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We investigate the three-dimensional clustering of sources emitting electromagnetic pulses traveling
through cold electron plasma, whose radial distance is inferred from their dispersion measure. As a distance
indicator, dispersion measure is systematically affected by inhomogeneities in the electron density along
the line of sight and special and general relativistic effects, similar to the case of redshift surveys. We
present analytic expressions for the correlation function of fast radio bursts (FRBs) and for the galaxy-FRB
cross-correlation function, in the presence of these dispersion measure-space distortions. We find that the
even multipoles of these correlations are primarily dominated by nonlocal contributions (e.g., the electron
density fluctuations integrated along the line of sight), while the dipole also receives a significant
contribution from the Doppler effect, one of the major relativistic effects. A large number of FRBs,
Oð105–106Þ, expected to be observed in the Square Kilometre Array, would be enough to measure the even
multipoles at very high significance, S=N ≈ 100, and perhaps to make a first detection of the dipole
(S=N ≈ 10) in the FRB correlation function and FRB-galaxy cross correlation function. This measurement
could open a new window to study and test cosmological models.
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I. INTRODUCTION

Fast radio bursts (FRBs) are radio transients with
millisecond duration first detected by Ref. [1]. The radio
pulses emitted from FRBs travel through the cold ionized
intergalactic medium, and their arrival time receives a
frequency dependence that depends on the column density
of free electrons through the so-called dispersion measure
(DM, see Ref. [2] for details). Recent observations of FRBs
have found DMs far larger (≳500 pc cm−3) than would be
expected for any single source (∼100 pc cm−3), suggesting
that they reside in extragalactic sources. This is supported
by the redshifts measured for small samples of localized
FRBs, although their specific origin is still under debate
(see Refs. [3–7] and also Refs. [8–10] for recent reviews).
Future surveys such as UTMOST,1 HIRAX,2 and Square
Kilometre Array (SKA)3 will detect more than thousands of
FRBs per year [11–15] and provide large FRB catalogs
across cosmological scales. It is therefore interesting to

study the possibility of using FRBs as a new cosmological
probe, complementary to the cosmic microwave back-
ground and galaxy surveys.
Since the DM is given by the column density of free

electrons along the pulse’s path, DM measurements
may contain important information about the baryonic
content of the intergalactic medium, such as, the reioniza-
tion history [16–23], the gas mass fraction in the cosmic
web [24–27], baryonic effects [28,29], and even important
clues about the missing baryon problem [30–34]. As FRBs
may originate at high redshifts, they may also constitute
a tool to obtain constraints on cosmological parameters,
such as the equation of state of dark energy [35–40], the
baryon density [41–45], or the Hubble parameter [46–51].
FRB data may also be used to test the equivalence principle
[52–55], and primordial non-Gaussianity [56].
As a cosmological distance measure in the absence of

redshift information, DM is called standard ping [57,58]
and enables us to construct three-dimensional maps of
FRB catalogs. However, the DM receives a significant
stochastic contribution from the propagation of the FRB
pulse through the inhomogeneous universe and is therefore
far from a perfect distance proxy. The corresponding
DM-based 3D map of the large-scale structure therefore
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appears to be distorted in the radial direction, the so-called
dispersion measure space distortions. The primary con-
tributor to the distortions is the inhomogeneous distribution
of free electrons [32,36,57,58]. On top of this contribution,
Ref. [59] has shown that special and general relativistic
effects also induce additional distortions (see also Ref. [60]
for the Shapiro time delay effect of dark matter substructure
on the variance of the DM). Restricting ourselves to two-
dimensional statistics, such as the angular power spectrum
of projected DM observations, the relativistic effects
remain a minor contributor that is likely unobservable.
The impact of relativistic effects and redshift-space

distortions (RSDs) in galaxy redshift surveys has been
investigated [61–64]. The characteristic signal of relativ-
istic effects in RSDs is the asymmetric distortions along the
line-of-sight direction [65–69], suggesting that investigat-
ing the galaxy clustering in the three-dimensional space is
crucial to target relativistic effects.
Motivated by the above, in this paper, we investigate

the anisotropy of the three-dimensional clustering in DM
space, including both the inhomogeneous free electron
distribution and relativistic effects based on Refs. [57–59].
Analogous to RSDs, relativistic effects produce an asym-
metric clustering with respect to the line-of-sight direction.
This asymmetry is characterized by a dipole in the multi-
pole expansion of the correlation function. In this paper, we
investigate the behavior of the dipole anisotropy as well as
the even multipole anisotropy. The former captures the
impact of the relativistic effects, while the latter captures
the impact of the inhomogeneous distribution of free
electrons, both of which are complementary and therefore
important observables for testing cosmological models and
gravity theories. Based on the derived analytical expression
for the multipoles, we also discuss the future detectability
in an SKA-like survey for the multipoles of the FRBs cross-
power spectra and in the galaxy-FRB cross-power spectra.
Our investigation mainly focuses on the FRBs but applies
to other standard pings (i.e., other bright radio transients
having short timescales).
This paper is organized as follows. In Sec. II, we

