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Linearized gravity and soft graviton theorem in de Sitter spacetime
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We study the linearized gravity theory in the Newman-Unti gauge in the near horizon region of the
de Sitter spacetime. The linearized Einstein equation involves the cosmological constant. The near horizon
symmetry consists of near horizon supertranslation and near horizon superrotation. We compute the near
horizon supertranslation charge and find the proper near horizon falloff conditions that uncover a soft
graviton theorem from the Ward identity of the near horizon supertranslation.
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I. INTRODUCTION

Black holes are recently shown to carry soft hairs [1],
which reveals a much richer structure than previously
supposed. The new degrees of freedom are labeled by
the near horizon symmetries [2-32]. Black hole horizons
can be considered as an inner boundary of the spacetime
that share many common features as the null infinity, see,
e.g., investigations in [33,34]. At null infinity, a triangle
equivalence was proven [35], which connects asymptotic
symmetry, memory effect, and soft theorem. Inspired by the
null infinity triangle relation, the black hole memory effect
was subsequently proposed [26,36-38] and it is closely
related to the near horizon symmetry. Another branch
following the triangle relation is the soft theorems relevant
to near horizon symmetry that have been investigated for
the Schwarzschild black hole [39-41]. Nevertheless, hori-
zons are not exclusive to black holes. The expanding
Universe leads to a cosmological horizon. A cosmological
horizon is locally very similar to the black hole horizon in
the sense that they are both codimensional: one null
hypersurface that cut spacetime into two parts. They can
be considered as the casual boundary of local observer and
the physically relevant investigations normally reside at
only one side of the horizons. Soft theorems of gauge
theory in de Sitter (dS) spacetime are obtained from the
near horizon symmetry [42]. The computations in [42] are
somewhat similar to the Schwarzschild case [39,40], while
the physical motivation and consequence are very different.
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The cosmological horizon is the outer boundary of the
inside observer. Because the dS cosmological universe is
expanding so fast, there are events that will never be seen
by an observer inside. Considering the fact that we do
live in an expanding Universe, the near cosmological
horizon analysis can be intuitively understood as the real
world asymptotic analysis near null infinity. Technically,
there is well-defined flat limit from the cosmological
solution [43-45]. The cosmological horizon becomes the
null infinity as the cosmological constant tends to zero.
Correspondingly, the near horizon soft theorems derived in
dS spacetime should recover the flat spacetime soft theorem
in the flat limit. This is different from the black hole case.
For instance, one can recover the Minkowski spacetime
when the mass parameter of the Schwarzschild black hole
is zero. But the horizon of the black hole just disappears in
this limit. The aim of the present work is to extend the
previous study [42] in dS spacetime to linearized gravity.

For the linearization of Einstein theory about dS space-
time, the linearized equations of motion involve the
cosmological constant (see, e.g., in [46-50]) to incorporate
with gauge invariance reduced from the diffeomorphism
invariance of the Einstein theory. The effect of the
cosmological constant is well understood in both the
asymptotic and near horizon analysis. But the relevance
to a soft theorem has only been considered as a parameter in
the metric of the background spacetime [42]. Since the
cosmological constant modifies the equations of motion, it
is very questionable that if the nice structure revealed
in [41] or [42] can be derived for linearized gravity in dS
spacetime. The potential effect of the cosmological con-
stant in the equations of motion is the main extension of this
work to previous studies [41,42].

In this work, we apply the Newman-Unti (NU)
gauge [51] for the linearized gravity theory in dS space-
time. In the near cosmological horizon region, we impose
traceless falloff conditions. We compute the near horizon
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symmetry, which consists of near horizon supertranslation
and near horizon superrotation. The near horizon solution
space is specified and the supertranslation charge is
derived. We find that there is an interesting reduction of
the near horizon solution space that is invariant under
supertranslation and leads to a natural split of the super-
translation charge into soft and hard parts. We found such a
configuration for the Schwarzschild black hole case in a
previous work [41] and considered that as a coincidence.
Now such configuration also arises for the dS spacetime.
This may suggest that there is a common structure in the
near horizon region that is subject to a soft theorem. A soft
graviton theorem in coordinate space is derived from the
Ward identity of the near horizon supertranslation in the
reduced solution space. After transforming the soft graviton
theorem into the momentum space, there is a natural flat
limit and it recovers the flat space soft graviton theorem.

