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In the energy-momentum squared gravity (EMSG), the matter energy-momentum tensor is not
conserved due to nonminimal interaction between the usual and modified matter fields. For this reason,
the N-body acceleration may host the EMSG effects that can be probed at the solar scale by the perihelion
shift of the planets and experimental tests of the strong equivalence principle (SEP). To shed light on it, in
this paper, we present the N-body equations of motion in the weak-field limit of the EMSG theory. To do
so, the post-Newtonian (PN) hydrodynamic equations, the viral identities, as well as the corresponding
equilibrium conditions are introduced in this theory. Armed with these relations, we derive the dynamics of
the N-body system and its PN interbody metric. It is shown that the EMSG theory is not ruled out by the
classical test, the perihelion advance of Mercury, and the test of SEP. In other words, in the first PN order, it
is not possible to constrain the free parameter of this theory and even distinguish it from general relativity
(GR) using these local tests.
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I. INTRODUCTION

In the history of gravity, since the late 1800s, there have
always been attempts to modify the theory of gravity with
various theoretical and observational motivations. In the
“beyond-Einstein” period,1 beginning in the middle 1980s,
some alternative gravity theories have been devised to solve
problems of the standard model of cosmology, known as
the Lambda cold dark matter (ΛCDM) based on general
relativity (GR), such as the lack of explanation of the
cosmic dark sector, the cosmological constant Λ
problem [2–4], and several tensions between constraints
derived from different observations [5–9]. Other alternative
gravity theories have been motivated by particle physics
and quantum gravity. For a review on modified gravity
theories see Refs. [10–17].
Among the modified theories of gravity most of which

focus on the generalization of the linear function of the Ricci
scalar curvatureR in the Einstein-Hilbert (EH) action, a new
type of modified theory recently has been invented that
modifies the matter portion of the standard action of GR.
Several models have been proposed for this matter-type
modified theory of gravity. In some models, the matter
Lagrangian density Lm is changed to an arbitrary function
fðLmÞ [18]. Other models of this theory are constructed by
adding a function of the energy-momentum tensor Tμν such
as fðgμνTμνÞ [19] and fðTμνTμνÞ [20–23] to the standard

action. In the matter-type modified theories of gravity, there
is a nonminimal interaction between the usual energy-
momentum tensor Tμν and the modified matter field Tμν

mod
which is made of different combinations of Lm in each
model [24]. Therefore, in general, the covariant divergence
of the energy-momentum tensor is not necessarily zero,
namely ∇μTμν ≠ 0, and consequently, test particles do not
move on geodesics of the curved spacetime, e.g., see
Refs. [18,21,25]. In other words, by introducing auxiliary
matter fields, this modified theory may violate the strong
equivalence principle (SEP). It should be noted that in
some other alternative theories, SEP can also be violated,
e.g., see Ref. [26] and references therein. As the equiv-
alence principle is well constrained by the Solar System
experiments [27], it can impose stringent constraints on
these types of theories.Also, similar to the other theories, the
deviation of this theory from GR should be extremely small
in the Solar System scale, otherwise, it cannot survive the
classical tests of GR. Although the deviation is small at this
scale, the modified theories can induce large differences at
the cosmological scale and be the key to the ΛCDM
enigmas, e.g., see Ref. [28]. From this perspective, it is
important to constrain the matter-type modified theory and
check its validity in the Solar System scale.
In the current paper, we focus our attention on a specific

model of the matter-type modified theories of gravity
entitled energy-momentum squared gravity (EMSG). In
the EMSG theory, an arbitrary function of the Lorentz
scalar T2 ¼ TμνTμν, i.e., fðT2Þ, is added to the EH action.
The presence of the square of the energy-momentum tensor
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in the action and, accordingly, in the field equations fully
justifies its appellation. Several classes havebeen introduced
for this theory [20–22,25,29,30] followed by a surge of
interest in applying them to various cosmological and
astrophysical contexts, for instance, see Refs. [31–57].
Among the EMSG classes, we investigate a class called
the quadratic-EMSG where fðT2Þ ¼ f00T

2 and f00 is its
free parameter.2 This class, similar to the other EMSG
classes, shows that the effective energy-momentum tensor
Teff
μν ¼ Tμν þ TEMSG

μν is indeed conserved while violating the
standard local conservation law due to nonminimal inter-
action between Tμν and its EMSG accompanying partner
TEMSG
μν . In the following, TEMSG

μν , which is different in each
case, is defined for a perfect fluid in the quadratic-EMSG
theory. It should be mentioned that this model can be
more effective in the early universe and dense compact
astrophysical objects [21]. This class of EMSG theory has
been constrained in the strong-gravity regime, e.g., see
Refs. [31,32,47].
The Solar System tests are based on the parametrized post-

Newtonian (PPN) formalism [1], which can be used to test
most alternative theories of gravity in the weak-field limit.
This formalism is introduced for the point particles [58,59]
and for the perfect-fluid systems [60–63]. To analyze this
new theory using Solar System experiments, the weak-field
limit, more precisely, the first order of the post-Newtonian
(PN) limit of the quadratic-EMSG theory should be studied.
Then, utilizing the experimental bounds on the PPN param-
eters obtained in the Solar System scale [27,64–66], the free
parameter of the theory can be constrained. In [48], after
introducing thePNexpansionof thequadratic-EMSGtheory,
we derive the PN near-zone metric of a perfect fluid and the
null geodesic of the EMSG curved spacetime. Considering a
spherically symmetric finite object in this theory, we next
study the “classical” tests including (i) the deflection of light
and (ii) the time delay of light. It is shown that the EMSG
theory passes these twoSolar System tests with flying colors.
Furthermore, it is argued that if the density of the deflector is
known, one can distinguish EMSG from GR and restrict its
free parameter utilizing the bounds coming from experi-
ments. In [67], introducing the EMSG spherically symmetric
solution in the context of the PPN formalism, local tests are
also investigated for the EMSG model of the form fðT2Þ ¼
αT2η where α and η are constants. It is shown that only if the
physical mass of the astrophysical object or the values of α
and η are known from another window, this theory and GR
are distinguishable by Solar System tests.
Following these studies, in order to obtain the motion of

bodies with self-gravitational interactions such as planets
and the Sun, and consequently to study the next classical
test, the perihelion advance of Mercury, in the framework

of the EMSG theory, the N-body acceleration needs to be
derived. It should be noted that since the motion of a test
particle and photon in the field of a single spherically
symmetric body is studied in [48,67], their results are not
sufficient for this purpose and should be extended. One way
to obtain the N-body acceleration is to treat each body of
the system as a “point particle” and assume that it moves on
a test-body geodesic in a curved EMSG spacetime whose
PPN metric is produced by all components of the N-body
system with taking care of the gravitational field of the
body itself. But due to the appearance of the quadratic term
of density ρ2 in the quadratic-EMSG theory, this descrip-
tion will be quite complicated.3 On the other hand, the
trajectory of the massive self-gravitating body is not
necessarily geodesics of any PPN metric and its motion
may be influenced by its internal structure (except in
GR) [1]. Besides that, as pointed out earlier, in the
matter-type modified theory of gravity, the body’s motion
depends on the interaction between the standard and
modified matter fields and thus does not follow geodesics.
Therefore, in general, the trajectory of the body is expected
to depend on its internal structure where the EMSG effects
may play a role, thereby violating at least one aspect of
SEP, namely the gravitational weak equivalence principle
(GWEP). The bottom line is that the N-body acceleration
may host the EMSG effects which can be constrained in the
solar scale using the perihelion shift of the planets as well
as experimental tests of SEP/GWEP.
To shed light on these points, we apply the method

described in [1,68] and present appropriate N-body equa-
tions of motion in the EMSG theory by considering each
body realistically. This method is based on defining the
center-of-mass position of the body. It is indeed the main
tool for studying the problem of motion [69]. It is assumed
that each body is a finite, nonrotating, self-gravitating ball
of the PN perfect fluid that is well separated from other
bodies and has a weak mutual gravitational interaction. So,
for each PN body, the slow-motion condition, v2=c2 ≪ 1,
and weak-field limit, U=c2 ≪ 1, are established. Here, v is
the velocity of the fluid element and U is the Newtonian
potential. It is worth noting that the N-body problem is also
studied in the PN limit of other modified theories of gravity,
for instance, see Refs. [70,71]. In Sec. II, the exact as well
as the PN hydrodynamic equations are obtained in the
quadratic-EMSG theory. Armed with the PN EMSG hydro-
dynamic equations, the equations of motion of each body
are derived in Sec. III. In this section, we introduce the viral
identities in this theory and then obtain the corresponding

2To coordinate with our previous works, we utilize the same
notation for the free parameter of the EMSG theory applied in
Ref. [47,48].

3In fact, in this way, one quickly encounters several ill-defined
integrals involving the square of the delta function. To overcome
this mathematical difficulty, a regularization prescription needs to
be introduced. This mathematical issue and related rule for
regularizing divergent integrals is not the subject of the present
study. So we leave the point-particle model in the EMSG theory
for the future.