briefly introduce DM-based observations in a perturbed
Friedmann-Lemaître-Robertson-Walker (FLRW) universe
and present the analytical expression of the density field in
DM space, following Ref. [59]. In Sec. III and Sec. IV, we
consider the cross-correlation between FRBs with different
biases and the cross-correlation between galaxies and
FRBs, respectively. In these sections, we present the
analytical expression of the correlation function in DM
space and numerically investigate their behavior. In Sec. V,
we forecast the expected signal-to-noise ratio for these
measurements assuming SKA-like survey specifications.
We conclude and summarize our results in Sec. VI. We
adopt the distant-observer limit throughout the analysis but
discuss the wide-angle correction in Appendix A. We also
investigate the correction from the nonlinear matter power

spectrum to the dipole signal in Appendix B. We discuss
the impact from the host galaxies on the correlation
function in Appendix C. Throughout this paper, we apply
the Einstein summation convention for repeated Greek and
Latin indices, running from 0 to 3 and from 1 to 3,
respectively. We work in units c ¼ ℏ ¼ 1.

II. THREE-DIMENSIONAL CLUSTERING
IN DM SPACE

As the DM of electromagnetic pulses depends on the
cumulative amount of plasma along the trajectory, we can
regard it as a radial distance proxy and reconstruct the
three-dimensional clustering of pulse emitters. However,
the DM is not a perfect proxy for a radial distance because
of inhomogeneities in the electron density (e.g.,
Refs. [32,36,57,58]). In addition to the electron density
inhomogeneities, special and general relativistic effects
have an impact on the trajectories and energies of the
emitted photons, and thus, the DM is further modulated.
Hence, the observed DM-based clustering pattern appears
to be distorted [59]. In this section, we briefly review the
observed density field in DM space following in the
footsteps of Ref. [59]. Throughout our analysis, we simply
assume that DM is directly related to the number density of
cold electron plasma in the intergalactic medium and ignore
the local contributions (i.e., free electrons of host galaxies
and in the Milky Way). This systematic would introduce
suppression of the signal at small radial scales if the local
contribution does not correlate to the cosmological signal in
the intergalactic medium [70]. We discuss the impact from
the free electrons of host galaxies on the correlation
functions in Appendix C.
The DM of pulses is given by [59]

D ¼
Z

λo

λe

dλ
�
ne

kμue;μ
1þ z

�����
λ

: ð1Þ

Here, we define the redshift z, the four-momentum of the
massless pulse kμ ¼ dxμ=dλ, with λ being an affine para-
meter, the affine parameter at the observer λo, the affine
parameter at the source λe, the four-velocity of the source
ue;μ, and the electron number density ne. The subscript λ
indicates that the integrand is evaluated along the trajectory
of the pulse, corresponding to a null geodesic.
Consider the perturbed FLRW metric,

ds2 ¼ a2
�ð1þ 2ψÞdη2 − ð1 − 2ϕÞdx2�; ð2Þ

where the quantities a and η are the scale factor and the
conformal time, respectively. Here, we consider only the
scalar perturbations, ψ and ϕ. Up to the linear order in
the perturbed variables, Eq. (1) is given by [59]
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Dðη; n̂Þ ¼
Z

η0

η
dη0 a2ðη0Þn̄eðη0Þ

×

�
1þ δeðη0; χ0n̂Þ þ 2ψðη0; χ0n̂Þ

þ
Z

η0

η0
dη00ðψ̇ðη00; χ00n̂Þ þ ϕ̇ðη00; χ00n̂ÞÞ

�
; ð3Þ

where the quantities η0 and n̂ are, respectively, the
conformal time at the present and the unit vector n̂ ¼
x=jxj ¼ x=χ with χ ¼ η0 − η being the radial comoving
distance. A dot denotes a derivative with respect to the
conformal time. Here, we decomposed the electron density
into background and perturbation ne ¼ n̄eð1þ δeÞ. In
deriving Eq. (3), we solved the geodesic equation in the
perturbed FLRW metric (see, e.g., Refs. [63,64] and also
Appendix A in Ref. [59] in details). We note that ignoring
the perturbations in Eq. (3), we recover the background
expression of the DM,

D̄ðzÞ ¼
Z

z

0

dz0
ð1þ z0Þ
Hðz0Þ a3ðz0Þn̄eðz0Þ: ð4Þ

Reference [59] derived an analytical expression for the
number density of observed sources in an observer’s solid
angle dΩo and DM interval dD, in a manner analogous to
the galaxy redshift survey [63,64]. We refer the readers to
Ref. [59] for the details of the derivation and present only
the final result. Assuming ϕ ¼ ψ , the expression of the

fluctuation of the number density in DM space δðDÞ
X for the

species X is given by

δðDÞ
X ¼ δX − δe þ v · n̂− 2∇̂2

Z
χ

0

dχ0
χ − χ0

χχ0
ϕ

þAXðχÞ
H
a2n̄e

Z
η0

η
dη0 a2n̄e

�
δe þ 2ϕþ 2

Z
η0

η0
dη00ϕ̇

�

− 3ϕ− 2

Z
η0

η
dη0 ϕ̇þ 4

χ

Z
η0

η
dη0ϕ; ð5Þ

where the quantities δX, v, and H ¼ ȧ=a are the density
fluctuation of the source number density for the species X,
the source velocity, and the reduced Hubble parameter,
respectively. The operators ∇̂ and ∇̂2 are the angular
gradient and angular Laplacian, respectively. These oper-
ators satisfy the following relations: ∇̂in̂j ¼ −n̂in̂j þ δij
and ∇̂2n̂ ¼ −2n̂. The quantity AXðχÞ defined in Eq. (5) is
explicitly given by

AXðχÞ ¼ 1þ fX − fe −
2

Hχ
; ð6Þ

with fi ≡ d ln ða3n̄iÞ=d ln a being the evolution bias for the
species i.

