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We investigate the dynamics of spin-1
2
particles that are freely propagating in superposed states in curved

spacetime. We first make use of a Wentzel-Kramers-Brillouin approximation of the Dirac equation in
curved spacetime to extract the corresponding Mathisson-Papapetrou-Dixon equations that describe the
deviation from geodesic motion as well as the spin precession of such particles. We then discuss, in light of
our results, the case of flavor neutrinos which are, by nature, a superposition of mass eigenstates.
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I. INTRODUCTION

The behavior of extended classical bodies under the
influence of gravity within the framework of general
relativity has been extensively studied in the literature very
early on. That study culminated in the formulation of two
sets of equations, derived mainly by Mathisson [1] and
Papapetrou [2], and put on more general and solid
foundations by Dixon [3–5] (see also Ref. [6] for a nice
account of all the intermediate contributions from various
other authors.) The first set of equations describes the
deviation from geodesic motion of classical spinning
bodies, whereas the second set of equations describes
the spin dynamics of those bodies as they move inside a
gravitational field. The Mathisson-Papapetrou-Dixon
(MPD) equations—as they have come to be known—
emerge from the equation of conservation of energy and
momentum of the spinning body combined with a multi-
pole expansion of the body’s energy-momentum tensor.
Given that quantum particles possess an intrinsic spin

angular momentum, we naturally expect such particles to
also exhibit, whenever they propagate inside a gravita-
tional field, a deviation from geodesic motion as well as a

spin dynamics just as dictated by the MPD equations.
However, although the MPD equations—as extended
later by Dixon [3]—allow one to incorporate a contri-
bution from intrinsic spin angular momentum, the latter
has to be added into the equations by hand. One simply
inserts the canonical spin tensor one obtains from the
extended body’s field transformation under spacetime
coordinate transformations. No quantum mechanical der-
ivation of the intrinsic spin contribution is ever provided
within the framework of those equations themselves.
Therefore, directly applying the MPD equations to study
quantum particles’ motion just because intrinsic spin can
be field-theoretically incorporated in a classical way into
the equations is not fully satisfactory. Indeed, given that
the dynamics of spin-1

2
particles is fully governed by the

Dirac equation, the effect of gravity on the motion of
such particles cannot be assumed to be the same as the
one that would emerge from the classical MPD equations
even when the latter are amended by a term coming from
the canonical spin tensor.
The task of deriving MPD-like equations for spin-1

2

particles by starting from the Dirac equation was taken
up by Rüdiger [7] and Audretsch [8] who extracted their
equations by applying a Wentzel-Kramers-Brillouin
(WKB) approximation method to the Dirac equation in
curved spacetime.1 The application of a WKB approxi-
mation to the Dirac equation in Minkowski spacetime
was initiated by Pauli [13], and improved later by
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1For an approach based on a Foldy-Wouthuysen transforma-
tion of the Dirac Hamiltonian, see Refs. [9,10]. For an approach
based on the eikonal approximation combined with a Gaussian
wave packet, see Refs. [11,12].
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Rubinow and Keller [14] and Rafanelli and Schiller [15],
before it got generalized to curved spacetime for particles
coupled to the Maxwell field as well as for massless
particles (see Ref. [16] and references therein.) Moreover,
besides making the extracted equations automatically
anchored to more solid quantum foundations (by being
extracted from the Dirac equation), the WKB approach
offers an invaluable tool for taking into account the other
important feature of quantum particles, which is the
ability of the latter to be in a superposition of different
quantum states.
The classical MPD equations have actually been exten-

sively put to use in the literature [17–21] for studying the
spin precession of neutrinos which, as is well known, are
not only quantum particles endowed with intrinsic spin but
are also made of a superposition of different quantum states
that allow them to undergo flavor oscillations as well (see
the more recent works [22–27] and the references therein).
In fact, the three flavor neutrino states detected exper-
imentally so far are made of a superposition of three
different mass eigenstates, each of which carries a different
inertial mass. This observation puts therefore into full
perspective our discussion above. Indeed, applying the
WKB approximation to the Dirac equation for extracting
MPD-like equations for particles that propagate as a
superposition of different quantum states becomes of
paramount importance for studying any physical phenome-
non that involves the dynamics of such particles in curved
spacetime. In this paper, we have set ourselves the goal of
carrying out such a task.
We organized the remainder of this paper as follows. In

Sec. II, we briefly introduce the classical MPD equations
and recall what each of the different terms displayed in
those equations means. In Sec. III, we give a review of the
derivation of the MPD-like equations for spin-1

2
particles

from a WKB approximation of the Dirac equation in
curved spacetime based on Refs. [7,8]. We give a
derivation of those equations that neither appeals to a
symplectic Hamiltonian (see Ref. [16] and references
therein) nor requires any specific choice of frame [7,8].
Our derivation of those equations will indeed be tailored
to easily accommodate the multistate scenario that is of
interest to us here. In Sec. IV, we use the results and the
tools of Sec. III to derive the dynamics of a spin-1

2
particle

that freely propagates as a superposition of two different
quantum states in curved spacetime. A rigorous elabora-
tion on the subtleties coming from defining a dynamical
4-momentum to be associated with such particles is
provided. We then make use of the results of Sec. IV
to discuss in Sec. V the case of flavor neutrinos that are
made of a superposition of different mass eigenstates. We
summarize and discuss our main findings in a brief
conclusion given in Sec. VI. More detailed steps of some
of the calculations required in the text are collected in
Appendices A–H.

II. MPD EQUATIONS FOR CLASSICAL
SPINNING BODIES

For a later comparison between the classical and quan-
tum dynamics of particles with spin, we devote this section
to displaying the classical MPD equations and briefly
recalling the definition of the various terms they contain.
This will also allow us to fix some of the notation to be used
throughout the rest of this paper.
Letpμ be the dynamical 4-momentum of a spinning body,

that should not be confused with the body’s kinematical 4-
momentum πμ ¼ mνμ that satisfies2 πμπμ ¼ −m2. Here,m is
the body’s mass, and νμ ¼ dxμ=dτ is the body’s center-of-
mass 4-velocity (νμνμ ¼ −1) for any affineparameter τ that is
taken to be the proper time of the body. Then, at the pole-
dipole approximation (which consists of considering only the
momentum and the spin angular momentumof the body, and
ignoring the higher multipole moments of the latter), the first
set of MPD equations describes the nongeodesic motion of
the spinning body, and reads

ṗμ ≡ Dpμ

dτ
¼ −

1

2
Rμ

νρσν
νSρσ: ð1Þ

Here, we introduced the dot notation (which we shall use
throughout the paper) to denote the proper time derivative.
The operator D ¼ dxμ∇μ stands for the total covariant
derivative, Rμ

νρσ is the Riemann curvature tensor, and Sμν

is the spin tensor in which is encoded the spin-angular
momentum vector Sμ of the body according to Sμ ¼
− 1

2m ϵ
μ
νρλpνSρλ. The totally antisymmetric Levi-Civita ten-

sor ϵμνρλ ¼ ffiffiffiffiffiffi−gp
εμνρλ is given in terms of the metric

determinant g and the Levi-Civita alternating symbol
εμνρλ, normalised such that ε0123 ¼ 1.
The second set of MPD equations describes the dynam-

ics of the spin tensor Sμν, and reads

Ṡμν ≡ DSμν

dτ
¼ pμνν − pννμ: ð2Þ

Note that the right-hand side of this equation does not
vanish as the 4-vectors pμ and νμ are not proportional to
each other. Note also that contracting both sides of Eq. (1)
with νμ yields νμṗμ ¼ 0, by means of which one deduces
the conservation of mass ṁ ¼ 0 after performing the
identification m ¼ −νμpμ. Therefore, contracting both
sides of Eq. (2) with νν yields pμ ¼ mνμ − ννṠμν, which
provides at the first order in spin the explicit relation
between the dynamical 4-momentum pμ and the kinemati-
cal 4-momentum mνμ. Furthermore, at the zeroth order in
spin, the first set of equations (1) reduces to the geodesic
equation ṗμ ¼ 0 of freely propagating spinless point

2We use, throughout the paper, the spacetime metric signature
ð−;þ;þ;þÞ and we set c ¼ 1.
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particles, whereas the second set of equations (2) reduces to
Ṡμν ¼ 0, which describes the well-known gyroscope pre-
cession in free fall [28].
Besides Eqs. (1) and (2), the so-called Tulczyjew-Møller

condition Sμνpν ¼ 0 [29,30] (as opposed to the so-called
Pirani-Mathisson condition Sμννν ¼ 0 [1,31]) is also
imposed on the classical spin tensor Sμν through the
dynamical 4-momentum pμ of the body. This condition
is imposed as a supplementary condition to supply us with
the extra three equations required to make the system of
seven independent equations (1) and (2) determinate
enough to solve for the ten unknowns νμ, νμpμ and Sμν.
For a further discussion on these and other supplementary
conditions, see Ref. [32] and references therein.

III. MPD-LIKE EQUATIONS
FROM A WKB APPROXIMATION

The purpose of this section is to give a review of the
method for extracting MPD-like equations from the curved-
spacetime Dirac equation that describes the dynamics of a
single spinor field in curved spacetime. The derivations that
will be given here follow closely the works of Rüdiger and
Audretsch [7,8]. The slight difference, though, is that we
shall deal here with labeled states, we shall not rely on
any specific reference frame, and we shall extract a few
extra equations that are general enough to provide us with
the tools without which the case of superposed spinor
fields of Sec. IV cannot be tackled within our approach.
Furthermore, in view of our application of the results of this
section to the case of flavor neutrinos, we consider here the
case of spinor fields that carry different masses.
We use in what follows Latin subscripts ði; jÞ to

distinguish the different possible states of a particle, each
carrying a different mass. Then, the Dirac equation for a
spin-1

2
particle in a state described by the spinor field ΨiðxÞ,

carrying a mass mi and freely propagating in curved
spacetime, reads

ðiℏγμ∇μ −miÞΨiðxÞ ¼ 0: ð3Þ

Note that throughout this paper no summation is intended
when repeated Latin indices i and j are displayed. The
curved-spacetime gamma matrices γμ are built from the
flat-spacetime constant gamma matrices γa by projecting
the latter onto the curved manifold using the vierbeins eμa.
The latter are defined with the help of the Minkowski
metric ηab by eμaeνbη

ab ¼ gμν for any spacetime metric
gμν of inverse gμν. The spin-covariant derivative acting
on spinor fields is defined by ∇μ ¼ ∂μ þ 1

8
ωab
μ ½γa; γb�.

