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Circular geodesic orbits in the equatorial plane
of a charged rotating disc of dust
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Equatorial circular geodesic orbits of neutral test particles in the exterior spacetime of a charged rotating
disc of dust are analyzed in dependence of its specific charge and a relativity parameter. The charged
rotating disc of dust is an axisymmetric, stationary solution of the Einstein-Maxwell equations in terms of a
post-Newtonian expansion. In particular, photon, marginally bound and marginally stable orbits are
discussed. It turns out that general formulae in closed form for angular velocity, specific energy and specific
angular momentum of the test particles can be derived, which hold for any (exterior) asymptotically flat,
axisymmetric, stationary and reflection symmetric (electro-)vacuum spacetime. Furthermore, circular
motion in the exterior spacetime of the charged rotating disc of dust is qualitatively very similar to that
around a Kerr-Newman black hole for sufficiently large radii, but differs strongly in the respective closer

vicinity.
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I. INTRODUCTION

Investigating the motion of test particles is a very direct
and instructive method for analyzing the geometric struc-
ture of a given spacetime within the framework of general
relativity. It is well known that freely falling neutral test
particles travel along geodesics.

The motion of test particles also plays a role in
astrophysics, for instance in the accretion of matter by a
central object and in the (indirect) formation of black hole
shadows by circular photon orbits.

Various aspects of geodesic motion around Kerr and Kerr-
Newman black holes have been studied, see, e.g., the
publications by Bardeen et al. [1] and Dadhich and Kale [2].1

Meinel and Kleinwichter [5] (see also [6]) and Ansorg
[7] analyzed (timelike) geodesic motion in the gravitational
field of an uncharged rotating disc of dust [6,8,9] (which
may serve as a basic model for disc galaxies).

In the present paper circular orbits of neutral test
particles in the equatorial plane of an isolated, axisym-
metric, stationary, reflection symmetric, charged, rotating
body are investigated first. This class includes black holes
(in particular the Kerr-Newman solution), rotating disc
configurations (such as rigidly rotating discs of dust with or
without charge) and generally (idealized, uncharged)

“Contact author: david.rumler @uni-jena.de

'Also (electrically) charged test particle orbits in the Kerr-
Newman spacetime have been explored (see, e.g., [3,4]). However,
those orbits are no longer geodesic. Charged test particles generally
move under the influence of the gravitational and the electromag-
netic field (if present).
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astrophysical objects. Remarkably, even without knowing
the explicit solution of the rotating body, energy, angular
momentum and angular velocity of the test particles can be
specified in closed form solely as functions of the metric
and their radial derivatives.

The general examination of equatorial circular orbits of
neutral test particles is followed by a specialization on the
spacetime of a charged rotating disc of dust. This disc is
rigidly rotating, has constant specific charge and is an
axisymmetric, stationary solution of the Einstein-Maxwell
equations expressed in terms of a post-Newtonian expan-
sion up to tenth order [10,11]. A detailed discussion of
equatorial circular orbits in the spacetime of the charged
rotating disc of dust is provided.

II. CHARGED ROTATING DISC OF DUST

Within general relativity an infinitesimally thin equilib-
rium disc configuration is considered. The disc is made of
dust (i.e. a perfect fluid with vanishing pressure), it carries a
constant specific (electric) charge ee€[—1,1] (electric
charge density over baryonic mass density) and it is rotating
rigidly around the axis of symmetry with a constant angular
velocity Q. It is, furthermore, axisymmetric, stationary and
it obeys reflection symmetry [10-12].

Using axisymmetry and stationarity the coupled
Einstein-Maxwell equations in electro-vacuum can be
reduced to the Ernst equations [13]. Together with reflec-
tion symmetry, a well-defined boundary value problem to
the Ernst equations for the charged rotating disc of dust can
be formulated (see Refs. [10,14]). It was solved by means

© 2024 American Physical Society
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of a post-Newtonian expansion up to eighth order by
Palenta and Meinel [10] and up to tenth by Breithaupt
etal [11].