Equation (5) is our starting expression of the DM space
density. The third and fourth terms on the right-hand side
are, respectively, a velocity term arising from the distortions
of the observed comoving volume and weak lensing term.
Here, we simply ignored the magnification bias, which
changes the prefactor of the weak lensing term. The second
and third lines, respectively, correspond to the nonlocal
density term arising from the light cone integral of the DM
and the other relativistic terms including the Sachs-Wolfe,
Shapiro time delay, and integrated Sachs-Wolfe effects.
Importantly, the contributions proportional to OððH=kÞ2Þ

are suppressed with respect to the density and weak lensing
terms. Ignoring these subdominant contributions, Eq. (5)
becomes

δðDÞ
X ðη;xÞ ¼ δlXðη;xÞ þ δvXðη;xÞ þ δlcXðη;xÞ þ δκXðη;xÞ; ð7Þ

where we define

δlXðη; xÞ ¼ ðbX − beÞδLðη; xÞ; ð8Þ

δvXðη; xÞ ¼ vðη; xÞ · n̂; ð9Þ

δlcXðη; xÞ ¼ AXðχÞbe
H
a2n̄e

Z
η0

η
dη0 a2n̄eδLðη0; χ0n̂Þ; ð10Þ

δκXðη; xÞ ¼ −2∇̂2

Z
χ

0

dχ0
χ − χ0

χχ0
ϕðη0; χ0n̂Þ: ð11Þ

We assume a linear bias relation for the source and electron
densities, in which each density field is related to the linear
density field δL via δX ¼ bXδL and δe ¼ beδL. The first to
fourth terms on the right-hand side in Eq. (7) correspond to
the local density, local velocity, nonlocal density integrated
along the unperturbed past light cone, and lensing con-
tributions, respectively. We evaluate the integrands of the
nonlocal terms in Eqs. (10) and (11) along the null geo-
desic, with χ0 ¼ η0 − η0.
Moving into Fourier space, Eqs. (8)–(11) become

δlXðη; xÞ ¼ ðbX − beÞ
Z

d3k
ð2πÞ3 e

ik·xδLðη; kÞ; ð12Þ

δvXðη; xÞ ¼
Z

d3k
ð2πÞ3 e

ik·xðik̂ · n̂ÞHf
k

δLðη; kÞ; ð13Þ

δlcXðη; xÞ ¼ AXðχÞbe
H
a2n̄e

Z
χ

0

dχ0 a2ðη0Þn̄eðη0Þ

×
Z

d3k
ð2πÞ3 e

ik·ðχ0n̂ÞδLðη0; kÞ; ð14Þ
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δκXðη; xÞ ¼ 3Ωm0H2
0

Z
χ

0

dχ0
χ − χ0

χχ0

Z
d3k
ð2πÞ3 e

ik·ðχ0n̂Þ

×
−χ02k2⊥ − 2iχ0kk

aðη0Þk2 δLðη0; kÞ; ð15Þ

where the quantities Ωm0, H0, and f are the matter density
parameter, reduced Hubble parameter at the present
time, and the linear growth rate. f is defined by f ≡
d lnDþ=d ln awithDþ the linear growth factor. We assume
self-similar growth in the linear regime, such that
δLðη; kÞ ¼ DþðηÞδLðη0; kÞ. We define the longitudinal
and transverse components of the wave vector as kk ¼
k · n̂ and k⊥;i ¼ ðδia − n̂in̂aÞka, respectively.
In deriving the expressions above, we assume the

following transfer functions:

ϕðη; kÞ ¼ −
3Ωm0H2

0

2ak2
δLðη; kÞ; ð16Þ

vðη; kÞ ¼ ik̂
Hf
k

δLðη; kÞ: ð17Þ

Equation (7) together with Eqs. (12)–(15) presents the
relation between the observed density fluctuation in DM
space and real space density field. These expressions are
key ingredients to compute the two-point statistics of the
clustering of FRBs in DM space.