The spin connection ωab
μ is built from the vierbeins and

the Christoffel symbols extracted from the metric as
ωab
μ ¼ −eνb∂μeaν þ eνbΓλ

μνeaλ .
Plugging the WKB ansatz for the spinor field ΨiðxÞ

[7,8],

ΨiðxÞ ¼ exp

�
i
ℏ
SiðxÞ

�X∞
n¼0

ℏnψ ðnÞ
i ðxÞ; ð4Þ

where SiðxÞ is a real scalar function and ψ ðnÞ
i ðxÞ are four-

component spinors, into the Dirac equation (3), and then
equating to zero the coefficient of each power of ℏ, one
easily extracts the following set of equations for the spinors

ψ ðnÞ
i ðxÞ [7,8]:

ðγμπiμ þmiÞψ ð0Þ
i ¼ 0; ð5Þ

ðγμπiμ þmiÞψ ðnÞ
i ¼ iγμ∇μψ

ðn−1Þ
i ; n ¼ 1; 2; 3;… ð6Þ

We set πiμ ¼ ∂μSi, to be identified with the kinematical
4-momentum of the particle in the state described by
the spinor field ΨiðxÞ. Equation (5) is an algebraic

equation that has a nontrivial solution ψ ð0Þ
i when

detðγμπiμ þmiÞ ¼ 0. This condition yields the mass-shell
equation πiμπ

μ
i ¼ −m2

i that gives the usual geodesic equa-
tion of a particle of mass mi and of 4-momentum πμi .
This equation is also the Hamilton-Jacobi equation
∂μSi∂

μSi ¼ −m2
i for the phase function SiðxÞ. Therefore,

by setting πμi ¼ miν
μ, we conclude that, to the zeroth order

in ℏ, the particle simply follows a geodesic of tangent
4-vector νμ. In other words, spin has no effect on the
trajectory of the particle at the zeroth order in ℏ.

As the matrix multiplying ψ ð0Þ
i in Eq. (5) is a rank-2

matrix, the two linearly independent eigenspinors ΘAðxÞ
andΘBðxÞ of such a matrix imply that a general eigenspinor

ψ ð0Þ
i is a linear combination of the form [7,8],

ψ ð0Þ
i ðxÞ ¼ að0Þi ðxÞΘAðxÞ þ bð0Þi ðxÞΘBðxÞ; ð7Þ

for some complex scalar factors að0Þi ðxÞ and bð0Þi ðxÞ. Note
that the 4-spinors ΘAðxÞ and ΘBðxÞ do not carry an index i
because the mass mi in Eq. (5) can be factored out and the
matrix multiplying these 4-spinors simply reads γμνμ þ I,
where I denotes here (and henceforth) the 4 × 4 identity
matrix. Also, being linearly independent and normalized,
the two 4-spinors ΘAðxÞ and ΘBðxÞ satisfy the following
identities [7,8]:

Θ̄AΘB ¼ δAB; Θ̄Aγ
μΘB ¼ νμδAB: ð8Þ

The second of these two identities follows from the first one
after plugging the combination (7) back into Eq. (5). In
addition, we find that these 4-spinors also obey the
following two constraints:

Θ̇A ¼ C1ΘA þ C2ΘB; Θ̇B ¼ D1ΘB þD2ΘA; ð9Þ
where C1, C2, D1 and D2 are four arbitrary complex
scalars. The constraints (9) on these four complex scalars,
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as well as the nature of the latter, are all derived in detail in
Appendix A. Moreover, when combining the two con-
straints (9) with Eqs. (5) and (8), we extract the following
additional identities to be satisfied by the 4-spinors (see
Appendix B for a detailed derivation):

Θ̄Aγ
μ∇μΘA ¼ 1

2
∇μν

μ þ C1; Θ̄Bγ
μ∇μΘB ¼ 1

2
∇μν

μ þD1;

Θ̄Aγ
μ∇μΘB ¼ D2: ð10Þ

On the other hand, the 4-spinors ΘAðxÞ and ΘBðxÞ still
need to be constrained by the solvability conditions of the
remaining equation (6). Indeed, Eq. (6) is a nonhomo-
geneous linear equation that is solvable if and only if the
linearly independent solutions Θ̄AðxÞ and Θ̄BðxÞ of the
transposed homogeneous version of the equation are
both orthogonal to the term causing the nonhomogeneity
of the equation. In other words, we need to have the two

conditions Θ̄Aγ
μ∇μψ

ðn−1Þ
i ¼ 0 and Θ̄Bγ

μ∇μψ
ðn−1Þ
i ¼ 0 sat-

isfied for any integer n ≥ 1 as well. Upon inserting the
linear combination (7) into these extra two conditions after
setting n ¼ 1, the latter translate into

ȧð0Þi ¼ −
�
1

2
∇μν

μ þ C1

�
að0Þi −D2b

ð0Þ
i ;

ḃð0Þi ¼ −
�
1

2
∇μν

μ þD1

�
bð0Þi − C2a

ð0Þ
i : ð11Þ

Upon using Eqs. (9) and (11), we learn that each of the

zeroth-order spinor fields ψ ð0Þ
i ðxÞ obeys the following

dynamics [7,8]:

ψ̇ ð0Þ
i ðxÞ ¼ −

1

2
ð∇μν

μÞψ ð0Þ
i ðxÞ: ð12Þ

Similarly, being solutions to the nonhomogeneous equa-

tions (6) the 4-spinors ψ ðnÞ
i ðxÞ (for n ≥ 1) can be written as

linear combinations of the 4-spinors ΘAðxÞ, ΘBðxÞ and

ξðnÞi ðxÞ. The spinors ξðnÞi ðxÞ are orthogonal to ΘAðxÞ and
ΘBðxÞ and are the particular solutions of Eq. (6). Thus, for
n ≥ 1 we have [7]

ψ ðnÞ
i ðxÞ ¼ aðnÞi ðxÞΘAðxÞ þ bðnÞi ðxÞΘBðxÞ þ ξðnÞi ðxÞ;

n ¼ 1; 2; 3;… ð13Þ

where aðnÞi ðxÞ and bðnÞi ðxÞ are arbitrary complex scalar
factors to be constrained. The explicit expressions of the 4-

spinors ξðnÞi ðxÞ can be found in terms of two other mutually
orthogonal 4-spinors ΠAðxÞ and ΠBðxÞ that are also
orthogonal to the 4-spinors ΘAðxÞ and ΘBðxÞ. Therefore,
ΘAðxÞ, ΘBðxÞ, ΠAðxÞ and ΠBðxÞ form a complete ortho-
normal 4-spinor basis in terms of which our solutions

ψ ðnÞ
i ðxÞ can be expressed. For that purpose, we can easily

check that it is sufficient to have ΠAðxÞ and ΠBðxÞ be
the two linearly independent solutions of the equation
ðγμνμ − IÞΠ ¼ 0. It follows then that these two spinors also
satisfy the following two identities [7]:

Π̄AΠB ¼ −δAB; Π̄Aγ
μΠB ¼ νμδAB: ð14Þ

By plugging the combination (13) into Eq. (6) and making
use of the identities (14), we extract the following explicit

expression of the 4-spinors ξðnÞi ðxÞ [7]:

ξðnÞi ¼ −
i

2mi
f½Π̄Aγ

μ∇μψ
ðn−1Þ
i �ΠA þ ½Π̄Bγ

μ∇μψ
ðn−1Þ
i �ΠBg;

n ¼ 1; 2; 3;… ð15Þ

In analogy to the constraints (9) we got on the 4-spinors
ΘAðxÞ and ΘBðxÞ, we also derive by means of the same
method the following constraints on the 4-spinors ΠAðxÞ
and ΠBðxÞ:

Π̇A ¼ K1ΠA þ K2ΠB; Π̇B ¼ L1ΠB þ L2ΠA; ð16Þ

where K1, K2, L1 and L2 are also four arbitrary complex
scalars that are of the same nature as the scalars C1, C2, D1

and D2; namely, K1 ¼ −K�
1, L1 ¼ −L�

1 and K2 ¼ −L�
2.

From the two equations (16), we extract the following two
additional identities satisfied by these two 4-spinors:

Π̄Aγ
μ∇μΠA ¼ 1

2
∇μν

μ þ K1; Π̄Bγ
μ∇μΠB ¼ 1

2
∇μν

μ þ L1;

Π̄Aγ
μ∇μΠB ¼ L2: ð17Þ

The complex scalar factors aðnÞi ðxÞ and bðnÞi ðxÞ entering
the combination (13) are constrained by the conditions

Θ̄Aγ
μ∇μψ

ðnÞ
i ¼ 0 and Θ̄Bγ

μ∇μψ
ðnÞ
i ¼ 0 for n ≥ 1. The latter

two conditions together with the combination (13) yield

ȧðnÞi ¼−
�
1

2
∇μν

μþC1

�
aðnÞi −D2b

ðnÞ
i þ Θ̄Aγ

μ∇μξ
ðnÞ
i ;

ḃðnÞi ¼−
�
1

2
∇μν

μþD1

�
bðnÞi −C2a

ðnÞ
i þ Θ̄Bγ

μ∇μξ
ðnÞ
i : ð18Þ

Combining the constraints (16) and (18), we deduce the
following dynamical equation for the nth-order spinor field

ψ ðnÞ
i ðxÞ when n ≥ 1:

ψ̇ ðnÞ
i ¼ −

1

2
ð∇μν

μÞψ ðnÞ
i þ 1

2
ð∇μν

μÞξðnÞi þ ðΘ̄Aγ
μ∇μξ

ðnÞ
i ÞΘA

þ ðΘ̄Bγ
μ∇μξ

ðnÞ
i ÞΘB þ ξ̇ðnÞi : ð19Þ

From this general equation, the following two identities,
which are necessary for deriving the main formulas
of Sec. IV, are easily derived by setting n ¼ 1 (see
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Appendix C for the detailed steps):

ψ̄ ð0Þ
i ψ̇ ð1Þ

j ¼ −
1

2
ð∇μν

μÞψ̄ ð0Þ
i ψ ð1Þ

j ;

ψ̄ ð1Þ
i ψ̇ ð0Þ

j ¼ −
1

2
ð∇μν

μÞψ̄ ð1Þ
i ψ ð0Þ

j : ð20Þ

Consider now the Gordon decomposition of the con-
served Dirac 4-current Ψ̄iγ

μΨi [7,8]:

jμi ðxÞ ¼
iℏ
2mi

ð∇μΨ̄iΨi − Ψ̄i∇μΨiÞ þ
ℏ
2mi

∇νðΨ̄iσ
μνΨiÞ;

ð21Þ

where we used the customary notation for the commutator
of the gamma matrices: σμν ≡ i

2
½γμ; γν�. The first term in

this sum is identified with the convection 4-current jμicðxÞ
associated with the state ΨiðxÞ, whereas the second term is
identified with the corresponding spin 4-current jμisðxÞ.
Both currents are separately conserved thanks to the Dirac
equation (3). From the convection 4-current, one extracts
the dynamical 4-momentum pμ

i ¼ mij
μ
ic=ðΨ̄iΨiÞ which,

after inserting into it the WKB ansatz (4), takes, up to
the first order in ℏ, the following form [7,8]:

pμ
i ðxÞ ¼ πμi þ

iℏ

2ψ̄ ð0Þ
i ψ ð0Þ

i

½∇μψ̄ ð0Þ
i ψ ð0Þ

i − ψ̄ ð0Þ
i ∇μψ ð0Þ

i �: ð22Þ

Thus, the various identities derived above, together with
the geodesic equation π̇μi ¼ 0 satisfied by the kinematical
4-momentum, we easily show, as worked out in detail in
Appendix D, that

ṗμ
i ¼ −

1

2
Rμ

νρσν
νSρσi − ð∇μννÞpν

i : ð23Þ

Here, Sμνi is the spin tensor associated to the particle in the
state described by the field ΨiðxÞ. The explicit definition of
that tensor in terms of ΨiðxÞ reads [7,8]