The corresponding line element of the disc is expressed
globally in terms of Weyl-Lewis-Papapetrou coordinates?,

ds? = f~r(dp? +d&?) + p*de?] — f(dr + adp)?, (1)

and the electromagnetic four-potential is given by

A, =(0,0,A,,A)). (2)

Introducing a relativity parameter g := ,/y, where

y=1-\/Fe

was originally used by Bardeen and Wagoner [15], the disc
solution can be specified by:

with  f.:=f(p=0,{=0), (3)

10 10
f=1+ ZfszZk, h=1+ Zh%gz", (4)
k=1

k=2
10
@t = dnet (5)
k=1
10 10
Ay = ZAZMHQZHI’ A= ZAtszZk- (6)
k=1 k=1

The coefficient functions f, hy, a3 ;. ... only depend on
the elliptic coordinates € [—1, 1] and v € [0, oo], which are
defined via

p=po\/(L=m)(1+2%),  {=pgw.  (7)

Here, * denotes the normalization by suitable powers of the
disc’s coordinate radius p, in order to obtain dimensionless
quantities, such as a* = pio and Aj, = %.

Note that the relativity parameter can equivalently be
expressed in terms of the redshift z,. of a photon traveling
from the center of the disc to spatial infinity:

2 e
g 14z, ®)

Therefore, the relativity parameter connects the regime of
Newtonian physics, g < 1, with the ultra-relativistic
regime, g — 1, (where black hole formation is assumed)
and the parameter space of the disc solution is spanned by
g€0,1], e€0, 1] and p,. Without loss of generality only

*Units with ¢ = G = 4mey = 1 are used.

positive charges are considered and the coordinate radius p
serves as a scaling parameter. All physical quantities
studied in this paper are functions of ¢, € and p, only.

The specific charge ¢, furthermore, directly influences
the disc’s rotation speed. As is evident from the Newtonian
limit (where each dust particle within the disc is in an
equilibrium of gravitational, electric and centrifugal force),
disc configurations with € = 0 have a maximum angular
velocity and those with ¢ = 1 are static.’

III. CIRCULAR GEODESIC ORBITS IN A
GENERAL SPACETIME

We first consider the exterior spacetime of an isolated,
axisymmetric, stationary, reflection symmetric, charged,
rotating body. These qualifications, besides a nonzero
charge, are expected to be fulfilled for most astrophysical
bodies.* (Note that the special cases of zero charge and
vanishing rotation are included.)

A freely falling uncharged test particle moves through
spacetime along a (timelike) curve determined by the
geodesic equation,

d’ix e dx”
de? L dr dr o ©)
where 7 is the proper time of the test particle and I';,, are
the Christoffel symbols.

The body is arranged so that the axis of rotation coincides
with the {-axis and its equatorial plane is defined by { = 0.
We restrict the motion of the test particles to this plane, i.e.

=0, g—f =0 and ngg = 0. (In order to keep the notation
simple, the dependency on the coordinates is suppressed and,
e.g., gup is written instead of g,,(p, { = 0) in the following.)
Let the geodesics, furthermore, be circular orbits.

Due to stationarity and axisymmetry the metric g,;, of the
exterior spacetime of the body can be expressed in terms of
Weyl-Lewis-Papapetrou coordinates, see Eq. (1).

The circular motion of a test particle with constant
angular velocity €, = ‘é—f’ (as seen from infinity) is also
stationary and the four-velocity is therefore, given by

. dxl ! !
() =4 = (0.0.Qpe™ ), (10)
(up)" = (0,0,0,e7""), (11)

3A detailed investigation of the dependence of the gravitational
mass M, the angular momentum J, the electric charge Q and the
magnetic dipole moment D (each with an appropriate normali-
zation), as well as higher (normalized) multipole moments, on the
parameters g and e can be found in [16].

