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We investigate future singularities originating from the anisotropy in the Universe. We formulate a new
class of singularities in the homogeneous and anisotropic universe, comparing them with the known
singularities in the homogeneous and isotropic universe. We also discuss the physical consequences of the
new singularities. Moreover, we develop a novel reconstruction method for the anisotropic universe by
introducing four scalar fields to reconstruct cosmological models in which future singularities appear.

We present an explicit example where the anisotropy may grow in the future up to singularity.
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I. INTRODUCTION

The concordance A cold dark matter (ACDM) model,
including the cosmological constant and cold dark matter,
has been in good agreement with observational data.
However, for several problems that are difficult to explain
in the ACDM model, cosmological models that go beyond
the standard model have been intensively investigated in
the context of modifying Einstein’s gravity, known as the
modified gravity theory. In the search for the beyond-
ACDM model, modifications of the gravitational theory
have provided a variety of cosmological models, and
cosmological observations have indeed constrained the
gravitational theories. However, it is also significant to
examine the cosmological principle on which the ACDM
model stands; that is, the universe is homogeneous and
isotropic spacetime on large scales and written as the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric as
the zeroth order approximation.

Cosmic microwave background (CMB) and large-scale
structure data have thoroughly tested the cosmological
principle. Recently, strong evidence of a violation of the
cosmological principle of isotropy has been reported [1-3].
Although there has been much discussion about the origin
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of the anisotropy and its time evolution, the cosmological
no-hair conjecture [4] provides a strong prediction, inde-
pendent of the details of the model, that the anisotropy
will exponentially decrease once inflation occurs. However,
it is still possible to evade the cosmic no-hair conjecture,
and the anisotropic inflation models [5—11] suggest that
the spontaneous rotational-symmetry breaking could
occur during the inflation. The generated cosmological
anisotropy could help us understand the CMB anomalies,
and it is being vigorously studied along with other
cosmological anomalies, such as Hubble tension.

In addition to studying the origin of anisotropy and its
effects in the early universe, It is also essential to study how
anisotropy will evolve in the future. It has already been
suggested that the current universe contains a small amount
of anisotropy, and due to new physics or unveiled mecha-
nisms, the future universe may develop a larger amount of
anisotropy. It is feasible to construct cosmological models
with potentially increasing anisotropy and also significant to
investigate what may happen in the future within such
models. For example, we allow finite anisotropy in all
cosmic history. In that case, the anisotropy may grow or even
show singular behaviors because three spatial directions can
evolve differently and include singularities. We will explore
cosmological models based on finite anisotropy and search
for possible new physics that lies therein.

In this paper, we investigate the general homo-
geneous and anisotropic universe, assuming that anisotropy

© 2024 American Physical Society
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generated by some mechanisms exists in the universe. We
mainly discuss the future singularities generated by the
anisotropy. It has been known that cosmological models
generally encompass five types of finite-time singularities
in the FLRW universe [12-14]. In contrast to these
singularities known in the homogeneous and isotropic
universe, this paper presents new types of finite-time
singularities in the homogeneous and anisotropic universe.
We discuss the classification of the new singularities and
their physical meanings due to the anisotropy by analogy
with the known singularities in the FLRW case. To
demonstrate the growing anisotropy and associated singu-
larities, we construct a cosmological model that realizes the
finite-time singularities, by developing a new cosmological
reconstruction method.

This paper is organized as follows. In Sec. II, we briefly
review the finite-time singularities known in the FLRW
universe. In Sec. III, we formulate the cosmological model
with the broken rotational symmetry and classify the finite-
time singularities due to the finite anisotropy. Moreover, we
show phenomena caused by these singularities using the
geodesic deviation equation. In Sec. IV, we demonstrate the
reconstruction of the cosmological models where the finite-
time singularities appear. As a specific example, we use
Einstein’s gravity as a benchmark gravitational theory.

II. FINITE-TIME SINGULARITIES
IN FLRW UNIVERSE

We briefly review the finite-time singularities in the
FLRW universe, homogeneous and isotropic spacetime,
following from Refs. [12—14]. The line element of the
FLRW universe is given by

dr?

1-Kr?

ds? = —dp +o(1) +r2(d9 +sin*9dg?) | (1)

where a(r) is a scale factor, and (7,r,9,¢) are the
comoving coordinates. K describes three different geom-
etries for three distinct values, namely, spatially flat
(K =0), closed (K > 0), and open (K < 0). We consider
the spatially flat FLRW, K = 0, where Eq. (1) reduces to
the following form,

ds® = —df? + a*(1) > (dx'). (2)

i=123

In Einstein’s gravity, the expansion of the FLRW
universe with K =0 in Eq. (2) is described by the
Friedmann equation and the Raychaudhuri equation,

K2 . K2
H =Zp.  H=-=(p+p) (3)

We denote the Hubble parameter by H = ¢ where the dot

[¢5
represents the derivative with respect to ¢, and x> = 872Gy

with Newton’s gravitational constant Gy. p and p are the
pressure and the energy density of the matter contents in the
universe. We also introduce the equation of state (EOS) as
p = wp, where w is the EOS parameter.

Based on Eq. (3), the types of future singularities
appearing in various cosmological models are classified
as follows: when t — ¢,

(1) Type I (big rip) singularity: ¢ — o0, p — oo and

p| = co.

(2) Type II (sudden) singularity: a — const and
p — const, but |p| - co. @ and & are finite, but &
diverges.

(3) Type III (big freeze) singularity: a — const, but
p — oo and |p| - oo. a is finite, but a diverges.

(4) Type IV (generalized sudden) singularity: o — const,
p — const, and |p| — const, but some higher deriv-
atives of H diverge. a, @, and & are finite, but higher
derivatives of a diverge.

(5) Type V (w) singularity: w — oo, but p and p are
finite. This type depends on the properties of the
matter, but the behavior of « is identical to that in
type II, that is, @ and & are finite, but & diverges.

Type I singularity was first introduced in [15], which
appears in the universe filled by phantom fluid [16].
Type 1II singularity was proposed in [17]. Type III and
type IV singularities were obtained by complementing
the type I and type II singularities in [12] (for type III,
see also [18,19]). Although type I-IV singularities have
completely classified the singular behaviors of spacetime,
in [20], the singular behavior of the EoS parameter w was
also considered.