III. FRB CORRELATION FUNCTION

In this section, starting from the expression for the
density field in DM space presented above, we investigate
the FRB correlation function in DM space. We consider the
general situation where we can observe two populations of
FRBs, X and Y, and we study the correlation of their
overdensities measured at DM-space positions x1 and x2,

respectively [which we denote δðDÞ
X ðx1Þ and δðDÞ

Y ðx2Þ].
Separating FRBs into different populations is possible,
for example, if their host galaxies can be identified and split
by brightness or color, leading to populations with different
effective biases (e.g., Ref. [71]). The exact procedure to
separate these two populations with sufficiently different
biases will be subject to statistic and systematic uncertain-
ties. Here, we will simply assume that such a split is
possible and make predictions for the resulting cross-
correlation function. Later on, we will present the cross-
correlation between galaxies and FRBs, which would not
be significantly affected by these uncertainties.
We compute the cross-correlation,

ξXYðx1; x2Þ ¼
D
δðDÞ
X ðx1ÞδðDÞ

Y ðx2Þ
E
; ð18Þ

with h� � �i denoting the ensemble average. We omit all time
dependence for brevity. In computing the correlation

function, we assume the distant-observer limit, i.e., n̂1 ¼
n̂2 ¼ ẑ with ẑ being a fixed line-of-sight vector. Under
the distant-observer limit, the correlation function is given
as a function of the separation s ¼ jsj ¼ jx2 − x1j and the
directional cosine μ between ẑ and ŝ. For the nonlocal
terms, we use the Limber approximation [72] (see
Refs. [62,68,73,74]). In Appendix A, we discuss the
wide-angle correction beyond the distant-observer limit,
which is, however, negligibly small.
Substituting Eq. (7) into Eq. (18), we derive the

analytical expression for the correlation function. We split
the nonvanishing contributions into eight pieces,

ξXY ¼ 	
ξl×lXY þ ξl×vXY þ ξv×vXY


þ 	
ξlc×lcXY þ ξlc×κXY þ ξκ×κXY



þ 	

ξl×lcXY þ ξl×κXY



; ð19Þ

where we define

ξa×bXY ¼
� hδaXðx1ÞδbYðx2Þi ða ¼ bÞ
hδaXðx1ÞδbYðx2Þi þ ða ↔ bÞ ða ≠ bÞ : ð20Þ

The first, second, and third parentheses in the right-hand
side of Eq. (19) stand for the pure local term arising from
the local density and local velocity terms, the pure non-
local term arising from the nonlocal density and weak
lensing terms, and the cross-correlation between local
and nonlocal terms, respectively. The cross-correlations
between the local velocity and nonlocal terms vanish, i.e.,
hδvXδlcYi ¼ hδvXδκYi ¼ 0, because the parallel components to
the line-of-sight direction do not contribute to the corre-
lation function in the flat-sky, Limber approximation (see,
e.g., Refs. [68,70,75,76]).
The explicit forms of the right-hand side of Eq. (19) are

given by

ξl×lXY ¼ ðbX − beÞðbY − beÞΞð0Þ
0 ðη; sÞ; ð21Þ

ξl×vXY ¼ −ðbX − bYÞμðsHfÞΞð1Þ
1 ðη; sÞ; ð22Þ

ξv×vXY ¼ ðsHfÞ2
��

1

3
− μ2

�
Ξð2Þ
2 ðη; sÞ þ 1

3
Ξð2Þ
0 ðη; sÞ

�
; ð23Þ

for the purely local contributions,

ξlc×lcXY ¼ AXðχÞAYðχÞ
�
be

H
a2n̄e

�
2
Z

χ

0

dχ0

× ða2ðη0Þn̄eðη0ÞÞ2J
�
η0;

χ0

χ
s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
; ð24Þ

ξlc×κXY ¼ −ðAXðχÞ þAYðχÞÞbe
H
a2n̄e

3Ωm0H2
0

χ

Z
χ

0

dχ0

× aðη0Þn̄eðη0Þðχ − χ0Þχ0J
�
η0;

χ0

χ
s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
; ð25Þ
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ξκ×κXY ¼
�
3Ωm0H2

0

χ

�
2
Z

χ

0

dχ0

×

�ðχ − χ0Þχ0
aðη0Þ

�
2

J
�
η0;

χ0

χ
s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
; ð26Þ

for the purely nonlocal contributions, and

ξl×lcXY ¼ ðΘðχ2 − χ1ÞðbX − beÞAY

þ Θðχ1 − χ2ÞðbY − beÞAXÞbeHJ

η; s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
;

ð27Þ

ξl×κXY ¼ ð−Θðχ2 − χ1ÞðbX − beÞ þ Θðχ1 − χ2ÞðbY − beÞÞ

×
3Ωm0H2

0

a
sμJ


η; s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
; ð28Þ

for the cross-correlation between them. In the above, we
define the following functions:

ΞðnÞ
l ðη; sÞ ¼

Z
k2dk
2π2

jlðksÞ
ðksÞn PLðη; kÞ; ð29Þ

J ðη; sÞ ¼
Z

dk
2π

kJ0ðksÞPLðη; kÞ; ð30Þ

where the functions jl and J0 are, respectively, the
spherical Bessel function of order l, and the Bessel func-
tion of the first kind of order zero. We define the linear
matter power spectrum at the time η: hδLðη; kÞδLðη; k0Þi ¼
ð2πÞ3δ3Dðkþ k0ÞPLðη; kÞ.
As a consequence of the DM-space distortions, the

derived expressions depend on the directional cosine μ.
As done in the standard analysis of galaxy clustering in
redshift space, we quantify this anisotroy by using a
multipole expansion of the correlation function, weighting
with the Legendre polynomials LlðμÞ with μ ¼ ŝ · ẑ,