Sμνi ¼ ℏ
Ψ̄iσ

μνΨi

2Ψ̄iΨi
¼ ℏ

ψ̄ ð0Þ
i σμνψ ð0Þ

i

2ψ̄ ð0Þ
i ψ ð0Þ

i

þOðℏ2Þ: ð24Þ

In the second step, we have kept only the leading term that
is first order in ℏ. We may take, as is done in Ref. [8] for a
single state, the components Sμνi of the tensor (24) to
represent the components of the spin per particle in the state
ΨiðxÞ, for in the non-relativistic limitΨiðxÞ is a spinor wave
function and one may interpret Ψ̄iσ

μνΨi and Ψ̄iΨi as the
spin density and the number of particles density in that
state, respectively. Using the definition (24), we straight-
forwardly compute the proper time derivative Ṡμνi by
making use of Eq. (12). To first order in ℏ, the result is [7,8]

Ṡμνi ¼ 0: ð25Þ

The two results (23) and (25) are the quantum analogs of
the first set and second set of the classical MPD equa-
tions (1) and (2), respectively. One immediately notices the
difference between the two sets of equations. Concerning
the first set of equations, we note that although the term on
the right-hand side of the classical equations (1) is fully
recovered in Eq. (23), the extra term −ð∇μννÞpν

i that is not
present on the right-hand side of Eq. (1) also arises here. In
Refs. [7,8] the left-hand side of Eq. (23) is rather written as
m−1pν∇νpμ, which, to first order in ℏ, precisely amounts to
having ṗμ plus the extra term pν∇νν

μ which leads, thanks
to Eq. (12), to our second term on the right-hand side of
Eq. (23). It is also important for our discussion in the next
section to notice here that at the zeroth order in ℏ, Eq. (23)
reduces, as expected, to the geodesic equation ṗμ

i ¼ 0 of a
classical point particle.
Concerning the second set of equations, we also note that

the right-hand side of the classical equations (2) does not
vanish, in contrast to the right-hand side of the quantum-
mechanical result (25), even though we were careful in
keeping in the derivation of the latter all terms that are up to
the first order in ℏ. Note that these two slight discrepancies
between the two sets of classical and quantum equations do
not arise within a purely Lagrangian approach [33–36].
Finally, we easily check that the definition (24) of the spin
tensor yields, at first order in ℏ, the Tulczyjew-Møller
condition Sμνi piν ¼ 0 for each state ΨiðxÞ thanks to Eq. (8).

IV. MPD-LIKE EQUATIONS
FOR SUPERPOSED STATES

Consider a particle of mass mI freely propagating in
curved spacetime as a single spinor field ΦIðxÞ made of a
linear superposition of two different spinor fields Ψ1ðxÞ
and Ψ2ðxÞ carrying masses m1 and m2, respectively. The
effective mass mI of the particle is a function of the masses
m1 and m2 carried by the two fields Ψ1ðxÞ and Ψ2ðxÞ. We
assume the following decomposition of the spinor field
ΦIðxÞ in terms of the fields Ψ1ðxÞ and Ψ2ðxÞ:

ΦIðxÞ ¼ cos θΨ1ðxÞ þ sin θΨ2ðxÞ;
ΦIIðxÞ ¼ − sin θΨ1ðxÞ þ cos θΨ2ðxÞ: ð26Þ

The real parameter θ of the superposition is taken to be a
constant in spacetime. The second superposition ΦIIðxÞ,
obtained from the first via an orthogonal rotation in the
state space ðΨ1;Ψ2Þ, is automatically associated to a
second particle of mass mII . Being in a superposition of
two different states, the dynamical 4-momentum of each of
the two particles contains interference terms arising from
the overlap of the two fields Ψ1ðxÞ and Ψ2ðxÞ. There are
now three different options for extracting a 4-momentum
that could play the role played by the dynamical
4-momentum of Eq. (23).
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A. First option for a dynamical 4-momentum

One option for building the 4-momenta is to assign
pAμ
I ðxÞ and pAμ

II ðxÞ to the first and the second particle,
respectively, by using convection 4-currents that would
be associated to the superpositions ΦIðxÞ and ΦIIðxÞ
simply by substituting in the first term on the right-
hand side of formula (21) the spinor field ΨiðxÞ by the
fields ΦIðxÞ and ΦIIðxÞ, respectively. We use here a
superscript A to denote the momenta obtained within
this first option in order to distinguish them from the
momenta we obtain within the second and third options
dealt with below. The 4-momentum, say pAμ

I ðxÞ, would
then read

pAμ
I ¼ iℏ

2Φ̄IΦI
ð∇μΦ̄IΦI − Φ̄I∇μΦIÞ: ð27Þ

The 4-momentum pAμ
II would be obtained from this

expression by the subscript substitution I → II. On the
other hand, from the definition (27) of the 4-momentum
pAμ
I , we can express the latter in terms of the momenta

pμ
1 and pμ

2 as

pAμ
I ¼ Ψ̄1Ψ1

Φ̄IΦI
pμ
1cos

2θ þ Ψ̄2Ψ2

Φ̄IΦI
pμ
2sin

2θ

þ iℏ sin 2θ
4Φ̄IΦI

ð∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2

þ∇μΨ̄2Ψ1 − Ψ̄2∇μΨ1Þ: ð28Þ
Using our results from the previous section concerning

the dynamics of the individual 4-spinorsΨiðxÞ, we find that
the dynamical 4-momentum pAμ

I of the particle obeys in
this case the following equation of motion:

ṗAμ
I ¼ −

1

2
Rμ

νρλν
νSρλI − ð∇μννÞpAν

I þ
�
i
ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄IΦI
pAμ
I þ∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2 þ Ψ̄2∇μΨ1 −∇μΨ̄2Ψ1

4Φ̄IΦI

�
OðℏÞ

× Δm21 sin 2θ þOðℏ2Þ: ð29Þ

The subscript OðℏÞ on brackets means here (and
henceforth) that we keep inside the brackets only those
terms that are at most of the indicated order in ℏ.
Furthermore, we introduced, for convenience, the notation
Δm21 ¼ m2 −m1. The detailed steps leading to this result
are given in Appendix E. Here, we defined, in analogy to
Eq. (24), the effective spin tensor SμνI associated to the
particle in the quantum superposition ΦIðxÞ by

SμνI ¼ ℏΦ̄Iσ
μνΦI

2Φ̄IΦI
: ð30Þ

In terms of the spin tensors Sμν1 and Sμν2 of the single-state
particles, this spin tensor reads

SμνI ¼ Ψ̄1Ψ1

Φ̄IΦI
Sμν1 cos2θ þ Ψ̄2Ψ2

Φ̄IΦI
Sμν2 sin2θ

þ ℏ
4Φ̄IΦI

ðΨ̄1σ
μνΨ2 þ Ψ̄2σ

μνΨ1Þ sin 2θ: ð31Þ

To first order in ℏ, the proper time derivative of this tensor
is found to be (see Appendix F for a detailed derivation)

ṠμνI ¼
�
i
ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄IΦI
SμνI þ i

Ψ̄2σ
μνΨ1 − Ψ̄1σ

μνΨ2

4Φ̄IΦI

�
OðℏÞ

× Δm21 sin 2θ þOðℏ2Þ: ð32Þ

Note that the content inside the parentheses is made
of terms of order ℏ and higher as can easily be checked

since at zeroth-order we have ψ̄ ð0Þ
1 ψ ð0Þ

2 ¼ ψ̄ ð0Þ
2 ψ ð0Þ

1 and

ψ̄ ð0Þ
2 σμνψ ð0Þ

1 ¼ ψ̄ ð0Þ
1 σμνψ ð0Þ

2 . Thus, the leading-order term
on the right-hand side of Eq. (32) is indeed of order ℏ.
The equations giving ṗμ

II , S
μν
II and ṠμνII extracted from the

superposition ΦIIðxÞ have the same forms as those in
Eqs. (29)–(32); one has only to make in the latter equations
the replacements I → II, θ → −θ and 1 ↔ 2. Note, accord-
ingly, that as the numerators of the ratios on the right-hand
side of Eq. (32) are both antisymmetric under the sub-
stitutions θ → −θ and 1 ↔ 2, at first order in ℏ the time
derivative of the sum ðΦ̄IΦIS

μν
I þ Φ̄IIΦIIS

μν
II Þ=ðΦ̄IΦI þ

Φ̄IIΦIIÞ vanishes as can be checked with the help of
Eq. (E3). This means that for superposed states, what obeys
the analog of Eq. (25) for single-state particles are not the
individual spin tensors SμνI and SμνII associated to each
superposition, but rather the weighted sum of those spin
tensors.
The results (29) and (32) bring corrections to Eqs. (23) and

(25) that are entirely due to the interference between the
superposed statesΨ1ðxÞ and Ψ2ðxÞmaking the particle. It is
worth noting that these interference terms arise as a conse-
quence of a direct overlap of the fields, as in the terms Ψ̄iΨj,
as well as an overlap via the intermediacy of the gravitational
field, as in the terms Ψ̄i∇μΨj and Ψ̄iσ

μνΨj. Also, in both
Eqs. (29) and (32) the corrections are all proportional to the
mass difference of the two quantum states and vanish only
when the latter carry identical masses.
The result (29) clearly shows a distinct departure from

Eq. (23) of single-state particles. Such a difference consists
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of an extra term arising from the interference between the
fields, and it is proportional to the mass difference Δm21.
As for the case of the spin tensors SμνI and SμνII , however, one
can build a combination of the momenta pAμ

I and pAμ
II that

would satisfy the exact same equation as Eq. (23). Indeed,
thanks to the antisymmetry of the numerators of the extra
terms inside the parentheses in Eq. (29) with respect to the
substitutions 1 ↔ 2 and θ → −θ, we easily check with the
help of Eq. (E3) that the time derivative of the sum
ðΦ̄IΦIp

Aμ
I þ Φ̄IIΦIIp

Aμ
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ satisfies the

analog of Eq. (23), with the weighted sum ðΦ̄IΦIS
μν
I þ

Φ̄IIΦIIS
μν
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ playing the role of the effec-

tive spin tensor. This means again that what obeys the analog
of Eq. (23) for single-state particles are not the individual
4-momenta pAμ

I and pAμ
II associated to each superposition,

but rather the weighted sum of those 4-momenta.
On the other hand, using expression (28) of the

4-momentum together with the definition (30) of the spin
tensor, we easily check that at first order in ℏ, we have
SμνI pA

Iν ¼ 0, which is the analog of the Tulczyjew-Møller
condition for superposed states based on this first option
(27) for the 4-momentum. Moreover, we straightforwardly
check that not only does the second superposition also
satisfy the condition SμνII p

A
IIν ¼ 0, but that we even have

SμνI pA
IIν ¼ 0 and SμνII p

A
Iν ¼ 0 at first order in ℏ. This comes

about thanks to Eq. (8) and the fact that in pAμ
I and pAμ

II only
the terms proportional to νμ are zeroth order in ℏ, which
already fulfill the Pirani-Mathisson condition Sμνr νν ¼ 0
for r ¼ I; II. Indeed, the 4-velocity νμ is common to
the different states and superposition of states thanks to
the common proper time τ of the latter, as dictated by the

equivalence principle, whereas the interference terms in
those momenta are all first-order and higher in ℏ. In what
follows, we shall explore a different option for building the
dynamical 4-momenta and how these various results get
modified.

