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We investigate the dynamics of spin-% particles that are freely propagating in superposed states in curved
spacetime. We first make use of a Wentzel-Kramers-Brillouin approximation of the Dirac equation in
curved spacetime to extract the corresponding Mathisson-Papapetrou-Dixon equations that describe the
deviation from geodesic motion as well as the spin precession of such particles. We then discuss, in light of
our results, the case of flavor neutrinos which are, by nature, a superposition of mass eigenstates.
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I. INTRODUCTION

The behavior of extended classical bodies under the
influence of gravity within the framework of general
relativity has been extensively studied in the literature very
early on. That study culminated in the formulation of two
sets of equations, derived mainly by Mathisson [1] and
Papapetrou [2], and put on more general and solid
foundations by Dixon [3-5] (see also Ref. [6] for a nice
account of all the intermediate contributions from various
other authors.) The first set of equations describes the
deviation from geodesic motion of classical spinning
bodies, whereas the second set of equations describes
the spin dynamics of those bodies as they move inside a
gravitational field. The Mathisson-Papapetrou-Dixon
(MPD) equations—as they have come to be known—
emerge from the equation of conservation of energy and
momentum of the spinning body combined with a multi-
pole expansion of the body’s energy-momentum tensor.

Given that quantum particles possess an intrinsic spin
angular momentum, we naturally expect such particles to
also exhibit, whenever they propagate inside a gravita-
tional field, a deviation from geodesic motion as well as a
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spin dynamics just as dictated by the MPD equations.
However, although the MPD equations—as extended
later by Dixon [3]—allow one to incorporate a contri-
bution from intrinsic spin angular momentum, the latter
has to be added into the equations by hand. One simply
inserts the canonical spin tensor one obtains from the
extended body’s field transformation under spacetime
coordinate transformations. No quantum mechanical der-
ivation of the intrinsic spin contribution is ever provided
within the framework of those equations themselves.
Therefore, directly applying the MPD equations to study
quantum particles’ motion just because intrinsic spin can
be field-theoretically incorporated in a classical way into
the equations is not fully satisfactory. Indeed, given that
the dynamics of spin- particles is fully governed by the
Dirac equation, the effect of gravity on the motion of
such particles cannot be assumed to be the same as the
one that would emerge from the classical MPD equations
even when the latter are amended by a term coming from
the canonical spin tensor.

The task of deriving MPD-like equations for spin-%
particles by starting from the Dirac equation was taken
up by Riidiger [7] and Audretsch [8] who extracted their
equations by applying a Wentzel-Kramers-Brillouin
(WKB) approximation method to the Dirac equation in
curved spacetime.l The application of a WKB approxi-
mation to the Dirac equation in Minkowski spacetime
was initiated by Pauli [13], and improved later by

'For an approach based on a Foldy-Wouthuysen transforma-
tion of the Dirac Hamiltonian, see Refs. [9,10]. For an approach
based on the eikonal approximation combined with a Gaussian
wave packet, see Refs. [11,12].
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Rubinow and Keller [14] and Rafanelli and Schiller [15],
before it got generalized to curved spacetime for particles
coupled to the Maxwell field as well as for massless
particles (see Ref. [16] and references therein.) Moreover,
besides making the extracted equations automatically
anchored to more solid quantum foundations (by being
extracted from the Dirac equation), the WKB approach
offers an invaluable tool for taking into account the other
important feature of quantum particles, which is the
ability of the latter to be in a superposition of different
quantum states.

The classical MPD equations have actually been exten-
sively put to use in the literature [17-21] for studying the
spin precession of neutrinos which, as is well known, are
not only quantum particles endowed with intrinsic spin but
are also made of a superposition of different quantum states
that allow them to undergo flavor oscillations as well (see
the more recent works [22—-27] and the references therein).
In fact, the three flavor neutrino states detected exper-
imentally so far are made of a superposition of three
different mass eigenstates, each of which carries a different
inertial mass. This observation puts therefore into full
perspective our discussion above. Indeed, applying the
WKB approximation to the Dirac equation for extracting
MPD-like equations for particles that propagate as a
superposition of different quantum states becomes of
paramount importance for studying any physical phenome-
non that involves the dynamics of such particles in curved
spacetime. In this paper, we have set ourselves the goal of
carrying out such a task.

We organized the remainder of this paper as follows. In
Sec. II, we briefly introduce the classical MPD equations
and recall what each of the different terms displayed in
those equations means. In Sec. I1I, we give a review of the
derivation of the MPD-like equations for spin-} particles
from a WKB approximation of the Dirac equation in
curved spacetime based on Refs. [7,8]. We give a
derivation of those equations that neither appeals to a
symplectic Hamiltonian (see Ref. [16] and references
therein) nor requires any specific choice of frame [7,8].
Our derivation of those equations will indeed be tailored
to easily accommodate the multistate scenario that is of
interest to us here. In Sec. IV, we use the results and the
tools of Sec. III to derive the dynamics of a spin—% particle
that freely propagates as a superposition of two different
quantum states in curved spacetime. A rigorous elabora-
tion on the subtleties coming from defining a dynamical
4-momentum to be associated with such particles is
provided. We then make use of the results of Sec. IV
to discuss in Sec. V the case of flavor neutrinos that are
made of a superposition of different mass eigenstates. We
summarize and discuss our main findings in a brief
conclusion given in Sec. VI. More detailed steps of some
of the calculations required in the text are collected in
Appendices A-H.

II. MPD EQUATIONS FOR CLASSICAL
SPINNING BODIES

For a later comparison between the classical and quan-
tum dynamics of particles with spin, we devote this section
to displaying the classical MPD equations and briefly
recalling the definition of the various terms they contain.
This will also allow us to fix some of the notation to be used
throughout the rest of this paper.

Let p* be the dynamical 4-momentum of a spinning body,
that should not be confused with the body’s kinematical 4-
momentum z# = mu# that satisfies m = —m?. Here, m is
the body’s mass, and v# = dx*/dz is the body’s center-of-
mass 4-velocity (v,1# = —1) for any affine parameter 7 thatis
taken to be the proper time of the body. Then, at the pole-
dipole approximation (which consists of considering only the
momentum and the spin angular momentum of the body, and
ignoring the higher multipole moments of the latter), the first
set of MPD equations describes the nongeodesic motion of
the spinning body, and reads

Dp# 1

- _

i —ER",,,,{;z/”Sf"’. (1)
Here, we introduced the dot notation (which we shall use
throughout the paper) to denote the proper time derivative.
The operator D = dx*V, stands for the total covariant
derivative, R*,,; is the Riemann curvature tensor, and S*”
is the spin tensor in which is encoded the spin-angular
momentum vector S* of the body according to S* =
—5-¢t,,p*SP*. The totally antisymmetric Levi-Civita ten-
SOT €)1 = \/—G€ups, 18 given in terms of the metric
determinant g and the Levi-Civita alternating symbol
€,p2> Normalised such that &y53 = 1.

The second set of MPD equations describes the dynam-
ics of the spin tensor S**, and reads

DS#
dr

Sw =

= phv = pt. (2)

Note that the right-hand side of this equation does not
vanish as the 4-vectors p* and v# are not proportional to
each other. Note also that contracting both sides of Eq. (1)
with v, yields v, p* = 0, by means of which one deduces
the conservation of mass m = 0 after performing the
identification m = —v, p*. Therefore, contracting both
sides of Eq. (2) with v, yields p* = m* — v,5", which
provides at the first order in spin the explicit relation
between the dynamical 4-momentum p* and the kinemati-
cal 4-momentum mu*. Furthermore, at the zeroth order in
spin, the first set of equations (1) reduces to the geodesic
equation p* =0 of freely propagating spinless point

*We use, throughout the paper, the spacetime metric signature
(=, +.+,+) and we set ¢ = 1.
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particles, whereas the second set of equations (2) reduces to
S =0, which describes the well-known gyroscope pre-
cession in free fall [28].

Besides Egs. (1) and (2), the so-called Tulczyjew-Mgller
condition $*’p, = 0 [29,30] (as opposed to the so-called
Pirani-Mathisson condition S$*v, =0 [1,31]) is also
imposed on the classical spin tensor S through the
dynamical 4-momentum p* of the body. This condition
is imposed as a supplementary condition to supply us with
the extra three equations required to make the system of
seven independent equations (1) and (2) determinate
enough to solve for the ten unknowns v#, v, p* and $**.
For a further discussion on these and other supplementary
conditions, see Ref. [32] and references therein.

