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We investigate quantum characteristics around Schwarzschild black hole, exploring various quantum
resources and their interplay in curved space-time. Our analysis reveals intriguing behaviors of quantum
coherence, global and genuine multipartite entanglement, first-order coherence, and mutual information in
different scenarios. Initially, we consider three particles shared among Alice, Bob, and Charlie in a
Minkowski space far from the event horizon, where these particles are correlated via Greenberger-Horne-
Zeilinger-type correlation. While Alice’s particle remains in Minkowski space, Bob and Charlie accelerate
towards the event horizon, experiencing black hole evaporation and generating antiparticles correlated via
the Hawking effect. We employ the Kruskal basis formulation to derive a pentapartite pure state shared
among particles inside and outside the event horizon. Investigating different scenarios among particles both
inside and outside the event horizon, we observe how quantum resources evolve and distribute among
consideration of different particles with Hawking temperature and mode frequency. The trade-off
relationship between first-order coherence and concurrence fill persists, indicating the intricate interplay
between coherence and entanglement. Notably, the mutual information between external observers and
particles inside the black hole becomes nonzero, deepening our understanding of quantum effects in curved
space-time and shedding light on the quantum nature of the black hole. We believe that these findings will
pave the way for future investigations into the fundamental quantum mechanical aspects of gravity under

extreme environments.
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I. INTRODUCTION

Black holes (BHs), stemming from Schwarzschild’s
solution to Einstein’s general relativity, have captivated
scientific inquiry since 1916 [1]. The groundbreaking
release of the first BH image in 2019 by the Event
Horizon Telescope marked a milestone [2]. BHs, according
to the no-hair theorem, appear to conceal information
beyond their mass, charge, and angular momentum [3].
However, the discovery of Hawking radiation by Stephen
Hawking suggests a gradual evaporation of BH, raising
questions about unitarity [4—6]. This phenomenon involves
the creation of particle pairs near the event horizon, with
one escaping and the other contributing to the BH’s
eventual disappearance [7]. The event horizon of a BH
is a boundary in space beyond which nothing, not even
light, can escape the BH’s gravitational pull. When an
object or light crosses this boundary, it is inevitably pulled
into the BH and its information is lost to external observers.
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Even now, understanding the intricate interplay between
quantum theory, general relativity, and the profound mys-
teries surrounding BH physics is a formidable challenge that
has captivated the curiosity of physicists for decades [8—18].
This study embarks on a journey to investigate the quali-
tative migration and transformation of quantum resources in
curved space-times, specifically focusing on quantifying
genuine multipartite entanglement (GME), global entangle-
ment, and quantum coherence among different particles and
inside each particle in the context of Dirac fields interacting
with a Schwarzschild BH.

Quantum information theory provides a unique lens for
investigating foundational puzzles in relativistic quantum
physics. Some basic concepts such as entanglement and
coherence have proven instrumental in elucidating quantum
effects in the perplexing environments near BHs [19-23].
The enigma of the BH information paradox, revolving around
the potential loss of information as matter crosses the event
horizon, has been a focal point of inquiry. Hawking’s initial
calculations suggested information loss [4,5], but in later
work, Hawking proposed the escape of information through
subtle quantum correlations in Hawking radiation [24].

© 2024 American Physical Society
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The study of entanglement between partitions around BHs
has been extensive [19-22], but global entanglement and
GME can reveal richer multipartite correlations [25]. Global
concurrence (GC) [25-27] emerges as a quantifier that
encapsulates both bipartite and multipartite entanglement
contributions, providing a comprehensive measure of total
entanglement between all parties involved. Additionally,
examining first-order coherence (FOC) becomes crucial in
capturing quantum superpositions within the local states of
individual particles [28-32]. From the understanding of the
trade-off relation between FOC and concurrence-fill (CF), a
genuine multipartite entanglement measure, as particles
approach the BH, FOC may transition into CF through
interactions as a trade-off [31]. Hence, the GME measures are
essential to specifically address irreducible multiparty
inseparable correlations [33,34]. These measures quantify
quantum correlations that are not reducible to any subset of
particles and may offer a nuanced understanding of the
intricate quantum fabric surrounding BHs.

This paper examines how Dirac field particles behave
near a Schwarzschild BH, focusing on the average super-
position of all the particles through FOC, GME through
concurrence fill (CF), and global entanglement through GC
in curved space-time. In order to see if quantum correla-
tions other than entanglement exist, we also quantify the
[y-norm of quantum coherence (QC). Additionally, the
study looks into how the Hawking temperature and mode
frequency of Dirac particles near the BH affect these
quantum behaviors and aims to explain how these quantum
resources manifest trade-offs in curved space-time. The
meticulous tracking of these quantum resources not only
deepens our understanding of information dynamics but
also offers valuable insights into the intersection of quan-
tum theory and general relativity.

II. PRELIMINARIES

This section provides the definitions and some necessary
properties of quantum coherence (captured by /;-norm of
QC and FOC), global entanglement (captured by CF and
GC), and mutual information.