This paper is organized as follows. In the next section,
we present the linearized Einstein equation in dS space-
time, compute the near horizon symmetry, and present
solution space of the linearized theory. We specify a
reduction of the solution space where the supertranslation
charge can split into a soft piece and a hard piece. In
Sec. 111, a soft graviton theorem is derived from the Ward
identity of the near horizon supertranslation charge. The
soft theorem has a desired flat limit in the momentum
space. The last section is devoted to conclusion and
discussion. There is one Appendix that presents the details
of the modification of the stress tensor that coupled to the
gravity theory.

II. NEAR HORIZON SYMMETRIES
AND CHARGES

In this section, we will study the linearized Einstein
theory in the dS spacetime. The NU gauge [51] (see
also [52,53]) will be adapted into the linearized theory.
We will perform the standard near horizon analysis. The
near horizon symmetry, solution space, and surface charge
will be computed.

A. Near horizon form of the dS spacetime
in NU gauge
We start from the static patch in dS spacetime, which is
part of the full dS spacetime as shown in Fig. 1. In static

coordinates (z,r,z,7), the line element of the dS space-
time 1s

ds? = —F(r)df® + F(r)~'dr? +2Q(r)%y :dzdz, (1)

B 2r 12 2

Q:f—r, }’zzzm,

(2)

where £ is the dS radius and it is related to the cosmological
constant by A = %. Note that we have set the cosmological
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FIG. 1. Penrose diagram of de Sitter spacetime.

horizon at r=0. By introducing the retarded time
coordinate u =t — %f log( , the line element can be
written as

277

ds? = Gy dxtdx”
= —F(r)du® — 2drdu + 2Q(r)%y-dzdz,  (3)

which covers only the H~ part of the horizon. A similar
analysis could be performed for H™ simply by a time
reverse transformation of dS spacetime near the bifurcation
sphere B. In the rest of this paper, we just focus on the
‘H~ part.

B. Linearization in dS spacetime

We linearize Einstein theory in dS spacetime (3). The
metric expands as g,, = g, + «h,,. The inverse metric is
¢ =g —kh" + O(k*), where the indices are now
raised by g*. Up to the first correction order O(k), the
connection is given by

n K _wpro v \vi
FZ” = F;w + Eg ﬁ(vﬂhl//j + Vyh,,ﬁ - Vﬁh”y) (4)
We define
CZI/ = gaﬂ(vﬂhvﬁ + vyhy/)’ - v/J'h/,w)’ (5)

which is very useful for the computation of the curvature
tensor,
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R/waﬁ = ayrﬁa - aﬂrllfa + F/Tmrgr - anr;/jn

SV, -V, +0r),  (6)

= R/,waﬂ + )

— K— —
=R + 5V (Vo + Vol = VPh,,)

_gvﬂ(v b+ Vol =VPh,,) + O(3).  (7)

The Ricci tensor is defined from the curvature tensor as

Ha 71 %04
— K— =
= Ry + 5 Vo (Vi - Vot = V)
=20+ O6). (8)

Finally, the Ricci scalar is obtained as

= ¢"“Rq
= R—kh" Ry + 5 LV, (V4 ViR — R
- 5v,,whg + O(K ). 9)

We consider the Einstein equation with a cosmological

constant A = fa,

1 3
R/w - Eg;wR + ﬁg/w = Tmn (10)

where we use the natural unit 827Gy = 1. At the linearized
order O(k), the Einstein equation is reduced to'

e+ VN, = VPhy, —V Vb
3

72w+ g O

[ =

= \vAAVi Qj 72

- 2g,w(VaVﬁh #—N7’h) —
=T,, (11)

where we apply the relations from the Einstein equation of

the dS spacetime

SR (12)

R/u/ = ﬁgﬂb? 22

and h = g"h,,. The linearized equation (11) is invariant
under the gauge transformation

h/w - h;w + v}lél/ + vyﬁﬂ- (13)

"The expression of the linearized Einstein equation seems
different from [48]. But they are indeed the same.