ξlðsÞ ¼
2lþ 1

2

Z
1

−1
dμ ξXYðs; μÞLlðμÞ: ð31Þ

In the local contributions (21)–(23), the velocity term
induces the anisotropy in the correlation function. This
induced anisotropy comes not from the standard Kaiser
effect, seen in redshift space, but due to observed volume
distortions (i.e., a pure relativistic effect). Interestingly, the
cross-correlation between the local density and local
velocity given in Eq. (22) exhibits the asymmetric cluster-
ing along the line-of-sight direction, i.e., contributes to a
dipole (l ¼ 1) anisotropy. This dipole contribution is
nonzero only when we cross-correlate samples with differ-
ent biases, due to the prefactor bX − bY. This effect is also
reproduced in the redshift-space clustering of galaxies (see,
e.g., Refs. [65–69,77–83]). The cross-correlation between
the local and nonlocal contributions (27)–(28) produces

both even and odd multipoles, while the pure nonlocal
contributions (24)–(26) produce only even multipoles
because of their symmetric dependence on μ. From these
analytical expressions, the local contributions (21)–(23)
induce only anisotropies with l ≤ 2, whereas the nonlocal
contributions (24)–(28) contribute to arbitrarily high
multipoles.
In Fig. 1, we numerically demonstrate the contributions

to the first three multipoles, i.e., the monopole (l ¼ 0),
dipole (l ¼ 1), and quadrupole (l ¼ 2). In this plot, we
model the background electron density as [59]

n̄e ¼
3H2

0Ωb0

8πGmp

xeðzÞð1þ xHðzÞÞ
2

a−3; ð32Þ

where we use xH ¼ 0.75 and xe ¼ 1 for simplicity.
Through Eq. (4) together with Eqs. (32), the background
DM is a monotonic function of redshift z. Therefore, to
facilitate the interpretation of our results, throughout the
rest of this paper, we present results using redshift as a time
indicator in the light cone.
We assume a mean bias given by the specifications of

SKA2 HI galaxies given in Ref. [84],

bSKAðzÞ ¼ c4 exp ðc5zÞ; ð33Þ

with c4 ¼ 0.554 and c5 ¼ 0.783. We note that there is no
evidence that HI galaxies are the preferential hosts of
FRBs, and we only use this parametrization in order to
produce results assuming realistic galaxy bias values. We
split the full FRB host population into two subsamples with
different biases,

bXðzÞ ¼ bSKAðzÞ þ Δb=2; ð34Þ

bYðzÞ ¼ bSKAðzÞ − Δb=2: ð35Þ

We adopt an arbitrary bias difference bX − bY ¼ Δb ¼ 1,
noting again that our results, particularly in the case of the
FRB-FRB correlations, depend on our ability to select such
subsamples.
As shown in Fig. 1, we find that the even multipoles (top

two panels) are dominated by the nonlocal contributions
associated with the line-of-sight integrated electron over-
density, ξlc×lcXY and display significant large-scale power. The
relative amplitude of this contribution is consistent with the
results of the angular power spectrum shown in Ref. [59].
The local density contribution (ξl×lXY) is a subdominant but
non-negligible contribution to the monopole, depending on
scales and redshift. These results on the even multipoles
imply that the information of intrinsic three-dimensional
distribution would become more subtle due to the light
cone integral contributions, particularly at large scales.
This fact differs from the case of RSDs, in which the
even multipoles are primarily dominated by the local
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contributions. This systematic impact would be mitigated
by looking at the small-scale behavior of the even multi-
poles. We note that the local density contribution becomes
negative for z ¼ 1 because it is proportional to
ðbX − beÞðbY − beÞ, and bY < be ¼ 1 at z ¼ 1. Turning
to the dipole, all three contributions to the dipole have
similar amplitudes. Among them, the cross-correlation
between the local and nonlocal density terms (ξl×lcXY ) is a
major contributor at z ¼ 1 but is suppressed at z ¼ 2.
Accordingly, the local velocity contribution, ξl×vXY, may
dominate the dipole at high redshifts.
Figure 2 shows the redshift dependence of the multipoles

at s ¼ 100 Mpc=h. As we have already seen in Fig. 1, the
even multipoles at low redshift z≲ 3 are dominated by the
nonlocal density term (ξlc×lcXY ). This makes it impossible to
detect the baryon acoustic oscillations (BAO) feature in the
FRB correlation function, for example, which is only
present in correlations involving local contributions.
Around z ≈ 3.8, the contributions including the nonlocal
density term become zero because of the vanishing factor
AX=Y ¼ 0 [see Eq. (6)]. Around this specific redshift, since
the nonlocal density contribution vanishes at all scales, the
local contributions start to dominate the multipoles. We
also find the other zero crossings at z ≈ 1.25 in the mono-
pole of ξl×lXY and z ≈ 0.75 in the quadrupole of ξl×lcXY ,

respectively. These zero-crossings correspond to the red-
shift satisfying bY − be ¼ 0 in Eq. (21) and ðbX − beÞ þ
ðbY − beÞ ¼ 0 in Eq. (27) for the monopole and quadru-
pole, respectively. The local velocity contribution, which is
always subdominant in the angular power spectrum [59],
dominates the dipole at z≳ 3. This would, in principle,
allow us to isolate the local velocity term by studying three-
dimensional clustering in DM space. It is important to