A. l;-norm of quantum coherence

QC arises from the fundamental superposition principle
in quantum mechanics. A rigorous framework to quantify
coherence as a resource has been developed, known as the
resource theory of QC [35,36]. This theory identifies the set
of incoherent states Z which are diagonal in a reference
basis {|i)},

seTes=> 5liil. (1)

The free operations are the incoherent operations that map
incoherent states to incoherent states. Revealing and

quantifying QC is essential to enable quantum correlations
and information processing. Hence, Baumgratz et al. [35]
proposed the /;-norm of QC as a quantifier of coherence,

Clo) =D _Kileldl =D _loyl = Y _leal- - (2)

i#j ij

B. First-order coherence

Pauli matrices ¢ = (o}, 65, 63) together with the identity
matrix I, provide a complete set of operator bases in
Liouville space to express any general two-qubit density
matrix p in the following parametrized form:

1
p:Z<I®I+r’x-J®I

3
HIOT, 0t Y o @) ()

m,n=1

Here, ¢,,, = tr(po,, ® 0,) is the matrix element of matrix
cef™n and r', and r’ , are the Bloch vectors corre-
sponding to each qubit. The unitary equivalent form of p
under local unitary transformation U @ V can be written as

1
p:U®VprUT®VT=Z<I®I+rx-o®1
3
+I®I‘y'O'+ZCiGi®Ui>7 (4)
i=1

where r, = r[U(r',.6)U"]o and r, = tr[V(r',.0)V']o are
the corresponding local unitary equivalent Bloch vectors,
and c; are the eigenvalues of 3 x 3 C'C matrix.

Using reduced states p, =3(/+r,-0) and p, =
1(I +r, - 6), one can define the FOC of individual reduced

states D(p,) = [r,| = \/2tr(p?) — 1 and D(p,) = |r,| =

\/2tr(p}) — 1. Therefore, the FOC of p, i.e., D(p), would

be written as mean square averages of D(p,) and D(p,),
given by [28-32]

i 12 2
D(p) = w = \/tr(p)%) +tr(p3) — 1. (5)

Based on the fact that tr(p?) >1, where i€x,y,
we can find that tr(p?) +tr(p?) > 1 which assures
that 0 < D(p) < 1.

Considering all subsystems as independent entities, the
total FOC of the tripartite state can be generalized as the
rms average of all FOC of the individual subsystems [31];
namely,

064001-2



QUANTUM CHARACTERISTICS NEAR EVENT HORIZONS

PHYS. REV. D 110, 064001 (2024)

D*(p,) + D*(py) + D*(p.)
D(pxyz) = \/ 3 : - s (6)
with 0 < D(p,,;) < 1.

Note that FOC in a tripartite system is defined as the rms
average of the individual local hidden coherence, given by

D(p;) = \/2tr(p?) — 1. The local coherence of any sub-
system indicates that in a maximally mixed state (repre-

sented by %I ), coherence is absent, with purity expressed as
tr(p?) = 1/2, signifying maximal mixedness. Conversely,
for a maximally pure quantum state, coherence reaches
unity, corresponding to tr(p?) = 1.

Recent research has unveiled a functional complementar-
ity trade-off relationship of FOC with various metrics such as
quantum nonlocality [29], quantum steering [31], separabil-
ity (separable uncertainty) [37], and concurrence [38,39].
It is hypothesized that FOC can provide insights into the
distribution of quantum coherence among subsystems
within a multipartite system, elucidating quantum correla-
tions in terms of entanglement, steering, nonlocality, and
other phenomena.

C. Concurrence fill and global concurrence

GME involves nonseparable quantum correlations
among three or more particles that cannot be simplified
into pairwise entanglements [25,33,33,34]. This complex
entanglement exceeds bipartite forms between just two
particles. When an N-particle state is indivisible into
separate parts, it exhibits genuine N-partite entanglement.
To qualify as a measure, any GME measure must meet
certain criteria, including [33,33,34,40]:

(1) If a multipartite quantum state p belongs to the set of
bi-separable states Sy, then the GME measure,
denoted by F(p), should be zero, i.e., F(p) = 0.
Conversely, if the state p is closed under the set of
GME carrying states Sgyg (nonbiseparable states),
then F(p) is anticipated to be greater than zero, i.e.,
F(p) > 0. Specifically, the normalized GME mea-
sure should satisfy F(p) =1 for a maximally
genuine multipartite entangled state. Therefore, in
a general context, we can express this relationship as
follows:

0<F(p) <1. (7)

(i) When considering an ensemble of quantum states
(pi» p;) obtained through local operation and
classical communication (LOCC) applied to the
initial state p, the GME measure is expected to
adhere to the following monotonicity condition:

F(p) > Zp,-F (pi)- (8)

This inequality signifies that under LOCC opera-
tions, the GME measure is monotonic.

(iii) For any arbitary unitary operator U, the GME
measure must preserve unitarity; namely,

F(UpU") = F(p). ©)

Recently, progress has been made in determining the
proper order for genuine tripartite entanglement by intro-
ducing the concept of CF.

