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Strong deflection limit analysis of black hole lensing in inhomogeneous plasma
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This paper investigates gravitational lensing effects in the presence of plasma in the strong deflection
limit, which corresponds to light rays circling around a compact object and forming higher-order images.
While previous studies of this case have predominantly focused on the deflection of light in a vacuum or in
the presence of a homogeneous plasma, this work introduces an analytical treatment for the influence of a
nonuniform plasma. After recalling the exact expression for the deflection angle of photons in a static,
asymptotically flat and spherically symmetric spacetime filled with cold nonmagnetized plasma, a strong
deflection limit analysis is presented. Particular attention is then given to the case of a Schwarzschild
spacetime, where the deflection angle of photons for different density profiles of plasma is obtained.
Moreover, perturbative results for an arbitrary power-law radial density profile are also presented. These
formulas are then applied to the calculation of the positions and magnifications of higher-order images,
concluding that the presence of a nonuniform plasma reduces both their angular size and their
magnifications, at least within the range of the power-law indices considered. These findings contribute
to the understanding of gravitational lensing in the presence of plasma, offering a versatile framework

applicable to various asymptotically flat and spherically symmetric spacetimes.
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I. INTRODUCTION

Gravitational deflection, one of the earliest phenomena
explored within the general theory of relativity, was initially
observed in the bending of light around the Sun.
Subsequently, it was identified, e.g., in the lensing of
quasars by foreground galaxies [1], the formation of arcs in
galaxy clusters [2], in galactic microlensing [3] and other
phenomena of gravitational lensing. In the weak deflection
approximation, the theory has passed all tests with flying
colors [4-10].

On the other hand, in recent years, the study of light
bending by compact objects has gained a significant
momentum, due to the groundbreaking observations con-
ducted by the Event Horizon Telescope team [11-23] (see
also Ref. [24] where the authors introduce the idea behind
such observations). By leveraging an international network
of radio telescopes, the team has provided unprecedented
insights into the immediate vicinity of black holes. They
captured images that were once thought to be beyond the
grasp of observational capabilities. These observations
have not only validated the existence of supermassive
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black holes at the centers of galaxies but have also opened
a new era in the study of lensing beyond the weak
deflection approximation; this allows one to examine the
regions surrounding the black hole event horizon through
different techniques, see, e.g., Refs. [25-28].

Even if only from a theoretical perspective, the deflec-
tion of light due to very compact objects has also been
studied for a long time. In 1959, Darwin [29] investigated
the deflection of light in a Schwarzschild background. In
particular, he derived a logarithmic approximation (now
referred as strong deflection limit) for light rays moving
near the photon sphere and described the appearance of
higher-order images (“ghosts”); see also subsequent studies
of Atkinson [30], Misner et al. [31], Luminet [32], and
Ohanian [33]. Afterward, using the exact expression for the
deflection angle, Virbhadra and Ellis [34] numerically
calculated the properties of higher-order images (“relativ-
istic images”) in the case of a Schwarzschild black hole. In
the same year, Frittelli et al. [35] obtained solutions to the
exact lens equation in the form of integral expressions. The
exact gravitational lens equation in spherically symmetric
and static spacetimes has also been investigated by Perlick
in Ref. [36]. For a detailed discussion on higher-order
images and related topics, the reader may refer to Ref. [37].

The investigation of higher-order images is highly sim-
plified in the strong deflection limit, which provides an
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analytical logarithmic approximation for the deflection
angle. Calculations of the positions and magnifications of
higher-order images were performed for a Schwarzschild
black hole [38] and later generalized to generic spherically
symmetric spacetimes [39] and rotating black holes [40].
From then on, especially regarding the possibility of dis-
tinguishing different theories of gravity, numerous studies on
gravitational lensing beyond the weak deflection approxima-
tion have appeared in the literature (see, e.g., Refs. [41-58]).
In particular, higher-order images in the form of photon rings
around the black hole shadow have been widely studied (see,
e.g., [59-74])).

All the above-mentioned studies on higher-order images
and the strong deflection case are based on the assumption
that light propagates along lightlike geodesics, without
direct influence from matter on the trajectories of rays.
However, the presence of plasma in the regions of light
propagation changes the ray trajectory due to refraction and
dispersion of the medium. In the last decade or so, many
works describing different scenarios have appeared in the
literature, taking into account such influence, both in the
weak field approximation [75-85] and beyond [86-109];
see also earlier works [110-119]. For recent reviews on the
topic and on black hole lensing in general, the reader may
refer to Refs. [120-122]; see also earlier reviews [37,43]. In
most of the mentioned literature, both homogeneous and
nonhomogeneous plasma have been studied; however,
when it comes to the analytical calculation of the deflection
angle of photons in the strong deflection limit, the only case
that has been considered so far is the one of a cold
nonmagnetized homogeneous plasma [87].

In this paper, it is our goal to extend the results of
Ref. [87] to the case of a plasma with an arbitrary radial
density profile. At the same time, following the procedure
delineated in [39], we will present results that can be easily
adapted to any static and spherically symmetric spacetime.

The paper is organized as follows. In Sec. II, we
introduce some notation and in particular recall the
expression for the deflection angle of photons in a static,
spherically symmetric and asymptotically flat spacetime
filled with cold nonmagnetized plasma [87], setting the
stage for the rest of the paper. In Sec. III, the strong
deflection limit procedure introduced in Ref. [39] is
generalized to include matter. Specializing to the case
of a Schwarzschild spacetime, in Sec. IV, we will consider
different density profiles for the plasma; after reproducing
the known result for the deflection angle in the presence of
a homogeneous plasma [87], we will analyze some cases
commonly considered in the literature. We conclude this
section showing how semianalytical results can be
obtained for an arbitrary radial power-law density profile.
These results are then applied to the calculation of
the positions and magnifications of higher-order images
in Sec. V. Finally, Sec. VI is devoted to concluding
remarks.

In what follows, we set G =c =1 and work with
signature convention {—, +, +, +}. Moreover, Greek indi-
ces sum over the spatial coordinates, while Latin indices run
over all four.