B. Second option for a dynamical 4-momentum

The second option for building the dynamical 4-
momenta of the first and the second particle, that we
denote here by pBμ

I ðxÞ and pBμ
II ðxÞ, respectively, is to first

obtain a Gordon decomposition for the currents Φ̄Iγ
μΦI

and Φ̄IIγ
μΦII . These currents could then be used to extract

the 4-momenta. In fact, the linear combinations (26) lead to
the following coupled Dirac equations satisfied by the
spinors ΦIðxÞ and ΦIIðxÞ:

ðiℏγμ∇μ −mIÞΦIðxÞ ¼ mI;IIΦIIðxÞ;
ðiℏγμ∇μ −mIIÞΦIIðxÞ ¼ mI;IIΦIðxÞ: ð33Þ

The masses mI and mII of the particles as well as the
coupling mass mI;II , all emerging from combining the two
uncoupled Dirac equations satisfied by Ψ1ðxÞ and Ψ2ðxÞ,
are given in terms of the masses m1 and m2 of the latter by

mI ¼ m1cos2θ þm2sin2θ; mII ¼ m1sin2θ þm2cos2θ;

mI;II ¼
1

2
Δm21 sin 2θ: ð34Þ

Using the coupled Dirac equations (33), we easily derive
the following decomposition of Φ̄Iγ

μΦI:

Φ̄Iγ
μΦI ¼

iℏmII

2ðmImII −m2
I;IIÞ

�
∇μΦ̄IΦI − Φ̄I∇μΦI −

mI;II

mII
ð∇μΦ̄IIΦI − Φ̄I∇μΦIIÞ

�

þ ℏmII

2ðmImII −m2
I;IIÞ

�
∇νðΦ̄Iσ

μνΦIÞ −
mI;II

mII
ð∇νΦ̄IIσ

μνΦI þ Φ̄Iσ
μν∇νΦIIÞ

�
: ð35Þ

The decomposition of the current Φ̄IIγ
μΦII follows from

Eq. (35) by the substitution I ↔ II. The terms in the first
line on the right-hand side of Eq. (35), although not
conserved, can be viewed as making a convection 4-current
JμcIðxÞ that could be used to extract a 4-momentum
pBμ
I ðxÞ to be associated with the first particle. Setting

pBμ
I ¼ mIJ

μ
cI=ðΦ̄IΦIÞ, we have

pBμ
I ¼ iℏmImII

mImII −m2
I;II

�∇μΦ̄IΦI − Φ̄I∇μΦI

2Φ̄IΦI

−
mI;II

mII

∇μΦ̄IIΦI − Φ̄I∇μΦII

2Φ̄IΦI

�
: ð36Þ

The expression of pBμ
II ðxÞ is obtained from Eq. (36) by

making the substitution I ↔ II. As we did for the
4-momenta pAμ

I and pAμ
II , we can express the 4-momentum

pBμ
I in terms of the 4-momenta pμ

1 and pμ
2 as follows:

pBμ
I ¼ mImII

mImII −m2
I;II

×

�
pAμ
I −

mI;II

2mII

�
Ψ̄1Ψ1p

μ
1 þ Ψ̄2Ψ2p

μ
2

Φ̄IΦI

�
sin 2θ

−
iℏmI;II

2mIIΦ̄IΦI
ð∇μΨ̄2Ψ1 − Ψ̄1∇μΨ2Þcos2θ

þ iℏmI;II

2mIIΦ̄IΦI
ð∇μΨ̄1Ψ2 − Ψ̄2∇μΨ1Þsin2θ

�
: ð37Þ
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A similar expression for pBμ
II is obtained from Eq. (37) by

the substitutions 1 ↔ 2, θ → −θ and I ↔ II. With this
4-momentum, we check that at first order in ℏ the
Tulczyjew-Møller condition is also satisfied for both spin
tensors, SμνI pB

Iν ¼ 0 and SμνII p
B
IIν ¼ 0. Moreover, we also

have the vanishing of the mixed products, SμνII p
B
Iν ¼ 0 and

SμνI pB
IIν ¼ 0. This comes about thanks again to the fact

that all the interference terms in expression (37) are
proportional to ℏ, while terms containing νμ are zeroth
order in ℏ.
A lengthy, but straightforward calculation, then leads to

the following proper time derivative of the 4-momentum:

ṗBμ
I ¼ −

mImII

2ðmImII −m2
I;IIÞ

Rμ
νρλν

ν

�
SρλI −

ℏmI;II

mII

Φ̄IIσ
ρλΦI þ Φ̄Iσ

ρλΦII

4Φ̄IΦI

�
OðℏÞ

− ð∇μννÞpBν
I

þ
�

mImII

mImII −m2
I;II

∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2 þ Ψ̄2∇μΨ1 −∇μΨ̄2Ψ1

4Φ̄IΦI
þ i
ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄IΦI
pBμ
I

�
OðℏÞ

Δm21 sin 2θ

þ mImI;IIΔm21

mImII −m2
I;II

�∇μΨ̄2Ψ1 þ Ψ̄1∇μΨ2

2Φ̄IΦI
cos2θ þ∇μΨ̄1Ψ2 þ Ψ̄2∇μΨ1

2Φ̄IΦI
sin2θ

�
OðℏÞ

þOðℏ2Þ: ð38Þ

The detailed derivation of this equation is given in
Appendix G. The time derivative ṗBμ

II of the second
particle’s 4-momentum is obtained from Eq. (38) by
making the substitutions I ↔ II, θ → −θ and 1 ↔ 2.
Given the antisymmetry of all the numerators of the ratios
in the second and third lines of the result (38) with respect
to the substitutions θ → −θ and 1 ↔ 2, we immediately
check again that, similarly to what is found for the
4-momenta pAμ

I and pAμ
II , the weighted sum ðΦ̄IΦIp

Bμ
I þ

Φ̄IIΦIIp
Bμ
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ does obey an equation

analogous to Eq. (23). However, besides the weighted
sum ðΦ̄IΦIS

μν
I þ Φ̄IIΦIIS

μν
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ playing

again the role of the effective spin tensor, extra terms
made of the mixed tensor Φ̄IIσ

μνΦI and its complex
conjugate appear now coupled to the Riemann tensor as

well. In what follows, we shall therefore consider a third
option for building the dynamical 4-momentum of the
particles.

C. Third option for a dynamical 4-momentum

The third option is to form, instead of two separate
4-momenta, a single dynamical 4-momentum pμ

I;IIðxÞ from
both superpositions ΦIðxÞ and ΦIIðxÞ by relying on a
Gordon decomposition of the conserved total 4-current
JμI;IIðxÞ ¼ Φ̄Iγ

μΦI þ Φ̄IIγ
μΦII . One can easily check using

Eq. (33) that the 4-current JμI;IIðxÞ is indeed conserved.
Furthermore, making use of the coupled Dirac equa-
tions (33), we easily extract the following Gordon decom-
position of such a current:

JμI;IIðxÞ ¼
mImII

ðmImII −m2
I;IIÞ

�
iℏ
2mI

ð∇μΦ̄IΦI − Φ̄I∇μΦIÞ þ
iℏ
2mII

ð∇μΦ̄IIΦII − Φ̄II∇μΦIIÞ
�

−
iℏmI;II

2ðmImII −m2
I;IIÞ

ð∇μΦ̄IIΦI − Φ̄I∇μΦII þ∇μΦ̄IΦII − Φ̄II∇μΦIÞ

þ ℏmImIImI;II

2ðmImII −m2
I;IIÞ

∇ν

�
Φ̄Iσ

μνΦI

mImI;II
þ Φ̄IIσ

μνΦII

mIImI;II
−
Φ̄IIσ

μνΦI þ Φ̄Iσ
μνΦII

mImII

�
: ð39Þ

The first two lines on the right-hand side of this equation
represent the convection 4-current JμcI;IIðxÞ, whereas the
last two lines represent the spin 4-current JμsI;IIðxÞ. These
two currents are separately conserved. The conservation
equation∇μJ

μ
cI;II ¼ 0 follows from using the coupled Dirac

equations (33) and the identities, ½∇μ;∇ν�Φ ¼ i
4
Rμνabσ

abΦ
and ½∇μ;∇ν�Φ̄ ¼ − i

4
RμνabΦ̄σab, satisfied by any 4-spinor

Φ (see, e.g., Ref. [37]). The conservation equation
∇μJ

μ
sI;II ¼ 0 follows from the conservation of every indi-

vidual term of that current as a consequence of the

antisymmetry of the tensor σμν in its two indices and the
symmetry of the Christoffel symbols in their lower indices.
In a more condensed form, the coupled equations (33)

can be written as ðiℏΓμ∇μ −MÞΣ ¼ 0, where the matrix
Γμ, the mass matrix M and the spinor Σ are given by

Γμ ¼
�
γμ 0

0 γμ

�
; M¼

�
mI mI;II

mI;II mII

�
; Σ¼

� ΦI

ΦII

�
:

ð40Þ
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The matrices Γμ and M are taken formally to be
2 × 2 matrices acting on the spinor Σ taken formally
to be a 2-component spinor. As a consequence, the
conserved convection and spin 4-currents JμcI;IIðxÞ and
JμsI;IIðxÞ take the following condensed expressions
as well:

JμcI;IIðxÞ ¼
i
2
ℏð∇μΣ̄M−1Σ − Σ̄M−1∇μΣÞ;

JμsI;IIðxÞ ¼
1

2
ℏ∇νðΣ̄ΓμνM−1ΣÞ: ð41Þ

Here, we defined Σ̄≡ Σ†Γ0 and we introduced the block-
diagonal matrix Γμν ¼ i

2
½Γμ;Γν� having the matrix σμν as its

only nonvanishing elements sitting on its two diagonal
entries. The first identity in Eq. (41) then suggests the
following possible expression for a dynamical 4-momentum:
pμ
I;II ¼ MJμcI;II=ðΣ̄ΣÞ, where M stands for

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðMÞp

: the
square root of the determinant of the mass matrix M taken
again formally to be a 2 × 2matrix acting on a 2-component
spinor Σ. Therefore, we have M ¼ ðmImII −m2

I;IIÞ12, which
leads to the following third option for the dynamical
4-momentum:

pμ
I;II ¼

mImIIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�

iℏ
2mI

∇μΦ̄IΦI − Φ̄I∇μΦI

Σ̄Σ
þ iℏ
2mII

∇μΦ̄IIΦII − Φ̄II∇μΦII

Σ̄Σ

�

−
iℏmI;IIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�∇μΦ̄IIΦI − Φ̄I∇μΦII þ∇μΦ̄IΦII − Φ̄II∇μΦI

2Σ̄Σ

�
: ð42Þ

This expression might be cast in terms of the 4-momenta of the previous subsections as follows:

pμ
I;II ¼

mImIIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�
Φ̄IΦI

mIΣ̄Σ
pAμ
I þ Φ̄IIΦII

mIIΣ̄Σ
pAμ
II

�
þ mI;IIffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p
�
Ψ̄1Ψ1

Σ̄Σ
pμ
1 −

Ψ̄2Ψ2

Σ̄Σ
pμ
2

�
sin 2θ

−
iℏmI;II cos 2θ
2

ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ
ð∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2 þ∇μΨ̄2Ψ1 − Ψ̄2∇μΨ1Þ: ð43Þ

Combing the result (28) with this expression, we immediately check again that at first order in ℏ the 4-momentum pμ
I;II

fulfills the Tulczyjew-Møller condition in the forms SμνI pI;IIν ¼ 0 and SμνII pII;Iν ¼ 0. Note also that expression (43) is, as is
expression (42), symmetric with respect to the substitutions 1 ↔ 2, θ → −θ and I ↔ II.
From expression (42), the equation of motion of the 4-momentum pμ