ELHAM NAZARI PHYS. REV. D 110, 064023 (2024)

064023-2



equilibrium conditions. Utilizing these conditions, the final
form of the N-body acceleration, which is the purpose of
this section, is achieved. To complete our results, Sec. IV is
dedicated to the derivation of the PN interbody metric of
the N-body system in the quadratic-EMSG theory. This
metric governs the empty region between the well-
separated N bodies/balls up to the first PN order. We
discuss our findings in Sec. V. Supplement relations are
provided in Appendices A–C.
In this paper, ημν ¼ diagð−1; 1; 1; 1Þ is the Minkowski

metric in Cartesian coordinates, and Greek and Latin
indices run over the four spacetime and spatial dimensions,
respectively. We refer to the PN order as nPN≡Oðc−2nÞ.
Also, to simplify PN relations, the relevant Newtonian
equations are used.

II. ENERGY-MOMENTUM SQUARED
GRAVITY: FIELD EQUATIONS

We launch our study by introducing the field equations of
the quadratic-EMSG theory which are derived in [20–23]. In
preparation for calculations given in the next section, the
exact hydrodynamic equations as well as the weak-field
hydrodynamic equations will also be derived here.

A. Exact hydrodynamic equations

The action of the quadratic-EMSG theory is intro-
duced as

S ¼
Z ffiffiffiffiffiffi

−g
p �

1

2k
Rþ f00T

2

�
d4xþ SM; ð1Þ

where k ¼ 8πG
c4 , gμν is the spacetime metric with the

determinant g, R is the Ricci scalar, and SM is the matter
action. Here, f00 is the free parameter of the theory, which is
shown to be positive in [72], and T2 ¼ TαβTαβ where Tαβ is
the energy-momentum tensor. The quadratic-EMSG field
equations are then given by

Gμν ¼ kðTμν þ f00ðgμνT2 − 4Tσ
μTνσ − 4Ψ μνÞÞ; ð2Þ

where Gμν ¼ Rμν − 1
2
gμνR is the Einstein tensor and

Ψ μν ¼ −Lm

�
Tμν −

1

2
Tgμν

�

−
1

2
TTμν − 2Tαβ ∂

2Lm

∂gαβ∂gμν
; ð3Þ

in which Lm stands for the matter Lagrangian density and T
is the trace of the energy-momentum tensor. As usual, it is
considered that the matter Lagrangian density is only a
function of the metric, independent of metric derivatives.

Regarding the field equations (2) and the contracted
Bianchi identities ∇μGμν ¼ 0, one can deduce that the
following relation

∇μT
μν
eff ¼ 0; ð4Þ

is established in this theory. Tμν
eff is the effective conserved

energy-momentum tensor, defined as

Teff
μν ¼ Tμν þ TEMSG

μν ; ð5Þ

where

TEMSG
μν ¼ f00ðgμνT2 − 4Tσ

μTνσ − 4Ψ μνÞ: ð6Þ

So, unlike GR, the standard energy-momentum tensor is
not conserved in EMSG, namely ∇μTμν ≠ 0.
We should mention that in addition to the effective

energy-momentum conservation (4), we consider that the
conservation of the rest-mass density ρ is established in
EMSG, i.e.,

∇αðρuαÞ ¼ 0: ð7Þ

Here, uα ¼ γðc;vÞ is the four-velocity field where v is the
three-velocity field and γ ¼ u0=c. It should be emphasized
that the conservation of rest-mass considered here is
based on the assumption that the total baryon number of
the fluid element is conserved, independent of Eq. (4) and
the assumed theory of gravity [1]. This relation can be
simplified as

∂tρ
� þ ∂jðρ�vjÞ ¼ 0; ð8Þ

where ρ� ¼ ffiffiffiffiffiffi−gp
γρ [68,73]. In fact, ρ� is the rescaled mass

density that satisfies the continuity equation (8). In the
following calculations, we use this useful definition of the
mass density. Eqs. (4) and (8) provide us with the exact
curved-spacetime hydrodynamic equations in the EMSG
theory.

B. Post-Newtonian hydrodynamic equations

It is shown that to find the relativistic effects on the
motion of a body, more precisely equations of motion for a
center of mass of a finite body, in a curved spacetime, we
need to know the Euler equation at least up to the first PN
(1 PN) approximation.4 This point is illustrated in the next
section. This order of approximation reveals the very first
footprint of the relativistic contributions in the equation of
motion. We use the results presented in [47,48] to obtain
the PN Euler equation in the EMSG theory. In [48], the
near-zone metric of a perfect fluid in EMSG is introduced.

4A reader wishing to review the PN limit of the EMSG theory
may begin with Sec. III of [48] and then return to this section.

DYNAMICS OF THE N-BODY SYSTEM IN ENERGY- … PHYS. REV. D 110, 064023 (2024)

064023-3



For the sake of convenience, the relations required for the
present study are summarized in Appendix A. In this
appendix, we truncate the components of the metric to
the sufficient PN order we need below.
For the purposes of the current work where the EMSG

theory is asked in the Solar System and the stellar system, it
is sufficient to assume that the matter part of the system (the
matter composing bodies) is a perfect fluid,5 whose energy-
momentum tensor is defined by

Tμν ¼
�
ρþ ϵ

c2
þ p
c2

�
uμuν þ pgμν; ð9Þ

where ϵ is the proper internal energy density and p is
pressure. Inserting this relation into Eq. (6), we get

Tμν
EMSG ¼ f00

��
2c2ρ2 þ 8ρpþ 4ρϵþ 1

c2
ð6p2 þ 8pϵ

þ 2ϵ2Þ
�
uμuν þ ðc4ρ2 þ 2c2ρϵþ 3p2 þ ϵ2Þgμν

�
:

ð10Þ

To obtain this relation, the normalization condition
gμνuμuν ¼ −c2 is used. Also it is assumed that the matter
Lagrangian density is Lm ¼ p and the second metric
derivative of Lm vanishes [23,24,74].
Now we turn to find the PN Euler equation in the EMSG

theory. To do so, let us first study the time component of
Eq. (4), which can be expanded as

1

c
∂tð

ffiffiffiffiffiffi
−g

p
T00
effÞ þ ∂jð

ffiffiffiffiffiffi
−g

p
T0j
effÞ þ Γ0

00ð
ffiffiffiffiffiffi
−g

p
T00
effÞ

þ 2Γ0
0jð

ffiffiffiffiffiffi
−g

p
T0j
effÞ þ Γ0

jkð
ffiffiffiffiffiffi
−g

p
Tjk
effÞ ¼ 0; ð11Þ

Inserting Eqs. (9) and (10), the metric components, and the
Christoffel symbols given in App. A into the above relation,
using Eq. (8), applying the slow-motion condition and
weak-field limit, and finally truncating the result to the
leading PN order, we find that

ρ�∂t

�
Πþ 1

2
v2
�
þ ρ�vj∂j

�
Πþ 1

2
v2
�
þ ∂jðpvjÞ

− ρ�vj∂jU þ 2c4f00ρ
�vj∂jρ� ¼ Oðc−2Þ; ð12Þ

where, Π ¼ ϵ=ρ� is the internal energy of a fluid element
which is divided by its mass. This relation is the local
conservation of energy within the fluid in the EMSG
theory. To simplify it further, we study the spatial compo-
nent of Eq. (4), i.e., ∇μT

jμ
eff ¼ 0. It can be written as

follows:

1

c
∂tð

ffiffiffiffiffiffi
−g

p
T0j
effÞ þ ∂kð

ffiffiffiffiffiffi
−g

p
Tjk
effÞ þ Γj

00ð
ffiffiffiffiffiffi
−g

p
T00
effÞ

þ 2Γj
0kð

ffiffiffiffiffiffi
−g

p
T0k
effÞ þ Γj

knð
ffiffiffiffiffiffi
−g

p
Tkn
effÞ ¼ 0: ð13Þ

Keeping only the leading-order terms in the above relation
and applying Eq. (8), one can show that the Newtonian
limit of the Euler equation in the EMSG theory is given by

ρ�
dvj

dt
¼ ρ�∂jU − ∂jp − 2f00c

4ρ�∂jρ� þOðc−2Þ: ð14Þ

Regarding the point mentioned in Appendix A, the extra
EMSG term appearing in the Euler equation is of the same
order as the standard ones, i.e., it is of the order c0. Here, the
definition of the total time derivative d=dt ¼ ∂t þ vk∂k is
utilized. Now substituting Eq. (14) within Eq. (12) and
again utilizing Eq. (8), we find the first law of thermody-
namics for the isentropic fluid

dΠ
dt

¼ p
ρ�2

dρ�

dt
þOðc−2Þ; ð15Þ

in this theory. As seen, in this order, the EMSG corrections
play no role.
To obtain the PN Euler equation, we Follow the method

applied in [1,68] in the PN framework. By inserting the
results given in Appendix A as well as Eqs. (9), (10), and
(15) into Eq. (13), after some manipulations, we finally
arrive at

ρ�
dvj

dt
¼ −∂jpþ ρ�∂jU þ 1

c2

��
Πþ p

ρ�
þ 1

2
v2 þU

�
∂jp − vj∂tpþ ρ�½ðv2 − 4UÞ∂jU − vjð3∂tU þ 4vk∂kUÞ

þ 4vkð∂kUj − ∂jUkÞ þ 4∂tUj þ ∂jΨ�
�
− 2f00c

4ρ�
�
∂jρ

� −
1

c2

�
vjðvk∂kρ� þ ρ�∂kvkÞ −

�
Π −

3

2
v2 − 7U

�
∂jρ

�

þ 1

ρ�
∂jðρ�pÞ þ 2f00c

4ρ�∂jρ� − ρ�∂j

�
Π −

1

2
v2 − 3U

�
þ 2∂jUEMSG

��
þOðc−4Þ: ð16Þ

5In the following sections, it is shown that the final external equations of motion up to the first PN order in the EMSG theory are
independent of the internal structure and internal forces of bodies. Therefore, it is sufficient to treat each body as a perfect fluid ball in the
case of solar system and stellar system experiments, even though some components of these systems are not exactly fluid.