II. DEFLECTION ANGLE OF PHOTONS
IN A SPACETIME FILLED WITH COLD
NONMAGNETIZED PLASMA

In his work [110], Synge developed a framework for
understanding general relativistic geometrical optics within
curved spacetime that is filled with an isotropic transparent
medium (with negligible self-gravity effects). In this paper,
we focus on a particular kind of medium: cold, non-
magnetized plasma. Furthermore, we are interested in
studying lensing by static, spherically symmetric black
holes (or any other sufficiently compact object), described
by the line element

gudx'dx* = goo(dx®)? + gupdxdx’
= —A(r)df* + B(r)dr* + C(r)dQ*, (1)
where dQ? := d#> + sin® Odg* defines the round metric on
the unit two-sphere. We further assume the spacetime to be
asymptotically flat. In the geometric optics limit, photon
trajectories in the presence of both a gravitational field and

nonmagnetized plasma can be calculated from the varia-
tional principle [110]

5/pidxi =0, (2)

with p’ being the linear momentum of photons, together
with the constraint

H(x', pi) =0, (3)

where the scalar function H(x', p;) reads [86,88]

H(x' pi) =5 (g% pipr + @07 (x7)). (4)

N =

In the above expression, w,(x) represents the plasma
frequency, given by

 dre?
W3 (x) = =2

N(x'), (5)

m,

where e¢ and m, are the electron charge and mass,
respectively, and N(x') is the electron number density
(measured in the frame comoving with the plasma).
Under these assumptions, we consider a photon that
moves from infinity toward a spherically symmetric and
static central object surrounded by cold plasma and then
returns to infinity. Without loss of generality, we assume
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that the motion occurs in the equatorial plane (6 = z/2).
An exact expression for the deflection angle of such photon
results in [86—88,98]

(r) -1/2
a(rp) —2/ 1 dr—m, (6)

(r) hz(ro

where r( denotes the minimum radial coordinate reached
by the photon from the black hole, while the function A(r)

is defined as
D(-anZd) o

P30 z

with w,, being the photon frequency measured by an
observer on a f-line at infinity. The frequency w(r)
measured by a static observer is equal to @y /\/A(r)
(see, e.g., [88,108]). In the above discussion, we also
implicitly assumed the electron density to be a function of
the radial coordinate only (i.e., we assume the distribution
of plasma surrounding the black hole to be spherically
symmetric). Now, recalling that the plasma refractive index

is given by [87,98]
@3 (r @ (r
n(r) = \/1 _w;Er§ = \/1 —A(r) ;g ), (8)

we can rewrite the deflection angle as

&(ro)zz/ \/_ r ”r—l

ro rnro

An illustration of the physical scenario we have in mind is
shown in Fig. 1.

FIG. 1. Deflection angle & of a photon moving nearby a very
compact object surrounded by cold nonmagnetized plasma whose
frequency is denoted by w,(r). The value ry, denotes the
minimum value of the radial coordinate r for this trajectory,
while r,, denotes the radius of the photon sphere. Inspired by
Fig. 1 in Ref. [98].

In terms of the function 4 (r), the photon sphere equation
takes the simple form [88,98]

() = (10

where we recall that the photon sphere is the sphere covered
by all unstable circular orbits of photons with any possible
inclinations. Note that if the central object is not a black
hole but another compact object, it is implied that its size is
smaller than the size of the photon sphere.

ITII. STRONG DEFLECTION LIMIT IN THE
PRESENCE OF PLASMA

In this section, our goal is to perform a strong deflection
limit analysis on Eq. (9) adopting the formalism presented
in Ref. [39]. This analysis aims to provide a generalized
result for the deflection angle, applicable when the back-
ground is filled with plasma. The method developed in
Ref. [39] applies to light rays that come close to the photon
sphere, whose radius will be denoted by r,. As ry
approaches r,,, the deflection angle approaches infinity:
Photons can make one or several revolutions before flying
off to infinity.

Before proceeding, let us notice that Eq. (9) in Sec. II can
be rewritten as

&(ro):2/w—dr—7r, (11)
n VO &R -1

where we defined A:=An~? and, to avoid clutter of
notation, we introduced the subscript 0, which indicates
that the function is evaluated at ry. Moreover, we also
omitted radial dependence. This simple redefinition of the
coefficient A allows us to immediately verify that in the two
simplest limiting cases, n = 1 and n = constant, the results
in vacuum [39] are recovered, with Eq. (11) above formally
identical to Eq. (6) in Ref. [39]; we could then in principle
write down all the equations of Sec. IT in Ref. [39] with A in
place of A. From the mathematical point of view, however,
we find it convenient to introduce the procedure directly
specifying the expressions in terms of the refractive index;
by doing so, the calculation of the sole integral of the strong
deflection limit procedure is indeed straightforward for
most of the cases considered.

We start by requiring that the photon sphere equation
admits at least one positive solution. The largest root of
Eq. (10) gives the radius of the outermost photon sphere,
r,. Now, we proceed by substituting the integration
variable r in Eq. (9) with a new variable, z, as

=280 12
=TCA, (12)
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allowing us to write down the deflection angle as

a(ro) = 1(rg) — =, (13)

where I(ry) is defined by the integral
I
1) = [ REroferdz (04

with the two functions R(z, ry) and f(z, ry) given by

2ng/ABC,y(1 — A
R(z, rg) = = c:'( "), (15)

fleuro) = : . (16)

VAo = [(1 = Ag)z + Ag e n

Notice that all functions without the subscript 0 are
evaluated at r=A"'Ay)+ (1 —Ay)z]. The function
R(z,ro) is regular for all z and ry, while f(z, ry) diverges
for z = 0. To find out the order of the divergence, we
expand the argument of the square root in f(z, rg) to the
second order in z, obtaining

1
Jofero) = a(ro)z +ﬂ(ro)12, )

where the coefficient @ = a(ry) is

n3(1—Ag) n;
a= ()CT%) { 1Ag + C0<2A0n—z—A6)], (18)

while = f(ry) is given by

ng(1=Ag)
ZC(Z)A{)3
c,  .n Ag(1 = Ap)?
—C3AGAY (2 +2-0 ) |+
o 0<CojL no " A’02

x (nZ + nonjy). (19)

p= [2C0C6A62+A6A0(C0C3 -2C3)