To illustrate what could happen near the singularities, we
consider the geodesic deviation equation

D*sH B
W - R”I/po'T T/’S . (4)

Here, 7, S¥, and T*" present the proper time, deviation
vector, and the tangent vector, respectively. In the FLRW
spacetime (2), we may choose 79 =1, T" = 0. Then,
Eq. (4) is reduced into

D*S!

F = RiOOij. (5)

In the FLRW universe, we have

Rigy; = (H + H?)§;;, (6)
and Eq. (5) gives

DS s )

de> '

H and H diverge in type I and III singularities, and H
diverges in type II singularity. Thus, Eq. (7) tells us that
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spacetime is ripped. There could be the case that H, H, or
both go to infinity in the infinite future. Even in this
case, everything is ripped finally, which is called a little
rip [21-23]. There could also be the case that H may
become a constant H in the infinite future. However,
if Hy is large enough, anything whose binding energy is
smaller than a threshold value is also ripped, called a
pseudorip [24].

III. GENERAL ANISOTROPIC SPACETIME

In this section, we consider a general homogeneous and
anisotropic spacetime and classify the future singularities in
this spacetime. In addition to the known finite-time
singularities in the FLRW universe, we show that new
kinds of singularities may show up in the anisotropic
universe. We conclude that these singularities require the
presence of even slight amount of spacetime anisotropy as a
necessary condition. Regarding the new type of singular-
ities, we investigate the geodesic equation and geodesic
deviation equations in such a spacetime.

A. Rotational symmetry breaking

The general homogeneous and anisotropic spacetime is
given as follows,
ds’ = —di* + Y gj()dx'dx. (8)

ij=1.23

The above spacetime is homogeneous because there is a
shift symmetry of the spatial coordinates x', x' — x’ + ¢
by constants ¢’. Because the spatial part of metric g, ;s
symmetric under the exchange of the indices g;; = g;;, we
can diagonalize the spatial metric as

(9:(1)) = O™ (1) (5;;(1)) O(1)
a*(t) 0 0
=0Tn| o
0
Here O(t) is a 3 x 3 orthogonal matrix, and OT(¢) is the
transpose of O(¢) which satisfies OT(¢)O(t) = I with 3 x 3
unit matrix /. O(r) is time-dependent in general, and if it is
a constant matrix, the universe can be regarded as the
Bianchi type-I universe, as we will see later. Note that O(¢)

does not mean an actual rotation of space but a rotation of
|

a?(t)cos?0(t) + b*(t)sin®6(t)
[b*(t) — a*(t)] cos O(t) sin O(¢)
0

(9:(1) =

principal axes of the spatial metric represented by a
symmetric matrix.

Considering the known results of singularities in the
FLRW universe, some or all of a(¢), b(¢), and c(f) may
have singularities of Type -V, which is a straightforward
generalization of the future singularities in the FLRW
universe. However, we note that another singularity could
be from O(r). Such a singularity is expected to appear
under the broken rotational symmetry or the spatial
anisotropy.

We now choose the rotational axis of () near the time
t = t, to be the x3-axis, which does not generate any loss of
generality,

cos@(t) —sinf(r) 0
O(t) = | sinf(t) cosf(t) O (10)
0 0 1

As in the cases of type I-IV singularities in the FLRW
universe, 0(¢) might have singularities: at r = 7, (1) 6(r)
diverges; (2) Q(t) diverges; and (3) a higher derivative of
0(t) diverges. We note that the singularity associated with
0(t) shows up only if a(z,) # b(t,) because O(r) becomes
irrelevant when a(r) = b(1),

a*(t)y 0 0
o)l o a1 0 |0
0 0 (1)
cos@(t) sinf(r) 0 a*(t) 0 0
= | —sinf(t) cos(t) 0 0 a* i) O
0 0 1 0 0 &)
cos@(t) —sinf(tr) 0
x | sinfO(r) cosO(r) O
0 0 1
a*(t) 0 0
=1 0 @ o0 (11)
0 0 1)

Therefore a(t;) # b(t,) is a necessary condition for the
singularity from the rotation #(¢) along the x*-axis.

For the rotation matrix (10), the spacetime metric (9)
leads to

[b*(t) — a*(t)] cos (1) sinO(t) 0
a*(t)sin?0(t) + b*(t)cos?0(t) 0
0 (1)

(12)
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The above expression tells us that if 6(7) diverges, the
metric has violent oscillations, although |g,;| is finite. We
will show that there is a curvature singularity even if 6(7) is
finite but A(¢) diverges. Such a singularity occurs when 6(t)
behaves near ¢~ 1, as 0(t) ~ 6, + 0, (t, — )’ with con-
stants 6, 8, and f where 0 < f < 1. We briefly comment
on the divergence of # and its derivatives. In the spacetime
of our interest, there can be nonzero off-diagonal elements
of the spatial metric g;;(¢) in Eq. (8). If we assign the scale
factors to the diagonal elements of spatial metric g;;() after
the diagonalization, the off-diagonal elements in the origi-
nal spatial metric g;;(¢) describes the mixture of the scale
factors, as in Eq. (12). In this sense, 0(7) is the time-
dependent mixing angle. Thus, through the diagonaliza-
tion, 6(¢) corresponds to the off-diagonal elements of g;; (1),
(x,y) element in the current setup, and the divergence of 8
and its derivatives reflects those of such off-diagonal
elements in g;;(1).

