n(gj + 1))2.

The second term of (49) is

N—1 ‘ e—27zirN -1
IZ e 2mirky — l<—1 +e_27”7r—1>’ (53)

k=1

and for any r€ (0, 1),

e—2m‘rN _ 1' 2

e—27rir -1 (54)

- |e—2ﬂir_ 1|

Now, using the fact that, if a = b+ ¢ + d and |c| < f,
|d| < g, then a > b — f — g, one can derive the following
lower bound on the commutator:

2t
’€—2ﬂir _ 1|

1+ln<gj +1)>2. (55)

Since the linear term grows faster than the logarithmic one,
the norm of the commutator is divergent for large N, for any
distances along the cross x = 0 and y = 0 and any values of
time except t = 0. Hence, lhs of (25), which in the
continuum case takes the form /|| X||[|[¢;(2). #;]l], is a
product of two terms unbounded from above, and the Lieb-
Robinson bound is satisfied only for smaller and smaller
values of times ¢ as the lattice spacing goes to zero. As a
result, in the continuum limit, the effective speed of light in
the fractonic theory can be unbounded.

This calculation also explains why introducing the
massive term and the relativistic regulator does not remove
the noncausal signal propagation. In the expression for
eigenvalues (40), these terms scale slower with N than
the fractonic term and hence cannot compensate for the
unlimited growth of || X|| and ||[¢;(f).¢;]|| in the con-
tinuum limit.

Cxx ()

io.J,

>t(N-1)-

s (

VI. LOCAL QUENCH IN FINITE VOLUME

The norm of a state locally perturbed by an operator in a
theory defined on a plane is infinite. Hence, it is instructive
to study postquench dynamics in a regularized theory,
where the norm divergence is removed by putting the
system on a finite torus. Here, we consider the evolution
of observables after a local quench with operator ¢ on a
2 + 1-dimensional Lorentzian torus, i.e., x~x-+ L,,
y ~y+ L,. Starting with the general form of the two-point
function (refer to (B5) in Appendix B), nonequilibrium
Green’s function G(z,x,y) (10) is calculated via the
following Wick’s contractions,

065011-9



DMITRY S. AGEEV et al.

PHYS. REV. D 110, 065011 (2024)

(#(ie,0,0)¢ (1, x.y))(¢(1,0,0)¢(ie, 0,0))

+ (¢(ie, 0,0)¢(1,0,0)) (¢(2, x, y)p(—ie, 0,0))

_ 1 ‘ e (e—it) N 1 lknquq:v e~ %ns (e—it)?
AL,L, 2m AL Lv e @5
1 e (e+ir)? 1 V(e+in)?
X . c.c., 56
ALxLy 2m + ALxLy H,S#O 2wns + ( )
and the correlation function of ¢* condensate (%), (14),
(B, 0.000 6530 0,5, )i 0,0)) =| T LS g (VA o
ie, 0, t,Xx,y t,Xx,y i€, . + ik .
AL,L, 2m ALLy & 0 2w,
|
with the normalization factor theory, Fig. 4(c), they appear at larger times simply due to
self-interference of the propagating wave front after it
N = (¢(ie, 0,0)p(—ie, 0,0)) circumvents the torus several times. However, for fractons,
! —ome : e it is more than that. Naively, one can expect that it is a
= € + € . (58) similar self-interference effect because the noncausally
AL.L, 2m  AL.,L, 1320 20, propagating excitations instantaneously wind around the
torus for infinitely many times and can interfere immedi-
The sums over Fourier modes will be calculated  ately. At the same time, as one can see from, e.g., Fig. 4(d),
numerically. the set of equidistant parallel lines cannot be viewed as a

As a warm-up, we first consider the evolution of ¢2
condensate in the Klein-Gordon massive free theory. Note
that the massless limit m — O of the two-point function
(B5) does not exist. This is a general result for any number

of compact dimensions since the divergent term e V7 /m
in the series does not depend on d. However, in the flat-
space limit L, , — oo, this divergence vanishes, and the
two-point function becomes well defined. Both massless
and massive flat-space limits L, , — oo can be obtained
analytically. For d =2 + 1, we showed in Ref. [70] that

2

deeem | o—my/ (e=it) +p?