ELHAM NAZARI PHYS. REV. D 110, 064023 (2024)

064023-4



Here, the definition of the total time derivative is utilized
and the terms are kept to Oðc−2Þ. This is the PN version of
the Euler equation in the EMSG theory. It is seen that in
addition to the PN corrections related to GR, i.e., the terms
within the first braces, those related to EMSG, i.e., the
terms within the second braces, appear in this equation. It
should be noted that in the terms ∂tUj and ∂jΨ, other
EMSG effects are also hidden. In the following section,
these hidden effects are derived and their role is examined
in the final result.

III. DYNAMICS OF A BODY IN ENERGY-
MOMENTUM SQUARED GRAVITY

Utilizing the PN Euler equation (16), we now study the
external dynamics of a body with the relativistic effects to
the 1 PN order in the EMSG theory. To do so, we consider
the coarse-grained description, e.g., see Refs. [1,68]. In this
description, a fluid distribution breaks up into a collection
of well-separated N bodies moving under the influence of
their mutual interactions. The region between bodies is
empty and there is no flux of matter from the bodies. Each
body is assumed to be a finite, nonrotating, self-gravitating
ball of a perfect fluid with zero pressure on its surface
whose internal dynamics are governed by the PN EMSG
hydrodynamic equations. It should be noted that the
internal dynamics of all bodies are assumed to be governed
by the same Eq. (16) with the same EMSG free parameter.
That is, the EMSG field is the same for all bodies. This is a
suitable assumption to avoid adding N different EMSG
free parameters to the motion problem. Moreover, as we
consider a self-gravitating body, each gravitational poten-
tial in the Euler equation (16) is produced partly by the
body itself, labeled by A, and partly by the rest of the bodies
in the N-body system. So, one can decompose the total
gravitational potential, let us call it ϕ generally, as ϕ ¼
ϕA þ ϕ−A where ϕA and ϕ−A are the internal potential, due
to the body A, and the external potential, due to the rest of
the bodies, respectively.6

More importantly, as mentioned, it is assumed that the
bodies are well-separated. That is, the inequality R ≪ r is
established. Here, R is the typical size of the body and r is
the typical separation distance between bodies making up
the N-body system. In the following calculation, all terms
of the order ðR=rÞ2 are then discarded. So, the finite-size
effects of bodies, such as the multipole moment terms, are
not important in this study. This important assumption
results that the internal and external dynamics respectively
proceeding on the timescales T int ∼ ðR3=GmÞ1=2 and Text ∼
ðr3=GmÞ1=2 take place over widely separated timescales,
i.e., T int ≪ Text. Here,m is the mass of the body. In fact, the

strong inequality T int ≪ Text is established for the well-
separated bodies with R ≪ r [68,69]. This leads us to the
conclusion that the external and internal dynamics are well
decoupled and each body can be balanced under its own
internal dynamics, that is, it is in dynamical equilibrium.
In this description, center-of-mass variables for each body

are involved in the problem of motion. So, for clarity, let us
recall here these definitions to the leading PN order. Wewill
introduce their generalized form in the EMSG theory in the
following subsections. In this framework, the material mass
of a body, denoted by the index A, is given by7

mA ¼
Z
A
ρ�d3x: ð17Þ

The integration domain VA is assumed to be a time-
independent region extending beyond the volume occupied
by the body so that in a time interval dt, the body does not
cross the border of VA. At the same time, the volume VA is
considered to be small enough to neither contain nor interact
with other bodies of the system. One can then define the
position of the center-of-mass of body A as

rjA ¼ 1

mA

Z
A
ρ�xjd3x; ð18Þ

in the global inertial frame. Using this definition, we can
then proceed to derive the center-of-mass velocity

vjA ¼ drjA
dt

¼ 1

mA

Z
A
ρ�vjd3x; ð19Þ

considered as the velocity of the body, and the center-of-
mass acceleration

ajA ¼ dvjA
dt

¼ 1

mA

Z
A
ρ�

dvj

dt
d3x; ð20Þ

as the body’s acceleration. To obtain these relations, we use
Eq. (8) and the fact that dmA=dt ¼ 0. The next step to
finding the equations ofmotion is to insert theEuler equation
into the above relation and evaluate each term. For the sake
of simplicity, it is considered that each body is reflection-
symmetric about its center-of-mass.8 This is a reasonable
assumption that significantly reduces the amount of
computation.

6Interested readers can see the potential decomposition tech-
nique in detail in [68]. The general form of ϕA and ϕ−A is given in
Appendix C.

7In the post-Newtonian gravity, instead of the usual mass
density ρ, the rescaled mass density defined by ρ� ¼ ffiffiffiffiffiffi−gp

γρ is
utilized. It is due to the form of the equation of mass conservation
(8) in this framework [73]. In the Newtonian limit, it is simply
replaced by ρ.

8Considering the high degree of symmetry of the bodies in the
Solar System, this assumption is adequate for our purpose in this
paper.
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For the following calculations, let us also introduce here
two useful relative vectors

x̄≡ x − rAðtÞ; v̄≡ v − vAðtÞ; ð21Þ
which are the position of a fluid element relative to the
center-of-mass of the body rAðtÞ, and the velocity of the
element relative to the body velocity vAðtÞ, respectively.
Based on the relative vector x̄, the mathematical form of the
reflection-symmetric assumption is

yðt; rA − x̄Þ ¼ yðt; rA þ x̄Þ; ð22Þ
where y represents one of the fluid variables ρ�, p, and Π.

A. Crude estimation

As a warm-up exercise, let us first describe what is
required to obtain the dynamics of a body that is a member
of an N-body system and estimate the role of the EMSG
terms. To do so, we use the definition of the body’s
acceleration obtained in GR, i.e., Eq. (20). Regarding this
relation, we know that the weighted average of the
accelerations of individual fluid elements inside a body
given with respect to an origin outside the body, i.e., dv=dt,
provides us with the acceleration of the body as whole with
respect to that origin outside. On the other hand, from
Eq. (16), it is deduced that several EMSG terms affect the
fluid element acceleration dvj=dt. Due to the complexity of
this relation, extracting the full EMSG effects is a com-
plicated task. We derive it in detail in the following section.
For now, in this exercise, we consider the Newtonian Euler
equation together with only one relativistic part of the
EMSG expressions, namely, 4f00c

2ρ�∂jUEMSG. We then
have

ρ�
dvj

dt
≈ρ�∂jU−∂jp−2f00c

4ρ�
�
∂jρ

�−
2

c2
∂jUEMSG

�
: ð23Þ

As an estimate, inserting the above relation into the
definition of aA and then decomposing the gravitational
potentials, after some simplifications, we get
Z
A
ρ�ðdvj=dtÞd3x¼

Z
A
ρ�½∂jUAþ∂jU−A

þ4f00c
2ð∂jUEMSG;Aþ∂jUEMSG;−AÞ�d3x;

ð24Þ
where

UA ¼ G
Z
A

ρ�0

jx − x0j d
3x0; ð25aÞ

U−A ¼
X
B≠A

G
Z
B

ρ�0

jx − x0j d
3x0; ð25bÞ

are the internal and external pieces of the standard potential
U of the N-body system, respectively, and

UEMSG;A ¼ G
Z
A

ρ�02

jx − x0j d
3x0; ð26aÞ

UEMSG;−A ¼
X
B≠A

G
Z
B

ρ�02

jx − x0j d
3x0; ð26bÞ

are the internal and external pieces of UEMSG, respectively.
Here, we use the fact that the pressure on the surface of the
body is zero. Substituting the internal piece of U and
UEMSG in Eq. (24), one can show that these parts also
vanish. Therefore, the equations of motion reduces to

aA ∝
Z
A
ρ�½∂jU−A þ 4f00c

2
∂jUEMSG;−A�d3x: ð27Þ

This estimate reveals the possible footprint of the EMSG
term in the acceleration of body A. So, the external
equations of motion of the N-body system may host the
EMSG effects. To have a proper analysis, we should
however first define a suitable center-of-mass position
and consequently a center-of-mass acceleration in the
EMSG theory, and then consider the rest of the EMSG
terms in the fluid dynamics to obtain the complete external
equations of motion in the EMSG framework.