We compute the Ricci tensor and Ricci scalar in the
general homogeneous and anisotropic spacetime (the
detailed calculation is summarized in Appendix). For
the metric in Eq. (9), the Ricci tensor is given as follows:

(@®=b*)? ., (d b &
Rop= L7V gp (4,2,5) 13
00 2a%b? a + b + c (13)
Ryi=Rjp =0 (14)
Ry Rn O
(Rj)=O0"(R;j)O=0"| Ry, Ry 0 [O. (15)
0 0 Ry

where the components in I~€,~j are defined as

. b ¢ bt —a* .
Ry =aa+aall+5) + 22
b ¢ 2b
R12:R21
5
:_i(az_bz)
0la b ¢
___b2 2\ 2 (42 b2 - 2_b2
5o 0743 -5 @ 307) + L@ - 07
. . fa i 4_pt
Rzzzbb+bb<ﬁ+5>+a =y
a c¢ 2a
- a b
Ry=céc+ic[=+-). 16
33 CC+CC(d+b> (16)

By contracting the Ricci tensor with the metric, the Ricci
scalar is given by

(a2 =D7)? a b ¢
R=" 0P 2+t
+2<@+bc+ﬂ>. (17)

ab ' bc ' ca

We omitted the variable ¢ in the scale factors and rotation
angle above for simplicity. We note that R5; does not have 0
dependence because we choose the rotation axis as x°
direction in our setup. One can restore well-known results
in FLRW spacetime by taking the limit that 0 =0 = 0
and a =b =c.

The singularities originated from the rotation angle of
spatial metric @ may show up in the Ricci tensor and Ricci
scalar if @ or @ diverge at t = ¢,. Notably, these singularities
require a(t,) # b(t,). We emphasize that @ dependence in
the curvature tensors always drops if a(¢) = b(¢), and thus,
the anisotropy in the scale factors is a necessary condition
for the singularity associated with 6(¢). In other words, if
there is even a slight anisotropy in the universe, 6
dependence cannot be ignored and potentially causes a
new type of singularities.

We consider the case that 8(¢) vanishes at ¢ = ¢,, while
0(t) diverges at r = t,. In this case, the metric g;;() is
automatically diagonalized g;;(r) = g;;(t,) as in Eq. (12).
However, several components of Ricci tensor Ry, R,
R = Ry, Ry, and Ricci scalar R diverge in general when
0 diverges. Note that we have chosen the rotational axis as
the x* axis near t = t,. As we will see in the following
subsection, in Finstein’s gravity, the Einstein equation
suggests that the energy-momentum tensor must diverge
corresponding to divergences of @ in the Einstein tensor.
Moreover, off-diagonal components of the Einstein tensor
are nonvanishing, which generally requires the anisotropic
stress in the energy-momentum tensor.

B. Classification of singularities

We can summarize the classification of singularities in
terms of the metric components. First, we consider the
singularities related to a(t), b(t), and ¢(t), which are the
eigenvalues of g;;(¢). When t — ¢,

1-1 Type I singularity: Some of a(r), b(t), and c(z)

diverge.

1-2 Type II singularity: Some of a(t), b(¢), and ¢(¢) and
the first derivatives of a(t), b(t), and ¢(t) are finite,
but some of the second derivatives diverge.

1-3 Type III singularity: Some of a(z), b(t), and c(t) are
finite, but the first derivatives of a(r), b(z), and ¢(¢)
diverge.

1-4 Type IV singularity: Some of a(z), b(¢), and ¢(t) and
the first and second derivatives of a(z), b(t), and c(t)
are finite, but some higher derivatives diverge.

Note that the same type of singularity does not need to occur
in all directions. For instance, only a(¢) corresponding to x!
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direction may have one of the above type I-IV singularities,
while the other scale factors do not show singular behaviors.
As another example, the two directions may have singular-
ities, although the remaining direction does not, and these
two singularities may be different types from each other.

As mentioned in the previous subsection, these singu-
larities are generalizations of the future singularities in the
FLRW universe with respect to different scale factors
assigned to the three spatial directions. These are not
related to the rotation 6(¢), and assuming the rotation
angle is constant 8(¢) = const, the spacetime of our interest
is reduced to Bianchi type-I universe. As an illustration, we
consider the Einstein equation,

G

w = KT

s (18)

where T, represents the energy-momentum tensor of the
matters. From Egs. (9) and (15), the Einstein tensor G, is
given as

2_b22. .b b. P
Gooz—u(s?%(a + C+ﬂ), (19)

4a’b? ab ' bc ' ca
Goi =Gy =0, (20)
T [ 1 1 ~
= OT(GU)O
Gll RIZ 0
— OT RZI 622 O O, (21)
0 0 Guy

where the diagonal components in G, ; are defined as

- (@=p)Ba>+ b)), (b ¢ ,bé
“u = 452 Tt ) T e
- (b? —a?)(a® +3b%) ., ,(d ¢ ,éa
Gy =-— P - =+~ -b>—,
2 4a® a+c ca

- (a* = b*)*c?, a b ab
Cn=—"gop =) T ®

Moreover, the spatial components of the Einstein equation
can be simplified by introducing a new definition of the
energy-momentum tensor

OT(GU)O = KZT"

t

where

(T;;) = O'T;0. (24)

Assuming 6 is constant in Egs. (19) and (21), we find
that all the #-dependent terms vanish, and Eq. (23) leads to
the modified Friedmann equations in the Bianchi type-I
universe [25,26]

KZTOO = (HaHb +HbHc + HcHa)’
2

K~ ~ . .
—z2ln = (H, +H,) + (Hj + H: + H,H,),

2

K™ ~ . .
_ﬁTZZ:<H6+Ha)+(H%+HZ+HCHa)7

2

K~ ~ . .
—?T:{;:(Ha‘i_Hb)‘i‘(H?l“Fle]"_HaHb) (25)

Here, we defined the Hubble parameter for each direction as

H,=2,  H,=2, H.=5 (26
a C

When we read the energy-momentum tensor as 7y = p and
T, = diag[P,a?, P,b?, P3c?], where p and P; are the energy
density and the pressure in each direction. It is apparent that
the future singularities in the FLRW universe are generalized
into those in the Bianchi type-I universe. As in the
classification of the future singularity in the FLRW universe,
three different Hubble parameters and their derivatives may
show the different types of singularities, as the correspond-
ing energy density and pressures also diverge.

Second, we focus on the singularities related to the
rotation 6() in the orthogonal matrix, which diagonalizes
the spatial metric g;;. For these singularities, the compo-
nents of the metric are always finite, |g;;| < co. Near the
singularity ¢ ~ t,, we may choose the matrix as in Eq. (10)
with any loss of generality and assume a(t,) # b(t,).
When ¢ — ¢,

2-1 Typel@ singularity: € diverges, and the metric

oscillates very rapidly.