II1. MPD-LIKE EQUATIONS
FROM A WKB APPROXIMATION

The purpose of this section is to give a review of the
method for extracting MPD-like equations from the curved-
spacetime Dirac equation that describes the dynamics of a
single spinor field in curved spacetime. The derivations that
will be given here follow closely the works of Riidiger and
Audretsch [7,8]. The slight difference, though, is that we
shall deal here with labeled states, we shall not rely on
any specific reference frame, and we shall extract a few
extra equations that are general enough to provide us with
the tools without which the case of superposed spinor
fields of Sec. IV cannot be tackled within our approach.
Furthermore, in view of our application of the results of this
section to the case of flavor neutrinos, we consider here the
case of spinor fields that carry different masses.

We use in what follows Latin subscripts (i,j) to
distinguish the different possible states of a particle, each
carrying a different mass. Then, the Dirac equation for a
spin-j particle in a state described by the spinor field ¥;(x),
carrying a mass m; and freely propagating in curved
spacetime, reads

(ihy*V, —m;)¥;(x) = 0. (3)

Note that throughout this paper no summation is intended
when repeated Latin indices i and j are displayed. The
curved-spacetime gamma matrices y* are built from the
flat-spacetime constant gamma matrices y* by projecting
the latter onto the curved manifold using the vierbeins ef.
The latter are defined with the help of the Minkowski
metric 7% by eheln® = g" for any spacetime metric
gu of inverse ¢*’. The spin-covariant derivative acting

on spinor fields is defined by V, =0, + @i [y,. 7).
The spin connection a)ﬁb is built from the vierbeins and
the Christoffel symbols extracted from the metric as
wit = -0l + T, ed.

Plugging the WKB ansatz for the spinor field ¥;(x)
[7.8],

i - "

w0 —exp [pSi0| L. @
n=0

where S;(x) is a real scalar function and 1//5"> (x) are four-

component spinors, into the Dirac equation (3), and then

equating to zero the coefficient of each power of 7%, one

easily extracts the following set of equations for the spinors

w\" (x) [7.81:

0
(v mi, + m)y” =0, (5)

= iyﬂvﬂwgn_n ,

(r'my, + m,-)l//,(-”) n=1,2.73,... (6)
We set 7;, = 0, S;, to be identified with the kinematical
4-momentum of the particle in the state described by
the spinor field W;(x). Equation (5) is an algebraic

equation that has a nontrivial solution 1//50) when

det(y*r;, + m;) = 0. This condition yields the mass-shell
equation 7;,7} = —m? that gives the usual geodesic equa-
tion of a particle of mass m; and of 4-momentum 7.
This equation is also the Hamilton-Jacobi equation
0,8,0"S; = —m7 for the phase function S;(x). Therefore,
by setting 7' = m;1#, we conclude that, to the zeroth order
in 7, the particle simply follows a geodesic of tangent
4-vector . In other words, spin has no effect on the
trajectory of the particle at the zeroth order in #.

As the matrix multiplying 1//50) in Eq. (5) is a rank-2
matrix, the two linearly independent eigenspinors @4 (x)
and ©p(x) of such a matrix imply that a general eigenspinor

1;/50) is a linear combination of the form [7,8],

p(x) = al” (0)04(x) + b (x)Op(x).  (7)

for some complex scalar factors aﬁo) (x) and bl(.O> (x). Note
that the 4-spinors ©4(x) and @ (x) do not carry an index i
because the mass m; in Eq. (5) can be factored out and the
matrix multiplying these 4-spinors simply reads y*v, + I,
where I denotes here (and henceforth) the 4 x 4 identity
matrix. Also, being linearly independent and normalized,
the two 4-spinors ©4(x) and Op(x) satisfy the following
identities [7,8]:
0,05 = 643, Opr'Op = 1Myp. (8)
The second of these two identities follows from the first one
after plugging the combination (7) back into Eq. (5). In
addition, we find that these 4-spinors also obey the
following two constraints:
0, =C,0, + C,0, O = D05 +D,0,, (9)

where C;, C,, D; and D, are four arbitrary complex
scalars. The constraints (9) on these four complex scalars,
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as well as the nature of the latter, are all derived in detail in
Appendix A. Moreover, when combining the two con-
straints (9) with Egs. (5) and (8), we extract the following
additional identities to be satisfied by the 4-spinors (see
Appendix B for a detailed derivation):

- 1 - 1
G)Ay”vy@A = EV”I/" + Cl’ @By”VMG)B = EV”I/" + Dl’

(:)A}/”V”GB = D2. (10)

On the other hand, the 4-spinors ©®,(x) and ®p(x) still
need to be constrained by the solvability conditions of the
remaining equation (6). Indeed, Eq. (6) is a nonhomo-
geneous linear equation that is solvable if and only if the
linearly independent solutions ©,(x) and @z (x) of the
transposed homogeneous version of the equation are
both orthogonal to the term causing the nonhomogeneity
of the equation. In other words, we need to have the two

conditions @Ayﬂvﬂy/l("_w =0 and @BJ/”V,,z,z/f-”_1> =0 sat-
isfied for any integer n > 1 as well. Upon inserting the
linear combination (7) into these extra two conditions after
setting n = 1, the latter translate into

S W

1

. 1
O = - (E T D1> b —Cal”. (11

Upon using Egs. (9) and (11), we learn that each of the
zeroth-order spinor fields z//(.o)

;(x) obeys the following
dynamics [7,8]:

() = =3 (T (). (12)

Similarly, being solutions to the nonhomogeneous equa-

(n)

tions (6) the 4-spinors y; ’ (x) (for n > 1) can be written as

linear combinations of the 4-spinors ©,(x), @z(x) and
£" (x). The spinors & (x) are orthogonal to ©,(x) and
®p(x) and are the particular solutions of Eq. (6). Thus, for
n>1 we have [7]

" (x) = al" (1)@, (x) + b (1)@ (x) + & (x).
n=123,.. (13)

where @\ (x) and 5" (x) are arbitrary complex scalar
factors to be constrained. The explicit expressions of the 4-
spinors & (x) can be found in terms of two other mutually
orthogonal 4-spinors Il,(x) and Ilg(x) that are also
orthogonal to the 4-spinors @4 (x) and @g(x). Therefore,
O, (x), Op(x), IMy(x) and Mgz(x) form a complete ortho-
normal 4-spinor basis in terms of which our solutions

yfﬁ")(x) can be expressed. For that purpose, we can easily

check that it is sufficient to have IT,(x) and Ilgz(x) be
the two linearly independent solutions of the equation
(7"v, — DIT = 0. It follows then that these two spinors also
satisfy the following two identities [7]:

T[Ty = =643, [y Tl = #6,p. (14)
By plugging the combination (13) into Eq. (6) and making
use of the identities (14), we extract the following explicit

(x) (72:

expression of the 4-spinors J;

}HA + [HByﬂvﬂWzn K ]HB}

(n) _ p
¢ 2m {[HAV V.,

1

n=12.3,.. (15)

In analogy to the constraints (9) we got on the 4-spinors
0O4(x) and Op(x), we also derive by means of the same
method the following constraints on the 4-spinors I, (x)
and TTgz(x):

HA:K]HA +K2HB, HB:L1H3+L2HA, (16)
where K, K>, L, and L, are also four arbitrary complex
scalars that are of the same nature as the scalars Cy, C,, D;
and D;; namely, K, = =K}, Ly =—Lj] and K, = —Lj.
From the two equations (16), we extract the following two
additional identities satisfied by these two 4-spinors:

_ 1 _ 1
HA]/FV”HA = Evﬂl/ﬂ + Kl, HB]/”V#HB = EV/,I/” + le

I:IA}’MVMHB = Lz. (17)

The complex scalar factors a!"”)(x) and b"(x) entering
the combination (13) are constrained by the conditions
(:)Ay”VﬂI//E”) =0and G)Byﬂvﬂy/f.") = 0 for n > 1. The latter
two conditions together with the combination (13) yield

n 1 n n ~ n
b= ( V4D, )b' )" +057V, & (18)

Combining the constraints (16) and (18), we deduce the
following dynamical equation for the nth-order spinor field

v\ (x) when n > I:

(n)

i = =5 (V" +5 (V )& + (0,7, )0s

1
2
+( By’uvﬂéi )®B+fi . (19)
From this general equation, the following two identities,
which are necessary for deriving the main formulas
of Sec. IV, are easily derived by setting n =1 (see
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Appendix C for the detailed steps):

_(0). (1 1 _(0) (1
7y = = (VM

(1), (0 1 _(1). (0
iy = =2 (Vi (20)

Consider now the Gordon decomposition of the con-
served Dirac 4-current ¥;y*¥; [7,8]:

Ry — )+ ;’

2ml' m;

Vu(li"iglwlpi)’