I;IIðxÞ then reads

ṗμ
I;II ¼ −

1

2
Rμ

νρλν
ν

�
mIIΦ̄IΦIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ
SρλI þ mIΦ̄IIΦIIffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p Σ̄Σ
SρλII − ℏmI;II

Φ̄IIσ
ρλΦI þ Φ̄Iσ

ρλΦII

2
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ

�
OðℏÞ

− ð∇μννÞpν
I;II þOðℏ2Þ: ð44Þ

The detailed derivation of this equation is given in
Appendix H.
We notice from this last result that, in contrast to the

previous expressions (29) and (38) for the dynamical
4-momenta, there emerges here an invariance under the
substitutions 1 ↔ 2 and I ↔ II. This symmetry emerges,
of course, from the fact that the dynamical 4-momentum
(42) is now also symmetric under the exchange of the two
particles of masses mI and mII . Moreover, in the limit
ℏ → 0, Eq. (44) reduces to the geodesic equation ṗμ

I;II ¼ 0.
Note also that, in contrast to what is found for the momenta
from the first and the second options, the result (44)
shows that the 4-momentum pμ

I;II does obey an equation
that is similar to Eq. (23), albeit an extra term similar to
the one appearing in the time derivative of the weighted
sum ðΦ̄IΦIp

Bμ
I þ Φ̄IIΦIIp

Bμ
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ is also

involved here.
The result (44) displays explicitly the role of the

quantum superposition in dictating the deviation from

geodesic motion of the particles. In fact, we observe
that both spin tensors SμνI and SμνII associated to the two
superposed states ΦI and ΦII contribute now simulta-
neously to the deviation from geodesic motion via
their coupling to the curvature tensor. Such a coupling
is weighted by the effective mass of each of the two
superpositions ΦI and ΦII , respectively. Moreover,
there is also an extra coupling with the curvature
tensor that involves the “mixed” spin tensor
ðΦ̄IIσ

μνΦI þ Φ̄Iσ
μνΦIIÞ=ð2Σ̄ΣÞ arising from the inter-

ference between the components of the quantum
superposition.
If one proceeds in analogy with what was done for

extracting the spin tensors Sμν1 and Sμν2 from the con-
served spin current (21), then one would obtain from the
conserved spin current JμsI;IIðxÞ the “mixed” spin tensor
SμνI;II ¼ ℏMðΣ̄ΓμνM−1ΣÞ=ð2Σ̄ΣÞ. The explicit expression of
the latter in terms of the spinors ΦI and ΦII and the spin
tensors SμνI and SμνII reads
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SμνI;II ¼
mIIΦ̄IΦI

MΣ̄Σ
SμνI þmIΦ̄IIΦII

MΣ̄Σ
SμνII

−
ℏmI;IIðΦ̄IIσ

μνΦI þ Φ̄Iσ
μνΦIIÞ

2MΣ̄Σ
: ð45Þ

This tensor satisfies also at first order in ℏ the Tulczyjew-
Møller condition in the forms SμνI;IIpIν ¼ SμνI;IIpIIν ¼ 0 and
SμνI;IIpI;IIν ¼ 0. On the other hand, with the help of
expressions (E2) and (G2), we obtain the equation of
motion of this spin tensor up to the first order in ℏ to be

ṠμνI;II ¼ 0: ð46Þ

Thus, in contrast to the dynamics of the spin tensors SμνI and
SμνII given by Eq. (32), the leading term on the right-hand
side of Eq. (46) is second-order or higher in ℏ. Therefore,
just as does the mixed 4-momentum pμ

I;II , this mixed spin
tensor obeys the same dynamics as the one obeyed by the
spin tensor of the single-state particle.
We conclude from these various observations that no

specific option for building the 4-momentum is preferable
over the other. Choosing one option over the other depends
on one’s needs. If one wishes to keep track of one of the two
superpositions ΦI or ΦII individually, then the first option
for the 4-momentum given by Eq. (27) is the recommended
one. If, instead, one is interested in the nonconserved
currents Φ̄Iγ

μΦI and Φ̄IIγ
μΦII associated to each super-

position individually, then one needs to consider the second
option for building the dynamical 4-momentum. Finally, if
one is rather interested in the conserved total 4-current
Φ̄Iγ

μΦI þ Φ̄IIγ
μΦII , one has to rely on the mixed dynami-

cal 4-momentum (42).

V. APPLICATION TO FLAVOR NEUTRINOS

In light of our various results concerning superposed
states from the previous section, we briefly discuss in this
section the case of flavor neutrinos’ spin oscillation in
curved spacetime. Let, for simplicity, jνei and jνμi be the
only two flavor states of a neutrino; the electron flavor and
the muon flavor, respectively. Let ΦeðxÞ and ΦμðxÞ be the
corresponding spinor fields of the two flavor states, and let
Ψ1ðxÞ and Ψ2ðxÞ be the corresponding two mass eigen-
states’ fields of masses m1 and m2, respectively. The flavor
states are expandable as linear combinations of the mass
eigenstates according to Eq. (26) in which one replaces the
subscripts I and II by the flavor subscripts e and μ,
respectively. Furthermore, with such a replacement of
subscripts, we also get from Eq. (33) the coupled Dirac
equations satisfied by the flavor states ΦeðxÞ and ΦμðxÞ,
and from Eq. (34) we get the masses me and mμ of the
flavor states in terms of the masses m1 and m2 of the mass
eigenstates.
Our results from the previous section offer us new tools

for complementing the study done in Ref. [21] on the effect

of gravity on the spin oscillation of neutrinos coupled to the
scalar field of screening models of dark energy, such as
the chameleon and symmetron models [38–42]. Indeed, the
dynamics of the neutrino’s spin in the flavor basis ðΦe;ΦμÞ
is given by Eq. (32), up to the first order in ℏ on the right-
hand side of the equation, after performing the subscripts
substitutions ðI → e; II → μÞ. In terms of the spin tensors
Sμν1 and Sμν2 of the mass eigenstates Ψ1 and Ψ2 the spin
tensor, say of the electron neutrino, reads

Sμνe ¼ Ψ̄1Ψ1

Φ̄eΦe
Sμν1 cos2θ þ Ψ̄2Ψ2

Φ̄eΦe
Sμν2 sin2θ

þ ℏ
4Φ̄eΦe

ðΨ̄1σ
μνΨ2 þ Ψ̄2σ

μνΨ1Þ sin 2θ; ð47Þ

and its dynamics up to first order in ℏ takes the form:

Ṡμνe ¼
�
i
ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄eΦe
Sμνe þ i

Ψ̄2σ
μνΨ1 − Ψ̄1σ

μνΨ2

4Φ̄eΦe

�
OðℏÞ

× Δm21 sin 2θ þOðℏ2Þ: ð48Þ

Thus, the dynamics of spin in the flavor basis receives
correction terms compared to the Eq. (25) one obtains for
either mass eigenstates separately. These corrections are
due to the overlapping of the spinor fields of the mass
eigenstates. However, as we see from Eq. (48), all the
corrections in that equation are first order and higher in ℏ.
Therefore, if one discards those corrections on the basis that
they are higher than the zeroth order in ℏ, one simply
recovers the approximation made in Ref. [21] where the
second set of the classical MPD equations (2) was used
after keeping only those terms that are zeroth order in spin
on the right-hand side of that set of equations. Moreover, if
one relies instead on the mixed spin tensor Sμνe;μ given by
Eq. (45), then, at first order in ℏ, one falls back on exactly
the same spin dynamics one obtains for neutrinos within
their mass eigenstates basis. The conclusions reached
concerning the effect of the scalar field of screening models
within that approximation are therefore not altered.
If, on the other hand, one keeps the corrections on the

right-hand side of Eq. (48) before letting the neutrinos
couple to the scalar field, then any extra effect of the scalar
field will necessarily be proportional to ℏ as well. To see
this, let the scalar field φðxÞ of such models couple to the
neutrino spinor field via the model-dependent regular and
nowhere vanishing functional AðφÞ of the scalar field. The
neutrino then propagates within an “effective” spacetime
metric hμνðxÞ given in terms of the real metric gμνðxÞ by
hμν ¼ A2ðφÞgμν. In the chameleon model, the functional
AðφÞ takes the form AðφÞ ¼ expðβφÞ [38], whereas in the
Symmetron model it takes the form AðφÞ ¼ 1þ βφ2, for
some arbitrary constant β that has the dimensions of an
inverse mass. This coupling of the neutrino spinor field
with φðxÞ entails that the effective spacetime vierbeins
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obtained from the metric hμν modify the gamma matrices
into γμ ¼ A−1ðφÞγμ. This, in turn, implies that the coupling
of the neutrino to the scalar field simply modifies the right-
hand side of Eq. (48) by the multiplicative factor A−2ðφÞ.
This shows that, at the leading order, the scalar field’s effect
on the spin precession is indeed proportional to ℏ.
Recalling that gravity-induced spin oscillations are already
too weak to induce a detectable spin flip on high-energy
neutrinos coming from cosmic sources even at the zeroth
order in ℏ (as reported in Ref. [21] and references therein),
we conclude that all the corrections from the scalar field
φðxÞ can therefore be safely neglected given that they are
all proportional to ℏ.
To discuss the equation of motion of the dynamical

4-momentum of these neutrinos and their deviation from
geodesic motion, we need, in light of our discussion in the
last paragraph below Eq. (44), to rely on one of the three
options depending on which feature of the superposition
one is interested in. For this reason, we shall in what
follows consider all three different options for the coupled
neutrinos.
Using our results (29), (38) and (44) and the definition

meμ ¼ 1
2
Δm21sin2θ of the coupling mass between the flavor

neutrinos, we learn that, up to first order in ℏ, the cor-
rections brought by the quantum superposition of the mass
eigenstates to the first set of equations governing the
dynamics of both neutrino flavors jνei and jνμi are all
due to the interference between the mass eigenstates. Only
the weighted sums ðΦ̄eΦep

Aμ
e þ Φ̄μΦμp

Aμ
μ Þ=ðΦ̄eΦe þ

Φ̄μΦμÞ and ðΦ̄eΦep
Bμ
e þ Φ̄μΦμp

Bμ
μ Þ=ðΦ̄eΦe þ Φ̄μΦμÞ as

well as the mixed 4-momentum pμ
e;μ obey an equation

similar to the one obeyed by the mass eigenstates indi-
vidually. Moreover, in contrast to neutrino flavor oscilla-
tion, which involves only the difference of the masses
squared of the mass eigenstates, Eqs. (29), (38) and (44)
imply that deviation from geodesic motion due to the
superposed nature of neutrinos involves mass differences,
the product of the masses m1m2 as well as the product

memμ of the flavor states’ masses and the squared coupling
mass m2

e;μ.
Now, this coupling of the neutrinos with the scalar field

φðxÞ entails that the neutrinos proper time element dτ is
modified into dτ ¼ AðφÞdτ, yielding an effective 4-velocity
νμ along the geodesic path given by νμ ¼ A−1ðφÞνμ [21].
Similarly, the effective spacetime vierbeins obtained from
the metric hμν modify the gamma matrices into γμ ¼
A−1ðφÞγμ and the spin connection is modified into ωab