2-2 Typellf singularity: @ and @ are finite, but @
diverges. The energy density and the diagonal
spatial components of the energy-momentum tensor
are finite, but the off-diagonal component diverges.

2-3 Type I116 singularity: 6, a is finite, but & and also 0

diverge. The energy density, pressure, and other
spatial components of the energy-momentum tensor
diverge.

2-4 TypelV@ singularity: 6, 0, and @ are finite, but
some higher derivatives of @ diverge. The energy
density, pressure, and other spatial components of
the energy-momentum tensor are finite. Their first
derivatives are also finite, but the higher derivatives
diverge.

064014-5



KATSURAGAWA, NOIJIRI, and ODINTSOV

PHYS. REV. D 110, 064014 (2024)

We note that 6(¢) corresponds to the off-diagonal elements
in the original spatial metric g;;(7). Using a rotation matrix
O, we can separate the additional divergence from diver-
gences in the three scale factors.

As before, we consider the Einstein equation as an
illustration. Taking into account the #-dependence, we find
that the off-diagonal elements in the Einstein tensor (21)
R, =R, do not vanish, and Eq. (23) leads to the
following equations:

) (a® - b?)? "
Ty = (H,Hy +H,H, +H.H,) ————5—6,
da-b
2
K~ . )
_;Tll = (H,+H,.)+ (H} + H; + HyH,)
(a* — b*)(3a* + b?) o
4a*b? ’
27 a=b, 1 2 2 2 2
—K T12: 2 9+§[Ha(b +3Cl)—Hb(a +3b)
+ H,(a> — b?)]0,
2
K> ~ . )
_ﬁTZZ = (Hc +Ha> + (Hg +H§ +HcHa)

(b* — a®)(a* + 3b?) P
4a*b? ’

2
K™ 4 . .
— 2 Tss = (Ho+ Hy) + (Hy + Hj + H,Hp)

(a2 - bZ)z A2
—— 0. 27
4a*b? (27)

In addition to the corrections to Eq. (25), we have an
additional equation from the off-diagonal component of the
Einstein tensor, which inevitably introduces the anisotropic
stress 71, = T»;. We can find that in Eq. (27), the new
types of singularities require anisotropy in the scale factors
a(t) # b(t) as the necessary condition. They also indicate
that the off-diagonal elements of the energy-momentum
tensor, T, = T in our setup, must have a singularity. If 6
behaves as @ ~ 0(t, — t)/ with constants 6, and  when
t ~t,, the type 10 corresponds to S < 0, the type 116 to
1 <p <2, thetypelllf to 0 < f < 1, and the type IV to
the case that $ is not an integer and § > 2.

C. Rips and twists
We further investigate the new class of finite-time
singularities related to the rotation angle 6 of the spatial
metric. First, we consider what could happen when 6
diverges using the geodesic deviation equation as in Eq. (5).
Computing the Riemann tensor R/, ; in the general homo-
geneous and anisotropic spacetime, we find

A D, 0
Rigyj = OT(Rig))O=0"| D,, B 0 |O, (28)
0 0 C

and the geodesic deviation equation takes the following
form:

% A D, 0 Sl
o|28 | =|Dw B 0|O|S]. (29
D*s? 0 0o C 53
dr?
where
A= +HZ)_Q(cﬂ—zﬂ)(azﬁb?)

4 a’b?

0 b? b? 0 b?
Dab:_§|:Ha<?+3>_Hb(l+3?>:| —§<1—;)

9 a2 a2 9 612
Dba__§|:Ha<1+3ﬁ>_Hb<ﬁ+3>:| _§<ﬁ_1)

&? (b* — a®)(b* + 3d?)
4 a’b?
C=(H,+H?). (30)

B=(H,+H?) -

The off-diagonal components in Eq. (29) generate new
geodesic deviations proportional to another geodesic
deviation perpendicular to the geodesic deviation.
Especially in the case of type 110, the diagonal elements
are finite, although the off-diagonal elements diverge.
Thus, spacetime could be ripped in analogy to the
FLRW case. We also consider the analogy to the little
rip and pseudorip in the FLRW universe. If 8, , or both
diverge in the infinite future, the spacetime could be ripped
finally. If 0, 0, or both become very large, even constant,
any object whose binding energy is below the threshold
could be ripped.

Second, we consider what could happen when @
becomes large, using the geodesic equation for the non-
relativistic test particle,

2 4 c
0=y, L0 (31)

ds ds ds
To investigate effects coming from 0, we consider the
situation that the divergence from the rotation angle is
dominant compared with that from the scale factors in the
spatial metric; that is, we ignore derivatives of the scale
factors and assume @ ~ 0 at ¢ ~ £, as in type 1110 singularity.
Using the Christoffel symbol in the anisotropic universe
(see Appendix), we find that the spatial components of the
geodesic equations lead to
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2.1 2 2
£ o(Bon)

ds? \&2 ds’

d2 2 . 2 d 1

LT Yo

ds b= ) ds

d*x3

—~0. 32

ds? (32)
Here, we have assumed the nonrelativistic limit

|dx'/ds| < |dx"/ds| ~ 1.

The terms including € generate forces perpendicular to
the velocity dx'/ds of the particle as in the magnetic force.
These forces may be regarded as the Coriolis force. When @
diverges, any object may be twisted off. In this sense, we
may call the singularity where @ diverges in the finite future
as the big twist. If @ goes to infinity in the infinite future, we
may call this the little twist. When @ goes to a very large
constant in the infinite future, we may call this phenomenon
the pseudotwist.

IV. RECONSTRUCTION OF MODELS
WITH ANISOTROPIC SINGULARITY

In this section, we consider models that realize curvature
singularity by applying a new systematic formulation, so-
called reconstruction. The reconstruction is the inverse of the
standard process where we solve the equations for given
models. Inversely, we may find a model that realizes the
geometry desired from the theoretical and observational
viewpoints. The reconstruction for cosmology in the FLRW
spacetime, Eqgs. (1) and (2), has been actively studied for
several kinds of modified gravity theories (see the review [27]
and the references therein for the reconstruction, and for
|

(az - b2)2 Ry

TOO ~ = b
42 a’b?