(21)

where we used the customary notation for the commutator

of the gamma matrices: ¢** = £ [y*,y"]. The first term in
this sum is identified with the convection 4-current /% (x)
associated with the state ¥;(x), whereas the second term is
identified with the corresponding spin 4-current j (x).
Both currents are separately conserved thanks to the Dirac
equation (3). From the convection 4-current, one extracts
the dynamical 4-momentum p/ = m;j /(¥;¥;) which,
after inserting into it the WKB ansatz (4), takes, up to
the first order in #, the following form [7,8]:

Ji(x) =

in
(0), (0) [

- Vg Oy — O (22)
29y,

i

pi(x) = m +
Thus, the various identities derived above, together with
the geodesic equation 7 = 0 satisfied by the kinematical

4-momentum, we easily show, as worked out in detail in
Appendix D, that

. 1
p}zl = - E Rﬂv/m

877 — (Vi) ph. (23)
Here, S is the spin tensor associated to the particle in the
state described by the field W;(x). The explicit definition of
that tensor in terms of W;(x) reads [7,8]

\i[ HAPY —(0) "y (0)
v, MmO (4
2y

i

S =n

In the second step, we have kept only the leading term that
is first order in /. We may take, as is done in Ref. [8] for a
single state, the components S of the tensor (24) to
represent the components of the spin per particle in the state
W, (x), for in the non-relativistic limit ¥;(x) is a spinor wave
function and one may interpret ¥;c**¥; and ¥,¥; as the
spin density and the number of particles density in that
state, respectively. Using the definition (24), we straight-
forwardly compute the proper time derivative S/ by
making use of Eq. (12). To first order in £, the result is [7,8]

§ =o0. (25)

The two results (23) and (25) are the quantum analogs of
the first set and second set of the classical MPD equa-
tions (1) and (2), respectively. One immediately notices the
difference between the two sets of equations. Concerning
the first set of equations, we note that although the term on
the right-hand side of the classical equations (1) is fully
recovered in Eq. (23), the extra term —(V*v,) p¥ that is not
present on the right-hand side of Eq. (1) also arises here. In
Refs. [7,8] the left-hand side of Eq. (23) is rather written as
m~! p*V, p#, which, to first order in 7, precisely amounts to
having p* plus the extra term p*V,u# which leads, thanks
to Eq. (12), to our second term on the right-hand side of
Eq. (23). It is also important for our discussion in the next
section to notice here that at the zeroth order in 7, Eq. (23)
reduces, as expected, to the geodesic equation p? =0 of a
classical point particle.

Concerning the second set of equations, we also note that
the right-hand side of the classical equations (2) does not
vanish, in contrast to the right-hand side of the quantum-
mechanical result (25), even though we were careful in
keeping in the derivation of the latter all terms that are up to
the first order in 7. Note that these two slight discrepancies
between the two sets of classical and quantum equations do
not arise within a purely Lagrangian approach [33-36].
Finally, we easily check that the definition (24) of the spin
tensor yields, at first order in A, the Tulczyjew-Mgller
condition % p;, = 0 for each state ¥;(x) thanks to Eq. (8).

IV. MPD-LIKE EQUATIONS
FOR SUPERPOSED STATES

Consider a particle of mass m; freely propagating in
curved spacetime as a single spinor field ®;(x) made of a
linear superposition of two different spinor fields ¥ (x)
and W, (x) carrying masses m; and m,, respectively. The
effective mass m; of the particle is a function of the masses
m; and m, carried by the two fields ¥, (x) and ¥,(x). We
assume the following decomposition of the spinor field
®,(x) in terms of the fields ¥, (x) and ¥, (x):

D (x) = cos O (x) + sin 0¥, (x),
®;;(x) = —sin ¥ (x) + cos 0¥, (x). (26)

The real parameter 6 of the superposition is taken to be a
constant in spacetime. The second superposition ®;(x),
obtained from the first via an orthogonal rotation in the
state space (¥;,%¥,), is automatically associated to a
second particle of mass m;;. Being in a superposition of
two different states, the dynamical 4-momentum of each of
the two particles contains interference terms arising from
the overlap of the two fields W, (x) and W,(x). There are
now three different options for extracting a 4-momentum
that could play the role played by the dynamical
4-momentum of Eq. (23).
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A. First option for a dynamical 4-momentum

One option for building the 4-momenta is to assign

pi¥(x) and p¥(x) to the first and the second particle,
respectively, by using convection 4-currents that would
be associated to the superpositions ®@;(x) and ®;;(x)
simply by substituting in the first term on the right-
hand side of formula (21) the spinor field ¥;(x) by the
fields ®;(x) and ®;;(x), respectively. We use here a
superscript A to denote the momenta obtained within
this first option in order to distinguish them from the
momenta we obtain within the second and third options

dealt with below. The 4-momentum, say p?*(x), would
then read

Au ih
P — 3=
20,0,

. A Sv;/l 12 251 Au
plﬂ = 2R”y/)ﬂyy /I (vﬂyy)p?b (h ij_ Iq)] Pr

X Ale sin 20 + O(hZ)

The subscript O(#) on brackets means here (and
henceforth) that we keep inside the brackets only those
terms that are at most of the indicated order in #.
Furthermore, we introduced, for convenience, the notation
Amy = my — m;. The detailed steps leading to this result
are given in Appendix E. Here, we defined, in analogy to
Eq. (24), the effective spin tensor S associated to the
particle in the quantum superposition ®;(x) by

fl(i)la’”q)[

s = L
28,0,

(30)

In terms of the spin tensors S/ and S5° of the single-state
particles, this spin tensor reads

v,y P,V
S = L gc0s20 + =22 $4sin%0
D, @,

+ (P,6"F, + P,0"P,)sin20.  (31)

To first order in 7, the proper time derivative of this tensor
is found to be (see Appendix F for a detailed derivation)

S/w _ 1\?1?2 - lijZlPI
! h 20,9,
X Amy, sin 20 + O(h?).

S iquo'”yqjl_— Li’16’"'\1'2)
! 40,9, o(n)
(32)

Note that the content inside the parentheses is made
of terms of order 7 and higher as can easily be checked

The 4-momentum pff would be obtained from this

expression by the subscript substitution / — /1. On the
other hand, from the definition (27) of the 4-momentum
p’?” , we can express the latter in terms of the momenta
Pl and pi as
¥y plicos?6 + ek phsin0
D0, @0,
if sin 20
45,0,

L VALY, BV,

Ap
Pr =

(28)
Using our results from the previous section concerning

the dynamics of the individual 4-spinors ¥;(x), we find that

the dynamical 4-momentum p;‘” of the particle obeys in
this case the following equation of motion:

VA ¥, — P, VI, + P, VAP, — V”‘i‘z‘{ﬁ)
40,, o(h)

(29)

I
since at zeroth-order we have 1/7(10)y/§0) Oy

=¥y Y
1/7&0)0””1/150) = _go) oﬂ”z/jéo). Thus, the leading-order term

on the right-hand side of Eq. (32) is indeed of order 7.
The equations giving p};, S and S4] extracted from the
superposition ®;;(x) have the same forms as those in
Egs. (29)—(32); one has only to make in the latter equations
the replacements [ — 11,0 — —@ and 1 < 2. Note, accord-
ingly, that as the numerators of the ratios on the right-hand
side of Eq. (32) are both antisymmetric under the sub-
stitutions @ — —@ and 1 <> 2, at first order in % the time
derivative of the sum (®;®;SV" + ®;,®,,S},)/(®,D; +
®;,®;;) vanishes as can be checked with the help of
Eq. (E3). This means that for superposed states, what obeys
the analog of Eq. (25) for single-state particles are not the
individual spin tensors S/ and Sy, associated to each
superposition, but rather the weighted sum of those spin
tensors.

The results (29) and (32) bring corrections to Egs. (23) and
(25) that are entirely due to the interference between the
superposed states ¥; (x) and W, (x) making the particle. It is
worth noting that these interference terms arise as a conse-
quence of a direct overlap of the fields, as in the terms ‘i’,-‘I‘j,
as well as an overlap via the intermediacy of the gravitational
field, as in the terms ‘i’,-V/“Pj and ‘i’ia’”‘l’j. Also, in both
Egs. (29) and (32) the corrections are all proportional to the
mass difference of the two quantum states and vanish only
when the latter carry identical masses.

The result (29) clearly shows a distinct departure from
Eq. (23) of single-state particles. Such a difference consists

and
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of an extra term arising from the interference between the
fields, and it is proportional to the mass difference Am,;.

As for the case of the spin tensors S} and S;, however, one

can build a combination of the momenta p/* and p/# that
would satisfy the exact same equation as Eq. (23). Indeed,
thanks to the antisymmetry of the numerators of the extra
terms inside the parentheses in Eq. (29) with respect to the
substitutions 1 <> 2 and 6§ — —0, we easily check with the
help of Eq. (E3) that the time derivative of the sum
(‘i)I‘DIP;w + ci)”q)”p;‘;‘ )/ (D@ + & @) satisfies  the
analog of Eq. (23), with the weighted sum (®,®;S}" +
®,,®,8)))/(®,®; + &, D;;) playing the role of the effec-
tive spin tensor. This means again that what obeys the analog
of Eq. (23) for single-state particles are not the individual
4-momenta pf" and p?,” associated to each superposition,
but rather the weighted sum of those 4-momenta.