To verify the gauge invariance, the following relations of
the dS spacetime are applied,

(vﬂvl/ - vvvu)ga = Rﬂya/}‘fﬂ’
R

_ | o
uvaf — ﬁ (g/mgyﬁ - gﬂﬂgva)' (14)

C. Near horizon symmetries in NU gauge

We will work in the adapted NU gauge for linearized
theory [53] where the following conditions are imposed,

hrr = hrz = hrZ = hru =0,
Trr:T :TrZ:Tru =0. (15)

rz
The radial components of the stress tensor T, are set to
zero to adapt to the gauge conditions of the perturbative
metric, which can be done by introducing an auxiliary
conserved symmetric two tensor [41] as is detailed in the
Appendix.
The residual gauge transformation that preserves the
conditions (15) is generated by

$u=2(u,z2,2) +10,f(u,z,2) = F(r)f(u,2,2), (16)

—f(u.2.9). (17)

gA = QZYA(M’ Z’Z) + QDAf(u’Z’ Z)’ (18)

&=

where D, is the covariant derivative with respect to the unit
sphere ds? = y,pdxAdx® = ﬁdzdz. The capital latin
indices are raised or lowered by the spherical metric y4?
and YAB-

We impose the following near horizon falloff conditions:
hz = O(r?). (19)

The absence of the leading order in % is to specify a
traceless propagating mode. We impose a stronger traceless
condition from a near horizon symmetry perspective. The
falloff conditions both fix the independent symmetry
parameter Z, which generates a translation along r, and
select a u-independent near horizon supertranslation,

1 £
Z=—-DsD*f(u,z,2) — = D, YA,
2 2
1
flu,z2,2) =T(z,2) +§/duDAYA. (20)

Now, T characterizes the near horizon supertranslation and
YA is the near horizon superrotation. In vector form, it is
given by

&= f, (21)
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1 1
ngEDADAf_FEQDAYA’ (22)
1
S =YA+ _DAf. (23)

Q

D. Near horizon solution space

The organizations of Einstein equation in the Bondi
gauge [54,55] and NU gauge for the case with a cosmo-
logical constant [44,45] are well known, which greatly
simplifies the derivation of a solution space. Such con-
figurations are inherited by linearized theory. Suppose that
the metric components are given in series expansion near
the horizon as

hag :NAB+ZNX1)9ri’ (24)
i=1
huA :UA+EAV+ZUX)ri, (25)
i—2
hy =V +0r+3 VO (26)
i—2

The first class of equations of motion is the radial part that
completely determines the » dependence of the trace of /1,
h,., and h,, up to integration constants. In particular,

E,. =0 leads to
h.-
22— =0. 27
,<f = ) @7)

The near horizon conditions /.. = O(r?) yield h.. = 0.

Then, E,, = 0 fix all the coefficients UX) for i > 2. The
two leading orders in g,, are integration constants. Since
the near horizon charges only involve the integration
constants, we will not list the expressions for the higher
orders. Next, E,, = 0 determines the coefficients V) for
i>2, and

1 1 1 1
©®=-V+-—D,yDyN*8+—D,U* - —D,E", (28
AR Y h e A Vil (28)
where the leading order V is an integration constant.
The second class of equations of motion is the standard
equation that includes E,, =7, and E.: =T:.. They

determine the time evolution of the traceless part of NX}B
for i > 1. The leading order N,p is completely free, which
we refer to as a news tensor in the near horizon analysis.
Once the first two classes of equations of motion are
satisfied, the equation E . = T; is fulfilled automatically.
The other three equations are supplementary. The Bianchi
identity at the linearized order guarantees that the supple-
mentary equations are satisfied except for their leading

2z

orders, which yield the time evolution of the integration
constants,

£20,8, + 2£0,Uy —2U, — £2D O
+DBDAUB—DBDBUA+auDBNAB :2£2TMA (29)

and
2 a A A 3
£70,V + DU _EDAD V+¢0,D,U% = ¢°T,,. (30)

It is important to point out that U, is also free. We will
show that this extra freedom is very important for deriving a
soft graviton theorem from the near horizon symmetry.