As we can see, when a(rg) is nonzero, the leading order of
the divergence in f(z, r) is z~'/2, which can be integrated
to give a finite result; on the other hand, when a(r))
vanishes, the leading order of the divergence in f(z, ry) is
z~!, which results in a divergent integral. Since we are
interested in those trajectories whose inversion point is very
close to the radius of the photon sphere r,,, we define a
parameter 0 < 1 by the equation

ro = rp(1+96). (20)

We also notice that a(rq) vanishes at 6 = 0. Following
Ref. [39], we decompose the integral in Eq. (14) as

I(rg) = /IR(O’ m)fo(z, ro)dz+/olg(z, ro)

0
i=Ip(ro) + Ir(ro), (21)

where the function ¢(z, ry) has been defined as

9(z,r0) = R(z,70)f(z,70) = R(0, ) folz, o). (22)

As & — 0, the integral I (ry) diverges, while Ix(rg) is
regular (it is indeed given by the original integral with the
divergence subtracted). The integral /,(r() can be explic-
itly calculated, resulting in

2R(0,7,,) VB+Va+p
7 10g< Ja > (23)

We proceed by expanding « up to O(5), obtaining

Ip(rg) =

2B, AT
=TS+ 08, 24
@ = TP+ O) (24)
where f,, reads
g, = "mll=An)° (1, (ChA,, — CuAl)

+ BCLA, + CpA)ny, + 24,,Cyny]. (25)
To obtain (24), the photon sphere equation has been used.
Also, we have introduced the subscript m, which indicates

that the function is evaluated at r,,. Starting from these
considerations, we can rewrite Eq. (23) as

Ip(ro) = —alogé(ry) + bp + O(5), (26)
with a and bp given by the following expressions:

_ R(O’ rm)

: s 27
== (27)
bp = alog%. (28)

As for Ix(ry), expanding it in powers of § and considering
only the first term of the expansion results in

1
1) = [ g(zura)dz+ 0@) =be (29)
0
Putting it all together, we can finally write Eq. (13) as
a(rg) = —alogé(ry) + b. (30)

where a is defined by Eq. (27), while b is given by

b== bD+bR—TC. (31)
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This concludes our discussion on the strong deflection limit
analysis in the presence of cold nonmagnetized plasma.
To summarize, the procedure consists of:
(i) Solving Eq. (10) [or, alternatively, a(ry) = 0] to find
the radius of the photon sphere;
(i) Computing f3,, from (25) [or from (19) evaluated at
ro = r,] and the function R(0,r,,) from (15);
(iii) Computing the coefficient by given by (29) analyti-
cally or numerically, depending on the specific case;
(iv) Computing the coefficients a and b from Egs. (27)
and (31), respectively.
As we will see in the next section, the critical steps are
the calculation of the photon sphere radius and of the
coefficient by.
The deflection angle can also be written in terms of the
impact parameter, here denoted by u, which in the presence
of plasma is defined by the equation [109]

ny |Gy
=—/—, 32
4=\ A (32)

with ng, = n(r - ). Asé — 0 (i.e., as ry — r,,), also the

impact parameter must be close to its minimum u,,; we thus
define the parameter ¢ <« 1 by the equation

u=u,(1+e). (33)
Now, expanding Eq. (32) around § = 0, we find
U—u, = eryd® = u,e, (34)
where ¢ is defined to be

A2, /C
g om Dol Cn (35)
2noonmAm (1 - Am)2

In terms of e, the deflection angle can be written as

a(u) = —aloge(u) + b, (36)

where the coefficients @ and b are given by

_a R(,r,)
= — = 3 37
N (37)
_ 2
b= —n+ by + alog 2'6'" , (38)

m = m

respectively.
IV. SCHWARZSCHILD LENSING IN
THE PRESENCE OF PLASMA

In the previous section, building upon Ref. [39], the
strong deflection limit analysis in a static, asymptotically

flat and spherically symmetric spacetime has been
extended to include the presence of plasma. In particular,
an analytic expression for the deflection angle has been
derived, both in terms of the closest approach distance r,
Eq. (30), and in terms of the impact parameter u, Eq. (36).
As anticipated, in this section, we will specialize our
discussion to the case of a Schwarzschild black hole, the
simplest spherically symmetric vacuum solution of the
Einstein field equations.

For convenience, we define the Schwarzschild radius as
the unit of measure of distances; then, in Schwarzschild
coordinates, the metric coefficients take the form

A(r) = 1 _%, (39)
B(r) = (1 —%>_1, (40)
C(r) =r. (41)

For the reader’s convenience, we also recall the expression
for the plasma refractive index, that is

n(r) = \/1 _228 = \/1 —A(r) “’ig’). (42)

We remind the reader that w(r) denotes the photon
frequency measured by a static observer, w, is the photon
frequency at infinity, and ®,(r) represents the plasma
frequency to be specified.

In what follows, after reproducing the already known
result for a homogeneous density profile [87] in Sec. IVA,
we will consider nonuniform plasma, deriving exact or
approximate expressions depending on the specific density
profile chosen. We will conclude Sec. IV by presenting
results for a plasma with arbitrary radial power-law density
profile.

To avoid clutter of notation, we will specify the depend-
encies of the various quantities only when strictly neces-
sary, e.g., when writing down the final expression for the
deflection angle.

A. Homogeneous plasma

As anticipated, before discussing the more realistic
scenario where the Schwarzschild black hole is surrounded
by nonuniform plasma, here, we consider the case of a
homogeneous plasma: w,(r) = w, = constant. Although
this case has already been analyzed in the literature [87], it
is worth it to show how the same expression for the
deflection angle can be obtained within the formalism
presented in this paper.
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Defining @ := w?/w?, the two functions R(z, r) and
f(z, rg) introduced earlier in Egs. (15) and (16) read

R(z,r9) = R(rg) =2ny =24/1— <1 —ri())&)z, (43)

1

Vaz+p2 -y

where the coefficients a, # and y are given by

fz.r0) = (44)

a = a(ry) :2—3—2a)2<1—3+12>, (45)

o ro rO

3 4 3
B=pr)=—-1 +5)2<1 __"‘_2)’ (46)

ro ro rO

R O

If w,=0, it is immediate to verify that the above
expressions reduce to Egs. (43) and (44) of Ref. [39].
Now, the radius of the photon sphere can be found by
setting a(ry) = 0, resulting in

3 —4@* @*
N e

The solution of the above equation which, as w, — 0,
reduces to the well-known vacuum result (i.e., 3/2) is

V9 —8@% —4@* +3
ry, = .
" 4(1 —@?)