On the other hand, using expression (28) of the
4-momentum together with the definition (30) of the spin
tensor, we easily check that at first order in 7, we have
$7 p4 = 0, which is the analog of the Tulczyjew-Mgller
condition for superposed states based on this first option
(27) for the 4-momentum. Moreover, we straightforwardly
check that not only does the second superposition also
satisfy the condition S;; p4,, = 0, but that we even have
S% p4y, = 0 and S§; p4 = 0 at first order in #. This comes

about thanks to Eq. (8) and the fact that in p?" and p?[” only
the terms proportional to t# are zeroth order in #, which
already fulfill the Pirani-Mathisson condition S/“v, =0
for r =1,11. Indeed, the 4-velocity v is common to
the different states and superposition of states thanks to
the common proper time 7 of the latter, as dictated by the

|

- iflmn
oV, =—
e 2(mymy; — m%‘,,)

hmH |:

+ - 000~
2(mymy — m%,,)

The decomposition of the current ®;;y#®,; follows from
Eq. (35) by the substitution / <> /1. The terms in the first
line on the right-hand side of Eq. (35), although not
conserved, can be viewed as making a convection 4-current
JE,(x) that could be used to extract a 4-momentum

pf" (x) to be associated with the first particle. Setting
pi = mJ, ) (®,®;), we have

Bu _
pPr =

ihm;my; (V"@,dﬁ — O, Vrd,
mpmy — m%,, 2(i)lq)1

my g V¥ ;P — @, V'O,
- myy 20,9, ) '

(36)

equivalence principle, whereas the interference terms in
those momenta are all first-order and higher in 7. In what
follows, we shall explore a different option for building the
dynamical 4-momenta and how these various results get
modified.

B. Second option for a dynamical 4-momentum

The second option for building the dynamical 4-
momenta of the first and the second particle, that we
denote here by p¥(x) and pi¥(x), respectively, is to first
obtain a Gordon decomposition for the currents ®,y*®,
and ®,;y#®,,. These currents could then be used to extract
the 4-momenta. In fact, the linear combinations (26) lead to
the following coupled Dirac equations satisfied by the
spinors @;(x) and @ (x):

(ih}/ﬂvy —my)®;(x) = ml,u‘bu(x),
(ih}f”vﬂ - mll)q)ll(x) = mI,IIq)I<x)- (33)
The masses m; and my; of the particles as well as the
coupling mass m; 7, all emerging from combining the two

uncoupled Dirac equations satisfied by W, (x) and ¥,(x),
are given in terms of the masses m; and m, of the latter by

_ 2 02 _ 2 2
my; = m;cos<0 + mysin-@, m;; = m;sin-0 + m,cos<0,

1
m“, = EAmzl sin 26. (34)

Using the coupled Dirac equations (33), we easily derive
the following decomposition of ®,;y*®,:

{V'@chf S AV PR é,wcbn)}

myy

V(@0 D)) — % (V, @0t ®; + q_)ﬂ’””qu)n)} . (35)
1

I

The expression of pf,” (x) is obtained from Eq. (36) by
making the substitution / <> II. As we did for the
4-momenta p* and p’¥, we can express the 4-momentum
P2 in terms of the 4-momenta P and ph as follows:
mpmpy

Bu _
pPr = 2
mpmyy — my

« |:pA/4 My <q’1lplplf + lilqung> sin20

1

2m11 q_)lq)l
" ) !
_ LI g g, VR, )cos20
2m11d)1q)1
" ] ]
LI ge p, VR )sin20|. (37)
Zqu)Iq)I
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A similar expression for pf,” is obtained from Eq. (37) by
the substitutions 1 <> 2, § - —0 and [ <> II. With this
4-momentum, we check that at first order in # the
Tulczyjew- M¢ller condition is also satisfied for both spin
tensors, S;"p% =0 and S}; p%, = 0. Moreover, we also
have the vanishing of the mixed products, Sj; p% = 0 and

|

S% p% =0. This comes about thanks again to the fact
that all the interference terms in expression (37) are
proportional to 7, while terms containing ¥ are zeroth
order in 7.

A lengthy, but straightforward calculation, then leads to
the following proper time derivative of the 4-momentum:

) Am21 sin 260
O(h)

PP = mpmy; R ( pr iy ®yp0” ’1‘1)1_4' ®;0” 2‘I)H> — (Vi) pP
2(mymy —mj ) mp; 40,9, O(h)
N ( mymy VAP, — ‘?IV”‘I’Z_—F Y, Vi, — VHP, P, i‘i’l'{’z_— Y,¥, B
mpmy —mj3 40,0, o200,
N m,mLHAmzZl (V”@Z‘Pl_+ Y,V V”‘i‘l‘Pz_Jr P, VHy,
My — my 20,0, 20,0,

The detailed derivation of this equation is given in

Appendix G. The time derivative pf,” of the second
particle’s 4-momentum is obtained from Eq. (38) by
making the substitutions / <> II, § - —0 and 1 < 2.
Given the antisymmetry of all the numerators of the ratios
in the second and third lines of the result (38) with respect
to the substitutions § - —6 and 1 <> 2, we immediately
check again that, similarly to what is found for the

4-momenta p* and p7¥, the weighted sum (®;®;p5 +

<I>,,¢>,,p,,) (®,®, + D, ®;;) does obey an equation
analogous to Eq. (23). However, besides the weighted
sum (@, @S} + @9, 7))/ (PP, + Py Py;)  playing
again the role of the effective spin tensor, extra terms
made of the mixed tensor ®,,6**®, and its complex
conjugate appear now coupled to the Riemann tensor as

|

sin26> + O(h?). (38)
o(n)

|

well. In what follows, we shall therefore consider a third
option for building the dynamical 4-momentum of the
particles.

C. Third option for a dynamical 4-momentum

The third option is to form, instead of two separate
4-momenta, a single dynamical 4-momentum p’ ;,(x) from
both superpositions ®;(x) and ®;;(x) by relying on a
Gordon decomposition of the conserved total 4-current
Y 11 (x) = @y ®; + Dpyy#®y;. One can easily check using
Eq. (33) that the 4-current J4 ,(x) is indeed conserved.
Furthermore, making use of the coupled Dirac equa-
tions (33), we easily extract the following Gordon decom-
position of such a current:

mpmyj lh = = lh — —
JY = — (VFD,®; — O, VFD — (VFD,,®;; — ®, VD
7.0 (%) (mymyy — m2 ) [ m1( 1@ — O, VID)) +2m”( 1P — P 11)]
7 i ) i )
- ng (VD @) — O, VID), + VFID, D)) — &) VID))

2(mymy; — ml,l[)
hmymymy v (éﬂfﬂyq)l + ;0" Dy _ D)0 @, + ‘i)IG””‘I’11> (39)

2(mgmy; — m%,,) mypmy iy mymy mympy

The first two lines on the right-hand side of this equation
represent the convection 4-current J%, ;,(x), whereas the
last two lines represent the spin 4-current J%; ;,(x). These
two currents are separately conserved. The conservation
equation V,J%, ;; = 0 follows from using the coupled Dirac
equations (33) and the identities, [V, V, |®
and [V,,V,|® = —tR,, ., Do, satisfied by any 4-spinor
® (see, e.g., Ref. [37]). The conservation equation
V,J5; ;1 = 0 follows from the conservation of every indi-
vidual term of that current as a consequence of the

4 ;wabg (I)

antisymmetry of the tensor ¢** in its two indices and the
symmetry of the Christoffel symbols in their lower indices.
In a more condensed form, the coupled equations (33)
can be written as (iAI*V, — M)X = 0, where the matrix
I*, the mass matrix M and the spinor X are given by

o0 m; m D
= () M= ) 2= ()
0 My My D

(40)
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The matrices [* and M are taken formally to be
2 x 2 matrices acting on the spinor X taken formally
to be a 2-component spinor. As a consequence, the
conserved convection and spin 4-currents J%, ;,(x) and
J4(x) take the following condensed expressions
as well:

T () = %h(V”iM‘IZ _SMIUrE),

1 -
J(x) = 3 AV, (ZI*M~IT). (41)