The interconnection among three bipartite entanglements
is interrelated, where one system is involved with the other
two. These entanglements are not mutually independent but
adhere to a specific relationship [41], as shown

2 2 2
CX(yz) = Cy(u) + CZ(xy)’ (10)

where
Ci(jry = 2+/det(p;), (11)

with 0 < Cyji) < 1 where i, j, k€ {x,y, 2z} Vi#j#k
This inequality captures the squares of three bipartite
concurrences, resembling the lengths of sides in a triangle
called the ‘concurrence triangle’. The CF is subsequently
defined for pure states as the square root of the area
enclosed by this so-called concurrence triangle as [25]

Fl)) = {5 0w

where

O(lv)) =%[C§<yz) (1) + Cliey (W) + 2y ()] (13)

is the half-perimeter of the concurrence triangle from
Heron’s formula, also known as GC [25-27], while the
prefactor 16/3 ensures the normalization condition that
is 0 < F(p,,,) < L.

Notably, CF (12) and GC (13) can be generalized to the
case of mixed states through the convex roof construction,
given by [25]

F(pxyz) = {?w}zpiF(|Wi>)v (14)

and
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Zp, O(lwi)), (15)

in which the minimum is taken over all possible decom-
pOSitiOHS Pxyz = Zi Pi|l//i><l//i‘-

It is worth mentioning that recently a mathematical
trade-off relation between FOC and CF has been estab-
lished [31], given by

Q px}z =
{Pl wit

D*(p,y.) + F(pyy:) < 1. (16)

D. Mutual information

Understanding the correlations between subsystems is
fundamental in quantum information theory. Quantum
mutual information, denoted by 1, , serves as a vital tool
for quantifying this correlation. Consider a bipartite system
composed of subsystems py and py. Their state space can
be described by the tensor product of their individual
Hilbert spaces, denoted by Hy @ Hy.

The quantum mutual information, 7, , captures the
amount of information shared between py and py. It is
mathematically expressed as

1., = S(px) + S(py) = S(pxy), (17)

where pyy represents the density matrix of the entire system
residing in Hy ® Hy. py = try(pyxy) and py = trx(pxy)
are the reduced density matrices of pyy for subsystems X
and Y, respectively. Here, S(p) = —tr(plog, p) denotes the
von Neumann entropy of a density matrix p, which
quantifies the uncertainty or mixedness of the quan-
tum state.

Notice that the von Neumann entropy of the reduced
states, S(py) and S(py), represents the information inherent
in each subsystem individually. The entropy of the whole
system, S(pyxy), captures the combined information of both
X and Y. In general, the quantum mutual information, /,, ,
essentially reflects the information gained about one sub-
system (say, X) by knowing the state of the other (V).

III. QUANTUM TREATMENT
OF DIRAC FIELD

The metric in the background of a Schwarzschild space-
time can be specified as

2M 2MN\ !
ds2:—<1——)dt2+<1——> ir?
r r

+ r2(d6? + sin*0d¢?), (18)

where M represents the mass of BH. For convenience, we
work in the natural units, for which G = c=h =k = 1.
When considering a general background space-time, the
Dirac equation would be expressed as [19]

\/ﬁ 0t \/—:{ rA—42M) ®

Y2 d cotd Y3 oD
0] — = 1
T (60+ 2 ) T sine op 0’ (19)

where y; (i =0, 1, 2, 3) represent Dirac gamma matrices.
A set of positive-frequency outgoing solutions can be
obtained by solving the Dirac equation, as expressed in
Eq. (19) near the BH’s event horizon. These solutions are
relevant for describing the event horizon’s interior and
exterior regions as

<I>k+m = ¢(r)e" (20)
and
O = P(r)e ™. (21)

In the given context, ¢(r) indicates a four-component
Dirac spinor, @ denotes a monochromatic frequency, k is
the wave vector, and 7 is defined as # — r* with r* being the
tortoise coordinate given by r* = r+2MIn"522 Note that
the modes identified as km and @ are commonly
known as Schwarzschild modes.

Following Damour and Ruffini’s suggestion [42], we can
extend the given equation analytically, establishing a solid
basis for positive energy modes. This extension enables
the derivation of Bogoliubov transformations [19,43,44]
related to the creation and annihilation operators in both
Schwarzschild and Kruskal coordinates. By quantizing
Dirac fields in the Schwarzschild and Kruskal modes
and appropriately normalizing the state vector, one can
articulate the formulations for the Kruskal vacuum and
excited states with mode k as [19]

k.out

|0 = 5-10),10); 4+ S [1), 1), (22)

and
[ = [1),]0);. (23)
where S, = (e*®/Tn 4 1)71/2 with the Hawking temper-

ature as Ty = 1/8zM. Furthermore, |f), and |f); with
J =0, 1 are the Fock states for the particle pair outside the
region with momentum +k and inside the region with
momentum —k of the BH, respectively.

IV. RESULTS AND DISCUSSION

Entangled tripartite states, such as the GHZ-like state,
are valuable quantum resources exhibiting GME. In [25], it
is shown that the GHZ state is the strongest GME-carrying
state as well as being a maximally global entanglement-
carrying state. Therefore, we establish and examine the
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GHZ-type state shared between three observers Alice, Bob,
and Charlie in a flat Minkowski space-time outside the
event horizon of a Schwarzschild BH. Let us assume that
Alice’s qubitis in |f) 4, while Bob’s and Charlie’s qubits are
in [f) and |f) . respectively where f can take two values,
i.e., 0 or 1. The initial tripartite state shared between them
can be written as

W) apc = @l04,050¢c) + V1 —a?14151c).  (24)

where «a is the state parameter with 0 < a < 1. As men-
tioned before, the initial state shared among Alice, Bob,
and Charlie, denoted |w),pc, is a GHZ-type pure state,
which transitions into a GHZ state when o = % This GHZ

state is identified as a genuine maximally entangled three-
qubit pure state.