(49)

In order to make contact with Ref. [87], we define

8. 8w?
x==\/1—§w2:1/1—9wgo. (50)

In terms of x, Eq. (49) can be rewritten as

14+x
=3 . 51
=37 (51)

Consequently, from Eq. (27), we compute the coefficient a,
finding

- +2 14x
a=2 =2 . (52)
Tl 0L 2x

The coefficient  has been read off from the expansion of
the denominator of f(z, ry), and then it has been evaluated
at ry = r,,. For consistency, one can immediately check

that the same expression for f,, can be obtained from
Eq. (25). Let us now consider the other two coefficients to
be calculated, by, and bp. The former gives

1 +x 1
log =
2 82 (53)

bD:—Z

Concerning the latter, we have

1
br = znm/ < ! _ ] )dz
0 \VBuz> —ywz® VPnz

I |
=-a [log ($) + log 4}/—'”]
1-,/1-1 P

m

V3x — x)*
= —alog [( 3 214;: Vox) } (54)

Putting it all together, we can finally write the deflection
angle in terms of x as

14+ x
X

a(rg,x) = =2 log (z,(x)é(rg)) — 7, (55)

where the quantity z; is defined as

=9x—1+2\/6x(3x—1) (56)

48x

71 (x) :

while &(rg) as

s="0_1. (57)

rm

Equation (55) agrees with Eq. (79) in Ref. [87].
In terms of the impact parameter u, the deflection angle
results in

a(u, x) = —a(x)loge(u, x) + b(x), (58)

where &(u, x), a(x) and b(x) read

e(u,x) = () 1, (59)
) =[5 (60)

b(x) = —a(x) log <223% x)> _— (61)
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HOMOGENEOUS PLASMA

o

FIG. 2. Deflection angle in Schwarzschild spacetime sur-
rounded by homogeneous plasma as a function of the minimum
radial coordinate ry, Sec. IVA. The red curve is the result of a
numerical calculation, while the blue curve represents the
deflection angle calculated using the strong deflection limit
formula (55). We set the value &> =0.2. As expected, the
agreement is excellent when r, is near the photon sphere
radius.

respectively, with u,,(x) given by

3(1+x)
— .
3x—1 "

ty (X) = (62)

Equation (58) is in agreement with Eq. (88) in Ref. [87].

As we have seen, the homogeneous plasma case can be
solved exactly: The radius of the photon sphere can be
indeed found without relying on any approximation and,
moreover, no numerical integration is needed to calculate
the coefficient by.

In Fig. 2, the comparison between the exact deflection
angle (found by numerical integration) and the one in the
strong deflection limit is plotted, showing excellent agree-
ment for r, close to the photon sphere r,,.

B. Plasma with density profile N(r) «r~!

Let us now consider a nonuniform plasma with comov-
ing number density of the form

N(r)=—", (63)

where N, is a constant. Consequently, the plasma fre-
quency can be rewritten as

w,(r) = . (64)

For further simplicity, we introduce the constant

4re*N
ko= e (65)

W5 m

which fully characterizes the magnitude of plasma influ-
ence compared to the vacuum case. A larger value of this
coefficient indicates a greater influence of plasma. If
NC1 =0 or w, — oo, we have k =0, and the vacuum
case is recovered.

The functions R(z, ry) and f(z, ry) now read

R(z. ro) = R(ro) = 2ng = 24/ 1 = (1 - i) K (66)

o/ ro

1

flz.rg) = : (67)
Vaz+ p? -y
where the coefficients a, f and y are given by
3+k k 1
a=2->" +_2<2-—), (68)
ro I"O ro
3+k k 2
= -1-=({3-—). 69
/ o V%( ’”0) (©9)
1 & 1
y:———2<1——>. (70)
7'0 }’O 7'0

As before, the radius of the photon sphere can be found
from the equation a = 0, leading to

- [k+3+g(k>+ (71)

: (k- 3)2] 7

g(k)

where the function g(k) is defined as

glk) = </(k 3 +54+6V3\/ (k=33 +27. (72)

Setting k = 0 gives ¢(0) = 3 and r,, = 3/2, as expected.
The coefficient a results in

- (1)
2 m m (73)

with r,, given by Eq. (71). As for the coefficients by and
bg, no complications arise with respect to the homogeneous
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PLASMA WITH DENSITY PROFILE N(r) o« r™!

(ro)

N

1.5 1.6 1.7 1.8 1.9 2.0

o

FIG. 3. Deflection angle in Schwarzschild spacetime sur-
rounded by nonuniform plasma with density profile of the form
N(r) < r~'; see Sec. IVB. The red curve is the result of a
numerical calculation, while the blue curve represents the
deflection angle in the strong deflection limit; see Eq. (76). In
both cases, the constant k introduced in (65) is chosen to be equal
to k=1.

case, finding

bp = alog?2, (74)

1+ 1_3—1rm

4(3 - rm)<1 - 1—3_1r >

respectively. We can thus write down the formal expression
for the deflection angle as

br = —alog (75)

a(rg, k) = —a(k)log 8(ro, k) + b(k), (76)

where &(rg, k) is

8(ro k) = i = 1. (77)

The quantities r,,(k) and a(k) are given by Egs. (71) and
(73), respectively, and b(k) = bp(k) + br(k) — z, where
bp(k) and bg(k) are given by Egs. (74) and (75),
respectively. In Fig. 3, the comparison between the
numerical calculation of the deflection angle and the one
computed in the strong deflection limit is shown. As we can
notice, also the case of a nonuniform plasma with a density
profile of the form N(r) « 1/r can be solved exactly.
However, for later convenience, we can specialize our
formulas to the realistic case when the plasma frequency is
much smaller than the photon frequency; to implement this

approximation, we rewrite the refractive index as

n(r) = \/1 —6228 - \/1 —€<1 —%) lf (78)