<¢2(tvx»Y)>¢,3d ~
Lol =0 ) (e—it)2+p2‘2

~

X

where p? = x? + 2. (59)
In contrast with the local quench in CFT, [38], after which
the perturbation propagates as a solitonlike wave and does
not dissipate, in d =2 + 1 dimensions (d > 2 in general;
see Ref. [70]), the amplitude of the perturbation (59) decays
even in the massless limit.

The numerical results for the postquench dynamics are
shown in Fig. 4, for the two-point function, and in Fig. 5,
for the ¢»* condensate. Interestingly, the spatial profiles of
correlation functions have highly irregular fractal-looking
structures, Figs. 4(c)—4(i). In the case of relativistic field

periodic continuation of the original “cross-shaped” exci-
tation across the boundary. These patterns are intricately
connected with mathematical properties of sums like (B5)
similar to those arising in the description of the Talbot
effect in optics [73].

VII. FRACTIONAL DIMENSION
OF THE WAVE FRONTS

As is clear from Figs. 4 and 5, evolution of the fractonic
model results in rather complicated irregular spatial dis-
tributions of the observable values immediately after the
quench and, as we discussed above, goes beyond the self-
interference effect in contrast with the conventional rela-
tivistic model, where highly oscillating patterns emerge at
larger times, after the wave front circumvents the torus and
interferes with itself. What is interesting to note is that the
spatial profiles of (¢(z,x,y)¢(0)) and (¢*(t,x,y)) in the
fractonic theory are not just highly oscillating but exhibit
multiscale self-similarity, i.e., can be regarded as fractals. To
show that, we resort to studying fractional dimensions of
one-dimensional sections of the two-dimensional patterns
using the method suggested in Ref. [74] and previously used
by us in Ref. [75]. To perform the case study, we focus on
the evolution of (¢*(¢,x,y)), and for each value of ¢, we
take one-dimensional section of the function profile along
the x = y line. For the sake of completeness, we provide a
brief explanation of the method here.
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10 —0.003
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0.08
= 0
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10 —0.08

FIG. 4. Dynamics of the nonequilibrium two-point function after a local quench corresponding to the insertion of operator
¢. (a)—(c) Spatial distribution of perturbations for fixed moments of time in the relativistic model. The parameters are L, = L, = 30,
m =1, and & = 0.05. (d)~(f) The same for the Z,-symmetric fractonic model; L, = L, =30, m =1, ¢ = 0.05, yy = pu = 1, and
€ =0.1. (g)-(i) The same for the Zg-symmetric fractonic model; L, =L, =30, m=1, e =0.05, g =p =1, and ¢ =0.1.
(a) Relativistic, t = 10. (b) Relativistic, t = 20. (c) Relativistic, t = 100. (d) Z4, t = 10. (e) Z4, t = 20. (f) Z4, t = 100. (g) Zg,t = 10.

(h) Zg,t = 20. (i) Zg,t = 100.

To compute fractional dimension of a one-dimensional
profile O(x) = (¢*(1y, x, x)), where coordinate x and value
O have different geometric meanings, the conventional
box-counting algorithm cannot be applied. According to
Ref. [74], the profile needs to be represented as a discrete
set of values {O;} of length N (in our simulations, we
discretize it into N = 5000 points). Then, for some integer
o, functions returning the maximal and the minimal values
of the set within the & neighborhood of the ith element of
the set are defined as

us(i) = sup Sy,

i € Ry(i)
bs(i) = inf S, 60
5(1) ,dof i (60)

where R;(i) = {i': | —i| <6,/ €[1,N]}, and periodic
boundary conditions on the set of indices are assumed;
us(i) and bgs(i) are the upper and the lower enveloping
curves of {O;}. Then, an analog of the box-counting
function is defined as
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FIG. 5.