We now consider a scenario where Alice remains in the
flat asymptotic region outside the event horizon, but Bob
and Charlie fall freely toward the event horizon. Their
respective antiparticles, anti-Bob and anti-Charlie, are
located inside the event horizon with modes |f), and
|f).- Using the Kruskal basis shown in Egs. (22) and (23)
for Bob and Charlie while treating Alice on a Minkowski
basis, we can reformulate the complete pentapartite quan-
tum state as (see Fig. 1)

) appec = O4[041,151.1¢) +©_[0,0,050.0¢)

+T{]040,051.1¢) +[041,150.0¢) }
+ T[1,0,150.1¢), (25)

where O, = aS2, T = a/2\/cosh’ (w/2Ty), and
T=vVI1-da

In a broader context, this quantum state embodies a pure
five-partite entanglement, encompassing separate subsys-
tems. Qubit A undergoes observation by Alice, whereas
qubits B and C are scrutinized by Bob and Charlie,
respectively, positioned beyond the event horizon of the
BH. Furthermore, qubits b and c¢ fall under the observation
of anti-Bob and anti-Charlie inside the event horizon.
Owing to the causal disconnection between the interior
and exterior domains of the BH, Alice, Bob, and Charlie are
devoid of access to the modes within the event horizon.
Therefore, we classify the modes B and C outside the event
horizon as the ‘accessible modes’ and the modes b and ¢
inside the event horizon as the ‘inaccessible modes’. The
process involves taking the trace over the inaccessible and
accessible modes on [y) 4. given in Eq. (25), resulting in
the tripartite reduced density operators for different
configurations.

Now, we explore all the possibilities of sharing the
tripartite coherence and entanglement between different
parties, both accessible and partially accessible. We con-
sider three different scenarios: in the first scenario, three

0 o

Event
Horizon
A

Black hole

Input Output

FIG. 1. Schematic diagram of our physical model with Alice’s
particle-A in a flat region, and Bob’s particle-B and Charlie’s
particle-C near the event horizon of a Schwarzschild BH. The
dashed lines show the entanglement between particles. Input state
is provided in (24) and output state is given in (25).

particles are accessible, in the next scenario two particles
are accessible, and in the last scenario, only one particle is
accessible.

A. Alice-Bob—Charlie

Let us consider the accessible mode case comprised
of Alice, Bob, and Charlie, whose density operator p,pc
can be evaluated by taking the partial trace over anti-Bob
and anti-Charlie modes given in Eq. (25); namely,

pasc = Wpc([W) appec(wl]). This yields

pagc = ©%[011)(011] + ©2]000)(000| + T2[111){111]
+ YO_{|000)(111| + |111){000|}
+T2{|001)(001| + ]010)(010|}. (26)

Figures 2(a)-2(d) shows the variation of /;-norm of QC,
GC, CF, and FOC concerning a, with various fixed values
of Hawking temperature at ® = 1. At Ty; = 0.01, depicted
in Fig. 2(a), where nearly no Hawking radiation is present,
we have an entangled state. Notably, a perfect trade-off
between FOC and CF is evident, satisfying the upper bound
relationship D?(|y)sgc) + F(Jw)apc) = 1. The peaks of
QC, CF, and GC occur at a =1/ V2. Conversely, when
Ty =1,Ty =10,and Ty = 100, as depicted in Figs. 2(b),
2(c), and 2(d) respectively, the peaks diminish compared to
Fig. 2(a), and the minimum value of FOC rises from zero.
The trade-off persists without reaching the upper bound,
i.e., D*(pagc) + F(page) < 1. This trend continues with
even lower peak values of QC, CF, and GC, accompanied
by increasing minimum values of FOC. Moreover, with an
escalation in Hawking temperature, the maximum values of

064001-5



ASAD ALI et al.

PHYS. REV. D 110, 064001 (2024)

= ST (@] 10
1.0 o N 0.8
0.6
0.5 0.4
W SN 02
0.0l v 0.0
00 02 04 06 08 1.0 00 02 04 06 08 1.0
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0.6 0.6f — Flpasc)

= Opasc)

0.4 04f 2 > XY
0.2 0.2
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00 02 04 06 08 1.0 00 02 04 06 08 10
a a

FIG. 2. FOC [D(ppc)] (dashed red), CF [F(pspc)] (solid
green), GC [Q(papc)] (dot-dashed blue), QC [C(papc)] (solid
black), and D?(pspc) + F(page) (thin-solid gray) as a function
ofaforo=1at Ty =001 (a), Ty =1 (b), Ty = 10 (c), and
Ty = 100 (d).

QC, GC, and CF shift towards a ~ 0.8, while the trade-off
between FOC and CF remains satisfied. Notably, there is no
significant decline in the metric values while transitioning
from Ty = 10 [Fig. 2(c)] to Ty = 100 [Fig. 2(d)].