Here, we defined £ = XT° and we introduced the block-
diagonal matrix I'** = £ [I'*, T*] having the matrix ¢*" as its
only nonvanishing elements sitting on its two diagonal
entries. The first identity in Eq. (41) then suggests the
following possible expression for a dynamical 4-momentum:
Py =MJY ,/(EX), where M stands for y/det(M): the
square root of the determinant of the mass matrix M taken
again formally to be a 2 x 2 matrix acting on a 2-component
spinor X. Therefore, we have M = (m;m;; — m? )2, which
leads to the following third option for the 'dynamical
4-momentum:

p” mypmj; <£V”d_>,®] — d_),V”(D,
Lir — $

mm, \2m; W 2my; M)
- ihmy (V'@ @ — O, VFD, + VD, D) — O VI, (42)
miymy 222 '

This expression might be cast in terms of the 4-momenta of the previous subsections as follows:

py _ mypmyy q_)lq)l pAﬂ ¢_>”¢” Ap + my lp1‘111 p”_@ijz pﬂ sin 26
LI \/ymy m,iZ ! m,,iZ 1 /Ny ny 22 ! iZ 2

ifim; ;; cos 20

2\ /Ny mziz
Combing the result (28) with this expression, we immediately check again that at first order in £ the 4-momentum p’;’ I
fulfills the Tulczyjew-Mgller condition in the forms S} p;;;, = 0 and S/ p;; 1, = 0. Note also that expression (43) is, as is

expression (42), symmetric with respect to the substitutions 1 <> 2, 8 —» —@ and I < 1.
From expression (42), the equation of motion of the 4-momentum p} ,;(x) then reads

(V9,9 — B VHW, + VB, P, — B, VH, ). (43)

my @, P, pA m; @,y

1/}7’!1}7’!222 ! 1/7’)’117’)1222

W 1 U v
Pri = _ER vpAV

The detailed derivation of this equation is given in
Appendix H.

We notice from this last result that, in contrast to the
previous expressions (29) and (38) for the dynamical
4-momenta, there emerges here an invariance under the
substitutions 1 <> 2 and / <> I1. This symmetry emerges,
of course, from the fact that the dynamical 4-momentum
(42) is now also symmetric under the exchange of the two
particles of masses m; and m;;. Moreover, in the limit
h — 0, Eq. (44) reduces to the geodesic equation pf ,, = 0.
Note also that, in contrast to what is found for the momenta
from the first and the second options, the result (44)
shows that the 4-momentum p} ;; does obey an equation
that is similar to Eq. (23), albeit an extra term similar to
the one appearing in the time derivative of the weighted
sum (D,®;p" + @y prl )/ (B;P; + Py ®yy) is also
involved here.

The result (44) displays explicitly the role of the
quantum superposition in dictating the deviation from

(i)HO"”/{(I)] + (i)[O"[M(DH

PA
Sy —hmy

I — (VFu,)pt, + O(R2). (44
e ) = (V)pt +OUR). (34

I

geodesic motion of the particles. In fact, we observe
that both spin tensors S7* and S}, associated to the two
superposed states ®; and ®;; contribute now simulta-
neously to the deviation from geodesic motion via
their coupling to the curvature tensor. Such a coupling
is weighted by the effective mass of each of the two
superpositions @®; and &;;, respectively. Moreover,
there is also an extra coupling with the curvature
tensor that involves the “mixed” spin tensor
(®,0"®; + B0 D) /(2EF) arising from the inter-
ference between the components of the quantum
superposition.

If one proceeds in analogy with what was done for
extracting the spin tensors S|° and S5 from the con-
served spin current (21), then one would obtain from the
conserved spin current J5; ;;(x) the “mixed” spin tensor
St = AM(EI*M™'Z)/(2£X). The explicit expression of
the latter in terms of the spinors @; and ®;; and the spin
tensors S/ and S}, reads
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m;®,0 m;®,,o
Sﬂl/ — 11 _I IS/,{D 1 I_I 17
SV R V5>
hmy 11 (@6 D; + Do D)
2MEX ’

v
SI 1

(45)

This tensor satisfies also at first order in 7 the Tulczyjew-
Mgller condition in the forms S}, p;, = S}, py, = 0 and
St pri, =0. On the other hand, with the help of
expressions (E2) and (G2), we obtain the equation of
motion of this spin tensor up to the first order in % to be

8, =0. (46)

Thus, in contrast to the dynamics of the spin tensors S%* and
S/ given by Eq. (32), the leading term on the right-hand
side of Eq. (46) is second-order or higher in 7. Therefore,
just as does the mixed 4-momentum pf ,,, this mixed spin
tensor obeys the same dynamics as the one obeyed by the
spin tensor of the single-state particle.

We conclude from these various observations that no
specific option for building the 4-momentum is preferable
over the other. Choosing one option over the other depends
on one’s needs. If one wishes to keep track of one of the two
superpositions @; or ®;; individually, then the first option
for the 4-momentum given by Eq. (27) is the recommended
one. If, instead, one is interested in the nonconserved
currents @;y#®; and ®,;y*®,; associated to each super-
position individually, then one needs to consider the second
option for building the dynamical 4-momentum. Finally, if
one is rather interested in the conserved total 4-current
®,y#®; + @, y*®,,;, one has to rely on the mixed dynami-
cal 4-momentum (42).

V. APPLICATION TO FLAVOR NEUTRINOS

In light of our various results concerning superposed
states from the previous section, we briefly discuss in this
section the case of flavor neutrinos’ spin oscillation in
curved spacetime. Let, for simplicity, |v.) and [v,) be the
only two flavor states of a neutrino; the electron flavor and
the muon flavor, respectively. Let ®,(x) and ®,(x) be the
corresponding spinor fields of the two flavor states, and let
¥, (x) and W,(x) be the corresponding two mass eigen-
states’ fields of masses m; and m,, respectively. The flavor
states are expandable as linear combinations of the mass
eigenstates according to Eq. (26) in which one replaces the
subscripts I and I/ by the flavor subscripts e and g,
respectively. Furthermore, with such a replacement of
subscripts, we also get from Eq. (33) the coupled Dirac
equations satisfied by the flavor states ®.(x) and @,,(x),
and from Eq. (34) we get the masses m. and m, of the
flavor states in terms of the masses m; and m, of the mass
eigenstates.

Our results from the previous section offer us new tools
for complementing the study done in Ref. [21] on the effect

of gravity on the spin oscillation of neutrinos coupled to the
scalar field of screening models of dark energy, such as
the chameleon and symmetron models [38—42]. Indeed, the
dynamics of the neutrino’s spin in the flavor basis (®., ®,,)
is given by Eq. (32), up to the first order in 7 on the right-
hand side of the equation, after performing the subscripts
substitutions (I — e, Il — ). In terms of the spin tensors
S1 and S5° of the mass eigenstates ¥, and ¥, the spin
tensor, say of the electron neutrino, reads

v,y P,¥
s = L1 g8 c0s20 + =22 Sh¥sin%0
exe e~ e

(@10'””‘112 + \ijzo'qujl) sin 29, (47)

+

40D,

and its dynamics up to first order in 7 takes the form:

Sﬂy (l li’lqu - \PQTI s . @20/”‘1’1 - \?IGMD\PZ)
e —\ 7 = e l =
h 20,0, 40,0, om
X Amy sin 20 + O(h?). (48)

Thus, the dynamics of spin in the flavor basis receives
correction terms compared to the Eq. (25) one obtains for
either mass eigenstates separately. These corrections are
due to the overlapping of the spinor fields of the mass
eigenstates. However, as we see from Eq. (48), all the
corrections in that equation are first order and higher in .
Therefore, if one discards those corrections on the basis that
they are higher than the zeroth order in #, one simply
recovers the approximation made in Ref. [21] where the
second set of the classical MPD equations (2) was used
after keeping only those terms that are zeroth order in spin
on the right-hand side of that set of equations. Moreover, if
one relies instead on the mixed spin tensor St given by
Eq. (45), then, at first order in 7, one falls back on exactly
the same spin dynamics one obtains for neutrinos within
their mass eigenstates basis. The conclusions reached
concerning the effect of the scalar field of screening models
within that approximation are therefore not altered.

If, on the other hand, one keeps the corrections on the
right-hand side of Eq. (48) before letting the neutrinos
couple to the scalar field, then any extra effect of the scalar
field will necessarily be proportional to 7 as well. To see
this, let the scalar field ¢(x) of such models couple to the
neutrino spinor field via the model-dependent regular and
nowhere vanishing functional A(¢) of the scalar field. The
neutrino then propagates within an “effective” spacetime
metric 7, (x) given in terms of the real metric g, (x) by
h,, = A*(¢)g,,- In the chameleon model, the functional
A(p) takes the form A(@) = exp(Bp) [38], whereas in the
Symmetron model it takes the form A(p) = 1 + B¢?, for
some arbitrary constant $ that has the dimensions of an
inverse mass. This coupling of the neutrino spinor field
with ¢(x) entails that the effective spacetime vierbeins
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obtained from the metric 4, modify the gamma matrices
into y* = A~ (¢)y*. This, in turn, implies that the coupling
of the neutrino to the scalar field simply modifies the right-
hand side of Eq. (48) by the multiplicative factor A=2(¢).
This shows that, at the leading order, the scalar field’s effect
on the spin precession is indeed proportional to 7.
Recalling that gravity-induced spin oscillations are already
too weak to induce a detectable spin flip on high-energy
neutrinos coming from cosmic sources even at the zeroth
order in 7 (as reported in Ref. [21] and references therein),
we conclude that all the corrections from the scalar field
@(x) can therefore be safely neglected given that they are
all proportional to 7.