E. Near horizon supertranslation charge

For the (linearized) Einstein gravity, the surface
charge associated to the near horizon symmetry is defined
as [56,57]

Q= / V=9 (h“"wé’] = &V, — %hvw
B
+ UVt — &“Vﬂh) dzdz, (31)

where we choose the bifurcation two-sphere B to evaluate
the charge. In this work, we are mainly interested in the soft
theorem associated to the near horizon supertranslation.
Inserting the near horizon solution and the near horizon
supertranslation, one can obtain

1
Or = /yZZTL”<V—§DAEA>. (32)
B

The supertranslation charge can be evaluated on the whole
horizon applying the relations in (29) and (30),

1

Qrzg

/H 7T, (D*DPN 5p)d*zdu
[ paT (Tl =-DATY )0z
-

1 ¢ 2
+ / y=TD*(=DyV—=D,0--U, |dzdu. (33)
H- 2 2 4

The first line of this charge expression has the desired forms
as a soft part of the charge [58,59] for computing a soft
theorem. The second line is in the form of a hard piece. We
will turn off the third line by hand using the extra freedom
from U, following the treatment in [41], for which we set

1 4 2

-D,V—-=-D,0©--U, =0. 34

S A 5 A fUA (34)
The transformation laws of the supertranslation of the
solutions
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1
STUA — _EDADBDBT’ (35)
2
6TE‘A - —?DAT, (36)
1
sV = —?DBDBT, (37)
1
57‘@ — ZDBDBT, (38)
1
StNap =20 <DADBT - 5yABD2T> (39)

guarantee that the extra condition in (34) is preserved by a
supertranslation transformation.

The combination on the left-hand side of (34) was first
noticed in [41] for deriving a soft graviton theorem from the
near horizon analysis in Schwarzschild spacetime. We
believe this can be a universal structure in the near horizon
analysis. The parameters V and © in (34) represent a
nonpropagating degree of freedom from the curvature of
the spacetime. At null infinity, they do not contribute to the
horizon charge. There is a natural split of the propagating
degree of freedom and the nonpropagating degree of free-
dom. But in the near horizon region, the degrees of freedom
are mixed. Luckily, there is the extra degree of freedom from
U, that could cancel those terms. The remarkable thing is
that the special choice of U, is supertranslation invariant.
Note that, in the null infinity case, one integration constant is
turned off by trivial diffeomorphism [54,55,60] in the metric
component g, that corresponds to the special configuration
in (34) in the near horizon case.

Finally, we split the near horizon supertranslation charge
into

Or = 05+ 0", (40)
where

1

0’ = ﬁ/ 7::T0,(D*D®N 4p)d*zdu, (41)
-

0" =¢ [ yaT(ert, ~ DTz (42)

are the soft and hard charges, respectively. In the null infinity
analysis [58,59], it is normally assumed that the long-range
magnetic mass aspect vanishes. Adapted to the near horizon
case, this assumption is equivalent to imposing”

2Actually, it is not clear to us if this condition at the horizon is
relevant to the magnetic mass aspect, because the near horizon
charges are better appreciated from a thermodynamic perspective
than the usual mass and angular momentum perspectives [26,27].
The condition in (43) is a direct translation from its null infinity
counterpart. Of course, there is freedom to impose this condition
in the near horizon case, i.e., it preserves the near horizon
supertranslation.

[DZDZNZZ - DZDZNZZ]H; =0. (43)

Then we can rewrite the soft charge as

1 .N
0S=—-—[ o.To, 9Nz d*zdu. 44
f Zz

Vzz

For the hard part of the charge, it consists only the
contribution from the stress tensor of the coupled matter
fields. We have introduced an auxiliary field to modify the
stress tensor that is equivalent in order to change the way of
coupling the matter fields to gravity. As was shown in [41],
the soft theorem derived from the Ward identity of the near
horizon supertranslation charge will be dependent on the
way of the matter fields couplings. The choice in [41] is
subject to a similar expression of the soft factor as the null
infinity case. Here, we will follow the same treatment to
further use the freedom in the auxiliary fields to turn off
Tg 4 The details of the modification are presented in the
Appendix. Then, the hard charge becomes

o =¢? / v=TTY,d*zdu. (45)
-

III. NEAR HORIZON SOFT
GRAVITON THEOREM

In this section, we will demonstrate that the soft charge
creates a low-energy soft graviton in near horizon states,
and the action of the hard charge in those states leads to a
soft factor, which mimics the scenario in flat spacetime at
null infinity.