Figure 3(a) showcases the modulation of QC, GC, CF,
and FOC concerning Ty atw = 1 and a = % It is evident
that with an increase in the Hawking temperature, QC, GC,
and CF decrease from their maximum values to certain
minimum values, thereafter stabilizing and persisting with-
out reaching zero. In contrast, FOC begins from zero,
reaching a certain value, and then saturating. Note that the
trade-off relation between FOC and CF remains intact. This
observation suggests that although Hawking temperatures
degrade entanglement for a completely accessible scenario,
they fail to entirely annihilate it, even for infinitely large
Hawking temperatures.

Figure 3(b) illustrates the behaviors of QC, GC, CF, and
FOC versus w at Ty, = 0.1 and a = 1/+/2. It is observed
that with an increase in mode frequency, QC, GC, and CF
ascend to maximum saturated values, maintaining their
peak levels. Conversely, FOC decreases from its maximum
value to zero at higher mode frequencies, all the while
adhering to the trade-off between CF and FOC.

After examining the variations of QC, GC, CF, and FOC
among Alice, Bob, and Charlie in a completely accessible
scenario, we now investigate the mutual information shared
between Alice and Bob, represented by I,z = S(ps) +
S(pg) — S(pap), and between Alice and Charlie, denoted
by I4c = S(pa) + S(pc) — S(pac), across different param-
eters. Figures 4(a) and 4(b) illustrate I4p and I4- as a
function of @ at T; = 0.01 and Ty = 10, respectively, for
o = 1. Remarkably, we observe the equivalence of 1,5 and
I4c when p,p = pac (see Appendix). Both 1,5 and I,¢
exhibit a similar trend to other metrics discussed in Fig. 2 at

15
(®) ..
1ot

— Flpasc)
=+ Qlpasc)
— Clpasc)

0.5 '\

0.0k o Pl
0 5 10 15 20 00 02 04 06 08 10

TH w

FIG. 3. FOC [D(papc)] (dashed red), CF [F(pagc)] (solid
green), GC [Q(papc)] (dot-dashed blue), QC [C(papc)] (solid
black), and D?(psp¢) + F(page) (thin-solid gray) as functions of
Ty and @ with a = 1/v/2. (a) o = 1 and (b) T, = 0.1.

0.7 0.25

0.6

05 0.20

0.4 0.15

8% 0.10

0.1 0.05

0.0 0.00

00 02 04 06 08 1.0 00 02 04 06 08 1.0

a a

0.2
00 02 04 06 08 1.0
w

FIG. 4. Mutual information 7,5 and I, based on state (26)
with (a) o =1; Ty =0.01, (b) w=1; Ty =10, (c) w =1;
a=1/v2,and d) Ty =0.1; a = 1/V/2.

a= 1/\/§ with Ty = 0.01. Figure 4(c) reveals that both 7 45
and /4 decrease with increasing Hawking temperature and
rise with mode frequency as depicted in Fig. 4(d), ultimately
saturating for larger values of both parameters 7, and w.
Notably, as we have seen, increasing the temperature and
frequency of the Hawking mode did not completely destroy
quantum coherence and quantum entanglement.

B. Alice—anti-Bob—anti-Charlie

Defining the interior of a BH is inherently challenging to
explore practically, as an external observer encounters
perturbative limitations, preventing the reception of signals
from beyond the event horizon. However, we know that, in
the unitary quantum mechanics framework, information
preservation is obligatory.

Considering a scenario where two particles, referred to as
anti-Bob and anti-Charlie, exist within the BH while Alice
remains outside, though the physical exploration inside the
BH is physically impractical, the complete state of our
pentapartite system is known and expressed in Eq. (25)
as a pure state, maintaining unitarity. Consequently, the
application of a partial tracing operation on the modes of
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FIG. 5. FOC [D(pap.)] (dashed red), CF [F(pup.)] (solid
green), GC [Q(pap.)] (dot-dashed blue), QC [C(pap.)] (solid
black), and D?(pp.) + F(pape) (thin-solid gray) as a function of
aforw=1atTy=001 (a), Ty =1 (b), Ty =10 (c), and
Ty = 100 (d).

Bob and Charlie within this pentapartite state yields p4p.,
given by

Pave = ©2]000)(000] + ©2|011)(011| + T2|100)(100|
+©,T{|011)(100| + [100)(011]}
+ T2{|001)(001]| + |010)(010]}. (27)

In Fig. 5, the modulation of QC, GC, CF, and FOC
concerning « is illustrated, with various fixed values of
Hawking temperature at @ = 1. In Fig. 5(a), for negligible
Hawking temperature (7 = 0.01), the absence of
Dirac particle-antiparticle pair production on the event
horizon is observed. Consequently, in contrast to Fig. 2(a),
minimal or no entanglement generation among Dirac
particles is present, resulting in the absence of GC
and CF. Notably, the trade-off between FOC and CF is
evident here, without satisfying the upper bound relation-
Ship Dz(pxyz) + F(pxyz) <L

When Ty =1, Ty = 10, and Ty = 100, as depicted in
Figs. 5(b), 5(c), and 5(d), respectively, both CF and GC
start appearing and reach the peak at @ > 1//2, and the
minimum value of FOC decreases for a > 1/ /2. From
Ty = 10to Ty = 100, one can find that the peak values of
QC, GC, and CF do not increase significantly further.