B. Equations of motion of the N-body system

To obtain an appropriate definition for the center-of-
mass variables in the PN limit of EMSG, we follow the
approach utilized in [1,75–77] and generalize Eqs. (17) and
(18) in the EMSG framework. We first define the total
mass-energy of body A as MA ≡mA þ EA=c2 where EA is
the total energy of body which should be obtained from
Eq. (12) by taking into account the possible role of EMSG
terms. We integrate this equation over the volume occupied
by body A. After using Eq. (8) and the definition of the total
time derivative, we find that to the first PN accuracy,

dEA

dt
¼ 0; ð28Þ

where

EA ¼ TA þ ΩA þ Eint
A þ f00c

4MA þOðc−2Þ: ð29Þ

The definition of the kinetic energy TA, the gravitational
potential energyΩA, the internal energy Eint

A , and the EMSG
portion to energy MA are given in Appendix B. From the
physical point of view, the last term in Eq. (29) can be
interpreted as the potential energy of the body that is related
to the interaction between the standard and modified matter
fields in the EMSG theory. On the other hand, making use
of Eq. (8) again, it can be shown that mA is also constant
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with respect to time, dmA=dt ¼ 0, as long as there is no
matter flux from the body A. Regarding this fact as well as
considering Eq. (28), it is deduced that dMA=dt ¼ 0.
Gathering the integral definitions (17), (B1a), (B1b),
(B1e), and (B1f) together, the integral form of the total
mass-energy of body A is written as

MA ≡
Z
A
ρ�
�
1þ 1

c2

�
Πþ 1

2
v̄2 −

1

2
UA þ f00c

4ρ�
��

d3x

þOðc−4Þ; ð30Þ

by which one then defines the center-of-mass position as

RA ≡ 1

MA

Z
A
ρ�x

�
1þ 1

c2

�
Πþ 1

2
v̄2 −

1

2
UA þ f00c

4ρ�
��

d3x

þOðc−4Þ: ð31Þ

Utilizing this definition, we can now obtain the accel-
eration of the center-of-mass of bodyA as aA ¼ d2RA=dt2 in
the EMSG theory. Before doing so, let us recall the
assumption of the reflection symmetry mentioned earlier.
Imposing Eq. (22) shows that RA ¼ rA þOðc−4Þ. Since our
aim is to study the motion of the body to the first PN order,
hereafter, we restrict ourselves to the definition (18) provid-
ing sufficient information with the desired accuracy.
Knowing that dmA=dt ¼ 0, we then recover Eqs. (19)
and (20) for the center-of-mass velocity and acceleration
to the first PN limit of the EMSG theory. Thanks to the
reflection symmetry applied here, the final result for aA is not
too complicated. It should be noted general systems that are
not necessarily reflection-symmetric are investigated in [78]
to examine other possible EMSG effects on the acceleration
of bodies.

The remaining job toward deriving the coordinate
acceleration of the center-of-mass of body A is to insert
the PN Euler equation (16) within Eq. (20) and simplify the
result. By doing so, we arrive at

mAa
j
A ¼ Fj

0 þ
X30
n¼1

Fj
n þOðc−4Þ; ð32Þ

where the force integrals Fj
0–F

j
30 are given in

Eqs. (C1a)–(C1s) and (C3a)–(C3l) in Appendix C. In this
derivation, we benefit from the auxiliary potentials Φ1–Φ6

given in Eqs. (C2a)–(C2f) and rewriteΨ in terms of them as
Ψ ¼ 3

2
Φ1 −Φ2 þΦ3 þ 3Φ4 þ 1

2
∂ttX where ∂ttX ¼ Φ1 þ

2Φ4 −Φ5 −Φ6 þ 2f00c
4UEMSG. It should be noted that

to obtain ∂ttX, Eq. (14) is used. One of the hidden EMSG
effects is then extracted, manifesting itself in Ψ as claimed
before. These force integrals are categorized into two
groups: the GR class (Fj

0–F
j
18) and the EMSG class

(Fj
19–F

j
30). We should mention that there is still another

hidden EMSG effect in the integral force Fj
12 which will be

taken into account in the following calculations.
We next simplify each force integral by applying the

assumptions mentioned at the beginning of this section and
also dividing the Newtonian, PN, and EMSG gravitational
potentials into two parts: the portion produced by body A,
which is called the internal potential, and those produced
by the remaining bodies in the N-body system, which are
called the external potentials, e.g., cf. Eqs. (25a)–(26b).
The final results are summarized in Eqs. (C9a)–(C10l).
Collecting these forces, we finally obtain

ajA ¼ ∂jU−A þ 1

mAc2

�
vkA

�
2LðjkÞ

A þ 3Kjk
A − 4HðjkÞ

A − δjk
d
dt

PA þ 4f00c
4QðjkÞ

A − 2f00c
4δjkQA

�

þ ∂jU−A½3PA þ 2T A þ ΩA þ 3f00c
4MA� − 4∂kU−A½Ωjk

A þ 2T jk
A þ δjkPA þ f00c

4δjkMA�
�

þ 1

c2

�
∂jU−Aðv2A − 4U−AÞ − vjAð3∂tU−A þ 4vkA∂kU−AÞ − 4vkAð∂jUk;−A − ∂kUj;−AÞ þ 4∂tUj;−A

þ 2∂jΦ1;−A − ∂jΦ2;−A þ ∂jΦ3;−A þ 4∂jΦ4;−A −
1

2
∂jΦ5;−A −

1

2
∂jΦ6;−A þ 5f00c

4
∂jUEMSG;−A

�
þOðc−4Þ: ð33Þ

Here, AðjBkÞ ¼ 1
2
ðAjBk þ AkBjÞ. The definitions of the

scalar and tensorial quantities appeared in the above
relation are given in Appendix B. As seen, several EMSG
corrections appear in the acceleration of body A. The terms
written in the first braces of the above equation depend on
the body’s internal structure, while the first term ∂jU−A
along with the terms in the second braces are all related to
the gravitational potentials of the other bodies in the

system. As grasped from the terms in the first braces,
several EMSG corrections may contribute to the violation
of GWEP.
It should be noted that the assumption of dynamical

equilibrium of body A has not been imposed up to this
point, which can in principle eliminate some of these
effects. In fact, this assumption can help us to further
simplify the above complicated result. Since the fluid
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dynamics in the EMSG theory changes even in the
Newtonian order as shown in Eq. (14), we should first
study the viral identities in this theory and then obtain the
corresponding equilibrium conditions. In general, these
conditions can be affected by the EMSG corrections. This
point is the subject of the following section.

C. Virial identities

To introduce the virial integrals in the EMSG theory, we
start from the first time derivative of the quadrupole-
moment tensor Ijk defined in Eq. (B2a). Considering the
nonspinning body, for which the spin tensor defined in
Eq. (B2b) vanishes SjkA ¼ 0, one can show that

1

2

d
dt

IjkA ¼
Z
A
ρ�x̄kv̄jd3x: ð34Þ

The next virial identity in the framework EMSG theory is
obtained from the second time derivative of Ijk as

1

2

d2

dt2
IjkA ¼ 2T jk

A þ Ωjk
A þ δjkPA þ f00c

4δjkMA

þOðc−2Þ: ð35Þ

To derive this relation, Eqs. (14) and (18) are used.
Moreover, we utilize the definition of the acceleration of
the fluid element relative to the body acceleration, āj ¼
dv̄j=dt ¼ dvj=dt − ajA, obtained from Eq. (21). And finally
by taking three derivatives of IjkA , we deduce that

1

2

d3

dt3
IjkA ¼ 4HðjkÞ

A − 2LðjkÞ
A þ δjk

d
dt

PA − 3KðjkÞ
A

− f00c
4ð4QðjkÞ

A − 2δjkQAÞ þOðc−2Þ; ð36Þ

where the relation dT jk
A =dt ¼ HðjkÞ

A − LðjkÞ
A − 2f00c

4QðjkÞ
A

as well as Eq. (19) are used. Notice that due to the required
accuracy in the current study, these identities are derived up
to the leading (Newtonian) order,Oð1Þ. Furthermore, based
on the assumption that the N-body system consists of well-
separated bodies, the terms related to the external gravi-
tational potentials which are of the order ðR=rÞ2 compared
to the leading terms, are reasonably removed from Eqs. (35)
and (36).
We are now in a position to derive the equilibrium

conditions in the EMSG theory. To do so, we turn to the
dynamical equilibrium assumption applied to each body of
the N-body system. This assumption in fact means that the
structure properties of bodies are time-independent so that
the total time derivatives of any internal quantity like the
quadrupole-moment tensor vanishes. Consequently, all
terms on the left-hand side of Eqs. (34)–(36) become zero.
Therefore, the equilibrium conditions in the EMSG theory
will be

0 ¼ 4HðjkÞ
A − 2LðjkÞ

A þ δjk
d
dt

PA − 3KðjkÞ
A

− f00c
4ð4QðjkÞ

A − 2δjkQAÞ þOðc−2Þ; ð37aÞ

0 ¼ 2T jk
A þ Ωjk

A þ δjkPA þ f00c
4δjkMA þOðc−2Þ: ð37bÞ

For the following calculation, the trace of Eq. (37) is also
obtained below

0 ¼ 2T A þ ΩA þ 3PA þ 3f00c
4MA þOðc−2Þ: ð38Þ

These results show that the EMSG corrections manipulate
the equilibrium conditions. As the final point of this part,
we should mention that similar to the GR case, the first
virial identity (34) reveals that

Z
A
ρ�x̄kv̄jd3x ¼ 0; ð39Þ

for a nonspinning body in dynamical equilibrium.