Axisymmetry, stationarity and reflection symmetry should be
fulfilled to a good approximation for most astrophysical objects.
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where f = ¢2Y and the primes denote the frame of reference
corotating to the test particle, with ¢’ = ¢ — Qtpt.s

Using Eq. (11), the only nonvanishing component of the
geodesic equation (9) is obtained for i = p:

Gitp =0 (12)

The {-component vanishes due to the restriction of the
motion to the equatorial plane of the body and reflection

symmetry of the metric. In other words, setting { =0, % =0

and % =0 is actually solving the {-component of the
geodesic equation.
Note that the transformation law for a transition to the

corotating frame of the test particle reads in case of g,

G = G + 29,0 + Q59,,- (13)

Equation (12) is therefore equivalent to

g(p(p./)gtzp + 2glpl,thp + Gip = 0. (14)

This immediately gives the solution for the angular velocity
of the test particle:

/2
~Yorp TN\ Gorp = Gpp.p91p
Q) = , (15)

where (in general) one of the solutions corresponds to a
prograde and the other one to a retrograde orbit.

The two symmetries, axisymmetry and stationarity, give
rise to two conserved quantities associated with the motion
of the test particle. Axisymmetry represented by the
spacelike Killing vector g = % implies a conserved specific
angular momentum L = 7;(uy,)" and stationarity with a

timelike Killing vector & = % ensures the conservation of
the specific energy E = —cfl-(utp)i. With the four-velocity
from Eq. (10) one obtains the specific angular momentum

g(/)(le/2 + Yot

Lyp= 5 (16)
\/_g(/)(pgl/z - 29(/;191/2 — 9u
and the specific energy
Qi+
E1/2 _ Gpre1/2 T G (17)

\/_gqarpg%/z - qu)th/Z — 9u

>Note that in the literature listed on the uncharged and charged
rotating disc of dust, the primes refer to the corotating frame of
the rigidly rotating disc. Notationwise this, however, does not
cause a problem, as no reference to the corotating frame of the
disc is made here.

of the test particle. Prograde orbits are defined by the
positive specific angular momentum solution and retro-
grade orbits by the negative one.

It should be stressed that Eqgs. (15)—(17) hold for any
(exterior) asymptotically flat, axisymmetric, stationary and
reflection symmetric (electro-)vacuum spacetime and the
solutions could be derived in a closed form without
knowledge of the concrete spacetime metric.

Circular orbits only exist for

g(/'(ﬂg%/Z + 29,8212+ 94 0, (18)

according to Egs. (16) and (17). In the limiting case of
equality, specific angular momentum and specific energy
diverge. This characterizes a photon orbit for prograde and
retrograde motion respectively. Prograde or retrograde
circular motion of uncharged test particles is therefore
only possible for radii larger than that of the associated
photon orbit.®

There is an equivalent way of deriving Egs. (15) to (17)
via the Lagrange formalism. Generally, the Lagrangian
describing the (timelike) motion of a test particle in a
spacetime furnished with the metric g, is

1
L= Egabxaxb7 (19)

where ¢ = %. The resulting Euler-Lagrange equation is

equivalent to the geodesic equation, i.e. the extremal path

between two points is also the straightest possible path.
As the Lagrangian corresponding to the above defined

rotating body does not depend on ¢ and ¢ (g, is axisym-
metric and stationary), there are two conserved quantities:

oL , ;
L= % = g¢¢§0 + g(pttv (20)
oL ) .
E:= _E = =0pt®P — Gl (21)

L and E coincide with the specific angular momentum and
the specific energy, defined previously via the Killing
vectors.