T()i = TiO =0,

<a2_b2)(3a2+b2) )
e LY

i@ 1)

0

1
(Tij) ~a2

modified gravity theories general, see Refs. [28-30] for the
review).

Recently, the formulation of the reconstruction for the
spherically symmetric spacetime has been investigated,
using two-scalar fields [31] and in the scalar-Einstein-
Gauss-Bonnet gravity [32]. However, ghosts appear in all
the above models, indicating they are physically incon-
sistent. In the classical theory, the kinetic energy of the
ghosts is unbounded below, and the system becomes
unstable. In the quantum theory, the ghosts typically
generate the negative norm states as in the Fadeev-
Popov ghosts in the gauge theories [33]. The negative
norm states generate negative probabilities, which conflicts
with the Copenhagen interpretation of the quantum theory.
The ghost can be, however, eliminated by using constraints
given by the Lagrange multiplier fields [34,35]. We discuss
a generalization of the two-scalar model to the model with
four scalar fields [36]. This model can reconstruct a model
that realizes any given geometry, even if it is time-
dependent, not spherically symmetric, and anisotropic, as
in Eq. (8).

A. Conventional fluid approach

Before we introduce the reconstruction, we consider the
effective matter contents that directly reflect the singular-
ities in the Einstein tensor in the framework of Einstein’s
gravity, To investigate the new class of singularities
generated by 0, we ignore derivatives of the scale factors
and assume 6 ~ 0 as done in the previous subsection. When
0 ~ 0, we can drop the rotation matrix O in Eq. (23), and
the effective energy-momentum tensor of the fluid given by
the Einstein tensor is reduced to be

(33)
(34)
~8(a® - p?) 0
_ (bz—a2‘)151422+3b2) i 0 (35)
(=Y 1
0 T 4d? 0

Although spacetime anisotropy does not allow us to utilize the ordinary perfect fluid description, we can define the energy

density and pressures p, P, P,, P5 as

(@ -0
pr— T N ——eee R
’ 0 4 a’b?
Ty  (0*-a*)(a®+3b%)
Py=—7F~- 2212 o,
b 4k“a b

P T (a®> — b?*)(3a* + bz)g2
= a2 4x2g%b? ’
. T3 (az - b2)2 )
Py = 27T ala (36)

064014-7



KATSURAGAWA, NOIJIRI, and ODINTSOV

PHYS. REV. D 110, 064014 (2024)

Equation (36) shows that the energy density and three
pressures diverge when @ does. We note that p always takes
a negative value, which manifestly causes difficulty in
introducing the conventional fluid approach at the classical
level. P5 is always negative, while P; and P, have opposite
signs depending on the scale factor in each direction.
Regarding anisotropic stress, if we assume 6~
0o(t, — 1)’ so that @ ~ 0 and @ diverges at ¢ ~ ¢, we find

2
T\, = Ty o |p|F 0. (37)

If we define the power as y = 2( the type of singularities

7 1)
can be determined by the power y: the type 10 singularity
corresponds to % <y <l type 110 to y < 0; type 1110 to
y > 1;and type [VO to 0 < y <3 except the points where 3
is an integer, that is, y # 5~ 3n ) If the universe includes the
fluid with the off- dlagonal element T, = T, « |p|, there
could occur the finite future singularity of the type 16-IV6.

Although the effective fluid cannot be a perfect fluid due
to the anisotropy, we read off EOS in each direction. Using
Eq. (36), we find

b2
P, <1+2“ +b )p,

a* + b?
P2N<1_2az—bz)p’

P3 =p. (38)

Equation (38) shows the exotic EOS along x! and x*
directions depending on the size of the anisotropy. For
a > b, the effective EOS paramerter w > 1 along x!
direction and w < 1 along x2 direction. However, the
effective fluid shows the stiff EOS w = 1 along x> direction

regardless of the anisotropy.
Equation (33) suggests that the energy density, pressure,
and anisotropic stress of the fluid become smaller if the
|

anisotropy is smaller, a ~ b. Here, we assume a tiny portion
of the anisotropic fluid in the present universe, where the
background spacetime is almost FLRW Universe, and we
ignore the backreaction of the anisotropic fluid. For the
FLRW metric in (2), the Christoffel symbols are given by

Ffj = azH(sij,
I =T} = Hd'), (39)

and the other components vanish. If we impose the
conservation law V#T,, = 0 for the anisotropic fluid,

OZVﬂTMO
= p + 6Hp. (40)

Here we have used (38) although the EOS could not be
valid in the present universe.

On the other hand, the conservation law V"T,“» =01is
trivial even for the anisotropic fluid in the present model.
Equation (40) indicates the solution p « a~®, that is, the
density decreases by the expansion. If the conservation law
(40) is valid even in the present universe, the fluid will not
dominate in the future. The anisotropic fluid cannot
describe the future singularity, although it might have been
dominant in the early universe and generated the primordial
anisotropy. In order for the future singularity to show up,
when the energy density p is small, the EOS (38) must be
changed so that the density increases by the expansion of
the universe.

B. Four-scalar reconstruction

We consider the following model including four scalar
fields ¢“:

S = Sgravity + 54 + S (41)
1
= [evm(s X awwrarar-vie) )
2 a,h=0,12,3
_ / de=g S ( F(x)0 0, — 1). (43)
a=0,1,2,3 ¢)

We use the Roman index (a, b, - - -

=0, 1,2, 3) for the scalar fields, and as we will see later, it corresponds to the index in the

internal space. Sgyiyy represents the action of the arbitrary gravity theory, and the kinetic coefficients A,;,(¢) and the
potential V(¢) are functions of the scalar fields ¢“. In Eq. (43), A% are Lagrange multiplier fields that lead to constraints,

1
S g(x =)

which eliminates ghosts.

gyy(x)aﬂ¢aay¢a -1, (44)
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By the variation of the action (41) with respect to the metric g,,, we obtain

1 1
g;w = ig;w <2

a,b=0,1,2.3

1 500 D M( 9 (x >aﬂ¢”ay¢“—1>
; =¢)

v<¢>)

a=0,1,2,
1 1 A ran pb
:Egﬂl/ E Z Aab(¢)g a§¢ an¢ -
a,h=0,1,23
1
_E Z Aab(¢>au¢aau¢b_ Z
a,h=0,123 a=0,1,2,3