A. Graviton modes in dS spacetime

The mode expansion of the perturbative fields is the
crucial ingredient for deriving a soft theorem from asymp-
totic symmetry, see, e.g., [35,59]. It is very convenient to
write down the mode expansion of the free field operator
in the isotropic coordinates (¢,x,x,,x3) in curved
spacetime [39—42]. The line element of the dS spacetime
in the isotropic coordinates is

52_p2 2 2{2 2 .
dS2 = —<m> dtz + (m) dx - dX, (46)

where p is related to the radial coordinate by

(¢—p)?
r:fferpz. (47)

The isotropic coordinates are connected to retarded coor-
dinates (u,r,z,z) by
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t—u—f—lflo 4 x| = itz
I R ey & P E
z—1Z

Piz+ 1)

1—2zz
Z+1°

X2 = X3 =p (48)

In dS spacetime, % i1s a timelike Killing vector that

defines a positive energy of a particle as @ = —p,. One can
write the dispersion relation for massless particles in the
isotropic coordinates as

2 2\ 2 2 2\ 2
pm+7 7 +p N
_<p2—f2> w2+< 222 ) =0 )

Using the covariant measure of one-particle phase space

dwdSI‘)' p - 1 _p2 2 d3[_5
[ G ormie=(G3h) [ ©

a free massless scalar field ¢(x) can be written in mode
expansion as

fz_ 2\ 2 d3-’
o= <f2 +Zz) /(27r)§)2 [a(B)e™ +a(p)e™r"].
(51)

The extra factor (z—f;)z is precisely from the dispersion
relation. Here we consider only the correction from the
dispersion relation of the null momentum, a full mode
expansion of scalar field in dS spacetime can be performed
perturbatively, see, e.g., in [61]. The mode expansion can
be extended to a free graviton field simply by inserting the

polarization tensor,

2 —p ipE
h/,w: <f2+p> Z/ 271_';20) ;u/ a(p)ep

+ e ag(p)e”P), (52)
where €, is a product of the pair polarization vectors
€, = €.

One can parametrize the null momentum as
w 277 = p? _ _
R ( 57 (1+422),(z +2),

—i(z-2),(1 —zz)>, (53)
and similarly the polarization vectors as

1 2+p*( 26% o
e+u:ﬁ 57 p2_f2z’1’_l’_z . (54)

3 1 2+ p? 207 .
eﬂ:ﬁ e <ﬁ2_£21,1,1,—z>, (55)

which satisfies

AL Py =0, e =0. (56)

Projecting the polarization vectors to the sphere, we obtain

2242 2242
s__ 2V o = V2 (57)

R [ R )

Eventually, the near horizon field is related to the plane
wave modes by

N _ Az AR+Y) /da) ro\ 2
“ 2+ R+ 20 —r

. [22(R+ )0
[ R(R +27)

} e "q (wk) +c.c., (58)

where R = p — ¢ and R = 0 at the horizon. The integration
of the three momentum p in the mode expansion in dS
spacetime can be found in [42]. Literally, the near horizon
field is obtained from the near horizon limit R — 0 of the
mode expansion, which is however singular. One can
introduce a near horizon regularization R — R + iR to
deal with the divergence [39-42]. Nevertheless, we will
keep the radial parameter for a moment and take the near
horizon limit R — 0 at the last step. This is the reason we
introduce a new radial parameter R instead of simply using
the previous radial parameter r.

B. Soft graviton theorem in coordinate space

A soft graviton theorem can be derived from the Ward
identity of supertranslation,

{out|[Qr. S]lin) = 0 = Q%[in) = —Q"[in), (59)

in the flat spacetime case [35,59]. In the present analysis,
we have omitted the out part on H*, which can be easily

restored from the CP7 invariance. We choose T = Z_Lw for
the supertranslation parameter, and thus
0:T(z,%z) = 278 (z — w). (60)

With this choice, the soft charge (44) is reduced to

oS = _@ lim [waz_ﬁu}
vz

w—0"
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where N_, is defined by a Fourier relation
+o0 o~
N.. :/ due'™N_,, (62)

which implies that

/_ : dud,N_.(u) = 2zilim[wN (@)  (63)

w—0

Inserting the mode expansion (58), one can obtain

Otz lim [w?a, + o?dl]. (64)

Yz o—0"

fZ
08 = —i—
Hence, the soft charge Q5 acts on the in state as

fz 0>
Q5|in) = ie 92 fim w?at |in). (65)

Yz o-0"

The soft charge creates a low-energy soft graviton in the
near horizon region.