From Egs. (20) and (21), the angular velocity of the test
particle Q, = %—(f (as seen from infinity) can be deduced:

9uL + g(ptE

Q, = - Jn= T Ie
e 9oL + 9y E

(22)

As above, we restrict the motion of the test particle to the
equatorial plane of the body. Inserting ¢ and #, using

®For charged test particles this innermost boundary of circular
orbits generally no longer coincides with the photon orbit (as a
result of the electromagnetic interaction between the rotating
body and the test particle), see e.g. [4].
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Egs. (20) and (21), into the normalization condition of the

four-velocity for timelike curves, g,,x“x” = —1, leads to
1 dp)\?
= — Uu=0, 23
29w (dr) + (23)
where
1 ) o1
U=- ﬁ (g,,L + ZQq;tLE + g(/)(pE ) + B (24)

is an effective potential. The motion of the test particle in
the equatorial plane can therefore also be described by a
motion in an effective potential.

A useful relation that was applied to ¢/ and that is also
employed in subsequent calculations is

Gt = Gpp9u = P> (25)

Differentiation of Eq. (23) with respect to the particle
proper time 7 leads to the equation of motion:

dp 1 dp\?
9pp @ + Egpp,p (a + U,p =0. (26)

One can verify that Eq. (26) corresponds to the p-compo-
nent of the geodesic equation.

Circular orbits must fulfill the requirements % =0 and
%’2’ = 0. According to Egs. (23) and (26), the conditions for
circular orbits (in the equatorial plane) are therefore I = 0
and U , = 0. These conditions imply:

9ul? + 29, LE + g,,E* — p* =0, (27)

G pL? + 29,0 ,LE + g, ,E* = 2p = 0. (28)

Notice that the above equations agree with those derived
in [7].

Solving Egs. (27) and (28) reveals the specific angular
momentum and the specific energy of the test particle:

P
\/gttl%/z + 2g¢tll/2 + Ypo

L1 2| = [L1a] . (29)

p
\/grtl%/z =+ 294)1[1/2 + Gpy

|E1pa] = . (30)

where

"For not necessarily circular motion, the p-component of the
. . . . 2
geodesic equation is given by g,, % 19,0, (8 = 1(g,,, 9%+
dr\2 _
29(/:t,thp + gttﬁp)(d_i) =0.

2
L| ) 2g¢t_/)g(pt,pj:p\/ Gotp — 9ee.pYitp
lyp=—Le - . (31)

El/2 20, —PYup

The sign of E , follows from Eq. (21) (where > 0) and the
sign of L, is then automatically given by Ly, = [, E} 5.
Clearly, the angular velocity [see Eq. (22)] can also be
expressed in terms of /; 5,

gzzll/z + G

. 32
g¢tll/2 +g(p¢ ( )

Qp=-—

It can be shown explicitly that the two sets of equations
for specific angular momentum, specific energy and angu-
lar velocity, i.e. Egs. (15)—(17) and Egs. (29)-(32), are
indeed equivalent. In particular, the following relation
holds:

gttl%/z + 2g(ptll/Z + Ypp

2
—p
- (=9, Q1/2 — 9)? (g,,,(,,Q%/z +29, Q21 +94). (33)
17

Equation (32) can furthermore be easily converted to

_ g(p(pQI/Z =+ Yot

. (34)
g(thI/z + 9u

L=

The advantage of the second approach (using the
Lagrange formalism in conjunction with the effective
potential) is that the stability of the circular orbits can
be analyzed directly on the basis of the effective potential.
According to Eq. (23), noncircular motion is only possible
for U < 0. For given L and E, circular orbits are therefore
stable (with respect to radial and angular perturbations) if
and only if the extremum of ¢/ is a minimum, i.e. ¢/ ,, > 0.
Usingd =0 and U , =0, U ,, > 0 is equivalent to

Gt ppL? + 2091 ppLE + GppppE* —2 < 0. (35)
Forif ,, < O circular orbits are thus unstable.® Moreover, if
E? < 1 circular orbits are bound, i.e. the test particle cannot
reach inﬁnity.9

Inserting the metric functions of the uncharged rotating
disc of dust [6,8,9] at the rim into the above formulae (of
the first or second approach) reveals the same expressions
for Q,), Ly, and E;, (with 1/2 = +/-) as in [5]. Also
the corresponding results for equatorial circular geodesic

¥A discussion of the stability of circular orbits in stationary,
axisymmetric spacetimes can also be found in [17,18].