0.04 0.04
0.02 0.02
0.04
0.04
0.02
0.02

Dynamics of the ¢»* condensate after a local quench corresponding to the insertion of operator ¢. (a)—(c) Spatial distribution of

perturbations for fixed moments of time in the Z,-symmetric fractonic model. (d)—(f) The same for the Zg-symmetric fractonic model.
Forall cases, L, = Ly, =30,m = 1,& = 0.05, yyp = p = I, and € = 0.1. (a) Z4,1 = 10. (b) Z4,t = 20. (c) Z4,t = 100. (d) Zg,t = 10.

(e) Zg.t = 20. () Zg, t = 100.

1.5
¢ fracton
¢ Klein-Gordon
1.4 1 +
1.3 ¢ +
’ ¢4 ¢ ¢ ¢
12 4 ¢ ¢ ¢
PY ¢ . [} [ ] ¢
. ° °
°
11 - e o [ ] ° [ °
1.0 T T T T T
20 40 60 80 100
t
FIG. 6. Fractional dimension of the one-dimensional

x =y section of {¢(t,x,y)?) profile as a function of time for
the fractonic and the relativistic theories. The parameters
are L, =L, =30, m=1, and ¢ =0.02 for both cases and
uo =u =1 and e = 0.1 for the fractonic case.

1.0 —— profile
— upper BI’IVBIOPB
0.8 - lower envelope
0.6 -
<
0.4
0.2 4
0.0
T T T I I
-1.0 05 0.0 05 1.0
x
FIG. 7. Upper (red) and lower (green) envelops of a smooth,

though peaked, sample curve (black) with amplitude profile A(x)
for § = 40 (5000 points in total). The nonvanishing value of V(§)
between the envelopes contributes to the fractional dimension
estimated by (62).
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FIG. 8.

1.5

¢ fracton

¢ Klein-Gordon
1.4 4

1.3 1

di

1.2 4

1.1

1.0 T T T T T

Fractional dimension of the one-dimensional x = y section of the two-point function profile as a function of time for the

fractonic and the relativistic theories in the cases of the local (a) and global (b) quench. The parameters are (a) L, = L, = 30, m = 1,
and € = 0.02 and (b) slab width 7, = 0.01 for both the relativistic and fractonic cases and yy = u = 1 and € = 0.1 for the fractonic case.

Vo) = 5 Sl ~bli) (6)

It returns the number of & x § blocks within the band
between us(i) and bs(i) envelopes. The fractional dimen-
sion dy is then obtained by fitting this function with a
power-law

a

(62)

It is worth noticing that the scaling is never perfectly
algebraic, but the resulting fit errors are rather small. To
estimate dy, we make fit of V(5) for arange 6 € 2, 80]. The
result for dy of the one-dimensional sections of (¢?) as a
function of ¢ is shown in Fig. 6.

It should be noted that this method tends to overesti-
mate the fractional dimension and gives dy ~1.1 for
regular nonfractal curves with a few sharp peaks as in
Fig. 7 (a typical example of this is the profiles of
excitations in the relativistic theory at small times).
This artifact is unavoidable when the Hausdorff dimension
is estimated numerically. If the 6 value is larger than the
characteristic width of the peak, the difference between
the upper and the lower envelopes is non-negligible and
contributes to (62) shifting d; from 1. By taking this into
account, we can see from Fig. 6 that the Hausdorff
dimension of the wave front in relativistic field theory
acquires nontrivial values after a certain period of time,
when the signal circumvents the torus and self-interferes.
For the fracton field theory, the dimension is rather high
from the very beginning and always exceeds that of the
relativistic wave front.

Remarkably, it is the analysis of fractional dimensions
that allows us to make a comparison between the local
quench setup of this paper and the simpler setup of global
quench in fractonic theories, which was investigated in
Ref. [25]. In that setup, the system is taken out of
equilibrium by abrupt change of the parameters or the
symmetries of the system. Since the excitation is global,
one-point correlation functions depend trivially on spatial
coordinates. Hence, we should compare two-point function
instead of (¢*(t, x,)) correlator. In Fig. 8, we plotted the
corresponding dependencies. In the local quench setup, the
fractonic theory fractional dimension still grows faster than
in the relativistic theory, although the difference is now less
pronounced. The global quench setup (here, the boundary
global quench, which is characterized by the slab width)
comes as the complete opposite: not only do fractional
dimensions both for the fractonic and the relativistic cases
hardly grow, but even the dimension in the fractonic case
lies lower than for the relativistic one.