Above, we have introduced a book-keeping parameter,
denoted by €, which will be set to unity after linearizing all
equations with respect to €. The function f(z, ry) assumes
of course the same form as in (67), but now the coefficients
a, p and y are given by

3 k ek 1
a=2-""° +€—2<2‘_>’ (79)
ro ro ro
3 k k 2
B = +e _1_67(3__)’ (80)
o I"O o
1 ek 1
=—-S(1--). 81
Y ro r%( r0> ( )

By solving the equation @ = 0 and then linearizing with
respect to €, we obtain

3 k
rm_§+eﬁ. (82)

In this approximation, the coefficient a becomes

a:2<1—%), (83)

where in the last step, we again linearized with respect to €
and then set ¢ = 1. Applying the same strategy to the
regular term, we find

szbR,O—’_bR,lk? (84)
where by and by are written as

bro = 2log[6(2 — v/3)] ~ 0.95, (85)

2 bro
bri == (3\/5 3+4 ) 020.  (86)

Finally, the coefficient b, is given by

k
bp ~ 2(1 - ﬁ) log 2. (87)
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PLASMA WITH DENSITY PROFILE N(r) o« r~!

o

FIG. 4. Deflection angle in Schwarzschild spacetime sur-
rounded by nonuniform plasma with density profile of the form
N(r) = Nor~!. The red line is the result of a numerical calcu-
lation, while the black line represents the deflection angle both in
the strong deflection limit and in the low-density plasma
approximation, Eq. (88). In both cases, we set k = 0.1.

In the low-density plasma approximation, the deflection
angle can then be explicitly written as

k k
&(Vo,k) :—2(1 —E) logé(ro,k) +2<1 _ﬁ>

x log[12(2 — v/3)] - %(\/5 -1)—=. (88)

As expected, the well-known result in the absence of
plasma [39] is recovered by setting k =0. In Fig. 4,
Eq. (88) is plotted and compared against the numerical
calculation. It is worth mentioning that in Fig. 4, the
constant k has been set to 0.1, not unity as in Figs. 2 and 3.
Indeed, in Fig. 3, we are plotting the numerical calculation
of a(ry) against both the strong deflection limit and the
low-density plasma limit. It is therefore important to verify
the approximation’s accuracy and determine its valid-
ity range.

Computing u,,, @ and b, we can also express the
deflection angle in terms of the impact parameter as

au,k)~— <1 —2];) loge(u. k) +1og[216(7 —V/3)]

—%k{\/g— 1 —|—110g6+%10g [6(2—4\/§)]} -7,

6
(89)
with e(u, k) given by
u 2v/3u
k) = -1= -1 0
e(u, k) . 9 & (90)

C. Plasma with density profile N(r) o r~2

The plasma number density is now given by

N(r) :Ar,;z. (o1)

This case is particularly interesting because with this choice
of the plasma distribution, the radius r,, of the photon
sphere in the presence of plasma is exactly equal to the
radius of the photon sphere in vacuum, which in our units is
3/2; see Ref. [88].

The plasma frequency and the refractive index are now
given by the expressions

w(r) = : (92)

- ( —§> r_kz (93)

respectively. It is important to note that the constant k
introduced above is defined as
4ze’N,.
— 2
ki=—5—=.

W5 M

(94)

Although it is different from the one introduced in the
previous section (N,.; # N.,), we do not change its label to
avoid cluttering the notation.

The case considered in this section turns out to be
surprisingly simple; this is due to the fact that the function
f(z,rg) has the same form as the one in the absence of
plasma [39], namely

1

fz.ry) = . (95)
e
o ro ro
from which we read off the coefficients @ and fj:
a=2- i (96)
o
3
p=—-1 (97)
To

By imposing a =0, we find the radius of the photon
sphere, r,, = 3/2, which immediately leads to f,, = 1. The
coefficients a, br and by, turn out to be

4k

a=2/1-—. (98)
br = alog[6(2 — V3], (99)
bp = alog?2, (100)
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respectively. The deflection angle is thus given by

4k 4k
a(rg, k) = =24/ 1 —ﬁlogé(ro) +24/1 ~>

x log [12(2 = V3)] — . (101)

The low-density plasma version of Eq. (101) reads

2k 2k

x log [12(2 = V3)] — . (102)

For later convenience, we also write down the result we
obtained for the regular term. Using the same notation as
before, we can write by ~ by o + bg 1k, with by given by
Eq. (85) and

bpy = —ilog [6(2—+/3)]~—-0.07.  (103)

In terms of u, the deflection angle instead results in

2k 4k
a(u, k) ~— (1 - E) log e(u, k) + o

x {1 — log V6 — log [6(2—\/5)”

+ log [216(7 — 4V/3)] — x, (104)
with e(u, k) given by
u 6v/3u
= —1l=—""—1. (1
k) = 27— 2k (105)

D. Plasma with density profile N(r) ocr~3

The next scenario that one could hope to solve exactly is
the one in which the Schwarzschild black hole is sur-
rounded by a nonuniform plasma with number density
N(r) proportional to 1/73. However, the first difficulty
arises when we write down the photon sphere equation,
which is not analytically solvable in this case. Therefore,
we are forced to rely on the low-density plasma approxi-
mation from the very beginning. When the plasma fre-
quency is significantly smaller than the photon frequency,
we can linearize the equation for the photon sphere around
the corresponding value for light rays in vacuum. For more
details, the reader may refer to Sec. V of Ref. [88]. In the
case at hand, such linearization procedure results in

3 2k
Vg ==

Before proceeding, we also write down the expression for
the plasma frequency; that is

4re’N,,

we(r) = 3

o (107)

The function f(z, ry) assumes a slightly more complicated
form with respect to the previous cases, namely

1
f(z.rg) = ; (108)
Vaz + p2 -y + 67
where the coefficients a, 3, y and  read
3 k 2 1
a:2——+€—3<1——+—2>, (109)
ro 7'0 ro ro
3 ek 5 3
ﬂ:——l——<2— + ), (110)
0 7"8 ro r(%
1 k 4 3
=—-= (1 + 2), (111)
ro ro ro 0
k 1
5:6—4(1——). (112)
rO ro
The constant k above is defined as
471e2NL.2
k=—5—>. (113)
W5m