For E*>> 1 there can also be additional bound orbits,
see, e.g., [7].
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-0.29

-0.4

RoQ_  -0.64

-1.04

-1.29

FIG. 1. Normalized angular velocities RyQ, (top) and RyQ_
(bottom) of test particles moving along (prograde/retrograde)
circular geodesic orbits, shown for g =0.7 and e€{0,1/3,
2/3,1}.

orbits in the (exterior) Kerr [1] and Kerr-Newman space-
time [2] can be obtained from the above formulae (using
either approach).10

IV. CIRCULAR GEODESIC ORBITS IN THE
SPACETIME OF A CHARGED
ROTATING DISC OF DUST

Now circular geodesic orbits in the equatorial plane
(n = 0) of the charged rotating disc of dust, described in

""Note that p>0.

-101

FIG. 2. Normalized specific angular momenta i—; (top) and
’1;—; (bottom) of test particles moving along (prograde/retrograde)

circular geodesic orbits, shown for g =0.7 and e€{0,1/3,
2/3,1}.

Sec. II, are to be discussed. By evaluating Eqs. (15)—(17) or
Egs. (29)—(32) with the metric of the disc, using Eqgs. (4)
and (5), the angular velocity €, =€, ,_, the specific
angular momentum L,/ = L, ,_ and the specific energy
Ey, =E,,_ can be expressed in terms of a post-
Newtonian expansion, see Appendix. Here “+” denotes
direct and “—" retrograde orbits. The angular velocity of the
disc, Q, is non-negative.

It should be noted that the angular velocity €2 ,_ and the
specific angular momentum L, ,_ are odd functions and the
specific energy E,_ is an even function in g. This ensures
that Q,,_ and L, ,_ change their sign and E,_ remains
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Po

FIG. 3. Specific energies E, (top) and E_ (bottom) of test
particles moving along (prograde/retrograde) circular geodesic
orbits, shown for ¢ = 0.7 and e€{0,1/3,2/3,1}.

unchanged under a change of sense of rotation of the disc
(for g > —g)."

In the Newtonian limit [i.e. up to and including O(¢?)]
prograde and retrograde orbits coincide, as the angular
momentum of disc, J, does not contribute to the Newtonian
gravitational field."” In particular, it holds Q, = —-Q_,
L, =—-L_ and E, =FE_.

Since the angular momentum of the disc vanishes in the
limiting case of e =1 (see Ref. [16]), prograde and
retrograde orbits also coincide for ¢ = 1.

"For further (general) details, see Refs. [10,14].
12Indeed, the angular momentum of the disc starts at order g3,
see Ref. [16].

RoQy
1 2 3 4 5
P
)
»
PO
1 2 3 4 5
0.2+
0.4
-0.6+
Ro2—

-0.84

-1.29

FIG. 4. Normalized angular velocities RyQ, (top) and RyQ_
(bottom) of test particles moving along (prograde/retrograde)
circular geodesic orbits, shown for ¢ =0.7 and g€ {0.4,
0.5,0.6,0.7}.

It was further confirmed that the simultaneous limit
€ = 0, p — pg leads to the same results for Q,, L, and £,
in terms of a series expansion in g, as in [5]. Especially
noteworthy is the fact that Q, = Q in this limiting case.
The reason is that the p-component of the geodesic
equation of a test particle, Eq. (12), also represents a
boundary condition of the uncharged rotating disc of dust
(see Ref. [6]).

Figures 1-6 show, for a fixed proper disc radius R :=

6’0 \/%dp (see also [14]), the radial dependence of the
angular velocity €, the specific angular momentum L, and
the specific energy E, for different values of the specific
charge € and the relativity parameter g. Apart from the region

064004-6
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FIG. 5. Normalized specific angular momenta ;—g (top) and
fe—; (bottom) of test particles moving along (prograde/retrograde)
circular geodesic orbits, shown for ¢ = 0.7 and g€ {0.4,0.5,

0.6.0.7}.

directly adjacent to the rim of the disc, the qualitative
behavior of the curves is very similar to the ones correspond-
ing to the (exterior) spacetime of a Kerr-Newman black hole.