This hints to us that, even if the dynamics of two systems
look quite similar in their irregular character, the systems
may demonstrate different behavior of the features char-
acterizing this irregularity.3

VIII. CONCLUSIONS

We have analyzed the out-of-equilibrium dynamics
following a local pointlike quench in fracton field theories,
and, rather expectedly, it turns out to be very distinct from
that of conventional relativistic quantum fields. While in the
relativistic  settings the initially localized excitation

*For more on this issue, refer to an upcoming paper [76].
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propagates outward continuously delocalizing, in free
fractonic theory, the very notion of local quench is some-
what questionable: due to the strong UV/IR mixing, a
pointlike perturbation instantaneously excites the system
along the lines of discrete symmetry of the theory, creating a
nonlocal pattern of correlations in no time. This observation
is supported by the fact that the Lieb-Robinson bound for
fractonic theories degenerates along the mobility directions
in the continuum limit and no longer imposes causality
constraints. By introducing mass and the relativistic regu-
larization term, it is possible to induce causal dynamics of
wave fronts in the fractonic theory; however, the noncausal
instantaneous propagation of signals does not go away, and
these two coexist, leading to nontrivial interference patterns.
It should be noted that mass and the relativistic regularizaion
violate the dipole momentum conservation law—the defin-
ing feature of fractons—but still allow one to obtain a
tractable approximate story of what happens during the
strongly singular and UV/IR mixed dynamics of the non-
regularized theory. In particular, the postquench dynamics
in fracton field theories preserves the Z, symmetry of the
theory, as can be seen from the geometry of causal wave
fronts. When the free fracton field is placed in a finite
volume, fractal-like patterns of excitations emerge across
the whole space immediately after the quench. This effect is
observed only for locally introduced perturbation, not for
the global (as in Ref. [25]) one and goes beyond self-
interference of noncausally propagating signals requiring
further investigations.

A few questions arise from these considerations. First of
all, while the fractonic theories by definition violate the
Lorentz symmetry, the fact that they do it in a way that
results in noncausal signal propagation is undesirable.
Finding a modification of the fractonic model that has a
strict propagation speed limit is an important problem.
Studying out-of-equilibrium dynamics in an interacting
fracton field theory can potentially shed light on this issue.
Along the same lines, it is interesting to more deeply
understand the connection between noncausal propagation
and the emergence of fractal excitation patterns. While it is
tempting to relate these two aspects, the fact that the
interference of instantaneously propagating signal alone
cannot explain these structures leads to a question of if this
effect persists in modifications of fracton field theories
with restored causality.

ACKNOWLEDGMENTS

The work of D. S. A., A.1. B. and V. V. P. was performed
at the Steklov International Mathematical Center and
supported by the Ministry of Science and Higher

Education of the Russian Federation (Agreement No.
075-15-2022-265). D.S. A., A.LB. and V. V.P. are sup-
ported by the Foundation for the Advancement of
Theoretical Physics and Mathematics “BASIS”. The work
of A.A.B. and A.I. was supported by the European
Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation program, Grant
No. 854843-FASTCORR. A.A.B. acknowledges the
research program “Materials for the Quantum Age”
(QuMat) for financial support. This  program
(Registration No. 024.005.006) is part of the Gravitation
program financed by the Dutch Ministry of Education,
Culture and Science (OCW). The authors declare that this
work has been published as a result of peer-to-peer scientific
collaboration between researchers. The provided affiliations
represent the actual addresses of the authors in agreement
with their digital identifier (ORCID) and cannot be con-
sidered as a formal collaboration between the aforemen-
tioned institutions.