Figure 6(a) illustrates the behaviors of QC, GC, CF, and
FOC versus Ty at w = 1 and @ = 1/+/2. It is observed that
with an increase in the Hawking temperature, QC, GC, and
CF increase from zero to certain maximum values, there-
after stabilizing and persisting without reaching their
respective maximum values. In contrast, FOC starts from
its maximum, reaching a certain nonzero minimum value,
and then saturating, while the trade-off relation between
FOC and CF remains intact. Interestingly, this observation

08, 0.8
0.6 ‘\\ 0.6 4 == D(panc)
— F(pabe)
0.4 / 0.4 == O(pane)
0.2F 0.2 — Clpaw)
(b) — DX(pavc)+F(panc)
0.0 0.0
0 5 10 15 20 00 02 04 06 08 1.0
TH w

FIG. 6. FOC [D(pay.)] (dashed red), CF [F(pa.)] (solid
green), GC [Q(pape)] (dot-dashed blue), QC [C(pap.)] (solid
black) and D*(pap.) + F(pape) (thin-solid gray) as functions of
Ty and @ with a = 1/v/2. (a) o = 1 and (b) T, = 0.1.

suggests that increasing Hawking temperature generates
entanglement, in contrast to the completely accessible sce-
nario where Hawking temperature degrades entanglement.
Unlike the effect of Hawking temperature on the afore-
mentioned metrics, Fig. 6(b) showcases the behaviors of
QC, GC, CF, and FOC concerning @ at Ty = 0.1 and

a=1/ \/§ It is discerned that with an increase in mode
frequency, QC, GC, and CF descend from their maximum
values. Conversely, FOC increases from its minimum at
higher-mode frequencies, all the while adhering to the
trade-off between CF and FOC.

Let’s analyze the mutual information shared between
Alice—anti-Bob and Alice—anti-Charlie. In Fig. 7(a), the
variation of 7, and 1, as a function of @ when T, = 0.01
and w = 1 is depicted. We observe that both /,;, and /. are
zero for all values of @, which makes sense because when
Ty = 0.01, there is no generation of antiparticles inside
the BH.

Now, when Ty = 10, Fig. 7(b) demonstrates that both
14, and I,. become nonzero in general, indicating the
creation of anti-Bob and anti-Charlie. The peak value of 14,
and /,,. appears to be around a ~ 0.65. It is notable that

1.0 e 0.20
0.5t === Ia 0.15
0.0 0.10
-0.5 0.05
-1.0 @ 0.00
00 02 04 06 08 1.0 00 02 04 06 08 1.0
@ (%
0.20 0.20
0.15 0.15

0.10
0.05
0.00

0.10
0.05

0.00 ]
0 2 4 6 8 10 00 02 04 06 08 1.0

TH w

FIG. 7. Mutual information /,, and /. based on state (27)
with (a) w =1; Ty =0.01, (b) w=1; Ty =10, (c) v =1;
a=1/v2,and ) Ty =0.1; a = 1/V/2.
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Pab = Pac»> hence the mutual information for both pairs, 14,
and Iy, are equal.

Furthermore, in Fig. 7(c), we find that an increase in
Hawking temperature from zero to 10 generates 14, = 4,
and mutual information increases as temperature rises.
Conversely, Fig. 7(d) shows the inverse relation of Iy,
and 7,4, with mode frequency so that the mutual informa-
tion saturates to a zero value and does not change by
increasing .

C. Alice-Bob-anti-Bob

As a third scenario, let us consider the partially acces-
sible mode case comprised of Alice, anti-Bob, and Bob,
whose density operator p,5 = tr.c(|W) sppec(w|) would be
represented as

pars = (02 +T2)]000)(000| + (©2 +T12)|011){(011]
+ (©,T +©_T'){|000)(011| + [011)(000]| }
+ Y2[101)(101]. (28)

Unlike the accessible and completely inaccessible cases
discussed in the previous subsections, QC, GC, CF, and
FOC do not show the same trend in this partially accessible
scenario.

In Fig. 8, FOC, CF, GC, and QC are depicted against
a for various fixed values of Hawking temperature. In
Fig. 8(a), with T; = 0.01, negligible Hawking temperature
results in no Dirac particle-antiparticle pair production,
leading to minimal entanglement among Dirac particles and
zero values for both CF and GC. However, FOC varies with
a, and the trade-off is evident. Increasing the Hawking
temperature to 7y = 1 in Fig. 8(b) generates nonzero QC
and GC, but CF remains at zero, indicating that the state is

1O 1.0
0.8} - pipumy e, ) 0.8
0.6f — Fipam) S g 0.6
0.4f = Qpaw) 0.4
0.2f — Cloaw) 0.2
0.0 — D*pave)+F(pabs) 0.0
00 02 04 06 08 1.0 00 02 04 06 08 1.0
(04
1.0
0.8
0.6
0.4

0.2

. 0.0
00 02 04 06 08 1.0 00 02 04 06 08 1.0

a a

FIG. 8. FOC [D(payp)] (dashed red), CF [F(papp)] (solid
green), GC [Q(papp)] (dot-dashed blue), QC [C(p4,p)] (solid
black) and D?(p,p5) + F(papg) (thin-solid gray) as a function of
aforo=1atTy=001 (a), Ty =1 (b), Ty =10 (c), and
Ty = 100 (d).

not genuinely entangled. A similar trend is observed in
Figs. 8(c) and 8(d), but CF is consistently zero, meaning
that in the case of Alice-Bob anti-Bob, no CF is created,
resulting in no GME. However, there is global entangle-
ment or quantum coherence despite this, and the trade-off
relation strictly holds.