As can be seen in Figs. 1-3, reducing the specific charge
€ from 1 to O results (for fixed Ry) in a decrease in the
absolute values of L, and E, and an increase in the
absolute values of Q_, L_ and E_. Q, shows a mixed
behavior (for sufficiently large radii, however, it increases).
Furthermore, raising the angular momentum of a Kerr-
Newman black hole leads to the same qualitative change of
the absolute values as for the charged rotating disc of dust
by decreasing e (with the exception of Q,). This is

1.01
1.00-
0.991
0.98
0.97
EL 0964
0.95
0.94

0.934

2.6

2.4+

2.24

FIG. 6. Specific energies E, (top) and E_ (bottom) of test
particles moving along (prograde/retrograde) circular geodesic
orbits, shown for ¢ = 0.7 and g€ {0.4,0.5,0.6,0.7}.

plausible, since the angular momentum of the disc comes

with the global prefactor V1 — €2, see Ref. [16]."

On the other hand, the absolute values of Ry€2, and %
increase and E, decreases with the relativity parameter g,
see Figs. 4-6. E_ increases close to the rim and decreases
for sufficiently large radii.

Interesting in the context of (equatorial) circular motion
of neutral test particles are also the radii of photon orbits

13Increasing the charge parameter of the Kerr-Newman black
hole qualitatively coincides with an increase of the specific
charge of the disc in case of Q_, L_ and E_ (as well as Q, for
sufficiently large radii).
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5,
(1-) pZ%/po (I+) P/ po
" (2-) p2®/po 24) PP/ po
(B-) »™/po
3_
(1)
2_
(2-)
(1+)
(3-)
17I L L 1 L L
(24) 0.0 0.2 0.4 0.6 08 1.0
€
o ; ;
(1-) p2%/po (1+)  p§*/po
! 2-) p™/po 24) P/po
(3-) /o
3, 4
(1-)
2,
(2-)
(14)
(3-)
1h; . ‘ ‘ ‘ . ‘ 1 (24)
00 0ol 02 03 04 05 06 07

g

FIG. 7. Radii of photon, marginally bound and marginally
mb ms

stable orbits, ’;}%h % and %, as functions of ¢ (top), for g = 0.6,

and g (bottom), for € = 0.8.

(g}, = 0), marginally bound orbits (E?> = 1) and marginally
stable orbits (U ,, = 0). They are shown as functions of e
and g in Fig. 7. " The corresponding radii of the retrograde
orbits decrease and those of the prograde orbits increase
with €€ [0, 1]. In the case of ¢ =1 they coincide. For
growing g both the radii of retrograde and prograde orbits
increase and they merge in the Newtonian limit (g < 1).

"“Note that circular orbits with radii smaller than that of the
photon orbit / marginally bound orbit / marginally stable orbit are
forbidden / unbound / unstable and those with larger radii are
permitted / bound / stable.

0.0020-

(2) 0By |k
a5 (L
(3) O(Tn)wc

0.0015+

0.0010-

0.0005+

K
L_
1 ¢ (FTI) |
(1)
0.0251 (2) SE- |«
0.020-
0.0151
(2)
0.010-
0.005-
6 7 8 9 10
K

FIG. 8. Convergence estimate of the functions Ry, ;—g, E,
(top) and RyQ_, &=, E_ (bottom), displayed for g = 0.7, ¢ = 0

5 R_O’
and £ = 2.
Po

For sufficiently large values of ¢ and ¢ there are both
retrograde and prograde photon, marginally bound and
marginally stable orbits. However, in contrast to the
(exterior) spacetime of a Kerr-Newman black hole, for
sufficiently small g there are no prograde photon orbits (as
shown in Fig. 7) and for even smaller g there are also no
retrograde photon orbits (each depending on ¢)."” In other
words, there are disc configurations for which both pro-
grade and retrograde circular motion is possible arbitrarily
close to the rim of the disc, i.e. no orbits are forbidden.