As for the coefficient a, we have

1—6(1—%)% 16k
m m ) ﬁ2<1 >’ (114)

;_1_%(2_i+; 243

2
T'm T'm T

a=2

where we linearized with respect to € and finally set ¢ = 1,
as before. The next step is to compute the regular term, bg;
as it turns out, also in this case, the integration can be easily
performed, leading to

\/a_

— 0
br =a [2atanh< P =1 & m>

ﬂm

4B
el o) | "

with g, >0, vy, <1 and B, > y,. Now, by inserting
Egs. (110)—=(112) in Eq. (115), linearizing with respect
to ¢ and finally setting ¢ = 1, leads to

bRgbR,O—’_bR,lk? (116)
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with by given by (85) and
br = E[2\/5 5+ brol #0.04.  (117)
R1= "3 ro| = V.04
The coefficient by, is instead given by

16k
bD ~ 2(1 —%) 10g2,

again after the linearization procedure. Putting it all
together, we can write the deflection angle as

16k 16k
&(ro,k) ~ -7 <1 —%> log(s(ro,k) +2<1 —g3>
16k

243

(118)

xlog[12(2=3)] - —(2V3-5)-z.  (119)

In summary, we have been able to obtain results in this
case without relying on numerical procedures. However,
due to the impossibility of solving the photon sphere
equation exactly, we had to specialize all the expressions
to the case where the plasma frequency is much smaller
than the photon frequency. As before, we also write down
the deflection angle as a function of u, resulting in

au, k)=~ <1 —%) loge(u, k) +log[216(7 —4/3)]

16k 15

——<2 log6——+1 2-— -
243{ V3+logb 2—F0g[6( \/5)]} 7,
(120)

with e(u, k) given by
u 18v/3u

=—2" 1=V _ 1 (121
k) = 81— 4k (121)

E. General case: N(r) «xr=%,q >0

The outlined procedure is by now clear. Here, we
generalize the results presented in the previous sections
to the case of a nonhomogeneous plasma with number
density N(r) o r79, with g > 0. In this case, the radius of
the photon sphere and the refractive index read

(122)

(123)

respectively. In the general case we are considering here,
the constant k is defined as

4ze’N e

k= o (124)
Proceeding as before, i.e., reading off the coefficient
from the function f(z, ry) is not possible anymore; this is
simply due to the fact that the exponent in the power law, g,
can be any real number: The function f(z, ry) cannot be
expanded in powers of z. We then calculate f,, directly
evaluating (19) at r( = r,, or, alternatively, from Eq. (25).
By doing so, and applying the linearization procedure
introduced in the previous sections, the coefficients a and

bp turn out to be

gq-1

a(q) 22+ =—5(¢* = 7q + 4)k, (125)

3q+2

bp(q) ~a(q)log2, (126)
respectively.

The crucial step is the calculation of bg. Indeed, in this
case, the resulting integral is not analytically tractable. The
strategy we adopt is to first expand the integrand in powers
of ¢ and then evaluate the integral. We first recall that by is
defined as

1
br = / 9(z, ry)dz, (127)
0
where the function ¢(z, r,,) is given by
g(z, rm) :an(f(Z’ rm)_fO(Z’ rm))‘ (128)

Explicitly writing down the expressions for f(z,r,) and
fo(z,ry) [given by Egs. (16) and (17), respectively,
specialized to this case], linearizing the integrand in
(127) with respect to ¢ and setting ¢ = 1, leads to

br(q) = bro + br1(q)k, (129)

with the second term in the above expression given by

1
bR,l(Q):A bg1(z. q)dz, (130)
where, in turn, by ;(z, q) is defined as
ber(2a) = 2 (1= 993+ 69
7,q) =———{(1 =2)7(3+ 62
Y T 2 2)p
+z2(q-2)[z(z=3) + 3]}
2971 P — g + 4
e (131)

The integral in (130) cannot be solved exactly for every
value of g. Nevertheless, by restricting our attention to
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values of ¢ in the interval [0.5, 5], we are able to find a good
approximation of the integral in terms of polynomial
functions; that is
br1(q) |qe 0.5,5) = 2.60655 x 107%(g%> —10.8264¢ +33.1271)
X (q2 —6.60733q +19.4469)
X (q2 —12.5198¢+39.4461)
X (q2 —0.699467q +6.59669)
(

x (g —2.56535)(q—0.219367).  (132)

For the values of ¢ that we considered in the previous
sections, the above formula gives

bR,l (]) ~ —020,

bR.l (2) ~ —007,

bR.l (3) ~ 004,
thus finding perfect agreement, at least up to the second
decimal place considered here. It is important to remark
that, even if Eq. (132) is only valid for ¢ €[0.5,5], such
interval can be easily extended.

We can now finally write the deflection angle for any
value of ¢ in the interval [0.5, 5] as

a(ro. q. k) = —a(q. k) log6(rg. q. k) + bp(q. k)

+ bro + bri(q)k — (133)
where &(ry, ¢, k) is given by
o
5(ro, q, k) = —1. (134)

rm<q’ k)

Moreover, the coefficient a(q, k) and the radius of the
photon sphere r,,(q, k) are given by Egs. (125) and (122),
respectively, while bp(q. k), bgo and by (q. k) are given
by (126), (85), and (132), respectively.

Figure 5 illustrates how the radius of the photon sphere is
approached for different values of g.