Here, we used the constraint equations in Eq. (44), and G,
is defined by the variation of the action S,y Of the gravity
sector

1 oS gravny

g = 46
= (46)
If we employ the Einstein-Hilbert action

! 4

Sgravity = W d Xy/ —9gR, (47)
G, 1s, of course, given by the Einstein tensor,
1

g,w - - WG”V (48)

We can include the contribution of matter by replacing the
g" by

g = 1 &S gravity 1 6Smatter
\/_ éguz/ vV -9 5g;w
1 6Sgavi 1
=5 g, T2 (49)
Guv

Note that the first term is written by the coordinates for a
given spacetime metric. If we find the coordinate depend-
ence of T by solving the conservation law and field
equation of the matter, the second term and thus the whole
G" is written by the coordinates. In the case of Einstein’s
gravity, Eq. (48) is rewritten as,

1 1
gﬂl/ = _FG/W =+ ET[H/‘ (50)

By multiplying Eq. (45) with ¢, we find

1
gﬂygﬂ” - Ea,bzzo.;,z.3Aab (¢)g§ﬂ05¢aaﬂ¢b - 2V(¢)
-2 (51)
a=0,1,2,3

> Aw(@)g10:00,4" -

V) -5 >

Aab (¢) ay ¢a au¢b

a,b=0,1,2,3

la
- Y o
a:(,z,(;,gg (x=¢)™"

a

0,40, (45)

where we again used Eq. (44). Moreover, substituting
Eq. (51) into Eq. (45), we find

> Auw($)0,00,0"

a,b=0,1,2,3
- _2g/41/ =+ gﬂl/{v<¢) + + gﬂagpa}
a=0,1,2,3
-2 > _ $90,¢". (52)

w0239 (x=4¢) "

We now identify the four scalar fields as the spacetime
coordinates ¢ = x“, which is actually consistent with
the constraints in Eq. (44). And then, Eq. (52) can be
rewritten as

An(®) = 26, + g,w{vws) n

> +gﬂ09,m}

a=0,1,2,3

ﬂll
B N Y p——" 7 ) (53)
a=0§.1:,2,39 (x=¢)"

Moreover, we consider the solution for A = 0. And then,
an arbitrary geometry written by g, and arbitrary function
V(¢ = x) can be realized by choosing A, (¢) as

Aﬂl/(¢) = _2gﬂIJ (x - ¢)
+ 9 (x=¢){V(9)+ 97 (x=)G,s(x=0¢)}. (54)

Because the potential V(¢) is arbitrary, we hereafter choose
V(¢) =0.

We remark several features of A,,. S, can be regarded as
a nonlinear sigma model whose target-space metric is given
by A, (¢) when V(¢) = 0. A similar structure related to
the four scalar fields and internal space can also be found in
modified gravity theories [37,38]. If A,;, = O for a given a
and arbitrary b and the other nonvanishing components do
not depend on ¢ for the given a, we may drop the scalar
field ¢“. For instance, when we consider the spherical
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symmetry, there is no dependence on angular coordinates
@*> = 0 and ¢* = ¢. Thus, we can drop two of four scalar
fields, and the two-scalar field works for the spherically
symmetric spacetime [31].

Without S; in Eq. (41), ghosts appear when any
eigenvalue of A,,(¢) becomes negative. We now check
if the constraints in Eq. (44) derived from §; can elimi-
nate the ghosts. For this purpose, we consider the
perturbation,

¢t = x* + 6¢°. (55)
For the perturbation 8¢°, the constraints in Eq. (44) give

0=29"9,6¢" — Y 640" (x). (56)
b

Here, we have not summed the equations with respect to a.
For a spacelike coordinate x¢, if we impose d¢* = O when
|x*| — oo, and for a timelike coordinate x*, if we impose
o¢® = 0 as an initial condition, we always find 6¢* = 0.
Therefore, 5¢p* does not propagate, and thus the ghosts do
not appear.

In the case of Einstein’s gravity, Eq. (54) has the
following form,

Au(d) =L Golx= )

K

= D= Gl =
=5R.(x=9). (57)

It is now clear that A, (¢) is given by the Ricci tensor R,
where the coordinates are identified with the scalar fields
x* = ¢*. Moreover, including matter contents in terms of
the energy-momentum tensor as in Eq. (50), we find

Aﬂl/<¢) = %RMD('X = ¢) - T/w(x = ¢)

2 0u(x=DT(x=4). (58)

where T represents the trace of the energy-momentum
tensor

T=g¢"“T,,. (59)

Equation (58) can be interpreted as A, (¢), which is
comprised by the four scalar fields, complementing the
Einstein equation for any metric g,, and matter T,,.

Therefore, with an appropriate choice of A#(¢), the model
described by Eq. (41) allows us to reconstruct the gravi-
tational theories that realize the desired geometry. We note
that it is straightforward to extend this reconstruction
method to the case in D dimensional spacetime with D
scalar fields.

C. Toy model 1: Increasing anisotropy

We apply the above four-scalar-field model to recon-
struct the models that encompass the curvature singular-
ities. In the homogeneous and anisotropic spacetime
described by Eq. (8), we substitute Egs. (13)—(15) and
Eq. (17) into Eq. (58)

! Ry R, 0
(Alj) :p ot Ry Ry 0 @
0 0 R33 =
1
~(Tj) +=(g,)T| . 60
# [ ez (60

Here, we have denoted r = x". We have assumed that the
time-dependence of matter, and thus 7', is given by solving
the conservation law and field equation of the matter. We note
that A, only depends on ¢°, A,,(¢"), because the metric
only depends on time coordinate ¢ = x°. Note that the
energy-momentum tensor 7', represents the ordinary matter
contents. We can utilise the perfect fluid description for 7',
where Ty = 0, and A,, compensates the anisotropy.