To discuss the equation of motion of the dynamical
4-momentum of these neutrinos and their deviation from
geodesic motion, we need, in light of our discussion in the
last paragraph below Eq. (44), to rely on one of the three
options depending on which feature of the superposition
one is interested in. For this reason, we shall in what
follows consider all three different options for the coupled
neutrinos.

Using our results (29), (38) and (44) and the definition
en = 3 Amy;sin?6 of the coupling mass between the flavor
neutrinos, we learn that, up to first order in 7, the cor-
rections brought by the quantum superposition of the mass
eigenstates to the first set of equations governing the
dynamics of both neutrino flavors [v.) and [v,) are all
due to the interference between the mass eigenstates. Only
the weighted sums (D, pe" + DD, P/ (DD, +
®,0,) and (OD.pe* + B, @, p")/ (DD, + B, ®,) as
well as the mixed 4-momentum pk, obey an equation
similar to the one obeyed by the mass eigenstates indi-
vidually. Moreover, in contrast to neutrino flavor oscilla-
tion, which involves only the difference of the masses
squared of the mass eigenstates, Eqs. (29), (38) and (44)
imply that deviation from geodesic motion due to the
superposed nature of neutrinos involves mass differences,
the product of the masses m;m, as well as the product
|

m

mem,, of the flavor states’ masses and the squared coupling
mass mg .

Now, this coupling of the neutrinos with the scalar field
¢(x) entails that the neutrinos proper time element drz is
modified into dz = A(¢)dz, yielding an effective 4-velocity
V# along the geodesic path given by t# = A~ (p)v* [21].
Similarly, the effective spacetime vierbeins obtained from
the metric h,, modify the gamma matrices into y* =
A~ (@)y* and the spin connection is modified into wi? =
wib — A (e"el — e*Pel) /A [21], where A, denotes the
partial derivative of d,A(¢) with respect to the coordinate
x*. The spin tensor of the coupled neutrinos is given in
terms of the spin tensors Si” and S} of the uncoupled
neutrinos by A=2(¢)St” and A=%(p)S}", respectively [21].
Moreover, one easily shows that replacing the spacetime
metric by the effective metric 4, = A%(p) 9w seen by the
coupled neutrinos, the curvature tensor R, seen by the
coupled neutrinos gets also modified to [43]

A A?

A’”. A A”u
” < P 2 P 5 )
5;/}4( WA LA ” a )

A2 A?
Aty AFA A A
+9w( L2t ) (49)

A A? A?

A. ALA
Rﬂup/l = Rﬂup/l + 51}( L 2= ,p)

-2

A semicolon denotes a covariant derivative. The corre-
sponding Christoffel symbols I7, become I, =T7, +
(8VA, + 8,A, — g,,A*)/A. Plugging these various iden-
tities into Eqgs. (29), (38) and (44), and then taking account
of the fact that 1, S¢" = v, S} = 0, leads, at first order in 7,
to the following equations of motion for the three possible
dynamical 4-momenta of coupled neutrinos:

p?ﬂ __ 1 Rﬂypiy”sg’l _ (Vﬂyl/)pé” i <ZA(§0) @1‘1‘2_— li"zq,l QM V"‘i’l‘l’z - li}lvﬂlpz_—“ @2V#lp1 - V"‘i‘z‘ﬂ)
24(p) h 20, 40,0, om
X Amy, sin 20 + O(h?), (50)
Bu _ meny, e (s hm,, ®,0"*®, + O oD, _ (wn 5
Pe 2 vV e 3 ( I/y)pe
Z(mem}l - me_H)A(q)) m, 40D, o)
+ < memp . vﬂlillqlz - @lvﬂ‘yz_‘F ‘i’zvf“l‘l - V”‘Pz‘l’l lA((p) @1‘1‘2_— \qujl pf’u> Ale Sin 29
mem, — mg, 40 D, h 20D, om)
M A VALY, + P, VHY VR, + W, VR,
+ el m221 ( 2 1_+ ! 2 cos20 ! 2_+ 2 ! s1n2t9) + O(h?), (51)
mem,, — Mgy, 2q)eq)e 2(Deq)e O(h)

065005-11



HAMMAD, SIMARD, SAADATI, and LANDRY

PHYS. REV. D 110, 065005 (2024)

- _ o .
Py =g (PP i PP g, PP PTDN g
o 24(p) " \y/mymyEE NZoT> > o 2y/mmEE o(n) o
AL(p)
+ Ay((p) (yﬂpg,p - P’é,pvy) + O(flz) (52)

These results show that the leading terms in the correc-
tions brought to the equations of motion of coupled
neutrinos are first-order in # only for the dynamical
4-momentum p’é,p. Indeed, all the terms, including the
additional term proportional to t# p¥ — p#1*, in the equation
giving pk, vanish at the zeroth order in A, whereas the
leading interference term that is proportional to the cou-
pling factor A(p) in pk and pj is zeroth order in .
Therefore, approximating at the zeroth order in 7 the
equation of motion of the 4-momentum of coupled neu-
trinos when taking into account the superposed nature of
the latter by the geodesic equation obeyed by the mass
eigenstates remains valid only within the third-option 4-
momentum pk,. In other words, only based on such a
prescription for a dynamical 4-momentum does working
either within the flavor basis or within the mass eigenstates
basis not affect the outcome for neutrinos coupled to the
scalar field of screening models such as the chameleon and
the symmetron at the zeroth order in 7.

VI. SUMMARY AND DISCUSSION

We have examined in this paper the dynamics of spin-}
particles freely propagating in curved spacetime by
extracting MPD-like equations from a WKB approximation
of the Dirac equation. After building the necessary tools
and identities for tackling the case of superposed states
within the WKB approach, we made use of our results to
extract the dynamical equations for particles made of a
superposition of two different states, each carrying a
different mass. We found that both the equation of motion
of the 4-momentum and the dynamics of the spin tensor of
such particles receive corrections that are all coming from
the interference of the individual spinor fields of the
superpositions. This interference comes not only from a
direct overlap of the fields, but also from a gravity-induced
overlap thanks to the curved spacetime.

In order to investigate the equation of motion of the
dynamical 4-momentum that should go into MPD-like
equations for particles propagating as a superposition of
states, we explored three different ways of building such a
4-momentum. We denoted those 4-momenta from each
option by (p", pif), (7", pii') and pfj ;. We showed that
the formulation among those three options that leads to the
geodesic equation in the limit # — 0 is the 4-momentum
Py extracted from the Gordon decomposition of the

conserved total 4-current ®,;y#®; + ®,,y*®,,. We found

that this is not the case, neither for the pair (P?M’ P?f ),
obtained by replacing ¥; and ¥, by ®; and ®;; in
the expressions of pi and p4 of single-state particles,
nor for the pair (pi¥, pb¥), extracted from the Gordon
decomposition of the nonconserved currents ®;y#®, and
®,,;y"®,; associated separately to each particle. Moreover,
we found that only the 4-momentum pj, obeys an
equation similar to the first set of classical MPD equations.
The dynamics of the two pairs (p}*, pi') and (p*, pi¥)
displays departures from the MPD equations that are
due to interference terms between the spinors of the
superposition. We, nevertheless, found that the weighted
sums (':Dl(bll’/[w + (Dllq)llp?lﬂ )/ (@;®; + @ Py)  and
((DI(DIpf” + q)llqmpf;‘)/(q)lq)[ + @;;®;;) do obey an
MPD-like dynamics equation, with the weighted spin
tensor (®,®;S}" + @, Sy/)/ (P, + @ Py;) playing
the role of an effective spin tensor.

Concerning the spin tensor, we showed that no such
distinction is necessary as the definition of such a tensor
leads to separately conserved spin currents for each
particle. Within all three options, we found that in the
absence of a mass difference between the different states
making the superposition the results reduce to those of the
well-known single-state particles. In addition, we found
that the proper time derivative of the weighted sum
(DS} + @S )/ (PP + Dy Pyy) of the spin ten-
sors vanishes at first order in 7%, and that, as in the case of
single-state particles, the spin tensors S} and S}, satisfy
individually the Tulczyjew-Mgller supplementary condi-
tion with all three different 4-momenta: S)"p4 =
S¥pB =8pr, =0, for r,s=1,11. A mixed spin
tensor S}, has also been extracted from the conserved
total spin current. Its dynamics is found to be exactly the
same at the leading order in 7 as that of the spin tensor S%*
of single-state particles.