Below, we also write down the formula for the deflection
angle as a function of ¢ and u; that is

a(u,q.k) ~—a(q.k)loge(u,q.k) + b(q. k),  (135)

where ¢(u, g, k), a(q, k) and u,,(g, k) are given by

u
e(u,q,k):u @ k)—l, (136)
324
u,(q, k) = 5 (39t —24=1k), (137)

20 \
18[ \ q=1
\ — q=3/2
16 \§ ——g=2
\ —q=3
— \\
e 141 \ -~~~ vacuum
<
12
10
8+
1.495 1.500 1.505 1.510 1.515 1.520
0
FIG. 5. The dashed curve illustrates the deflection angle in the

absence of plasma, see Ref. [39]. The solid curves represent the
deflection angles in Schwarzschild spacetime in the presence of a
nonuniform plasma for different values of g. In all cases, we set
k = 0.1. It is worth noting that the vacuum case and the case with
q = 2 both diverge at ry = r,, = 3/2.

q-2

2
a(g.k) =1+ —=(g> = Tq + 4)k,

7 (138)

respectively, while the coefficient b(q, k) is

q-2

2
b(g.k) = —x + 1og[216(7 — 4v/3)] + i

x {41log6 — 16 + g[g(log6 — 2)

+ 18— 710g 6] + by 1 (q) }k. (139)

We conclude the discussion of this section by showing
the behavior of the coefficients u,,, @ and b as a function of
q, setting k = 0.1 (Figs. 6-8), and as a function of k
(Figs. 9-11), respectively.

Um

2.58

257+

FIG. 6. Minimum impact parameter defined in Eq. (137) as a
function of g, with k set to 0.1. The dashed line represents the
value in the absence of plasma.
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FIG. 7. Coefficient a defined in Eq. (138) as a function of g,
with k set to 0.1. The dashed line represents the value in the
absence of plasma.
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FIG. 8. Coefficient b defined in Eq. (139) as a function of g,
with k set to 0.1. The dashed line represents the value in the
absence of plasma.
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FIG. 9. Minimum impact parameter defined in Eq. (137) as a
function of k, setting ¢ = 1. The dashed line represents the value
in the absence of plasma.
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FIG. 10. Coefficient a defined in Eq. (138) as a function of &,
setting ¢ = 1. The dashed line represents the value in the absence
of plasma.
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FIG. 11. Coefficient b defined in Eq. (139) as a function of k,
setting ¢ = 1. The dashed line represents the value in the absence
of plasma.

V. OBSERVABLES

In this section, we make use of the results from the
previous section to calculate the properties of high-order
images. Specifically, Eq. (135) can be used to determine the
positions and magnifications of such images when a
Schwarzschild black hole is surrounded by inhomogeneous
plasma.

As is well known, gravitational lensing of a distant source
by a black hole (“lens”) leads to the formation of two infinite
sequences of images on either side of the lens. These
sequences comprise the primary image, the secondary image,
and the high-order images. In cases of perfect alignment, an
infinite sequence of Einstein rings occurs, including a “main”
Einstein ring formed by merging the primary and secondary
images, as well as higher-order rings. In the formation of
high-order images, light orbits the black hole at least once,
traveling very close to the photon sphere. The deflection
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angle for these images can be accurately calculated using the
strong deflection limit [37,39].

Building on the results of Sec. IV E, we incorporate the
influence of plasma as a linear correction (low-density
approximation), assuming that the number of images in the
presence of plasma remains the same, but their position and
magnification slightly change.

The general lens equation for spherically symmetric
black holes can be written as [123]

bo = s

a(u,q.k) +n mod 2x, (140)
where ¢, and ¢g are the azimuthal coordinates of the
observer and the source, respectively. It is assumed that
both the source and the observer are far away from the
black hole (D g, Dos > 1). Additionally, we remind that u
represents the impact parameter, Eq. (32), ¢ denotes the
power-law index in the plasma distribution (see Sec. IV E),
and k is the constant characterizing the plasma influence.
Fixing the origin of the azimuthal coordinate in such a
way that ¢, = 7 and using Eq. (135), we can solve for the
impact parameters of the high-order images, obtaining

u,(q, k) = u,(q,k)(1+ l(q, k,n)), (141)

with the quantity /(q, k, n) defined by

b(q. k) + ¢ —2zn
a(q. k)

I(q. k.n) = exp< ) (142)

Above, n denotes the number of loops around the black
hole performed by light rays before reaching the observer
and ¢g € [-r, z]. Equation (141) describes the images on
one side of the lens; images on the other side of the lens can
be found by substituting ¢p — ¢pg with 27z — o + ¢s.
Therefore, every number n > 0 corresponds to a pair of
images on different sides of the lens (see, e.g., pp. 2274-2275
of Ref. [37]). Formula (141) applies only to higher-order
images (n > 1), while for primary and secondary images (a
pair with n = 0), the strong deflection limit approximation
does not apply. For completeness, it should be noted that this
widely used definition of n should not be confused with the
number of half-orbits, which has been recently used in
describing higher-order photon rings in black hole images
(see, e.g., [60,65,68]).

Recalling that the angular separation of the image from
the center of the lens is 6 = u/Dgq;, where Dgy, is the
distance between the lens and the observer (in our case,
Dgp > 1), from the above equation we easily get

0,0.0) = "5 (1 1 i(q, k).

143
Doy (143)

Computing the impact parameters in the presence of
plasma for different values of ¢ in the range [0.5, 5], we

TABLE I. Comparison between the impact parameters of the
higher-order images in vacuum and inhomogeneous plasma for
different values of ¢, in the specific case of perfect alignement.
The constant k has been set to 0.1.

Impact parameter ~ Vacuum q= % q=2 q=73
uy 260133  2.57754  2.58188  2.58837
U, 2.59808  2.57451 2.57884  2.58525

find that they are always smaller than the corresponding
impact parameters in vacuum; in Table I, considering
specific values of g, some results for the impact parameters
are presented. By varying ¢, we can therefore deduce that
the presence of an inhomogeneous plasma reduces the
angular size of the higher-order images. This conclusion is
valid within the low-density plasma approximation. We
also emphasize that here we restrict ourselves to consid-
ering a decreasing density profile, which is the most
physically motivated situation. The decrease in angular
size of higher-order images agrees with the results of
Ref. [88], where the decrease in angular size of the shadow
in nonhomogeneous plasma is found.