FIG. 1. Contributions to the multipoles at z ¼ 1.0 (solid lines) and z ¼ 2.0 (dashed lines). From left to right, we show the pure local,
pure nonlocal, and crosstalk between the local and nonlocal contributions, respectively. From top to bottom, we present the monopole
(l ¼ 0), quadrupole (l ¼ 2), and dipole (l ¼ 1), respectively. For the bias parameter, we use Eqs. (33)–(35), and have ðbX; bYÞ ¼
ð1.71; 0.71Þ for z ¼ 1.0 and ðbX; bYÞ ¼ ð3.15; 2.15Þ for z ¼ 2.0. We set fs ¼ fe ¼ 0 and be ¼ 1. For presentation purposes, we
multiply the results for ξv×vXY by 100 and plot the pure nonlocal contributions in log scale.

FIG. 2. First three dominant contributions to each multipole at
s ¼ 100 Mpc=h as a function of redshift. From left to right, we
show the monopole, dipole, and quadrupole, respectively. The
dashed lines indicate the negative amplitude.
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emphasize that the occurrence of these zero crossings, our
ability to isolate the velocity dipole, and to detect the BAO
at high redshifts, are entirely dependent on the paramet-
rizations assumed for all the astrophysical quantities enter-
ing our prediction (bX, be, n̄e, fe, fX) and are therefore
subject to the current large uncertainties in the properties of
FRB hosts.
Finally, we show the redshift dependence of the total

signal for all multipoles in Fig. 3. The monopole shows a
qualitatively different behavior at z≲ 3.5 and z≳ 3.5,
because the former is dominated by the nonlocal density
contribution while the latter is dominated by the local
density contribution, as seen in Fig. 2. Turning to the
dipole, it monotonically decreases with increasing red-
shifts, as again expected from Fig. 2. The overall shape of
the dipole does not drastically change because the two
dominant contributions, ξl×vXY and ξl×lcXY , display a similar
behavior. As the quadrupole is mainly controlled by ξlc×lcXY , it
is suppressed around z ≈ 3.5.

IV. GALAXY-FRB CROSS-CORRELATION
FUNCTION

So far, we have investigated the anisotropy in the three-
dimensional correlation function of FRBs measured in DM
space, assuming that we obtain two different subsamples
of FRBs, even though there is an inherent uncertainty in
the splitting procedure. Moreover, the observed number
of FRBs is expected to be smaller than that of galaxies.
It is therefore interesting to consider the cross-correlation
between FRBs and galaxies, which should be less sensitive
to FRB shot noise and to our ability to subsample the FRB
population in a meaningful way.
In the case of galaxies, the source’s redshift is used

as a distance proxy. The observed redshift is affected
by various relativistic effects due to light propagation
effects in an inhomogeneous universe, and these have
been described and quantified in the literature (see, e.g.,

Refs. [61–64,77,80,85–88]). Considering the dominant
contributions at linear order, the observed galaxy over-
density field in redshift space is given by [63,64,86]

δðSÞðη; n̂Þ ¼ δlgðη; n̂Þ þ δKg ðη; n̂Þ þ δvgðη; n̂Þ þ δκgðη; n̂Þ; ð36Þ

where we define

δlgðη; n̂Þ ¼ bgδLðxÞ ð37Þ

δvgðη; n̂Þ ¼ BðχÞδvðη; n̂Þ; ð38Þ

δKg ðη; n̂Þ ¼ −
1

H
ðn̂ · ∇Þðv · n̂Þ; ð39Þ

δκgðη; n̂Þ ¼ δκðη; n̂Þ: ð40Þ

The quantities, δv and δκ, are defined in Eqs. (9) and (11),
respectively. We introduced the linear galaxy bias param-
eter bg and the time-dependent function BðχÞ given by

BðχÞ ¼
�
−5sþ 5s − 2

χH
−

Ḣ
H2

þ fev
�
; ð41Þ

where the quantities s and fev are the magnification bias
and evolution bias of galaxies, respectively. The terms on
the right-hand side of Eq. (36) stand for the local density
contribution, Kaiser effect [89,90], and Doppler contribu-
tions, and the lensing magnification contribution, respec-
tively. Moving into Fourier space, the Kaiser term (39)
becomes

δKðη; n̂Þ ¼ f
Z

d3k
ð2πÞ3 e

ik·xðk̂ · n̂Þ2δLðk; ηÞ: ð42Þ

The expressions for δlg, δvg, and δκg in Fourier space are given
in Eqs. (12), (13), and (15), respectively.
Using this notation, we calculate the cross-correlation

between galaxies and FRBs,

ξgXðx1; x2Þ ¼
D
δðSÞg ðx1ÞδðDÞ

X ðx2Þ
E
: ð43Þ

Here, in order to distinguish from the notation of the FRB
cross-correlation function ξXY, we denote the FRB-galaxy
cross-correlation function ξgX where X represents FRBs
having the bias parameter bX. We omit the time dependence
in the notations for simplicity.
Substituting Eqs. (37)–(40) into Eq. (43), we derive the

analytical expression for the galaxy-FRB cross-correlation
function. Similar to the FRB correlation function, we split
the galaxy-FRB correlation function into nine pieces,