For a massless scalar field coupled case as described in
the Appendix, one has the commutation relation [42]

0ub0.2.9).9(0.2.2)) ==z —0u=g)8*(z=w). (60

2z

which yields the action of the hard charge as

[Q". 4] = —iTo,. (67)

The above relation and the special choice of the super-
translation parameter 7' = —- determine the action of the
hard charge Q" on the in state as

ijE in). (68)

(Z - z)

Q"[in) =

Finally, we can obtain a soft graviton theorem in coordinate
space by inserting (65) and (68) into the Ward identity (59),

. . 7TR 1 Ek .
ol Jim )] = i £ 25>

(69)

C. Soft graviton theorem in momentum space

In this subsection, we will use the null parametrization in
(53) to rewrite the soft theorem in momentum space. For
each hard particle, their momenta can be parametrized as

Ein 2{2 Lﬂ2_ 2 o ) )
(5 aea) e + 2

1 + Z1nZ1n ﬂ2 _ KZ 2{2

(e - lwa—ﬁwﬂ. (10)

in _
qk[u_

One can easily verify that

2. (nz Z (94 :f(p)]z)

=1 9k

=7y |1
Yo (1

k=1

g E
=72y . (71)

—~w(z—z)

1+ ZiZk

where we have used the conversation of a combination of
two components of the total momentum,

n

EyZy
1 + Zi 2k

Z (ax1 = iqr2) = 0. (72)

k=1

Applying the relation (71), we arrive at a soft graviton
theorem in the momentum space as

lim (out|a,S — Sa’ |in)

w—0t
R m (qout €)2 n <qin.€)2 )
0 1) S S i L PE
o= = P4 =1 P4k

(73)

where the derivative 0: was dropped from both sides. One
can see that the soft factor on the right-hand side of (73)
contains the flat spacetime soft factor and a prefactor i =% t,z
A flat limit can be taken by setting Z’—;ﬁ = 1. Physically, this
limit can be understood as the fact that the soft limit and the
flat limit of the cosmological constant A are at the same
order tending to zero. Note that iR is from the near horizon
regularization. The orders of the near horizon limit and the
flat limit for the parameter R = p — £ do not commute. The
present work is based on the near horizon analysis. So we
first take the near horizon limit. However this will some-
how prevent the flat limit since the flat limit means the
cosmological horizon vanishes. Thus, the horizon regulari-
zation R - R — iR also ensures a flat limit for the soft
theorem in the momentum space. Now the regularization
involves a minus sign as p <¢. Then, the flat limit

condition becomes A = =

IV. CONCLUSION AND DISCUSSION

In this paper, we study the linearized gravity theory in the
near horizon region of the dS spacetime. The near horizon
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symmetry, near horizon solution space, and near horizon
supertranslation charge are obtained. A soft graviton
theorem in dS spacetime is derived from the Ward identity
of the near horizon supertranslation. The soft theorem has a
similar structure as the flat spacetime soft theorem, which
relies on a fine-tuning structure of the near horizon falloff
conditions. The remarkable feature of this fine-tuning
structure resides in its supertranslation invariance. The soft
theorem in dS spacetime has a well-defined flat limit, which
recovers a flat spacetime soft theorem.