Let us conclude by considering the simple scenario where
only the first (n = 1) higher-order image is resolved in
observations, while all others (n > 2) are grouped together
near the shadow boundary. Recall that we consider only one
side of the lens. The image with n = 1 is the outermost
among all higher-order images and has an angular separation
0, from the center, as given by Eq. (143). All other images are
closer to the shadow boundary, so we can approximate their
asymptotic position as 6., = u,,/Dg, wWhere 6 is the
angular size of the shadow. This allows us to examine
how the relative separation between the first image and
the others, defined as

s(q, k) =1(q,k, 1) = exp

(E(% k) + ¢s —2n
a(q. k)

changes due to the presence of inhomogeneous plasma.
Figure 12 illustrates how the quantity s(q, k) behaves as a
function of ¢, where, for simplicity, we set ¢p¢ = O (in this
case, we thus have ¢, — ¢pg = 7;1i.e., the background source,
the lens and the observer are in perfect alignment).

Another important observable is the magnification of the
higher-order images. For sources and observers very far
from the black hole, it is given by [33,37,39]

Ha(q. k) = <D05>2

Dy g

), (144)

(g, k)s(q, k)
D%, a(q, k) sin (z — ¢g)’

(145)

with Dgg being the distance between the observer and the
source, D; g the one between the lens and the source, and
finally Do the one between the observer and the lens,
already introduced before. Equation (145) was derived for
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0.00122])

0.00120}
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0.00116

FIG. 12. The behavior of the function s(q,k), defined in
Eq. (144), is examined as a function of the power-law index g
with a fixed value of k. The constant & is set to 0.1, and the dashed
line represents the function’s value in the absence of plasma.

the vacuum case, but it can also be applied to the plasma
case if the quantities u,, (g, k), @(q. k), and b(q. k) are now
given by Eqs. (137)—(139), respectively. We also recall that
we fixed the origin of the azimuthal coordinate in such a
way that ¢ = 7. Setting k = 0 gives the expression for the
magnification in the absence of plasma; that is

DOS 2 urzn vacSvac
nvae = = , 146
Hnsvac (DLS) Dy sin (7 — ¢bs) (146)

where the subscript “vac” stands for “vacuum” and the

quantities Sy,. and u,, ,,. are given by [39]

3V3
2

Syac = 216(7 — 41/3)e 21, ==, (147

U vac =

respectively.

In Table II, ratios p,/u)* for different values of ¢ are
presented. In Fig. 13, with n = 1 set, the ratio between the
magnification factor for gravitational lensing in inhomo-
geneous plasma and that in vacuum is plotted as a function
of g, concluding that the presence of inhomogeneous
plasma reduces the magnifications of higher-order images,
at least in the range of g considered here.

TABLE II. Here, we compare the magnification factors of
relativistic images for lensing in inhomogeneous plasma, across
different values of ¢, with those in vacuum. We consider the ratios
M,/ iy, which depend only on ¢ and k (the constant k is set to
0.1). The values u,* have been taken from [87].

] 1 e q=3 q=2 q=3
py /e 0.716 x 107! 0.93 0.94 0.96
po | 5 0.134 x 10713 0.89 0.90 0.92

B =1)
12 (n = 1)

FIG. 13. Ratio between the magnification factors for lensing in
the presence of inhomogeneous plasma and that in vacuum, as a
function of ¢, with n =1 and k = 0.1.

VI. DISCUSSION AND CONCLUSIONS

This paper marks the initial stages of examining the
deflection angle of photons by very compact objects in the
presence of nonuniform plasma through analytical calcu-
lations. We find the deflection angle in the strong deflection
limit, which corresponds to light rays circling several times
around a compact object, and calculate properties of high-
order images formed by such rays. In comparison with
previous studies where the strong deflection limit was
considered mainly in vacuum or in homogeneous plasma,
here, we develop a much more general approach valid for
nonhomogeneous plasma distribution.

We investigate analytically a quite general scenario:
deflection angle in a static, asymptotically flat and spheri-
cally symmetric spacetime filled with nonhomogeneous
plasma having a spherically symmetric density profile
(Sec. III); see Egs. (30) and (36). We focus on the
Schwarzschild spacetime, providing insights into how
different plasma density profiles impact the deflection of
photons for this metric (Sec. IV). The inclusion of results
for an arbitrary power-law radial density profile (Sec. IV E)
adds versatility to the framework, making it ready for
application to a broad range of astrophysical settings. The
formulas presented in the paper are then applied to the
calculation of the positions and magnifications of higher-
order images (Sec. V).

Itis worth noting the different level of approximation used
in the various cases considered. As explained in the text, the
two crucial steps of the strong deflection limit procedure are
the calculation of the radius of the photon sphere and the
coefficient by [Egs. (10) and (29), respectively]. In the case of
homogeneous plasma (Sec. IVA), as well as in the cases of
power-law indexes ¢ = 1 and ¢ = 2 (Secs. [V B and IV C,
respectively), both the radius of the photon sphere and the
coefficient bp have been found without relying on any
approximation other than the one dictated by the strong
deflection limit procedure. In terms of the distance of closest
approach, ry, the deflection angle in the homogeneous
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plasma case is given by Eq. (55), while the deflection angles
in the cases ¢ = 1 and g =2 are given by Eqgs. (76) and
(101), respectively. In the ¢ = 3 case (Sec. IV D), the low-
density plasma approximation was additionally used to find
the radius of the photon sphere. However, the coefficient by
could still be determined through exact integration. The
resulting deflection angle in this case is given by Eq. (119).
As one might expect, for arbitrary ¢ in the range [0.5, 5], the
radius of the photon sphere can only be found in the low-
density plasma approximation, and the coefficient by can
only be computed by linearizing the integrand (Sec. IV E).
The result for the deflection angle is given by Eq. (133). For
the sake of completeness, we also provide references to the
expressions for the deflection angle in terms of the impact
parameter; in the homogeneous plasma case, it is given by
Eq. (58), while in the cases ¢ =1, ¢ =2 and ¢ = 3, it is
given by Egs. (89), (104), and (120), respectively. Finally, for
arbitrary ¢ in the range [0.5, 5], we have obtained Eq. (135).

By opting for analytical methods, we provided a clear
and direct understanding of the relation between photon

deflection and nonuniform plasma environments, opening
avenues for further exploration and application. Beyond
delving into more complex plasma models, the next logical
step in our study involves extending the analysis to address
axially symmetric and stationary solutions to Einstein field
equations.
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