In Fig. 9(a), the variations of these measures with
Hawking temperature at w =1 and a=1/ V2 are
depicted. It is observed that CF remains consistently at
zero, while QC and GC increase with rising Hawking
temperature until reaching certain positive values where
they saturate. Conversely, FOC exhibits the opposite
behavior, decreasing with increasing Hawking temperature.
Figure 9(b) illustrates how all the measures change with
mode frequency. It demonstrates that higher-mode frequen-
cies lead to a decrease in QC and GC while increasing
FOC. Both GC and QC approach zero as the mode
frequency tends to 1, maintaining a tight trade-off relation-
ship for the given parameter values.

Let us examine the information correlation shared
between 1,5 and I,,. In Fig. 10(a), the variations of I,p
and I, as a function of « at Ty = 0.01 and w = 1 are

0.6f
0.5 == Dipars)
0.4t — Flpavs)
0.3 == Q(pavB)

— C(pavs)
= DX(pavs)+F(pavs)

10 15 20 00 02 04 06 08 1.0
TH w

FIG. 9. FOC [D(papg)] (dashed red), CF [F(ps,p)] (solid
green), GC [Q(papp)] (dot-dashed blue), QC [C(papp)] (solid
black) and D?(p,p5) + F(papg) (thin-solid gray) as functions of
Ty and @ with @ = 1/v/2. (a) @ = 1 and (b) Tj; = 0.1.

0.25
0.20
0.15
0.10
0.05

0.00
00 02 04 06 08 1.0

00 02 04 06 08 10

0 2 4 6 8 10
T[[ w

FIG. 10. Mutual information /.5 and I, based on state (28)
with (a) w =1; Ty =0.01, (b) w=1; Ty =10, (c) v =1;
a=1/v2,and ) Ty =0.1; a = 1/V/2.
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illustrated. We observe that /4, = 0 throughout for all
values of @, which makes sense as at very low Hawking
temperatures no particles are generated inside the BH.
However, the situation changes when Ty = 10; both 145
and I,, become nonzero, but still 7,5 > I, except at
a = 0and a = 1. In Fig. 10(c), the behaviors of 145 and 14,
as a function of T at @ = 1/4/2 and @ = 1 are plotted. It
shows that with an increase in Hawking temperature, 1,5
monotonically decreases, whereas [, increases from zero.
For sufficiently large Hawking temperatures, both 7,5 and
14, saturate to certain values with /45 > 1,;. Conversely,
the divergence behavior of 145 and 1,, is seen when they
are plotted against w, as shown in Fig. 10(d) at Ty = 0.1

and a = 1/\/5

D. Alice-Bob-anti-Charlie

Finally, as the fourth scenario, we consider an interesting
case, Alice-Bob—anti-Charlie, with the following state:

Page = ©2]000)(000| + ©2|011)(011]
+ YT{|001)(110| + |110)(001|}
+T2{|001)(001] + |010)(010|}
+ Y2|110)(110]. (29)

Figure 11 shows the variation of QC, GC, CF, and FOC as a
function of a with w = 1. At Ty = 0.01, Fig. 11(a) shows
that QC, GC, and CF are all zero whereas FOC is equal to
one at « = 0 and a = 1, and the trade-off relation holds.
With the increase in Hawking temperature, i.e., Ty = 1, we
find that all the measures are now in general nonzero,
meaning that the Hawking temperature is capable of

LOF—= 1.0
08} - ppo e 0.8
0.6F — Fipano) e 0.6

0.4} =~ O 0.4 e
0.2} — Cloneo 02 \
0.0 — DX(paBe)+F(paBc) (a) 0.0 (b) \

00 02 04 06 08 1.0 00 02 04 06 08 1.0

(07 [0
1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
0.0 02 04 06 08 1.0 00 02 04 06 08 1.0
a a
FIG. 11. FOC [D(psp.)] (dashed red), CF [F(pap.)] (solid

green), GC [Q(pap.)] (dot-dashed blue), QC [C(pyp.)] (solid
black) and D?(psp.) + F(pag.) (thin-solid gray) as a function of
aforow=1atTy=001 (a), Ty =1 (b), Ty =10 (c), and
Ty = 100 (d).

generating QC, GC, and CF. A similar trend is seen in
Figs. 11(c) and 11(d). Besides, Fig. 12(a) shows the
behaviors of the mentioned measures as a function of
Hawking temperature at & = 1/+/2 and @ = 1, confirming
that increasing the Hawking temperature increases QC, GC,
and CF from zero to some certain saturated values whereas
FOC decreases from its maximum value. The opposite
behavior is seen when these measures are plotted again
mode frequency @, as shown in Fig. 12(b).