We reconstruct models realizing the new future singu-
larities discussed in Sec. III, demonstrating the four-scalar
reconstruction for two different classes of future singular-
ities by considering the two different situations: (i) The
divergence from the scale factors is dominant compared
with that from the rotation angle; (ii) The divergence from
the rotation angle is dominant compared with that from the
scale factors.

First, we investigate the case (i) corresponding to Bianchi
type-I, where the scale factors may show type [—IV
singularities. Dropping @ and its derivatives in Eq. (60),
we find that the kinetic coefficient is reduced to
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1 (a b ¢ 1
Ap=—7|(-+7+- +1=Too—5T|
k“\a b c¢),_yp 2 |y

Agi =Ajp =0,
da+ aa(l+9) 0
(Aij) :% 0 bb + bb(4+¢)
0 0

In the above expressions, we can choose three scale factors
a(t), b(t), c(t) to reconstruct an arbitrary evolution of the
background spacetime. For example, considering a model
where the anisotropy vanishes at present t = t, and grows
in the future:

a(t) = a(n)[l +a(t - 1)),
b(r) = a(t)[1 + b(t — 1)),
c(1) = a()[1 + (1 - 1)) (62)

Here, a(t) stands for the scale factor in the flat FLRW
universe as in Eq. (2), and a(t), b(t), ¢(t) are increasing
functions with respect to ¢°, which satisfy & = b =¢ =0
at t =1ty. A similar ansatz for the scale factors was
discussed in Ref. [25].

Moreover, if we demand this model mimics the ACDM
model in the current universe, we include the cosmological

bb + bb(4+€) — Ab?

0
1
0 + |:_(Tij) +§(gij)T:| K (61)
o =
éc+éc(@+h) =g

constant and dust in the energy-momentum tensor. Because
we are interested in the future singularity, we can assume
that the cosmological constant dominates, and then, T;w 18
given by

A
T/w = - ?g;w'

(63)

We note that the above energy-momentum tensor satisfies
the conservation law in the anisotropic universe, and

T 1T—A
070 T2

1 A
-T;;+ EQUT =~ 2% (64)

Finally, the case (i) can be reconstructed by choosing the
following A, :

0 0
(65)
0 éc+ec(d+2) - Ac?

D. Toy model 2: Rotation singularity

Second, we consider the case (ii) where the rotation angle @ may show type 16—IV@ singularities. Using the setup we
used in Sec. IV A, we drop derivatives of the scale factors and assume @ ~ 6, (¢, — t)? in Eq. (60). The kinetic coefficient is

given by
1 [(a® = b?)? 1
Ay = —— 0? ~Too—=T|
0 Kz{ 2a2h? L,,,O‘L[ L) ]”,,0
Agi = Ay =0,
| b‘;;g“‘ 02 _g(az _ bz) 0 1
A== || =0(a2—p2 a'=bt 2 T;)+=(9;)T . 66
w)=g|| -t Are o]+ |m0eger] (66)
0 0 0
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Regarding the matter energy-momentum tensor, we can again utilize Eq. (63). Moreover, to mimic the ACDM model, we
assume the small but nonzero anisotropy, which is necessary to realize the new types of singularities. This situation

corresponds to @, b, ¢ < 1 in Eq. (62). By the Taylor expansion with respect to &, b, &, the case (i) can be reconstructed by

the following A,

1

Ap == [2(a—b)*6" — A],_p.
Ay =Ap =0,
(b—a)6® — A(1 + 2a)
2( 40
(Aij) =2 ’(cf ) —é(& - i?)
0

We note that the arbitrary divergence of 6(¢) can be
reconstructed other than 6 ~ (¢, — t)?. Moreover, it is
optional to include the energy-momentum tensor in this
reconstruction method. When introducing the matter con-
tents, one needs to carefully consider the conservation of
the energy-momentum tensor or field equations of matters.
In the above setup, the cosmological constant automatically
satisfies the conservation law in our current toy models.

V. SUMMARY AND DISCUSSION

In this work, we have investigated finite-time singular-
ities in general homogeneous and anisotropic spacetime.
We have observed two classes of singularities. The first
class is associated with the singularities in the scale factors
and is the generalization of the well-known finite-time
singularities in the FLRW universe. The second one
originates from the spatial anisotropy and rotational sym-
metry breaking, and the time-dependent rotation angle 6()
of the spatial metric may show the new type of singularities.
We have shown that finite anisotropy is the necessary
condition for these new singularities, which also introduces
the anisotropic stress and off-diagonal elements in the Ricci
tensor. While the divergence of #(¢) shows violent oscil-
lations in metric, the divergence of its derivatives can occur
as @ vanishes in the future. Following the finite-time
singularities in the FLRW universe, we have categorized
the new type of singularities.

We have also considered the physical meanings of
divergences in 6(¢) in terms of the geodesic equation
and geodesic deviation equation. In addition to behaviors
similar to known results in the FLRW universe, big rip, we
have found a novel singularity named the big twist. This
singularity can be generated by the derivative of 6(¢). The
big twist shows up in the geodesic equation and is driven by
the force perpendicular to the velocity of the test particle,
which is similar to the Coriolis force. Moreover, we have
defined the little twist and pseudotwist based on the
behavior of Q(t), which is also analogous to the rip-type
singularities in the FLRW universe.

—0(a - b) 0
2(a—b)&* — A(1 + 2b) 0 . (67)
0 —A(1 +2¢)

t=¢"

We have finally demonstrated the toy models of finite-
time singularities in the homogeneous and anisotropic
universe. The conventional effective matter description in
Einstein’s gravity, where the Einstein tensor directly
gives the effective energy-momentum tensor, predicts the
exotic equation of state, and it does not work to study
the future singularity. We have developed the novel
reconstruction method, the four-scalar reconstruction,
and applied it to our consideration. In the framework of
Einstein’s gravity, we have reconstructed two models
encompassing the two classes of finite-time singularities.
In both models, it is possible to mimic the ACDM model in
the current universe, and we can realize the finite-time
singularities arising from the scale factor or rotation angle
in the spatial metric.