μ ¼
ωab
μ − A;νðeνaebμ − eνbeaμÞ=A [21], where A;μ denotes the

partial derivative of ∂μAðφÞ with respect to the coordinate
xμ. The spin tensor of the coupled neutrinos is given in
terms of the spin tensors Sμνe and Sμνμ of the uncoupled
neutrinos by A−2ðφÞSμνe and A−2ðφÞSμνμ , respectively [21].
Moreover, one easily shows that replacing the spacetime
metric by the effective metric hμν ¼ A2ðφÞgμν seen by the
coupled neutrinos, the curvature tensor Rμνρλ seen by the
coupled neutrinos gets also modified to [43]

Rμ
νρλ ¼ Rμ

νρλ þ δμλ

�
A;νρ

A
− 2

A;νA;ρ

A2

�

− gνλ

�
A;μ

;ρ

A
− 2

A;ρA;μ

A2

�

− δμρ

�
A;νλ

A
− 2

A;νA;λ

A2
þ gνλ

A;αA;α

A2

�

þ gνρ

�
A;μ

;λ

A
− 2

A;μA;λ

A2
þ δμλ

A;αA;α

A2

�
: ð49Þ

A semicolon denotes a covariant derivative. The corre-
sponding Christoffel symbols Γμ

νρ become Γμ
νρ ¼ Γμ

νρ þ
ðδμνA;ρ þ δμρA;ν − gνρA;μÞ=A. Plugging these various iden-
tities into Eqs. (29), (38) and (44), and then taking account
of the fact that νμS

μν
e ¼ νμS

μν
μ ¼ 0, leads, at first order in ℏ,

to the following equations of motion for the three possible
dynamical 4-momenta of coupled neutrinos:

ṗAμ
e ¼ −

1

2AðφÞR
μ
νρλν

νSρλe − ð∇μννÞpAν
e þ

�
iAðφÞ
ℏ

Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄eΦe
pAμ
e þ∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2 þ Ψ̄2∇μΨ1 −∇μΨ̄2Ψ1

4Φ̄eΦe

�
OðℏÞ

× Δm21 sin 2θ þOðℏ2Þ; ð50Þ

ṗBμ
e ¼ −

memμ

2ðmemμ −m2
e;μÞAðφÞ

Rμ
νρλν

ν

�
Sρλe −

ℏme;μ

mμ

Φ̄μσ
ρλΦe þ Φ̄eσ

ρλΦμ

4Φ̄eΦe

�
OðℏÞ

− ð∇μννÞpBν
e

þ
�

memμ

memμ −m2
e;μ

∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2 þ Ψ̄2∇μΨ1 −∇μΨ̄2Ψ1

4Φ̄eΦe
þ iAðφÞ

ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄eΦe
pBμ
e

�
OðℏÞ

Δm21 sin 2θ

þ meme;μΔm21

memμ −m2
e;μ

�∇μΨ̄2Ψ1 þ Ψ̄1∇μΨ2

2Φ̄eΦe
cos2θ þ∇μΨ̄1Ψ2 þ Ψ̄2∇μΨ1

2Φ̄eΦe
sin2θ

�
OðℏÞ

þOðℏ2Þ; ð51Þ
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ṗμ
e;μ ¼ −

1

2AðφÞR
μ
νρλν

ν

�
mμΦ̄eΦeffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ
Sρλe þ meΦ̄μΦμffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p Σ̄Σ
Sρλμ − ℏme;μ

Φ̄μσ
ρλΦe þ Φ̄eσ

ρλΦμ

2
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ

�
OðℏÞ

− ð∇μννÞpν
e;μ

þ A;νðφÞ
AðφÞ ðνμpν

e;μ − pμ
e;μννÞ þOðℏ2Þ: ð52Þ

These results show that the leading terms in the correc-
tions brought to the equations of motion of coupled
neutrinos are first-order in ℏ only for the dynamical
4-momentum pμ

e;μ. Indeed, all the terms, including the
additional term proportional to νμpν − pμνν, in the equation
giving ṗμ

e;μ vanish at the zeroth order in ℏ, whereas the
leading interference term that is proportional to the cou-
pling factor AðφÞ in ṗμ

e and ṗμ
μ is zeroth order in ℏ.

Therefore, approximating at the zeroth order in ℏ the
equation of motion of the 4-momentum of coupled neu-
trinos when taking into account the superposed nature of
the latter by the geodesic equation obeyed by the mass
eigenstates remains valid only within the third-option 4-
momentum pμ

e;μ. In other words, only based on such a
prescription for a dynamical 4-momentum does working
either within the flavor basis or within the mass eigenstates
basis not affect the outcome for neutrinos coupled to the
scalar field of screening models such as the chameleon and
the symmetron at the zeroth order in ℏ.

VI. SUMMARY AND DISCUSSION

We have examined in this paper the dynamics of spin-1
2

particles freely propagating in curved spacetime by
extractingMPD-like equations from aWKB approximation
of the Dirac equation. After building the necessary tools
and identities for tackling the case of superposed states
within the WKB approach, we made use of our results to
extract the dynamical equations for particles made of a
superposition of two different states, each carrying a
different mass. We found that both the equation of motion
of the 4-momentum and the dynamics of the spin tensor of
such particles receive corrections that are all coming from
the interference of the individual spinor fields of the
superpositions. This interference comes not only from a
direct overlap of the fields, but also from a gravity-induced
overlap thanks to the curved spacetime.
In order to investigate the equation of motion of the

dynamical 4-momentum that should go into MPD-like
equations for particles propagating as a superposition of
states, we explored three different ways of building such a
4-momentum. We denoted those 4-momenta from each
option by (pAμ

I , pAμ
II ), (p

Bμ
I , pBμ

II ) and pμ
I;II . We showed that

the formulation among those three options that leads to the
geodesic equation in the limit ℏ → 0 is the 4-momentum
pμ
I;II extracted from the Gordon decomposition of the

conserved total 4-current Φ̄Iγ
μΦI þ Φ̄IIγ

μΦII. We found

that this is not the case, neither for the pair (pAμ
I , pAμ

II ),
obtained by replacing Ψ1 and Ψ2 by ΦI and ΦII in
the expressions of pμ

1 and pμ
2 of single-state particles,

nor for the pair (pBμ
I , pBμ

II ), extracted from the Gordon
decomposition of the nonconserved currents Φ̄Iγ

μΦI and
Φ̄IIγ

μΦII associated separately to each particle. Moreover,
we found that only the 4-momentum pμ

I;II obeys an
equation similar to the first set of classical MPD equations.
The dynamics of the two pairs ðpAμ

I ; pAμ
II Þ and ðpBμ

I ; pBμ
II Þ

displays departures from the MPD equations that are
due to interference terms between the spinors of the
superposition. We, nevertheless, found that the weighted
sums ðΦ̄IΦIp

Aμ
I þ Φ̄IIΦIIp

Aμ
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ and

ðΦ̄IΦIp
Bμ
I þ Φ̄IIΦIIp

Bμ
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ do obey an

MPD-like dynamics equation, with the weighted spin
tensor ðΦ̄IΦIS

μν
I þ Φ̄IIΦIIS

μν
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ playing

the role of an effective spin tensor.
Concerning the spin tensor, we showed that no such

distinction is necessary as the definition of such a tensor
leads to separately conserved spin currents for each
particle. Within all three options, we found that in the
absence of a mass difference between the different states
making the superposition the results reduce to those of the
well-known single-state particles. In addition, we found
that the proper time derivative of the weighted sum
ðΦ̄IΦIS

μν
I þ Φ̄IIΦIIS

μν
II Þ=ðΦ̄IΦI þ Φ̄IIΦIIÞ of the spin ten-

sors vanishes at first order in ℏ, and that, as in the case of
single-state particles, the spin tensors SμνI and SμνII satisfy
individually the Tulczyjew-Møller supplementary condi-
tion with all three different 4-momenta: Sμνr pA

sν ¼
Sμνr pB

sν ¼ Sμνr pI;IIν ¼ 0, for r; s ¼ I; II. A mixed spin
tensor SμνI;II has also been extracted from the conserved
total spin current. Its dynamics is found to be exactly the
same at the leading order in ℏ as that of the spin tensor Sμνi
of single-state particles.
We also pointed out that the MPD-like equations

obtained from the WKB approximation of the Dirac
equation, both for single-state and for multistate particles,
are slightly different from the classical MPD equations. All
the equations of motion of the dynamical 4-momentum
contain extra terms on their right-hand side that are not
present in the first set of classical MPD equations. The
equation describing the spin dynamics, on the other hand,
lacks terms that are present in the second set of classical
MPD equations. We remarked that such a distinction does
not arise within the Lagrangian approach [33–36] as
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opposed to a WKB approach. One proposal towards
understanding this distinction can be found in Ref. [35].
We believe that this point requires more investigation,
though, which we shall leave for a future work.
We then argued that the immediate and most natural

application of our present results can be made in the field of
neutrino physics. Indeed, neutrinos are not only spin-1

2

particles, but are also flavor particles made of a super-
position of different states having different masses; the so-
called mass eigenstates. In light of our general results, we
argued that the interference of the mass eigenstates do not
bring large modifications to neutrino dynamics in curved
spacetime since the leading terms of such modifications all
consist of first-order terms in ℏ. In fact, given that both spin
dynamics and the equation of motion of neutrinos’
4-momentum in the flavor basis receive correction terms
that are all first-order and higher in ℏ, restricting the latter
dynamics to the zeroth order in spin as it is done so far in
the literature is amply sufficient for many low-curvature
applications. We, nevertheless, pointed out that within the
first two prescriptions pAμ

e and pBμ
e for the dynamical

4-momentum, zeroth-order terms in ℏ do arise. Similarly,
the dynamics of neutrinos coupled to the scalar field of
screening models is shown to be not affected at the zeroth
order in ℏ by the superposed nature of neutrinos only
within the third prescription pμ

e;μ for the dynamical
4-momentum.
Although our study was done here for the case of two-

flavor neutrinos, a generalization to the case of three-flavor
neutrinos should not bring in any particular conceptual
difficulties. Also, since our study here has been general
enough, adapting our present results to the case of neutrinos
propagating inside matter using more quantum field theo-
retical tools (see, e.g., Ref. [44,45] and references therein)
should not present in principle extra challenges. However, a
proper investigation of such a problem will be left for future
works as well.
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APPENDIX A: DERIVATION OF THE
CONSTRAINTS (9)

The constraints (9) can be derived as follows. Using the
fact that ΘAðxÞ and ΘB are solutions to Eq. (5), we have
ðγμνμ þ IÞΘA ¼ 0 and ðγμνμ þ IÞΘB ¼ 0. Next, applying

the proper time derivative operator d=dτ to both sides of
these two identities and taking account of the geodesic
equation Dνμ=dτ ¼ 0, yields

ðγμνμ þ IÞΘ̇A ¼ 0; ðγμνμ þ IÞΘ̇B ¼ 0: ðA1Þ

These two identities show that Θ̇A and Θ̇B are, each, again a
solution to the homogeneous equation (5). Therefore, Θ̇A

and Θ̇B can be written as the following two linear
combinations:

Θ̇A ¼ C1ΘA þ C2ΘB; Θ̇B ¼ D1ΘB þD2ΘA; ðA2Þ

for some four arbitrary complex scalars C1, C2, D1, D2.
These four scalars must, in turn, satisfy certain conditions.
Indeed, applying the derivative operator d=dτ to the
normalization conditions Θ̄AΘA ¼ 1 and Θ̄BΘB ¼ 1,
respectively, implies, after using Eq. (A2) as well as the
orthogonality condition Θ̄AΘB ¼ 0 that C�

1 ¼ −C1 and
D�

1 ¼ −D1. On the other hand, applying the operator
d=dτ to the orthogonality condition Θ̄AΘB ¼ 0, implies
that C�

2 ¼ −D2.