D. Final form of the acceleration

Armed with the equilibrium conditions (37a), (37b), and
(38), we simplify the acceleration (33) as

ajA¼ ∂jU−Aþ
1

c2

�
∂jU−Aðv2A−4U−AÞ

−vjAð3∂tU−Aþ4vkA∂kU−AÞ−4vkAð∂jUk;−A−∂kUj;−AÞ
þ4∂tUj;−Aþ2∂jΦ1;−A−∂jΦ2;−Aþ∂jΦ3;−Aþ4∂jΦ4;−A

−
1

2
∂jΦ5;−A−

1

2
∂jΦ6;−Aþ5f00c

4
∂jUEMSG;−A

�

þOðc−4Þ: ð40Þ

This is the equation of motion of body A among a system of
N gravitating bodies which are in dynamical equilibrium.
Here, all external potentials are evaluated at x ¼ rAðtÞ after
differentiation. As seen, the motion of body A depends not
only on the external piece of the gravitational potentials
given in GR (i.e., U−A, U

j
−A, Φn;−A where n ¼ 1;…; 6) but

also on the external piece of the EMSG gravitational
potential, UEMSG;−A. This point has also been predicted
in the previous Sec. III A using a crude estimate. It is
obvious that the termsOðc−2Þ in the equilibrium conditions
eventually contribute to Oðc−4Þ in the above relation. This
is why we do not take them into account in Eqs. (37a),
(37b), and (38). Furthermore, imposing the equilibrium
conditions results in the acceleration in which the internal
structure of the body, especially those related to EMSG
corrections, no longer plays a role.
As the last step toward finding the final form of aA, the

external piece of all gravitational potentials in Eq. (40)
should be obtained. We follow the method introduced in
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chapter 9 of [68] to do so.9 After some algebra, we come to
the conclusion that the EMSG effects play a role only in
∂tU

j
−A as well as ∂jUEMSG;−A. These terms are respectively

obtained as

∂tU
j
−A ¼

X
B≠A

Gð2T jk
B þΩjk

B þ δjkPB þ f00c
4δjkMBÞ

nkAB
r2AB

þ
X
B≠A

GmBðnAB · vBÞvjB
r2AB

þ
X
B≠A

G2mAmBn
j
AB

r3AB

−
X
B≠A

X
C≠A;B

G2mBmCn
j
BC

rABr2BC
; ð41Þ

and

∂jUEMSG;−A ¼ −
X
B≠A

GMBn
j
AB

r2AB
; ð42Þ

where rAB ≡ rA − rB, rAB ≡ jrABj, and nAB ≡ rAB
rAB
.

Equation (41) in fact indicates the last hidden EMSG
effect mentioned previously, which is indeed present in the
integral force Fj

12. So, up to this point, all EMSG
contributions have been considered. The rest of the external
gravitational potentials are similar to those obtained in GR.
We summarize the results below

∂jU−A ¼ −
X
B≠A

GmBn
j
AB

r2AB
; ð43aÞ

∂tU−A ¼
X
B≠A

GmBðnAB · vBÞ
r2AB

; ð43bÞ

∂kU
j
−A ¼ −

X
B≠A

GmBv
j
Bn

k
AB

r2AB
; ð43cÞ

∂jΦ1;−A ¼ −
X
B≠A

2GT Bn
j
AB

r2AB
−
X
B≠A

GmBv2Bn
j
AB

r2AB
; ð43dÞ

∂jΦ2;−A ¼
X
B≠A

2GΩBn
j
AB

r2AB
−
X
B≠A

G2mAmBn
j
AB

r3AB

−
X
B≠A

X
C≠A;B

G2mBmCn
j
AB

r2ABrBC
; ð43eÞ

∂jΦ3;−A ¼ −
X
B≠A

GEint
B njAB
r2AB

; ð43fÞ

∂jΦ4;−A ¼ −
X
B≠A

GPBn
j
AB

r2AB
; ð43gÞ

∂jΦ5;−A ¼ −
X
B≠A

GΩkn
B ∂jknrAB

−
X
B≠A

X
C≠A;B

G2mBmC

rABr2BC
½njBC − ðnAB · nBCÞnjAB�;

ð43hÞ

∂jΦ6;−A ¼ −
X
B≠A

2GT kn
B ∂jknrAB −

X
B≠A

2GT Bn
j
AB

r2AB

þ
X
B≠A

GmBðnAB · vBÞ
r2AB

½2vjB − 3ðnAB · vBÞnjAB�:

ð43iÞ

Inserting Eqs. (41), (42), and (43a)–(43i) within Eq. (40),
after some manipulations, we arrive at

aA ¼ aA½0PN� þ aGRA ½1PN� þ aEMSG
A ½1PN�

þ aA½STR� þOðc−4Þ; ð44Þ

where

ajA½0PN� ¼ −
X
B≠A

GmBn
j
AB

r2AB
; ð45Þ

is the Newtonian acceleration,

aGR;jA ½1PN� ¼ −
1

c2

�X
B≠A

GmB

r2AB
½v2A − 4ðvA · vBÞ þ 2v2B −

3

2
ðnAB · vBÞ2 −

5GmA

rAB
−
4GmB

rAB

�
njAB

−
X
B≠A

GmB

r2AB
½nAB · ð4vA − 3vBÞ�ðvjA − vjBÞ

−
X
B≠A

X
C≠A;B

G2mBmC

r2AB

�
4

rAC
þ 1

rBC
−

rAB
2r2BC

ðnAB · nBCÞ
�
njAB þ 7

2

X
B≠A

X
C≠A;B

G2mBmC

rABr2BC
njBC

�
; ð46Þ

9Since the method for deriving the external potentials is described in detail in [68], we refrain from repeating it here and refer the
interested reader to this reference.
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is the GR portion of the PN acceleration, and

aEMSG;j
A ½1PN� ¼ −5f00c2

X
B≠A

GMBn
j
AB

r2AB
; ð47Þ

is the EMSG portion of the PN acceleration. We recall that
the relativistic corrections are preserved up to the first PN
order, Oðc−2Þ. Moreover, the structure portion ajA½STR� is
obtained as

ajA½STR� ¼ −
1

c2
X
B≠A

G½EB − 5f00c
4MB�

njAB
r2AB

; ð48Þ

in which EB and MB are purely determined by the internal
structure of body B. To extract the above fragment of the
acceleration, we again apply the equilibrium conditions
(37b) and (38). Also, the relation δkn∂jknrAB ¼ −2njAB=r2AB
is utilized during the simplifications. Up to this point, as
they have the same EMSG parameter, the internal and
external dynamics appear to be governed by the same
EMSG field. This is due to our assumption for the internal
dynamics of the bodies, where the EMSG field is the same
for all bodies, as well as the decomposition of the EMSG

gravitational potentials into two internal and external parts
with the same EMSG parameter. In the following, it is
however shown that the final external dynamics of the body
is independent of the EMSG terms.
Now, by collecting Eqs. (45), (47), and (48), the result

interestingly reduces to

ajA½0PN�þaEMSG;j
A ½1PN�þajA½STR� ¼−

X
B≠A

GMB
njAB
r2AB

; ð49Þ

whereMB ¼ mB þ EB
c2 þOðc−4Þ is the total mass-energy of

body B. The total energy defined in Eq. (29) is used here
with analogous expressions for body B. Also, in the GR
fragment of the PN acceleration aGR;jA ½1PN�, we can easily
change the mass of each body, mi where i ¼ A, B, C, to its
total mass-energy, Mi, keeping the same form as given in
Eq. (46). This is because the difference between mi andMi

induces a change in the order c−4 of this relation, which is
beyond the accuracy we focus on in the current study.
Finally, the combination of these results describes the

motion of a self-gravitating body among a system of N
bodies in the EMSG theory, which is