Although we have relied on the reconstruction method
in the present work, we can apply our analysis of the
finite-time singularities in the homogenous and anisotropic
universe to the modified gravity theories beyond Einstein’s
gravity. It would be intriguing to study if these singularities,
especially newly discovered ones, can be realized in
specific models of modified gravity theories. It would be
a realistic extension of existing studies on big rips or other
singularities in the FLRW universe in the modified gravity
theory.
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APPENDIX: CALCULATION APPENDIX

In this paper, we have defined the Levi-Civita connec-
tion, Riemann tensor, Ricci tensor, and Ricci scalar as
follows:
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Iy, = %g”"(aﬂgpy + 0094 = 0p G ) (A1)
Rl =T%,, —Th,, +TLT4 —ThTh  (A2)
Ry =Ry, (A3)

R = g"R,,, (Ad)

1. Levi-Civita connection

First, for the metric as in Eq. (9), the Levi-Civita
connection (Al) takes the following forms,

rg(,:rg,.:r%:rgozqk:o,
1

. .

F?j and Ff) ; are written in terms of the rotation matrix O as
follows:

1 . . .
() =5 (-0T00"G0 + OG0 + "5 0)
ada %g(bz - az) 0
=O"| Lo(b? - a?) bb 0 |0. (A6)
0 0 cc
: 1 ; : ;
(M) =5 0"(§)' O(-=0"00™50 + 0"§0 + 0"G O)
JUCEDI
=0"| 1o(1-4) b o |o. (A7)
0 0 €
Here, we used
OT _ —OTOOT
0 -0 0
OOT=-0T0=[0 0 0 (A8)
0 0 0

2. Ricci tensor and Ricci scalar

Second, we compute the Ricci tensor and Ricci scalar:

1 ije 1 ij okl 1 ij okl
Ry = —39 gij+§g 9 9wdp = 1979 g

1. Vo .
==59"5i; + 7979 GG

2 4
ROi = RiO = 0’
| T
Rij = Egij + Zgijgklgkl - igilglkgkﬁ
L. 3 .
R = g74;; + 7 (9"9;)* = 3979 991 (A9)
Ryo, R;j, and R in Eq. (A9) are given as
1 . . . .
ROO = Ztr(—ZOOTOOT + 2OOT§(Q)_I
+200T500 (g~ = 2(5)'gOO"
+ @ '9@)"'9-29(@)7"), (A10)

1 . . . .
(=0TO0"GO + OGO + 05 0),r((3)~'9)

ij —

&~

- (0700750 - 0730~ 0750 - 0"00TO0T0
+OTOOTHO + OTOOTGO - O ()~ OO 5O
+0%5(5)'50 - OGO -0"gO O (5)' OO GO

+ 0500 (5)' GO+ OTgOOT0) (A11)

ij?

1. .. 1. .. 1. ;
R=1t <§ 00TOO" - EOOTg(g)" - EOOTQOOT(Q)"

XA\ — ~\—1~ 4 3 AN ]~~~ —] ~
+9(@)™" +2(3) IQOOT—Z(Q) () 19)
1 N
+Z(tr((g) '9)% (A12)
We should note that
0 -6 0
OO —00TOOT=16 0 0| - OO
0 0 0
-* -0 0
=1 6 - o (A13)
0 0 0

By using Eq. (A8), Ry, and R;; of the Ricci tensor are
written as follows:

. 1/ & i b ¢
R00:92|:1—§<;+ﬁ>:|—(a+z+;>, (A14)
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Ry Ry O
(Rij> = (QT(I’él'j>(9 =0 Rzl Rzz 0 O, (AlS)
0 0 Ry

where nonzero components in R;; are defined as

b b* - a*
Rll —aa—l-aa(E—i-—) 2bza 92
R12:R21
P
:_sz_bz)

0 [a 2 2 b 2 . € g2
2L(b + 3a”) b(a —|—3b)+c(a b?)
- . . s ( 4 pt,
Rzzzbb+bb<9+5)+a — 6

a c 2a

. a b
Ry =¢ cel—+— . Al6
33 cc+cc<a+b> ( )

And the Ricci scalar R is given as

a _ 0 (@®=b*)(a*+3b%)
a 4 a’b*

S

0

4. Einstein tensor

Finally, we compute the Einstein tensor defined as

1
=R, — > guR. (A23)

G
2

724

Using the diagonalized metric and Ricci tensor, we can

express the spatial components of the Einstein tensor as

~ 1
Gij - OT <RU - _gljR> O

5 (A24)

[e(14+38) b+ 3)] 16 - 1)

R = ¢"Ryy + OT(G"R;;)O
= g®Ry + GVR;;

(@ =D, i b ¢
 24%b? F+2 a+b+c

o al}+be+éa
ab  bc  ca)’

3. Riemann tensor and geodesic deviation equation

(A17)

The spatial components of the geodesic deviation equa-
tion as in Eq. (4) take the following form,

% = RkOOjS/. (A18)
We compute the Riemann tensor,
R = %gij + %Qijglkgkl - %gilglkgkjv (A19)
and thus
Rkoo; = —gki(g()O)_lROin = gkiROin- (A20)

R¥y ; s written in terms of the rotation matrix O as follows:

(Rigoj) = O (Rigg;)O, (A21)
and
4G+ -F1+38)]-10-5) 0
b 2 (b2—a?) (b2 +3a®
RS )
0 é

Thus, Gy, Gy;» and G;; are written as follows:

1
G(JO:ROO_'_ER
, 1 /%> a2 1. 1 /% a2
=Pll-=5+=]| -=01—-=(5+=
2@ 2 - )

ab  bc ca
_(a2—b2)292+<ab be ca>’

4a’b? ab et

A25
ab  bc  ca ( )

GOi = GiO = 07 (A26)
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Rll RlZ 0 1 a2 0 0 G“ RlZ 0
(GU) - OT R21 Rzz 0 - ER 0 b2 O O = OT RZI Gzz O O, (A27)
0 0 Ry 0 0 2 0 0 Gy
where the diagonal components in G, ; are defined as
- (a*=b*)(3a> +b*) ., (b ¢ ,be
G =- —4 =) —a*—,
H 4b? “\pTe) Ve
" = LI Be
4a a c¢ ca
~ (a®> =022, L(d b ,ab
Gy3=—"—"—-55—0"— -4 —c"—. A28
» 4a%D? “\a¥p) " ab (A28)
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