Let us examine the information correlation shared
between /45 and I4.. In Fig. 13(a), the variations of I,p
and /4. as a function of @ at Ty = 0.01 and w =1 are
illustrated. One can observe that /,,. = 0 throughout for all
values of @, which makes sense as for very low Hawking
temperatures no particles are generated inside the BH.
However, the situation changes when Ty =10 [see
Fig. 13(b)], namely both I,z and I,. become nonzero,
butstill /45 > 14, exceptfora = 0and ¢ = 1. In Fig. 13(c),
I,5 and I,. have been plotted as a function of T at
a=1/ V2 and @ = 1. It shows that with an increase
in Hawking temperature, I, monotonically decreases,
whereas [,. increases from zero. For sufficiently large

== D(pagc)
— Flpasc)
= O(paBc)
— Clpase)
— DXpa)+F(pane)

10 15 20 00 02 04 06 08 10
TH w

FIG. 12. FOC [D(pap.)] (dashed-red), CF [F(pyz.)] (solid-
green), GC [Q(pap.)] (dot-dashed blue), QC [C(pap.)] (solid
black) and D?(pg.) + F(pag.) (thin-solid gray) as functions of

Ty and @ with @ = 1/v/2. (@) @ = 1 and (b) Ty = 0.1.

0.25
0.20
0.15
0.10
0.05

0.00
00 02 04 06 08 1.0

00 02 04 06 08 10

0 2 4 6 8 10
T[[ w

FIG. 13. Mutual information /5 and I,. based on state (29)
with (@) w =1; Ty =0.01, (b) w=1; Ty =10, (c) v =1;
a=1/v2,and ) Ty =0.1; a = 1/V/2.
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Hawking temperatures (when the BH approximates to
evaporate completely, Ty — o0), the mutual information
is distributed to the physically inaccessible region. The
converse behaviors of 7,5 and /4. can be observed when
they are plotted against w, as shown in Fig. 13(d).

V. SUMMARY AND OUTLOOK

In this study, we conducted a comprehensive investiga-
tion of quantumness near a Schwarzschild black hole,
examining various quantum resources and their interplay in
curved space-time. Our findings, depicted through multiple
plots, reveal intriguing behaviors of quantum coherence,
entanglement, and information correlation across different
scenarios. In the accessible regime characterized by neg-
ligible Hawking temperature (T = 0.01), the absence of
particle-antiparticle pair production near the event horizon
resulted in minimal entanglement among Dirac particles,
reflected in zero values for quantum coherence, global
concurrence, and concurrence fill. However, a persistent
trade-off relationship between first-order coherence and
concurrence fill underscored the intricate balance between
coherence and entanglement. Transitioning to partially
accessible scenarios with increasing Hawking temperature
(Ty =1 to Ty =100), we observed the emergence of
nonzero concurrence fill and global concurrence, indicating
particle-antiparticle pair creation inside the black hole.
Despite this, concurrence fill remained zero in certain
scenarios, suggesting the absence of genuine entanglement.
Notably, first-order coherence decreased with increasing
Hawking temperature, while quantum coherence, concur-
rence fill and global concurrence exhibited saturation
behavior, highlighting the coherence-entanglement trade-
off. In the completely inaccessible scenario within the black
hole’s event horizon, the mutual information between
external observers and particles inside the black hole
became nonzero, signaling the creation of particle-anti-
particle pairs. These findings deepen our understanding of
quantum effects in curved space-time, shedding light on the
quantum nature of black holes and paving the way for
future investigations into the fundamental principles of
quantum gravity.
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current study.
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APPENDIX: STATES OF SUBSYSTEMS

The states of all subsystems

I = a/2\/cosh?*(w/2Ty), and T =

expressed as

with @, = as?,

V1 —=a* would be

07 +21’+02 0
= ("0 1) (A1)
2+ 62 0
_ ( ) (A2)
02 + 24172
T+W+W 0
= ( 2 2 )’ (A3)
0. +T
B <F2 + 02 0 > (Ad)
B @2 + Y2 4172
and
T2 41?+ 02 0
re=( ) @)
The state shared by Alice and Bob,
I’ + 02 0 0 O
0 @i +I%2 0 0
= A6
PAB 0 0 0 0 ( )
0 0 0 T2
The state shared by Alice and Charlie,
7 4+ 62 0 0 0
0 G)?F +I2 0 0
— A7
Pac 0 0 0 0 ( )
0 0 0 T2
The state shared by Bob and Charlie,
® 0 0 0
B 0 I?2 0 0 (AS)
=19 o 12 0
0 0 0 ©%Z+7?
The state shared between Alice and anti-Bob,
I’ +e? 0 0 0
0 e +I?2 0 0
= A9
PAb 0 0 T2 0 (A9)
0 0 0 0
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The state shared between Bob and anti-Bob,

r+e> o0 0 I®e,+06.)
B 0 0 0 0 (A10)
Prb = 0 0 T 0
re,+e.) o o ©%+r1?
The state shared between Alice and anti-Charlie,
>+ 02 0 0 O
0 e2+12 0 0
Pac = : i (A1)
0 0 T 0
0 0 0 O

The state shared between Bob and anti-Charlie,

®2 0 0 0
B 0 TI? 0 (A12)
Pe=1 0 o T2412 o0
0O 0 0 @1
The state shared between Charlie and anti-Charlie,
r+e: o o0 e,r+e.r
B 0 Y2 0 0 (A13)
Pec = 0 0 0 0

e,r+e.r o o ©i+r1?
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