We also pointed out that the MPD-like equations
obtained from the WKB approximation of the Dirac
equation, both for single-state and for multistate particles,
are slightly different from the classical MPD equations. All
the equations of motion of the dynamical 4-momentum
contain extra terms on their right-hand side that are not
present in the first set of classical MPD equations. The
equation describing the spin dynamics, on the other hand,
lacks terms that are present in the second set of classical
MPD equations. We remarked that such a distinction does
not arise within the Lagrangian approach [33-36] as
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opposed to a WKB approach. One proposal towards
understanding this distinction can be found in Ref. [35].
We believe that this point requires more investigation,
though, which we shall leave for a future work.

We then argued that the immediate and most natural
application of our present results can be made in the field of
neutrino physics. Indeed, neutrinos are not only spin—%
particles, but are also flavor particles made of a super-
position of different states having different masses; the so-
called mass eigenstates. In light of our general results, we
argued that the interference of the mass eigenstates do not
bring large modifications to neutrino dynamics in curved
spacetime since the leading terms of such modifications all
consist of first-order terms in 7. In fact, given that both spin
dynamics and the equation of motion of neutrinos’
4-momentum in the flavor basis receive correction terms
that are all first-order and higher in 7, restricting the latter
dynamics to the zeroth order in spin as it is done so far in
the literature is amply sufficient for many low-curvature
applications. We, nevertheless, pointed out that within the

first two prescriptions P2 and pB for the dynamical

4-momentum, zeroth-order terms in # do arise. Similarly,
the dynamics of neutrinos coupled to the scalar field of
screening models is shown to be not affected at the zeroth
order in 7 by the superposed nature of neutrinos only
within the third prescription pk, for the dynamical
4-momentum.

Although our study was done here for the case of two-
flavor neutrinos, a generalization to the case of three-flavor
neutrinos should not bring in any particular conceptual
difficulties. Also, since our study here has been general
enough, adapting our present results to the case of neutrinos
propagating inside matter using more quantum field theo-
retical tools (see, e.g., Ref. [44,45] and references therein)
should not present in principle extra challenges. However, a
proper investigation of such a problem will be left for future
works as well.
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APPENDIX A: DERIVATION OF THE
CONSTRAINTS (9)

The constraints (9) can be derived as follows. Using the
fact that ®4(x) and ®p are solutions to Eq. (5), we have
(r"v, +1)@4 =0 and (y*v, +1)®5 = 0. Next, applying

the proper time derivative operator d/dz to both sides of
these two identities and taking account of the geodesic
equation D/ /dz = 0, yields

(r'v, +1)®, =0, (v, + Oz =0. (Al)
These two identities show that ®, and O are, each, again a
solution to the homogeneous equation (5). Therefore, O,
and ©p can be written as the following two linear
combinations:
©,=C0,+C05  Op=D0z+D,0, (A2)
for some four arbitrary complex scalars C;, C,, Dy, D,.
These four scalars must, in turn, satisfy certain conditions.
Indeed, applying the derivative operator d/dz to the
normalization conditions 0,0, =1 and 00, =1,
respectively, implies, after using Eq. (A2) as well as the
orthogonality condition ©®,0; =0 that Ci=-C; and
D} =—=D,. On the other hand, applying the operator
d/dr to the orthogonality condition ©,05 = 0, implies
that C; = —D,.

APPENDIX B: DERIVATION OF EQ. (10)

The constraints (10) are derived as follows:

OAr*V,0,4 = =0,47*V,(r1,0,),
= =0,7'1"(Vo1,)Ba — O47" 71,V B4,
=V, + 2(:)A1/”V”®A + C:)Ay"y”uﬂVUG)A,
=V, +2C, — 0,7V,0,,

1
:EV”U#_FCI' (Bl)

In the third step, we used V,v, =V,u, and yty’ =
—2g" — y*y". In the fourth step, we used the first identity
in Eq. (A2). Next, replacing ®, by Op everywhere in the
derivation (B1) simply turns C; into D, in the fourth step,
proving thus the second identity in Eq. (10). On the other
hand, keeping ©, in this derivation and replacing only the
0, on the right by ® removes the term V,* from the
third line and turns C; into D, in the fourth line thanks to
the second identity in Eq. (A2), so that we end up
with C:)A]/ﬂv#@B = DQ.

APPENDIX C: DERIVATION OF EQ. (20)

We derive here Eq. (20) by setting n = 1 in Eq. (19) and

multiplying both sides of the equation from the left by 1/750)

to get,
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—(0). (1)

I ) ]
70y 5 (Vo) = P ,el

L 0) 0
= _2—m,l”'(' FEA AP
(C1)
In the second line we used Eq.(15) with n =1, the
completeness relation Y, (0,0, — I, IT;;) = 1 and
Our* VMWEO) = Opr* vxﬂlfgo) =0 that

allowed us to turn the term

the conditions
—ngo)yﬂvﬂ;?) into
— 5"y, Y, As the left-hand side of Eq. (C1)

vanishes in Riemann normal coordinates in the comoving
reference frame of the particle, it follows that the term on
the right-hand side, being a scalar and a relativistic invariant
that is independent of the four-velocity v, should also
vanish identically in all reference frames. Therefore, we
conclude that in all reference frames we have

) (1) _

1 _(0) (1
7y = =2 (V0w

- (1), (0 1 _(1) (0

iy = =5 (Vi (€2)
The second identity is obtained by taking the complex
conjugate of the first identity and switching around the

indices i and j.

APPENDIX D: DERIVATION OF EQ. (23)

We provide in this appendix a detailed derivation of
Eq. (23). As stated in the Introduction, the derivation we
give here is very well suited for applying it to the case of
superposed states as it consists of a simple series of
rearrangements combined with the various identities
derived in a very general way in Sec. IIL.

First, according to the definition (22) of the dynamical

4-momentum p/ in terms of the zeroth-order 4-spinor

ngo) (x), we have

o d [V =iV
pi = +ihg ©) 0) :
de 20y
VeV ARV
ot =t i, TN T
2Wi Vi
= (0) 2 (0) _ = (0) gy, (0)
L = N (D1)
25"y

In the second line, we used the geodesic equation 7 = 0,
and then we made use of Eq. (12), as well as the fact
that d/dz = v, V¥.

Next, by switching the order of the covariant derivatives
in the numerator of the second term in the second line

on the right-hand side of Eq. (D1) and using the fact that
(see, e.g., Ref. [37]) V.. V., O — =IR. 4oy and
[Vﬂ,V,,]y‘/EO) =—1iRuuw l//,( ) b together with the defini-
tion (24) of the spin tensor S%* to first order in %, Eq. (D1)
takes the following form:

1
pi = (vvyy)(lﬁ - ”’zl) - ERMD/MVUS?G
=(0) (0) _ —(0).(0)

; AR I
+ iRV 00
20w
o IO 5040
O 20
Ry
—(VRu)pt + if — . (D2
780"

Upon using Egs. (12) and (22), Eq. (D2) takes the
following final form:

1
P= = RS = ()pt (D3)

APPENDIX E: DERIVATION OF EQ. (29)

We give in this appendix the detailed steps leading to
Eq. (29). Starting from the definition (27) of the dynamical
4-momentum p/ (x), carried by the spinor field ®;(x), we
first compute the proper time derivative p/ (x) by perform-
ing the same rearrangements of terms we performed to
extract Egs. (D1) and (D2). The result is

. Au VWI)I(I)I - <I)1V"CI>1
)4 :lh = ,
d 20,0,
(®®1) VH(D,D, — ;D))
. Au v cPA . 1~ 1~
=—— ——Rt_IPS h i’
I R 25,®,
VD, b, — d,VHD
— (Vi) p + ih— é)q) = -r (E1)
1~1

The next step is to compute, up to the leading order in 7, the
derivatives @, and V#®; and the various products involving
the latter in Eq. (E1).

We first use expression (26) of the spinor field @;(x) in
terms of the component spinor fields ¥, (x) and ¥, (x) for
which we already found in Sec. III the various relevant
identities satisfied by the spinors y/, (x) and l//( )(x) in
their WKB expansions. Keeping only terms up to the
leading orders in A in each, we have the following
expansions of ®;(x) and ®,(x), respectively:
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@, = e (1/1(10) + hl//il) + h2w<12) +...)cos@

(0)

1 e (wy + fu;/(zl) + hzy/gz) +...)sin0,

B, — i [lpﬁ(” + a2 4

i
- %ml(wgo) + hlll(l]) + hzy/(lz) +...)| cos@

+ et [t/‘éo) + )+ 2

i .
- gmz(wgo) + iyl + 2y 4+ )| sing.