APPENDIX A: FRACTONIC PROPAGATOR
ON A TWO-DIMENSIONAL PLANE

The action of the Euclidean free massive fracton field
theory [8,10] with the relativistic regularization [25] is
given by (7). The corresponding equation of motion reads

o = @i+ B) 1 R+ = 0. (A1)
In momentum space, it takes the form
, g
<;40a) +e(k*> + ¢%) + e + um2>¢ =0, (A2
and the corresponding dispersion relation of the theory is
0 (kq) = = (el )+ R+ ). (A3)

The Euclidean two-point function of the massive scalar
fractonic field (A1) is given by the Fourier transform
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7

1
(P2 %.7)0(0.0.0)) = 4 Fus

ome® + eu(k* + q°)

Meiwr+ikx+iqy

A (2x)?
The Fourier transformation with respect to @ gives

H

1 / dwdkdg
pop@* + eu(k> + ¢*) + K2 q* + pPm*’

]_‘
N L‘oﬂw2 +eu(k + ¢%) + K g* + pPm?

(A4)

_ Holt
2u0 \ eu(k* + ¢*) + k¢ + p*m?

k2 2 k2 2 2,2
Xexpl_d\/eﬂ( +q°) +kg +pm
HoH

(AS)

The other two transformations with respect to k and ¢ cannot be calculated analytically, so we leave the correlation function
in the mixed representation with explicit dependence on x and y coordinates,

(#(z.x,)$(0,0,0)) =

Note that we substituted || with v/72 in the final expression
in order to make clear how to perform analytical continu-
ation to the Lorentzian time, 7 — if. For a detailed
discussion of this aspect, we refer the reader to
Appendixes A and B of [70].

The integral (A6) is divergent for m = 0 and ¢ = 0.
However, its derivatives are well defined and can be
expressed analytically. After performing integration over
k and ¢ in turn, we obtain, in Euclidean signature,

N .
Ao R E=)

+ exp(—u)Ei(u)),

9 {¢(z.x,y)$(0.0,0)) =
(A7)

where u = xy,/uuy/7, and Ei(u) is the exponential
integral. By analytical continuation, we obtain, in the

2uy ) (27 \ eu(k® + @) + Kq* + p2m® '

(A6)

|
Lorentzian signature,

o
(

0,(p(1.x.3)$(0.0.0) =5

cos(u)Ci(u)—sin(u)Si(u)),
(AB)

where u = xy,/upy/t and Si(u) and Ci(u) are the trigo-
nometric integrals.

APPENDIX B: FRACTONIC PROPAGATOR
IN THE FINITE-VOLUME THEORY

Let us consider Euclidean theory (Al) on a 2+ 1-
dimensional torus x~x+ Ly, y~y+L,. Its Green’s
function is a solution to the following system with periodic
boundary conditions

A (—ﬂoaz —e(@+R) -1 + ymZ)K(zl — %) = 6(F -5,

K(t,x+L,.y) =K(t.x,y),
K(z,x,y +L,) = K(z,x,y),

(B1)

where X; = {t;, x;, y; } are Euclidean 3-vectors. The solution can be written as an infinite series over the discrete spectrum of

modes

(#(z. x,5)$(0,0,0)) =

)’foosfoo

eierrik x+iggy

Zﬂuow +e(ky + g3) +

k q* +um*’ (B2)

where k, = 2zn/L, and g, = 2ns/L, are Matsubara-like frequencies. It is only possible to evaluate analytically the

integral over w,
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/ do e _ 1 ol = L lonv?, (B3)
2” w + wl‘lS 2|a)ﬂ5| 2|wn§‘|
which results in
1 \/_7 7“2“ Jokiydy +ik,x+iqsy
((z. % )$(0.0,0)) = N e ()
2AL Ly:u() A——00 S=——00 k2 + QS k}’qu‘
where we substitute |z| — V72 as in (A6).
In fact, Eq. (B4) can be generalized onto the case of arbitrary free field dispersion relation w,, = w(k,, g,),
1 © © e—w,,x\/r—2+ik,,x+iqu
,X, 0,0,0 _ B5
(2 )P0.0.0) =37 D D (BS)