aA ¼ −
X
B≠A

GMB
njAB
r2AB

−
1

c2

�X
B≠A

GMB

r2AB

�
v2A − 4ðvA · vBÞ þ 2v2B −

3

2
ðnAB · vBÞ2 −

5GMA

rAB
−
4GMB

rAB

�
njAB

−
X
B≠A

GMB

r2AB
½nAB · ð4vA − 3vBÞ�ðvjA − vjBÞ −

X
B≠A

X
C≠A;B

G2MBMC

r2AB

�
4

rAC
þ 1

rBC
−

rAB
2r2BC

ðnAB · nBCÞ
�
njAB

þ 7

2

X
B≠A

X
C≠A;B

G2MBMC

rABr2BC
njBC

�
: ð50Þ

It is important to notice that the final result does not depend
on the internal structure of the bodies. Therefore, although
this derivation relies on the assumption of perfect fluid
bodies, the final equations of motion can well describe a
system composed of solid bodies, such as Earth-like
planets, and it can be applied for the solar-system and
stellar-system experiments. Using this N-body accelera-
tion, one can then examine the classical perihelion shift of
the planets as well as the tests of GWEP in the EMSG
theory. As seen, all the EMSG corrections are absorbed in
the definition of the total mass-energy, while the extra
EMSG contributions are canceled out well during the
calculation so that the final form of the equations of
motion is quite similar to those obtained in GR. Given
that the total mass-energy is what is determined from the
experiments, not the energy, this important finding shows
that by studying the motion of an object in the weak-field
limit of this theory, one cannot distinguish between EMSG
and GR. A similar point has been raised in [67]. In other

words, the EMSG theory passes the third Solar System test,
the perihelion advance of Mercury, with flying colors.
Moreover, as the motion of the massive self-gravitating
body is structure-independent up to the 1 PN order, this
theory does not violate GWEP.

IV. INTERBODY METRIC

To complete our discussion in the previous section, we
also examine the PN interbody metric of the N-body
system in the EMSG theory. This spacetime metric will
govern the empty region between these well-separated
bodies to the 1 PN order.
Looking at Eqs. (A1a)–(A1c), one realizes that for this

purpose, the gravitational potentials U, Uj, Ψ, and UEMSG
need to be obtained for an N-body system. We recall
that Ψ¼ 2Φ1−Φ2þΦ3þ 4Φ4− 1

2
Φ5− 1

2
Φ6þf00c

4UEMSG

obtained in the previous section. To do so, we first rewrite
these potentials as ϕðt; xÞ ¼ P

A

R
A fðt; x0; xÞd3x0 in which
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the form of the integrand fðt; x0; xÞ is derived from the
definitions given in (A3a)–(A3c) and (C2a)–(C2f) for each
gravitational potential. Next, the integration variables are
changed to x̄0 ¼ x0 − rA (and to v̄0 ¼ v0 − vA in cases
where we have velocity). We then consider that RA ≪ sA
in which RA is the characteristic size of body A and
sA ¼ x − rA. This assumption as well as the change of
integration variable help us to find jx − x0j−1 as the
following Taylor expansion in powers of x0

1

jx − x0j ¼
1

sA
− x̄0j∂j

1

sA
þ 1

2
x̄0jx̄0k∂jk

1

sA
þ � � � : ð51Þ

Using this relation and invoking the assumptions men-
tioned at the beginning of Sec. III, after some calculations,
we finally arrive at

U ¼
X
A

GmA

sA
þ � � � ; ð52aÞ

Uj ¼
X
A

GmAv
j
A

sA
þ � � � ; ð52bÞ

UEMSG ¼
X
A

GMA

sA
þ � � � ; ð52cÞ

Ψ¼
X
A

G
sA

�
4T Aþ

5

2
ΩAþEint

A þ9

2
PAþ

3

2
f00c

4MA

�

−
1

2

X
A

G
sA
ð2Tjk

A þΩjk
A þδjkPAþf00c

4δjkMAÞnAjnAk

þ
X
A

GmA

sA

�
2v2A−

1

2
ðnA ·vAÞ2

�

−
X
A

X
B≠A

G2mAmB

rABsA

5r2ABþs2A−s2B
4r2AB

þ���; ð52dÞ

where sA ¼ jx − rAj and nA ¼ sA
sA
. Here, the ellipsis repre-

sents the terms of the order of magnitude ðRA=sAÞ2 and
higher. The last potential, Ψ, can be simplified further as

Ψ ¼
X
A

G
sA

ðEA − 4f00c
4MAÞ

þ
X
A

GmA

sA

�
2v2A −

1

2
ðnA · vAÞ2

�

−
X
A

X
B≠A

G2mAmB

rABsA

5r2AB þ s2A − s2B
4r2AB

: ð53Þ

recalling the equilibrium conditions (37b) and (38). We
can now use these potentials to derive the PN metric of the
N-body system.

For the time-time component of gμν, adding theNewtonian
potential (52a) to the first term of the first sum in the above

PN potential gives that 2
c2
P

A
GðmAþEA=c2Þ

sA
¼ 2

c2
P

A
GMA
sA

.
Therefore, the structure term EA containing an EMSG
portion is absorbed in the definition of the total mass-energy
of body A. Similar to our strategy in the previous section, we
change allmAs toMAs in the PN potentialUj (52b) and also
in the second and third sums of the PN potentialΨ (53) with
keeping the original form of these potentials. It should be
noted that these changes practically make a difference of the
2 PN order, which is ignored here. Furthermore, the
remaining terms in g00 that involve the EMSG corrections,
coming from the potential Ψ, i.e., the second term of the
first sum of Eq. (53) and the potential UEMSG (52c), all
cancel each other out elegantly. These points lead to the
conclusion that

g00 ¼ −1þ 2

c2
X
A

GMA

sA

þ 1

c4
X
A

GMA

sA

�
4v2A − ðnA · vAÞ2 − 2

GMA

sA

�

−
1

c4
X
A

X
B≠A

G2MAMB

sA

�
2

sB
þ 5

2rAB
þ s2A − s2B

2r3AB

�

þOðc−6Þ; ð54Þ

In a similar manner, we also have

g0j ¼ −
4

c3
X
A

GMAv
j
A

sA
þOðc−5Þ; ð55Þ

gjk ¼
�
1þ 2

c2
X
A

GMA

sA

�
δjk þOðc−4Þ: ð56Þ

As seen, there is no individual EMSG effect in the spacetime
metric of the N-body system. Its form is the same as those
presented inGR and only themass-energyMA, the center-of-
mass position rA, and the velocity vA of each body appear in
this metric. This result is also compatible with GWEP in the
EMSG theory.

V. CONCLUSION

The constraint of the new type of modified gravity theory
named EMSG in the local scale would deepen our under-
standing of its properties and its power in solving the
ΛCDM problems. The motion of a massive self-gravitating
body in the N-body system may host the EMSG effects
which in principle can be limited at the solar scale using the
perihelion shift of the planets as well as experimental tests
of SEP. The main focus of this work is to provide an
appropriate N-body acceleration in the PN limit of the
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EMSG theory so that all possible EMSG effects are
comprehensively extracted.
To do so, we have introduced the PN hydrodynamic

equations and center-of-mass variables in the EMSG
theory. Then, defining the equilibrium conditions in this
modified theory of gravity, the N-body acceleration as well
as the PN interbody metric of the N-body system in the
quadratic-EMSG theory have been derived. It has been
shown that only the combination of the mass-energy MA,
the center-of-mass position rA, and the velocity vA of each
body appear in these relations. As these results are
structure-independent, it has been concluded that GWEP
is preserved in the PN limit of this theory. The bottom line
is that the structure-dependent effects related to the EMSG
corrections have completely been encapsulated in the total
mass-energy M of each body and the rest have been
canceled out well during the calculation, so that the
apparent violation of GWEP in the EMSG theory has been
settled down. Moreover, it has been revealed that the
mathematical form of the N-body acceleration and the
PN interbody metric of the N-body system is quite similar
to those obtained in GR. It means that the EMSG theory
passes the third Solar System test, the perihelion advance of
Mercury, and the test of GWEP with flying colors. From
another perspective, at this level of accuracy, it is not
possible to constrain the free parameter of this theory and
even distinguish it from GR using these local tests.
As the final point, it should be mentioned that in the

companion paper [78], we will represent “self-accelera-
tions” of the body’s center of mass in the EMSG theory
studying general systems that are not necessarily reflection-
symmetric.
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APPENDIX A: POST-NEWTONIAN METRIC
OF THE PERFECT FLUID IN EMSG

In the Appendix A of [48], using themodern PN approach
based on the harmonic gauge, the near-zone PN metric of a
perfect fluid is approximately obtained in the EMSG theory.
To do so, the iterative procedure is applied. In [53], it is
pointed out that imposing the harmonic gauge conditions10 at
the last step of this procedurewill provide uswith the order of

magnitude of the theory parameter. Following this point as
well as using the result given in Appendix B of [48], we
deduce that the term c2f00ρ