To close this paper, we would like to comment on some
subtleties and future directions. In the near horizon analysis
of the black hole case, the soft limit should involve also the
mass parameter of the black hole rather than simply
comparing the soft and hard external particles [62,63].
Here, our derivation simply involves the soft and hard
external particles. We think this is a less subtle issue in dS
spacetime. The reasoning is that one can consider a
perturbative expansion in the inverse of the curvature
length scale % [61]. The leading contribution should be
the flat spacetime result. This is achieved from the flat limit
of the soft theorem in momentum space (73). It is mean-
ingful to point out that our derivation is from the near
horizon analysis in dS spacetime. The final result is indeed
the leading term of the dS spacetime as it should be. In
some sense, we have not considered the % corrections from
near horizon analysis, which is definitely an interesting
direction for future investigation. In particular, holography
provides a powerful alternative approach to investigate the
soft modes and flat limit in the spacetime with a cosmo-
logical constant [64]. For other future directions, the
obvious one is to consider the full interacting Einstein
gravity theory as the generic near horizon symmetry has
already been derived in [26]. While the relevant inves-
tigations are mainly dealing with soft limit of massless
particles, in Einstein theory, general covariance prevents a
local definition of energy. Hence, soft limit is a very subtle
point.3 Nevertheless, one can extend the present study to
include self-interaction between (near horizon) gravitons.
The stress tensor will include self-interaction terms that are
somewhat similar to the case of Yang-Mills theory [40,42].
Technically, we expect the near horizon symmetry and
charge analysis would be just a special case of [26], i.e., the
null boundary should be fixed as the dS horizon. There are
also some other interesting future directions such as the
subleading soft theorem in the low-energy expansion, i.e.,
the dS analog of the investigations in [53,65-68]. A more
challenging point is the dual interpretation from the point of
view of celestial holography [69,70]. In particular, there are

The situation at infinity is very different. One normally
defines the in or out states for massless interaction at the null
infinity. Since any asymptotically flat spacetime has the same
structure of null infinity, it is reasonable to consider the energy
with respect to Minkowski spacetime as the energy of the
massless particle near null infinity.

some recent studies on the deformations of the soft
theorem [71-73], which may also be extended to the case
of soft theorem in curved spacetime.
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APPENDIX: MODIFICATION
OF THE STRESS TENSOR

As was shown in [41], one can modify the stress tensor
by adding a divergence-free symmetric rank two tensor. We
will modify the stress tensor to satisfy the gauge condition
in (15). In this work, we will limit ourselves to a massless
complex scalar field that is originally minimally coupled to
gravity. Thus, the stress tensor is

8(v/=9Lu)

0

T,

m

(0,89, + 9,00,D) ——g,wv oV,d, (Al

NI>—‘

where L) = V”CDV" ®. We assume that the scalar fields
are given in the form of near horizon expansions as

O=p a3 rON,  B=ji 3 e, (A2
n=1 n=1

We construct a modified stress tensor by 7, = Tm, =T
where T, satisfies the gauge conditions in (15) and Y, is
an arbitrary tensor. Then we will use the divergence-free

conditions V¥ T, =0 to fix it. From VH T, =0, one
obtains
yABTAB = Q3auTrr - QDATrA + Q3arTur - 292Tur
05 ~ Q.
+2FQT,, — Q’Fo,T,, -3 - T, (A3)

where we have used the relation T,, =T, to fulfill the
gauge conditions for 7,,. Thus the trace part of T, is
completely fixed by Tﬂy. B

The transverse equations VY, = 0 yield

0 Yus = FOT oy~ 0,00 + 2T + (= 2E) 7
rtuA — rtrA ul rA Q UuA fg Q rA

1
+92D TAB
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Suppose that T, is given by the series

Ta="Tou+ Z r,,Tir;‘).

n=1

(A5)

All the order TEZ‘) for n>1 is fixed from the above
equation. While the leading order Y9, is free as an
integration constant. We continue with the u component
of the divergence-free conditions, which gives

~ ~ 2 2 ~
0,1V, =FoT, —9d,T —Q—-—F|T
r - uu rtru u ru+(f2 Q ) ru

1 2
+ 7DATMA + ﬁTuzt' (A6)

QZ

This equation controls Y, up to an integration constant
Y9, at the leading order in the near horizon expansion.
Finally, we find that the traceless part of Y,; and the
leading order of Y, T4 of the auxiliary tensor are free as
initial data and the rest ingredients are fixed by the gauge
conditions. The uu, uA components of the modified stress
tensor at the leading orders are

Tgu = au¢au§_b - Tgw (A7)

1 - _
Tya =5 (0up0ad + 0240, h) = Y3y

The hard part of the near horizon supertranslation charge
(42) is indeed sensitive to the modification of the stress
tensor. In this work, we follow the previous choice in [41]
to set Y9, =0 and 79, = 0.
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