(E2)

The expression of ®;(x) is obtained by making use of the
identity S; = —m,. Using these results, and making use of
|

B - . _ - 1 - _
th“ (q)]q>1 - q)lq)l) = —ZV” lPllPll’l’11COS29 + \P2T2m2Sin20 —+ E (‘Pllpz —+ lelPI)(ml + mz) cos@sind

Egs. (12) and (20), we compute the proper time derivative

(@®) (o be

(B, D)) = | DD, (V,04)

L (B, — P, W, ) Ay, cos O sind

h oh)
+ O(h?). (E3)
As indicated in Sec. IV, a subscript O(#) on brackets means
that we take only those terms inside the brackets that are at
most of order A. Also, Am,; stands for the difference
m, — my. In a similar manner, we compute the numerators
in the third term and in the last term on the right-hand side
of Eq. (E1), up to first order in 7, to be, respectively,

+ O(n?),
O(n)
_ (E4)
ih(V”(iDICi)I - (i)IV”(IDI) = [—(V”y”)d_)1¢1p7+mlvﬂ(‘i’l‘PI)Coszg + mzvﬂ(\ilquz)sinze]o(h)
+ (M VR W + m P VA, + my W VI + my VL, W) o
x cos @sin @ + O(h?). (ES)

For convenience, we also introduced here the notation S; = S -8 ;- Inserting these latter results, together with Eq. (E3),

into Eq. (E1), we find, up to first order in 7

. Ap _
Pr )

+w%%—%W%+%W%—w%%

1
— = R4, 17 ST — (VFu,) pt¥ + Amy; sin 260 (—

i ‘?1\112 - li’2‘111 pA/J
h o 20,0, !

) + O(h?).
O(h)

APPENDIX F: DERIVATION OF EQ. (32)

The strategy for proving Eq. (32) is to also work first with @ before switching to its components ¥; and ¥, and the

(0)

spinors y;

(x) and z//gl)(x) in their respective WKB expansions. Using the definition (30) of §#*, the expansions (E2), as

well as Eq. (E3), we find, after keeping only terms of the order A, that

(i)]O'”D(DI ‘l‘ é[ﬁ”yd)] (élqjl)

- SHY
o0,
@26’”‘1”1 - ‘i’lo*”"Pz

|:. <Li]20m/\{11 - li”]Gﬂm’P2> (l "i!]q"z - qulpl
= |1 - = -
O(h)

§—n

’

=—(V,")S)" + i<

) Amy; sin26 + [V,,yp + (
o) h

RARS A2

= Ale sin 26:| S'MD,
20,0, )O(h) !

) Sllwi| Am21 sin 29 =+ O(fl2> (Fl)
O(h)

APPENDIX G: DERIVATION OF EQ. (38)

We give in this appendix the detailed steps leading to Eq. (38). Starting from the definition (36) of the dynamical 4-
momentum pf” (x), carried by the spinor field ®;(x), we compute the proper time derivative pf" (x) by performing the same
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terms rearrangements we performed to extract Egs. (D1) and (D2). The result is

. Bu ihmm;  d <v”q_)1q’1 - O, VrD;  myy VO, D~ (i)lv”q)ll>
p[ = q. - - )

mypmyj; —m%”df 2q_)1q)[ myy Zq_)lq)l
_ (‘I)[_‘:DI) pfﬂ B (VMU )p?l/ _ m,m”R’;MIJ” (S/IM _ hm”[ (i)llgplq)] + é[(fpi(D”>
= v =
q)[q)] Z(mImH - m%H) myy 4(I)1q)1
ihmlmll [vﬂ(é[?[ - q_)lél) V”(i)l(bi — (Lblvﬂq)1i|
mymy = mj g 20,9, D,

ihmpmy, [V¥ ((i)llq)l - (i)[d)ll) VED; b — ‘i)lv” @ + VD, by - (i)llv” @,
mpmy — m%,, [ 20,0, " 20,0, ] ' (GD)
Using expression (26) of the spinor field ®;;(x), we have
O, = i (1,//&0> + fu//gl) + hzy/g) +...)cos @ — S (I/I(lo) + fu,//(ll) + hzy/§2) +...)siné,
b, = i |}/./(20) + fn/'/gl) + hzy‘/gz) + .- %mz(wgo) + fn//gl) + leI//gz) + )] cos 6
— S [zj/(lo) + fu/'/(ll) + h%//?) + ... = %ml(w(lo) + fu//gl) + hzl//?) + )} siné. (G2)

In a similar manner to the calculation leading to Eq. (E4), we compute the numerators in the third term and in the last line on
the right-hand side of Eq. (G1), up to first order in 7, to be, respectively,

- - . 1 _ _ _ _
ihV”(dDHQDI - q)l(bll) =ih (—Evyl/b> V”(‘-I‘Z‘PI - lPI‘“P2> - (m2C0829 - mlsinze)vﬂ(‘{‘z‘l’l + qjllpz)

—2VH (mzlilzlpz - ml‘i’l‘Pl) cos dsin 0, (G3)

- . - - . - 1 — — — —
ih(V’u@I(D]] - (DIIV”(I)I + vﬂ(D]](D] - (I)IV”(I)H) = —lh (E vbl/”> (V’“PI‘PZ - Tlvﬂqu + V’“lepl - ‘szﬂwl)
x (cos26 — sin?@) — 2V*(m, 'V, ¥, — m,'¥,¥,) cos O sin O
+ ih(vyl/”)(li,QV”\Pz —_ vﬂ‘?quz + Vﬂ\illlpl - @1V”T1)
x cos @sin @ + [m, (VFP,¥, + ¥, VIY,)
+ my (P, VFY | + VAP W,)](cos?d — sind). (G4)

Combining these last two identities with the results (E3), (E4) and (E5), and inserting these all into Eq. (G1), we find

. B m,m“R"D Al/y y) flml_” ci) GPA(D + (i) 0-/7/1(1) v
e R R\
2(mymy —my ;) mpy 40,0, o(n)
mpnmy; V/“i’l‘l’z - ‘i’lV”‘I‘z + quvﬂlyl - vﬂlilzlpl l li’llpz - q’zlpl Bu .
+ 5 = - = Vo Amy; sin 20
mymy — mj 40,0, h 20,9, o(n)
1 m,m,Y”AmzZl (V”‘Pz‘l’l_—i- ‘PIV/“I’Z 00529—|— V"‘PI‘PQ_—F ‘I‘2V/“P1 Sinzg) 4 O(ﬁz) (GS)
mpmy — mj 20,0, 20,9, o(n)

APPENDIX H: DERIVATION OF EQ. (44)

We give in this appendix the detailed steps leading to Eq. (44). Starting from the definition (42) of the dynamical 4-
momentum p*(x), carried by the superposition X, we compute the proper time derivative p#(x) by performing the same
terms rearrangements we performed to extract Eqs. (D1) and (D2). The result is
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pl’ll - \/mniy dT mI 222 myy 222
lhm, 11 d V"@,,CI)I — Ci)IV"CI)” + vll(i)[q)“ - CBHV”(D,
1/ dT 25F ’
22 1 D, D, ®,,6"D ®, 6" D
= ——(— )P’;u = (V') Pl =5 R it LRt e S';M + e e Sﬁ — hmy gy ue o1 % il
> ’ ’ 2 ,/mlmzzz 1/}’”1”’[222 ! 21/m1m222
lflm” q)lq)l q)lq)l> V”(i)[d)l - &)IV”(I)I
pH)
lhml ‘I’Hq)n - ‘DU‘I’H) %4 ‘511‘1’11 - ‘i’nvﬂ D
)
B lhml i [VH (PP — Dby + &Py — By b))
25
mymy ZZ

First, using the result (E3) together with the t1me denvatlve (d) 1P ;r), obtained from Eq. (E3) by the substitutions / — 11,
0 - —0 and 1 < 2, we learn that & (£3) = 4 (d,0, + (I)HCI)H) = —(V,")(EZ) o(ny + O(1?). With this latter identity,
together with identities (E4), (ES), (G3) and (G4), Eq. (HI) reduces to

T T T A T A
pl;” — _lR#vpﬂyy< mllq)lqzl /IJ/I m[q)llq)_ll Sp/l Am T q)IIU/) @1 + Q)iap q)ll) _ (V”l/,,)p'ju + O(flz) (HZ)
! 2 A /mlmzZZ ‘/mlmQZZ ’ 21 /mlmZZZ O(fl) ’
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