� must be at most of the order of
the first PN corrections, i.e.,Oðc−2Þ. Regarding this fact and
evaluating each EMSG term in the components of the PN
metric given in Eqs. (7a)–(7c) of [48], we truncate the results
toOðc−4Þ,Oðc−3Þ,Oðc−2Þ, andOðc−2Þ for g00, g0j, gjk, and
the determinant of the metric, respectively. Note that these
orders give themetric to the 1 PNorderwhich is sufficient for
our calculation throughout the current study. The metric
components of a perfect fluid in EMSGare then simplified as

g00 ¼ −1þ 2

c2
U þ 2

c4
ðΨ − U2Þ þ 8f00UEMSG

þOðc−6Þ; ðA1aÞ

g0j ¼ −
4

c3
Uj þOðc−5Þ; ðA1bÞ

gjk ¼ δjk

�
1þ 2

c2
U

�
þOðc−4Þ; ðA1cÞ

and its determinant reduces to

ð−gÞ ¼ 1þ 4

c2
U þOðc−4Þ: ðA2Þ

The integral form of the Newtonian potential U and the PN
gravitational potentials Uj, UEMSG, and Ψ are respectively
given by

U ¼ G
Z
M

ρ�0

jx − x0jd
3x0; ðA3aÞ

Uj ¼ G
Z
M

ρ�0v0j

jx − x0jd
3x0; ðA3bÞ

UEMSG ¼ G
Z
M

ρ�02

jx − x0j d
3x0; ðA3cÞ

ψ ¼ G
Z
M

ρ�0

jx − x0j
�
Π0 þ 1

2
v02 −

1

2
U0

�
d3x0; ðA3dÞ

V ¼ G
Z
M

ρ�0

jx − x0j
�
3p0

ρ�0
þ v02 −

1

2
U0

�
d3x0; ðA3eÞ

X ¼ G
Z
M

ρ�0jx − x0jd3x0: ðA3fÞ

Note that Ψ ¼ ψ þ V þ 1
2
∂ttX. Here, the three-dimensional

sphere M with the radius R, which is of the order of a
wavelength of the radiation, represents the near-zone region.
Its boundary is denoted by ∂M. It should be mentioned that
in Eqs. (7a)–(7c) of [48], there are extra EMSG terms which

10We refer the reader unfamiliar with the modern PN approach
where the harmonic gauge conditions are imposed to [68].
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should be removed from the first-order PN metric. In fact,
these terms play a role in the higher PN orders.
For the calculations presented in Sec. II B, the Christoffel

symbols are also required. Considering the relation
Γμ
αβ ¼ 1

2
gμνð∂αgνβ þ ∂βgνα − ∂νgαβÞ, one can obtain them as

Γ0
00 ¼ −

1

c3
∂tU þOðc−5Þ; ðA4aÞ

Γ0
0j ¼ −

1

c2
∂jU þOðc−4Þ; ðA4bÞ

Γ0
jk ¼

1

c3
ðδjk∂tU þ 2ð∂jUk þ ∂kUjÞÞ þOðc−5Þ; ðA4cÞ

Γj
00 ¼ −

1

c2
∂jU þ 1

c4
ð4U∂jU − 4∂tUj − ∂jΨÞ

− 4f00∂jUEMSG þOðc−6Þ; ðA4dÞ

Γj
0k ¼

1

c3
ðδjk∂tU − 2ð∂kUj − ∂jUkÞÞ þOðc−5Þ; ðA4eÞ

Γj
kn ¼

1

c2
ðδjn∂kU þ δjk∂nU − δkn∂jUÞ þOðc−4Þ; ðA4fÞ

for the spacetime described by Eqs. (A1a)–(A1c). We keep
the preceding terms up to the orders that play a role in the
1 PN corrections to the energy-momentum conservation
equations, cf. Eqs. (11) and (13).

APPENDIX B: DEFINITION OF THE
NEW QUANTITIES

In this appendix, the new scalar and tensorial quantities
we encounter during the calculations are introduced. The
first group is dedicated to the scalar ones

T A ≡ 1

2

Z
A
ρ�v̄2d3x; ðB1aÞ

ΩA ≡ −
1

2
G
Z
A

ρ�ρ�0

jx − x0j d
3x0d3x; ðB1bÞ

QA ≡
Z
A
ρ�v̄k∂kρ�d3x; ðB1cÞ

PA ≡
Z
A
pd3x; ðB1dÞ

MA ≡
Z
A
ρ�2d3x ðB1eÞ

Eint
A ≡

Z
A
ρ�Πd3x; ðB1fÞ

HA ≡ G
Z
A
ρ�ρ�0

v̄0 · ðx − x0Þ
jx − x0j3 d3x0d3x: ðB1gÞ

Here, Π ¼ ϵ=ρ�. The definitions (B1c) and (B1e) are the
new scalar quantities introduced in EMSG. According to
Eq. (8) and also the definition of the total time derivative
d=dt ¼ ∂t þ vk∂k, it can be shown that there is a relation
between these two terms such that QA ¼ 1

2
dMA
dt . We use this

point to simplify the virial identity (36).
The second group is devoted to the tensorial quantities

IjkA ≡
Z
A
ρ�x̄jx̄kd3x; ðB2aÞ

SjkA ≡
Z
A
ρ�ðx̄jv̄k − x̄kv̄jÞd3x; ðB2bÞ

T jk
A ≡ 1

2

Z
A
ρ�v̄jv̄kd3x; ðB2cÞ

Ljk
A ≡

Z
A
v̄j∂kpd3x; ðB2dÞ

Ωjk
A ≡ −

1

2
G
Z
A
ρ�ρ�0

ðx − x0Þjðx − x0Þk
jx − x0j3 d3x0d3x; ðB2eÞ

Hjk
A ≡G

Z
A
ρ�ρ�0

v̄0jðx − x0Þk
jx − x0j3 d3x0d3x; ðB2fÞ

Kjk
A ≡G

Z
A
ρ�ρ�0

v̄0 · ðx − x0Þðx − x0Þjðx − x0Þk
jx − x0j5 d3x0d3x;

ðB2gÞ

Qjk
A ≡

Z
A
ρ�v̄j∂kρ�d3x; ðB2hÞ

among which Qjk
A is a new quantity defined in the frame-

work of EMSG. Notice that T A¼δjkT
jk
A , ΩA¼δjkΩ

jk
A ,

HA ¼ δjkH
jk
A , and QA ¼ δjkQ

jk
A .

APPENDIX C: FORCE INTEGRALS

The integral forces we deal with in Sec. III are defined in
this appendix. We first introduce their general forms and
then attempt to simplify them regarding the assumptions
mentioned in this section. In some of these forces, there is
no explicit EMSG effect. So, we call them the GR forces.
These forces are

Fj
0 ≡

Z
A
ðρ�∂jU − ∂jpÞd3x; ðC1aÞ

Fj
1 ≡ 1

2c2

Z
A
v2∂jpd3x; ðC1bÞ

Fj
2 ≡ 1

c2

Z
A
U∂jpd3x; ðC1cÞ
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Fj
3 ≡ 1

c2

Z
A
Π∂jpd3x; ðC1dÞ

Fj
4 ≡ 1

c2

Z
A

p
ρ�

∂jpd3x; ðC1eÞ

Fj
5 ≡ −

1

c2

Z
A
vj∂tpd3x; ðC1fÞ

Fj
6 ≡ 1

c2

Z
A
ρ�v2∂jUd3x; ðC1gÞ

Fj
7 ≡ −

4

c2

Z
A
ρ�U∂jUd3x; ðC1hÞ

Fj
8 ≡ −

3

c2

Z
A
ρ�vj∂tUd3x; ðC1iÞ

Fj
9 ≡ −

4

c2

Z
A
ρ�vjvk∂kUd3x; ðC1jÞ

Fj
10 ≡ 4

c2

Z
A
ρ�vk∂kUjd3x; ðC1kÞ

Fj
11 ≡ −

4

c2

Z
A
ρ�vk∂jUkd3x; ðC1lÞ

Fj
12 ≡ 4

c2

Z
A
ρ�∂tUjd3x; ðC1mÞ

Fj
13 ≡ 2

c2

Z
A
ρ�∂jΦ1d3x; ðC1nÞ

Fj
14 ≡ −

1

c2

Z
A
ρ�∂jΦ2d3x; ðC1oÞ

Fj
15 ≡ 1

c2

Z
A
ρ�∂jΦ3d3x; ðC1pÞ

Fj
16 ≡ 4

c2

Z
A
ρ�∂jΦ4d3x; ðC1qÞ

Fj
17 ≡ −

1

2c2

Z
A
ρ�∂jΦ5d3x; ðC1rÞ

Fj
18 ≡ −

1

2c2

Z
A
ρ�∂jΦ6d3x; ðC1sÞ

in which Φ1 −Φ6 are called the auxiliary potentials given
by the following relations