“In the Newtonian theory of gravity there are in general no
photon orbits.
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For g — 0 all orbits are bound. Moreover, in comparison to
the uncharged rotating disc of dust, for ¢ > 0 not all
prograde orbits are bound (and for sufficiently large €
and g there are prograde photon orbits). Note that for g =
0.7 there is no ergosphere yet.

Finally, the convergence behavior of the normalized
angular velocity R(€24, the normalized specific angular
momentum % and the specific energy E. is illustrated in
Fig. 8. As an example, to estimate the convergence of the
specific energy, the resulting change by adding the Kth
order to the post-Newtonian expansion at order K — 1
relative to the expansion solution at Kth order is calculated:

|Ey i — Exje-il
i oo VE2tE — it | 30
|E+ k]
K
where Ei|/C = Z EiQkQZk. (37)
=

The convergence behavior of Ry€2; and % is computed

analogously. Generally, the quantities corresponding to
prograde circular motion exhibit a significantly better
convergence behavior than those of retrograde circular
motion. It should be noted that 2, and L are only exact up
to ninth order."°

V. CONCLUSIONS AND OUTLOOK

Within general relativity various aspects of circular
motion of uncharged test particles in the equatorial plane
of the charged rotating disc of dust were analyzed. Angular
velocity, specific angular momentum and specific energy of
the test particles were discussed in dependence of the
specific charge and the relativity parameter. Also the radii
of photon, marginally bound and marginally stable orbits
were determined. In addition, formulae for angular velocity,
specific angular momentum and specific energy of the test
particles were derived that can be applied to the (exterior)
spacetime of any isolated, axisymmetric, stationary, reflec-
tion symmetric, charged, rotating body.

It can be concluded that for sufficiently large radii (at
least p > p'1*), the qualitative behavior of equatorial cir-
cular motion around the disc is very similar to that in the
exterior spacetime of a Kerr-Newman black hole. In the

16Expanding a quantity that itself involves series expansions
up to a certain order does not necessarily lead to a series
expansion that is exact up to this order.

close vicinity of the disc, however, circular motion shows a
very distinct behavior from the one near the event horizon
of a black hole."

Both methods presented can be generalized to
charged test particles. General formulae to be obtained
for charged test particles can then also be applied to the
charged rotating disc of dust. Similar to the transition from
neutral to charged test particles in the case of the Kerr-
Newman spacetime, this should reveal all kinds of new
facets.

Furthermore, both methods can also be adapted to null
geodesics. In this way also circular photon orbits in the
equatorial plane of the disc can be studied in detail. Another
possibility is to investigate circular motion (of either
neutral/charged test particles or photons) in the interior
of the disc. Without further ado, general formulae for the
exterior can also be used for the interior spacetime of the
disc, since the metric of the disc is globally written in terms
of Weyl-Lewis-Papapetrou coordinates. Clearly, circular
motion in the interior of the disc is quite different from that
in the exterior.
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APPENDIX: POST-NEWTONIAN EXPANSION
OF THE NORMALIZED ANGULAR VELOCITY,
THE NORMALIZED SPECIFIC ANGULAR
MOMENTUM AND THE SPECIFIC ENERGY
OF NEUTRAL TEST PARTICLES

The post-Newtonian expansion of the normalized angu-
lar velocity RyQ, (up to first order), the normalized
specific angular momentum % (up to first order) and the

specific energy E, (up to second order) of uncharged test
particles moving along equatorial circular geodesics is as
follows:

"This is consistent with the conclusion drawn in [7] about
equatorial circular motion around the uncharged rotating disc of
dust.
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