Taking into account that both

2
Veulks +43) +
we can transform this expression to

VK2 + g +m?, and

k2q? + u?m?/ \/uop, discrete dispersion relations are symmetric under the sign inversion of n and s,

relativistic, @, =

regularized fractonic, ,; =

1 —wo\/r_2 1 ) e—w,,\/r_2
¢(7,x,)$(0,0,0 + cos(k,x) + cos(k,y)) -
(Blen2)B0.0.0) =57 0D Seosher) + conlh) -
2 © © e_wnx\/T—z
ALxLy ;;cos (k,x)cos(q,y) - o (B6)
|
where wy = m and @, = \/k: +m? for the relativistic ~ and
dispersion relation and w,, = \/euk> + u>m?/ . /up, for the
. - . . 5L )
regularized fractonic dispersion relation. £— (50¢) 0+ ool = ( 0+ (V)2 +m2¢?). (C4)
APPENDIX C: FRACTONIC ENERGY DENSITY . . )
AND DIPOLE MOMENT In the Euclidean metric (r— —iz, ggo = —Y00>
dop — i0y¢h), we get
In the mostly minus signature, the Lagrangian density of
the relativistic massive scalar field theory is given by 1
1 1 = 3@+ (V) + ). (3)
L :_gﬂyau¢ay¢ __m2¢2 :_(g.bz - <v¢>2 - m2¢2)’ (Cl)
2 2 2
and
leading to the energy density following from the Noether
theorem SL 2 5 .
5:—5(0%) Ao+ gooL =5 ( P>+ (V§)? +m?p?). (C6)
oL 1 .
= Waoﬁb = gooL = 3 (@ + (Vo)* +m*¢?). (C2)
In the same way, we obtain the following expressions for
In the mostly plus signature, the corresponding the Euclidean fracton field theory:

Lagrangian density and the energy density take the form

(* = (V§)? = m*¢?),
(C3)

2¢2 —

1 1
= — g0, P — = -
L 59" 0u 0, —5m 5

L= % (”0(5145)2 T i (0:0,)* + 'Mm2¢2) ()

and
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oL
= 0
& 5(6045) o + goo £

1 . 1

= 5 <_M0¢2 + ; (axay¢)2 + /’lm2¢2) . <C8)
Then, the Euclidean energy density can be calculated by

applying Wick’s theorem to the two-point function,

6y, — _ (#(.0.000 ¢<rxy>><af (.x.y)p(=£.0.0))
’ (#(£.0.0)p(—¢.0.0))
| (#(£.0,000.6(z. x, y>>< L p(z.x,y)(~¢,0,0))
(#(£.0.0)¢p(—£.0,0))
($(£.0.0)0,p(7.x.7)) (9,(z. x.y)p(—e,0.,0))
($(£.0,0)p(=e. 0. 0>>
m*(p(e,0,0)p(z. x,y))($(z.x.y)¢p(~e.0.0))
(#(e.0.0)g(—.0.0)) ‘
(C9)

The remaining correlation functions are to be calculated
from the momentum-space two-point function by Fourier
transform,

(0:0(7. x, y)p(70.0.0))
T—1 dkdq

— _ - (r—ro)z+ikx+iqy’
24/ (t — 1)) (27)?

(C10)

dkdq ke—® (7—10)>+ikx+igqy
(27)? 20

(0 (e, x.3)(0.0.0)) =
(C11)

and

(0:0,¢(z. x, y) (70, 0,0))

1/dkquqe_‘“ (t—70)*+ikx+igy

“AJ (2n)? 2w (€12)

We are also interested in the dipole momentum, which is
globally conserved in pure fractonic theories. In the
Lorentzian signature, the dipole current is given by [8]

Jo = o0,
1
JV = ——0"0¢ (C13)
H
with the conservation law
dpJ = 0,0,J*. (C14)

In this paper, we consider the square of the zero component
of the current, J3,

(#(ie.0.0)[ (0o (1. x,))*|¢p(~ie, 0,0)) '

() = ((i.0,0)¢(—ie, 0,0))

(C15)

The correlation function has a form similar to that of ¢?
condensate (14) and thus can be calculated in the same way,

|fdkdq€ w\/(s—it)2+ikx+iqy|2
4An* [ dkdgo™' e

(J3) = (Cl16)

In the case of finite volume, the integral over momenta is
changed to the sum over Fourier modes.
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