Φ1 ≡G
Z
M

ρ�0v02

jx − x0j d
3x0; ðC2aÞ

Φ2 ≡ G
Z
M

ρ�0U0

jx − x0j d
3x0; ðC2bÞ

Φ3 ≡G
Z
M

ρ�0Π0

jx − x0j d
3x0; ðC2cÞ

Φ4 ≡ G
Z
M

p0

jx − x0j d
3x0; ðC2dÞ

Φ5 ≡G
Z
M

ρ�0∂j0U0 ðx − x0Þj
jx − x0j d

3x0; ðC2eÞ

Φ6 ≡ G
Z
M

ρ�0v0jv
0
k
ðx − x0Þjðx − x0Þk

jx − x0j3 d3x0: ðC2fÞ

The other forces coming from the EMSG terms are

Fj
19 ≡ 3f00c

2

Z
A
ρ�v2∂jρ�d3x; ðC3aÞ

Fj
20 ≡ 14f00c

2

Z
A
ρ�U∂jρ

�d3x; ðC3bÞ

Fj
21 ≡ −2f00c2

Z
A
ρ�Π∂jρ�d3x; ðC3cÞ

Fj
22 ≡ 2f00c

2

Z
A
ρ�vjvk∂kρ�d3x; ðC3dÞ

Fj
23 ≡ 2f00c

2

Z
A
ρ�2vj∂kvkd3x; ðC3eÞ

Fj
24 ≡ 2f00c

2

Z
A
∂jðρ�pÞd3x; ðC3fÞ

Fj
25 ≡ 4f020 c

6

Z
A
ρ�2∂jρ�d3x; ðC3gÞ

Fj
26 ≡ f00c

2

Z
A
ρ�2∂jv2d3x; ðC3hÞ

Fj
27 ≡ −2f00c2

Z
A
ρ�2∂jΠd3x; ðC3iÞ

Fj
28 ≡ 6f00c

2

Z
A
ρ�2∂jUd3x; ðC3jÞ

Fj
29 ≡ 5f00c

2

Z
A
ρ�∂jUEMSGd3x; ðC3kÞ

Fj
30 ≡ −2f00c4

Z
A
ρ�∂jρ�d3x: ðC3lÞ
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Here, the last EMSG force, Fj
30, plays a role in the

Newtonian limit, and it can be counted along with Fj
0 as

the Newtonian contribution to the total force, while the rest,
Fj
19 − Fj

29, are considered as the EMSG forces acting on
body A in the first PN order. It seems that several EMSG
forces may affect the motion of the body. In this work, we
examine this point in detail and investigate the overall
effects of these forces.
We next obtain each force integral of Fj

0–F
j
30 by

applying the assumptions mentioned at the beginning of
Sec. III, rewriting every vector in terms of the correspond-
ing relative vectors (21), and also decomposing the
Newtonian, PN, and EMSG gravitational potentials into
two parts: the portion produced by body A, which is called
the internal potential and is represented by

ϕAðt; xÞ ¼
Z
A
fðt; x0; xÞd3x0; ðC4Þ

and those produced by the remaining bodies in the N-body
system, which are called the external potentials and are
represented by

ϕ−Aðt; xÞ ¼
X
B≠A

Z
B
fðt; x0; xÞd3x0: ðC5Þ

Here, ϕ is an arbitrary gravitational potential that is
obtained from the integral of the function fðt; x0; xÞ over
the volume occupied by the bodies of the considered
system. The total potential for each case will therefore
be ϕ ¼ ϕA þ ϕ−A. For each gravitational potential, the
form of the integrand fðt; x0; xÞ is deduced from their
definitions given in (A3a)–(A3c) and (C2a)–(C2f).
Another important point that comes from the well-

separated bodies assumption and helps us to simplify these
force integrals significantly is that when the external
potential ϕ−A should be evaluated within body A, it and
its partial derivative can be written as the following Taylor
expansions

ϕ−Aðt; xÞ ¼ ϕ−Aðt; rAÞ þ x̄j∂jϕ−Aðt; rAÞ

þ 1

2
x̄jx̄k∂jkϕ−Aðt; rAÞ þ � � � ; ðC6aÞ

∂jϕ−Aðt;xÞ¼ ∂jϕ−Aðt;rAÞþ x̄k∂jkϕ−Aðt;rAÞþ �� � ; ðC6bÞ

where x̄ ¼ x − rAðtÞ is the position of a fluid element
relative to the center-of-mass of body A, rAðtÞ.
The other useful integral identities utilized here are

summarized as follows:

d
dt

Z
fðt; xÞd3x ¼

Z
∂f
∂t

d3x; ðC7aÞ

d
dt

Z
ρ�ðt; xÞfðt; xÞd3x ¼

Z
ρ�

df
dt

d3x; ðC7bÞ

d
dt

Z
ρ�ðt; x0Þfðt; x; x0Þd3x0 ¼

Z
ρ�0

�
df
dt

�
gen

d3x0; ðC7cÞ

d
dt

Z
ρ�ðt; xÞρ�ðt; x0Þfðt; x; x0Þd3x0d3x

¼
Z

ρ�ρ�0
�
df
dt

�
gen

d3x0d3x; ðC7dÞ

∂

∂t

Z
ρ�ðt;x0Þfðx;x0Þd3x0 ¼

Z
ρ�0v0 ·∇0fðx;x0Þd3x0; ðC7eÞ

where f is an arbitrary function that in fact plays the role of
the fluid variables here, and

df
dt

¼ ∂f
∂t

þ v · ∇f; ðC8aÞ
�
df
dt

�
gen

¼ ∂f
∂t

þ v · ∇f þ v0 · ∇0f; ðC8bÞ

are its usual and generalized total time derivatives,
respectively.
Utilizing the aforementioned points as well as Eq. (39),

after some algebra, we find the forces

Fj
0 ¼ mA∂jU−A; ðC9aÞ

Fj
1 ¼

1

c2
vkAL

kj
A ; ðC9bÞ

Fj
2 ¼ −

1

c2
PA∂jU−A; ðC9cÞ

Fj
3 ¼ 0; ðC9dÞ

Fj
4 ¼ 0; ðC9eÞ

Fj
5 ¼ −

1

c2
vjA

d
dt

PAþ
1

c2
Ljk
A v

k
A; ðC9fÞ

Fj
6 ¼

1

c2
½2vkAHkj

A þmAv2A∂jU−A þ 2T A∂jU−A�; ðC9gÞ

Fj
7¼

4

c2
½2ΩA∂jU−A−Ωjk

A ∂kU−A−mAU−A∂jU−A�; ðC9hÞ

Fj
8 ¼

3

c2
½vkAHjk

A − vjAHA −mAv
j
A∂tU−A�; ðC9iÞ
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Fj
9 ¼ −

4

c2
½vjAHA þ vkAH

jk
A þmAv

j
Av

k
A∂kU−A

þ 2T jk
A ∂kU−A�; ðC9jÞ

Fj
10 ¼

4

c2
½vjAHA − vkAH

jk
A þmAvkA∂kUj;−A�; ðC9kÞ

Fj
11 ¼ −

4

c2
mAvkA∂jUk;−A; ðC9lÞ

Fj
12 ¼ −

4

c2
½2ΩA∂jU−A − vkAH

jk
A − vjAHA −mA∂tUj;−A�;

ðC9mÞ

Fj
13 ¼ −

2

c2
½2vkAHkj

A −mA∂jΦ1;−A�; ðC9nÞ

Fj
14 ¼ −

1

c2
½mA∂jΦ2;−A −Ωjk

A ∂kU−A�; ðC9oÞ

Fj
15 ¼

1

c2
mA∂jΦ3;−A; ðC9pÞ

Fj
16 ¼

4

c2
mA∂jΦ4;−A; ðC9qÞ

Fj
17 ¼ −

1

2c2
½2Ωjk

A ∂kU−A − 2ΩA∂jU−A þmA∂jΦ5;−A�;
ðC9rÞ

Fj
18 ¼ −

1

c2

h
vjAHA þ vkAH

jk
A − 3vkAK

jk
A þ 1

2
mA∂jΦ6;−A

i
;

ðC9sÞ

and

Fj
19 ¼ 6f00c

2vkAQ
kj
A ; ðC10aÞ

Fj
20 ¼ −7f00c2MA∂jU−A; ðC10bÞ

Fj
21 ¼ 0; ðC10cÞ

Fj
22 ¼ 2f00c

2½vkAQjk
A þ vjAQA�; ðC10dÞ

Fj
23 ¼ −4f00c2v

j
AQA; ðC10eÞ

Fj
24 ¼ 0; ðC10fÞ

Fj
25 ¼ 0; ðC10gÞ

Fj
26 ¼ −4f00c2vkAQ

kj
A ; ðC10hÞ

Fj
27 ¼ 0; ðC10iÞ

Fj
28 ¼ 6f00c

2MA∂jU−A; ðC10jÞ

Fj
29 ¼ 5f00c

2mA∂jUEMSG;−A ðC10kÞ

Fj
30 ¼ 0: ðC10lÞ

In the above relations, all external potentials are evaluated
at x ¼ rAðtÞ after differentiation. For simplicity, we also use
the notation ∂jϕ−A for ∂jϕ−Aðt; rAÞ.
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