APPENDIX B: DERIVATION OF EQ. (10)

The constraints (10) are derived as follows:

Θ̄Aγ
μ∇μΘA ¼ −Θ̄Aγ

ν∇νðγμνμΘAÞ;
¼ −Θ̄Aγ

νγμð∇ννμÞΘA − Θ̄Aγ
νγμνμ∇νΘA;

¼ ∇μν
μ þ 2Θ̄Aν

μ∇μΘA þ Θ̄Aγ
μγννμ∇νΘA;

¼ ∇μν
μ þ 2C1 − Θ̄Aγ

μ∇μΘA;

¼ 1

2
∇μν

μ þ C1: ðB1Þ

In the third step, we used ∇ννμ ¼ ∇μνν and γμγν ¼
−2gμν − γνγμ. In the fourth step, we used the first identity
in Eq. (A2). Next, replacing ΘA by ΘB everywhere in the
derivation (B1) simply turns C1 into D1 in the fourth step,
proving thus the second identity in Eq. (10). On the other
hand, keeping Θ̄A in this derivation and replacing only the
ΘA on the right by ΘB removes the term ∇μν

μ from the
third line and turns C1 into D2 in the fourth line thanks to
the second identity in Eq. (A2), so that we end up
with Θ̄Aγ

μ∇μΘB ¼ D2.

APPENDIX C: DERIVATION OF EQ. (20)

We derive here Eq. (20) by setting n ¼ 1 in Eq. (19) and

multiplying both sides of the equation from the left by ψ̄ ð0Þ
i

to get,
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ψ̄ ð0Þ
i ψ̇ ð1Þ

j þ 1

2
ð∇μυ

μÞψ̄ ð0Þ
i ψ ð1Þ

j ¼ −ψ̄ ð0Þ
i γμ∇μξ

ð1Þ
j

¼ −
i

2mj
ψ̄ ð0Þ
i γμγν∇μ∇νψ

ð0Þ
j :

ðC1Þ

In the second line we used Eq. (15) with n ¼ 1, the
completeness relation

P
s¼A;BðΘisΘ̄is − ΠisΠ̄isÞ ¼ 1 and

the conditions Θ̄Aγ
μ∇μψ

ð0Þ
i ¼ Θ̄Bγ

μ∇μψ
ð0Þ
i ¼ 0 that

allowed us to turn the term −ψ̄ ð0Þ
i γμ∇μξ

ð1Þ
j into

− i
2mj

ψ̄ ð0Þ
i γμγν∇μ∇νψ

ð0Þ
j . As the left-hand side of Eq. (C1)

vanishes in Riemann normal coordinates in the comoving
reference frame of the particle, it follows that the term on
the right-hand side, being a scalar and a relativistic invariant
that is independent of the four-velocity υμ, should also
vanish identically in all reference frames. Therefore, we
conclude that in all reference frames we have

ψ̄ ð0Þ
i ψ̇ ð1Þ

j ¼ −
1

2
ð∇μυ

μÞψ̄ ð0Þ
i ψ ð1Þ

j ;

˙̄ψ ð1Þ
i ψ ð0Þ

j ¼ −
1

2
ð∇μυ

μÞψ̄ ð1Þ
i ψ ð0Þ

j : ðC2Þ

The second identity is obtained by taking the complex
conjugate of the first identity and switching around the
indices i and j.

APPENDIX D: DERIVATION OF EQ. (23)

We provide in this appendix a detailed derivation of
Eq. (23). As stated in the Introduction, the derivation we
give here is very well suited for applying it to the case of
superposed states as it consists of a simple series of
rearrangements combined with the various identities
derived in a very general way in Sec. III.
First, according to the definition (22) of the dynamical

4-momentum pμ
i in terms of the zeroth-order 4-spinor

ψ ð0Þ
i ðxÞ, we have

ṗμ
i ¼ π̇μi þ iℏ

d
dτ

�∇μψ̄ ð0Þ
i ψ ð0Þ

i − ψ̄ ð0Þ
i ∇μψ ð0Þ

i

2ψ̄ ð0Þ
i ψ ð0Þ

i

�
;

¼ð∇νν
νÞðpμ

i −πμi Þþ iℏνν
∇ν∇μψ̄ ð0Þ

i ψ ð0Þ
i − ψ̄ ð0Þ

i ∇ν∇μψ ð0Þ
i

2ψ̄ ð0Þ
i ψ ð0Þ

i

þ iℏ
∇μψ̄ ð0Þ

i ψ̇ ð0Þ
i − ¯̇ψ ð0Þ

i ∇μψ ð0Þ
i

2ψ̄ ð0Þ
i ψ ð0Þ

i

: ðD1Þ

In the second line, we used the geodesic equation π̇μi ¼ 0,
and then we made use of Eq. (12), as well as the fact
that d=dτ ¼ νμ∇μ.
Next, by switching the order of the covariant derivatives

in the numerator of the second term in the second line

on the right-hand side of Eq. (D1) and using the fact that

(see, e.g., Ref. [37]) ½∇μ;∇ν�ψ ð0Þ
i ¼ i

4
Rμνabσ

abψ ð0Þ
i and

½∇μ;∇ν�ψ̄ ð0Þ
i ¼ − i

4
Rμνabψ̄

ð0Þ
i σab, together with the defini-

tion (24) of the spin tensor Sμνi to first order in ℏ, Eq. (D1)
takes the following form:

ṗμ
i ¼ ð∇νν

νÞðpμ
i − πμi Þ −

1

2
Rμ

νρσν
νSρσi

þ iℏ∇μ

"
˙̄ψ ð0Þ
i ψ ð0Þ

i − ψ̄ ð0Þ
i ψ̇ ð0Þ

i

2ψ̄ ð0Þ
i ψ ð0Þ

i

#

þ iℏ
∇μ½ψ̄ ð0Þ

i ψ ð0Þ
i �

ψ̄ ð0Þ
i ψ ð0Þ

i

˙̄ψ ð0Þ
i ψ ð0Þ

i − ψ̄ ð0Þ
i ψ̇ ð0Þ

i

2ψ̄ ð0Þ
i ψ ð0Þ

i

− ð∇μννÞpν
i þ iℏ

∇μψ̄ ð0Þ
i ψ̇ ð0Þ

i − ˙̄ψ ð0Þ
i ∇μψ ð0Þ

i

ψ̄ ð0Þ
i ψ ð0Þ

i

: ðD2Þ

Upon using Eqs. (12) and (22), Eq. (D2) takes the
following final form:

ṗμ
i ¼ −

1

2
Rμ

νρσν
νSρσi − ð∇μννÞpν

i : ðD3Þ

APPENDIX E: DERIVATION OF EQ. (29)

We give in this appendix the detailed steps leading to
Eq. (29). Starting from the definition (27) of the dynamical
4-momentum pμ

I ðxÞ, carried by the spinor field ΦIðxÞ, we
first compute the proper time derivative ṗμ

I ðxÞ by perform-
ing the same rearrangements of terms we performed to
extract Eqs. (D1) and (D2). The result is

ṗAμ
I ¼ iℏ

d
dτ

�∇μΦ̄IΦI − Φ̄I∇μΦI

2Φ̄IΦI

�
;

¼ −
:ðΦ̄IΦIÞ

Φ̄IΦI
pAμ
I −

1

2
Rμ

νρλν
νSρλI þ iℏ

∇μð ˙̄ΦIΦI − Φ̄IΦ̇IÞ
2Φ̄IΦI

− ð∇μννÞpAν
I þ iℏ

∇μΦ̄IΦ̇I − ˙̄ΦI∇μΦI

Φ̄IΦI
: ðE1Þ

The next step is to compute, up to the leading order in ℏ, the
derivatives Φ̇I and∇μΦI and the various products involving
the latter in Eq. (E1).
We first use expression (26) of the spinor field ΦIðxÞ in

terms of the component spinor fields Ψ1ðxÞ and Ψ2ðxÞ for
which we already found in Sec. III the various relevant

identities satisfied by the spinors ψ ð0Þ
i ðxÞ and ψ ð1Þ

i ðxÞ in
their WKB expansions. Keeping only terms up to the
leading orders in ℏ in each, we have the following
expansions of ΦIðxÞ and Φ̇IðxÞ, respectively:
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ΦI ¼ e
i
ℏS1ðψ ð0Þ

1 þ ℏψ ð1Þ
1 þ ℏ2ψ ð2Þ

1 þ…Þ cos θ
þ e

i
ℏS2ðψ ð0Þ

2 þ ℏψ ð1Þ
2 þ ℏ2ψ ð2Þ

2 þ…Þ sin θ;

Φ̇I ¼ e
i
ℏS1

�
ψ̇ ð0Þ
1 þ ℏψ̇ ð1Þ

1 þ ℏ2ψ̇ ð2Þ
1 þ…

−
i
ℏ
m1ðψ ð0Þ

1 þ ℏψ ð1Þ
1 þ ℏ2ψ ð2Þ

1 þ…Þ
�
cos θ

þ e
i
ℏS2

�
ψ̇ ð0Þ
2 þ ℏψ̇ ð1Þ

2 þ ℏ2ψ̇ ð2Þ
2 þ…

−
i
ℏ
m2ðψ ð0Þ

2 þ ℏψ ð1Þ
2 þ ℏ2ψ ð2Þ

2 þ…Þ
�
sin θ: ðE2Þ

The expression of Φ̇IðxÞ is obtained by making use of the
identity Ṡi ¼ −mi. Using these results, and making use of

Eqs. (12) and (20), we compute the proper time derivative

:ðΦ̄IΦIÞ to be

ðΦ̄IΦIÞ
:

¼
�
−Φ̄IΦIð∇μν

μÞ

þ i
ℏ
ðΨ̄2Ψ1 − Ψ̄1Ψ2ÞΔm21 cos θ sin θ

�
OðℏÞ

þOðℏ2Þ: ðE3Þ
As indicated in Sec. IV, a subscriptOðℏÞ on brackets means
that we take only those terms inside the brackets that are at
most of order ℏ. Also, Δm21 stands for the difference
m2 −m1. In a similar manner, we compute the numerators
in the third term and in the last term on the right-hand side
of Eq. (E1), up to first order in ℏ, to be, respectively,

iℏ∇μð ˙̄ΦIΦI − Φ̄IΦ̇IÞ ¼ −2∇μ

�
Ψ̄1Ψ1m1cos2θþ Ψ̄2Ψ2m2sin2θþ

1

2
ðΨ̄1Ψ2 þ Ψ̄2Ψ1Þðm1 þm2Þ cosθ sinθ

�
OðℏÞ

þOðℏ2Þ;