ξgX ¼ 	
ξl×lgX þ ξl×vgX þ ξv×vgX þ ξK×lgX þ ξK×vgX



þ 	

ξlc×κgX þ ξκ×κgX


þ 	
ξl×lcgX þ ξl×κgX



; ð44Þ

FIG. 3. Redshift evolution of the total signal of the multipoles.
From left to right, we present the monopole, dipole, and quad-
rupole, respectively. For the bias parameters, we use the same
setup in Figs. 1 and 2. The dashed lines indicate the negative
amplitude.
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where we define

ξa×bgX ¼ hδagðx1ÞδbXðx2Þi þ ða ↔ bÞ; ð45Þ
for ða; bÞ ¼ ðl; vÞ; ðl; κÞ; ðv; κÞ, and otherwise,

ξa×bgX ¼ �
δagðx1ÞÞδbXððx2ÞÞ

�
: ð46Þ

In Eq. (44), the first, second, and third parentheses on the
right-hand side, respectively, correspond to the pure local
contributions, the pure nonlocal contributions, and the
cross-correlation between local and nonlocal terms.
Similar to the FRB cross-correlation function, the cross-
contributions between the local velocity or Kaiser terms
and nonlocal terms vanish in the Limber approxima-
tion, i.e., hδvgδlcXi ¼ hδKg δlcXi ¼ hδvgδκXi ¼ hδKg δκXi ¼ 0. The
explicit forms of each contribution are given by

ξl×lgX ¼ bgðbX − beÞΞð0Þ
0 ðη; sÞ; ð47Þ

ξl×vgX ¼ −½bg − BðχÞðbX − beÞ�μðsHfÞΞð1Þ
1 ðη; sÞ; ð48Þ

ξv×vgX ¼ BðχÞðsHfÞ2
��

1

3
− μ2

�
Ξð2Þ
2 ðη; sÞ þ 1

3
Ξð2Þ
0 ðη; sÞ

�
;

ð49Þ

ξK×lgX ¼ fðbX − beÞ
��

1

3
− μ2

�
Ξð0Þ
2 ðη; sÞ þ 1

3
Ξð0Þ
0 ðη; sÞ

�
;

ð50Þ

ξK×vgX ¼ Hsf2
��

μ3 −
3

5
μ

�
Ξð1Þ
3 ðη; sÞ − 3

5
μΞð1Þ

1 ðη; sÞ
�
; ð51Þ

for the purely local contributions,

ξlc×κgX ¼ −AXðχÞbe
H
a2n̄e

3Ωm0H2
0

χ

Z
χ

0

dχ0aðχ0Þn̄eðχ0Þ

× ðχ − χ0Þχ0J
�
η0;

χ0

χ
s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
; ð52Þ

ξκ×κgX ¼
�
3Ωm0H2

0

χ

�
2
Z

χ

0

dχ0
�ðχ − χ0Þχ0

aðχ0Þ
�

2

× J
�
η0;

χ0

χ
s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
; ð53Þ

for the purely nonlocal contributions, and

ξl×lcgX ¼ Θðχ2 − χ1ÞbgbeAXðχÞHJ

η; s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
; ð54Þ

ξl×κgX ¼ ð−Θðχ2 − χ1Þbg þ Θðχ1 − χ2ÞðbX − beÞÞ

×
3Ωm0H2

0

a
sμJ


η; s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q �
; ð55Þ

for the cross-correlation between them.

We quantify the anisotropy in the galaxy-FRB cross-
correlation function by performing the multipole expansion
(31) and present the first three multipoles in Fig. 4. We first
focus on the even multipoles. There are two dominant
contributions: the purely local ξl×lgX, and the purely nonlocal
ξlc×κgX , which captures the correlation between magnification
bias and the integrated electron density. The absence of the
dominant ξlc×lcXY in the FRB-only (see Fig. 1) makes it now
possible to observe features like the BAO peak in the cross-
correlation with galaxies (albeit with a significant nonlocal
contribution). We further find that the contribution from the
Kaiser term, which is a unique effect in the galaxy-FRB
cross-correlation, is subdominant in the monopole but plays
an important role in the quadrupole, especially, at higher
redshifts. Turning to the dipole, the primary contributor is
ξl×lcgX at z ¼ 1 and ξl×vgX at z ¼ 2. The Kaiser term is a minor
contribution to the dipole.
Figure 5 shows the redshift-dependence of the first three

dominant contributions to the multipoles. Similar to the
FRB-only case, shown in Fig. 2, the contributions includ-
ing the nonlocal density term vanish around z ≈ 3.8, where
AX ≈ 0. Since the contributions ðξl×lgX; ξ

K×l
gX Þ and ðξl×vgX ; ξl×κgX Þ

are, respectively, proportional to the factor bX − be and
bg − ðbX − beÞ, they vanish around z ≈ 0.75 and z ≈ 0.5,
respectively, in the present setup of the bias parameter (33).
The even multipoles are dominated by the local density and
Kaiser terms at all redshifts, while the dipole is dominated
by the local velocity term at higher redshift and the non-
local density term at lower redshift (similar to the FRB-only
case). This suggests that it may be possible to isolate and
detect the relativistic Doppler contribution from the dipole,
assuming that the various astrophysical quantities entering
AX and B can be determined with sufficient precision.
Finally, we present the behavior of the total signal in