ðE4Þ
iℏð∇μΦ̄IΦ̇I − ˙̄ΦI∇μΦIÞ ¼ ½−ð∇νν

νÞΦ̄IΦIp
μ
Iþm1∇μðΨ̄1Ψ1Þcos2θ þm2∇μðΨ̄2Ψ2Þsin2θ�OðℏÞ

þ ðm2∇μΨ̄1Ψ2 þm1Ψ̄1∇μΨ2 þm2Ψ̄2∇μΨ1 þm1∇μΨ̄2Ψ1ÞOðℏÞ

× cos θ sin θ þOðℏ2Þ: ðE5Þ

For convenience, we also introduced here the notation Sij ¼ Si − Sj. Inserting these latter results, together with Eq. (E3),
into Eq. (E1), we find, up to first order in ℏ

ṗAμ
I ¼ −

1

2
Rμ

νρσν
νSρσI − ð∇μννÞpAν

I þ Δm21 sin 2θ

�
i
ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄IΦI
pAμ
I

þ∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2 þ Ψ̄2∇μΨ1 −∇μΨ̄2Ψ1

4Φ̄IΦI

�
OðℏÞ

þOðℏ2Þ: ðE6Þ

APPENDIX F: DERIVATION OF EQ. (32)

The strategy for proving Eq. (32) is to also work first with Φ before switching to its components Ψ1 and Ψ2 and the

spinors ψ ð0Þ
i ðxÞ and ψ ð1Þ

i ðxÞ in their respective WKB expansions. Using the definition (30) of Sμν, the expansions (E2), as
well as Eq. (E3), we find, after keeping only terms of the order ℏ, that

ṠμνI ¼ ℏ
˙̄ΦIσ

μνΦI þ Φ̄Iσ
μνΦ̇I

2Φ̄IΦI
−

:ðΦ̄IΦIÞ

Φ̄IΦI
SμνI ;

¼ −ð∇ρν
ρÞSμνI þ i

�
Ψ̄2σ

μνΨ1 − Ψ̄1σ
μνΨ2

4Φ̄IΦI

�
OðℏÞ

Δm21 sin 2θ þ
�
∇ρν

ρ þ
�
i
ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄IΦI

�
OðℏÞ

Δm21 sin 2θ

�
SμνI ;

¼
�
i

�
Ψ̄2σ

μνΨ1 − Ψ̄1σ
μνΨ2

4Φ̄IΦI

�
OðℏÞ

þ
�
i
ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄IΦI

�
OðℏÞ

SμνI

�
Δm21 sin 2θ þOðℏ2Þ: ðF1Þ

APPENDIX G: DERIVATION OF EQ. (38)

We give in this appendix the detailed steps leading to Eq. (38). Starting from the definition (36) of the dynamical 4-
momentum pBμ

I ðxÞ, carried by the spinor fieldΦIðxÞ, we compute the proper time derivative ṗBμ
I ðxÞ by performing the same
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terms rearrangements we performed to extract Eqs. (D1) and (D2). The result is

ṗBμ
I ¼ iℏmImII

mImII −m2
I;II

d
dτ

�∇μΦ̄IΦI − Φ̄I∇μΦI

2Φ̄IΦI
−
mI;II

mII

∇μΦ̄IIΦI − Φ̄I∇μΦII

2Φ̄IΦI

�
;

¼ −
:ðΦ̄IΦIÞ

Φ̄IΦI
pBμ
I − ð∇μννÞpBν

I −
mImIIR

μ
νρλν

ν

2ðmImII −m2
I;IIÞ

�
SρλI −

ℏmI;II

mII

Φ̄IIσ
ρλΦI þ Φ̄Iσ

ρλΦII

4Φ̄IΦI

�

þ iℏmImII

mImII −m2
I;II

�∇μð ˙̄ΦIΦI − Φ̄IΦ̇IÞ
2Φ̄IΦI

þ∇μΦ̄IΦ̇I − ˙̄ΦI∇μΦI

Φ̄IΦI

�

−
iℏmImI;II

mImII −m2
I;II

�∇μð ˙̄ΦIIΦI − Φ̄IΦ̇IIÞ
2Φ̄IΦI

þ∇μΦ̄IIΦ̇I − ˙̄ΦI∇μΦII þ∇μΦ̄IΦ̇II − ˙̄ΦII∇μΦI

2Φ̄IΦI

�
: ðG1Þ

Using expression (26) of the spinor field ΦIIðxÞ, we have

ΦII ¼ e
i
ℏS2ðψ ð0Þ

2 þ ℏψ ð1Þ
2 þ ℏ2ψ ð2Þ

2 þ…Þ cos θ − e
i
ℏS1ðψ ð0Þ

1 þ ℏψ ð1Þ
1 þ ℏ2ψ ð2Þ

1 þ…Þ sin θ;

Φ̇II ¼ e
i
ℏS2

�
ψ̇ ð0Þ
2 þ ℏψ̇ ð1Þ

2 þ ℏ2ψ̇ ð2Þ
2 þ… −

i
ℏ
m2ðψ ð0Þ

2 þ ℏψ ð1Þ
2 þ ℏ2ψ ð2Þ

2 þ…Þ
�
cos θ

− e
i
ℏS1

�
ψ̇ ð0Þ
1 þ ℏψ̇ ð1Þ

1 þ ℏ2ψ̇ ð2Þ
1 þ… −

i
ℏ
m1ðψ ð0Þ

1 þ ℏψ ð1Þ
1 þ ℏ2ψ ð2Þ

1 þ…Þ
�
sin θ: ðG2Þ

In a similar manner to the calculation leading to Eq. (E4), we compute the numerators in the third term and in the last line on
the right-hand side of Eq. (G1), up to first order in ℏ, to be, respectively,

iℏ∇μð ˙̄ΦIIΦI − Φ̄IΦ̇IIÞ ¼ iℏ

�
−
1

2
∇νν

ν

�
∇μðΨ̄2Ψ1 − Ψ̄1Ψ2

�
− ðm2cos2θ −m1sin2θÞ∇μðΨ̄2Ψ1 þ Ψ̄1Ψ2Þ

− 2∇μðm2Ψ̄2Ψ2 −m1Ψ̄1Ψ1Þ cos θ sin θ; ðG3Þ

iℏð∇μΦ̄IΦ̇II − ˙̄ΦII∇μΦI þ∇μΦ̄IIΦ̇I − ˙̄ΦI∇μΦIIÞ ¼ −iℏ
�
1

2
∇νν

ν

�
ð∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2 þ∇μΨ̄2Ψ1 − Ψ̄2∇μΨ1Þ

× ðcos2θ − sin2θÞ − 2∇μðm1Ψ̄1Ψ1 −m2Ψ̄2Ψ2Þ cos θ sin θ
þ iℏð∇νν

νÞðΨ̄2∇μΨ2 −∇μΨ̄2Ψ2 þ∇μΨ̄1Ψ1 − Ψ̄1∇μΨ1Þ
× cos θ sin θ þ ½m1ð∇μΨ̄2Ψ1 þ Ψ̄1∇μΨ2Þ
þm2ðΨ̄2∇μΨ1 þ∇μΨ̄1Ψ2Þ�ðcos2θ − sin2θÞ: ðG4Þ

Combining these last two identities with the results (E3), (E4) and (E5), and inserting these all into Eq. (G1), we find

ṗBμ
I ¼ −

mImIIRμ
νρλν

ν

2ðmImII −m2
I;IIÞ

�
SρλI −

ℏmI;II

mII

Φ̄IIσ
ρλΦI þ Φ̄Iσ

ρλΦII

4Φ̄IΦI

�
OðℏÞ

− ð∇μννÞpBν
I

þ
�

mImII

mImII −m2
I;II

∇μΨ̄1Ψ2 − Ψ̄1∇μΨ2 þ Ψ̄2∇μΨ1 −∇μΨ̄2Ψ1

4Φ̄IΦI
þ i
ℏ
Ψ̄1Ψ2 − Ψ̄2Ψ1

2Φ̄IΦI
pBμ
I

�
OðℏÞ

Δm21 sin 2θ

þ mImI;IIΔm21

mImII −m2
I;II

�∇μΨ̄2Ψ1 þ Ψ̄1∇μΨ2

2Φ̄IΦI
cos2θþ∇μΨ̄1Ψ2 þ Ψ̄2∇μΨ1

2Φ̄IΦI
sin2θ

�
OðℏÞ

þOðℏ2Þ: ðG5Þ

APPENDIX H: DERIVATION OF EQ. (44)

We give in this appendix the detailed steps leading to Eq. (44). Starting from the definition (42) of the dynamical 4-
momentum pμðxÞ, carried by the superposition Σ, we compute the proper time derivative ṗμðxÞ by performing the same
terms rearrangements we performed to extract Eqs. (D1) and (D2). The result is
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ṗμ
I;II ¼

mImIIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p d
dτ

�
iℏ
mI

∇μΦ̄IΦI − Φ̄I∇μΦI

2Σ̄Σ
þ iℏ
mII

∇μΦ̄IIΦII − Φ̄II∇μΦII

2Σ̄Σ

�

−
iℏmI;IIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p d
dτ

�∇μΦ̄IIΦI − Φ̄I∇μΦII þ∇μΦ̄IΦII − Φ̄II∇μΦI

2Σ̄Σ

�
;

¼ −
ðΣ̄ΣÞ

:

Σ̄Σ
pμ
I;II − ð∇μννÞpν

I;II −
1

2
Rμ

νρλν
ν

�
mIIΦ̄IΦIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ
SρλI þ mIΦ̄IIΦIIffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p Σ̄Σ
SρλII − ℏmI;II

Φ̄IIσ
ρλΦI þ Φ̄Iσ

ρλΦII

2
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ

�

þ iℏmIIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�∇μð ˙̄ΦIΦI − Φ̄IΦ̇IÞ

2Σ̄Σ
þ∇μΦ̄IΦ̇I − ˙̄ΦI∇μΦI

Σ̄Σ

�

þ iℏmIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�∇μð ˙̄ΦIIΦII − Φ̄IIΦ̇IIÞ

2Σ̄Σ
þ∇μΦ̄IIΦ̇II − ˙̄ΦII∇μΦII

Σ̄Σ

�

−
iℏmI;IIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�∇μð ˙̄ΦIIΦI − Φ̄IΦ̇II þ ˙̄ΦIΦII − Φ̄IIΦ̇IÞ

2Σ̄Σ

�

−
iℏmI;IIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�∇μΦ̄IIΦ̇I − ˙̄ΦI∇μΦII þ∇μΦ̄IΦ̇II − ˙̄ΦII∇μΦI

Σ̄Σ

�
: ðH1Þ

First, using the result (E3) together with the time derivative d
dτ ðΦ̄IIΦIIÞ, obtained from Eq. (E3) by the substitutions I → II,

θ → −θ and 1 ↔ 2, we learn that d
dτ ðΣ̄ΣÞ ¼ d

dτ ðΦ̄IΦI þ Φ̄IIΦIIÞ ¼ −ð∇μν
μÞðΣ̄ΣÞOðℏÞ þOðℏ2Þ. With this latter identity,

together with identities (E4), (E5), (G3) and (G4), Eq. (H1) reduces to

ṗμ
I;II ¼ −

1

2
Rμ

νρλν
ν

�
mIIΦ̄IΦIffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ
SρλI þ mIΦ̄IIΦIIffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p Σ̄Σ
SρλII−ℏmI;II

Φ̄IIσ
ρλΦI þ Φ̄Iσ

ρλΦII

2
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p Σ̄Σ

�
OðℏÞ

− ð∇μννÞpν
I;II þOðℏ2Þ: ðH2Þ
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