Fig. 6, which is directly related to the behavior seen in
Fig. 5. At the lowest redshift, the even multipoles show a
complex scale dependence due to the coexistence of
contributions of different signs, whereas at high redshift,
the correlation function multipoles can be explained solely
in terms of the ξl×lgX and ξK×lgX terms. The redshift dependence
of the dipole does not drastically change compared to the
even multipoles due to the two similar contributions, ξl×vgX

and ξl×lcgX . High redshift observations of the monopole,
dipole, and quadrupole provide us with information about
the local density, Doppler effect, and Kaiser effect con-
tributions, suggesting that the three-dimensional clustering
in DM space may be a useful cosmological probe,
complementary to galaxy redshift surveys.

V. FUTURE DETECTABILITY

As demonstrated above, the anisotropic signal in the
FRB correlation function in DM space may provide a
complementary method to test our cosmological model and
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theory of gravity. In this section, we perform a Fisher
matrix analysis to investigate the future detectability of this
signal, assuming an SKA-like survey specification, assum-
ing the detection of a large number of FRBs. To this end, it
is more convenient to work with two-point statistics in
Fourier space than in real space. Thus, we first define the
multipole power spectrum in Sec. VA, and investigate their
detectability in Sec. V B.

A. Power spectrum multipoles

The power spectrum multipoles are related to the multi-
poles of the correlation function via

PlðkÞ ¼ 4πð−iÞl
Z

ds s2jlðksÞξlðsÞ; ð56Þ

where we still take the distant-observer limit. To compute
the multipole power spectrum, we perform this integral
numerically.
In Fig. 7, we present the multipole power spectra at

z ¼ 1 and 2. These results are simply the Fourier counter-
part of the correlation function results shown in Figs. 1
and 4. We see again that the even multipoles of the FRB
power spectra (top panels) are dominated by the pure
nonlocal contribution whereas the dipole is not because of
the absence of the nonlocal density contribution. Like-
wise, the purely nonlocal contribution to the galaxy-FRB

FIG. 5. Same as Fig. 2 but for the galaxy-FRB cross-correlations.

FIG. 4. Same as Fig. 1 but for the galaxy-FRB cross-correlations. The result of ξv×vgX is multiplied by a factor of 100 for presentation
purposes. The bias parameters follow the HI galaxies observed by SKA2, i.e., bSKAðzÞ ¼ bg ¼ bFRB, defined in Eq. (33).

FIG. 6. Same as Fig. 3 but for the galaxy-FRBs cross-correlations.
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cross-power spectra (bottom panels) is suppressed com-
pared to the FRB-only case. The behavior of the monopole
in the FRB power spectra is consistent with the angular
power spectrum predictions found in Ref. [59].

B. Signal-to-noise ratio

In this subsection, we discuss the future detectability of
DM-space anisotropies. To estimate the signal-to-noise
ratio, we compute the covariance matrix of the power spec-
trum multipoles between the objects X and Y by neglecting
the non-Gaussian contribution (e.g., Refs. [70,91–93]),

COVlðk; k0Þ≡
�
ΔPXY

l ðkÞðΔPXY
l ðk0ÞÞ�� ð57Þ

≡ δDðk − k0Þ
k2

2π2

V
σ2lðkÞ; ð58Þ

where, we have defined the variance σ2lðkÞ as

σ2lðkÞ ¼
1

2

X
l1;l2

��
PXX
l1

ðkÞ þ δl1;0
nX

��
PYY
l2

ðkÞ þ δl2;0
nY

�

þ ð−1ÞlPXY
l1

ðkÞPYX
l2

ðkÞ
��

2lþ 1

2

�
2

×
Z

dμLlðμÞLlðμÞLl1ðμÞLl2ð−μÞ: ð59Þ

Here, the quantities nX=Y and V stand for the number
density of the X=Y samples, and the observed volume,
respectively. We numerically compute the multipole power
spectrum by Eq. (56).
In the signal-to-noise ratio analysis, we consider two

cases: FRB cross-power spectrum and galaxy-FRB cross-
power spectrum. As we expect to detect roughly 105–106

FRBs in the SKA era [15], we set the number of FRBs of
each species to 104–106. We use the galaxy number density
given by the specifications of SKA2 HI galaxies in Eq. (B1)
in Ref. [84],

dN
dz

¼ 10c1zc2 exp ð−c3zÞ ½deg−2�; ð60Þ

with c1 ¼ 6.319, c2 ¼ 1.736, and c3 ¼ 5.424. The average
number of galaxies per redshift interval can be related to the
number density per volume by n ¼ dN=dzðΔzfsky=VÞwith
Δz ¼ 0.1 and fsky ¼ 30000 deg2 being the width of red-
shift bins and the fractional sky coverage, respectively. We
compute the survey volume as V ¼ 4π=3ðχðzþ Δz=2Þ3−
χðz − Δz=2Þ3Þ. Note that, optimistically, we assume that all
the detected FRBs are located within the same Δz ¼ 0.1
interval. In computing the galaxy auto-power spectrum
entering the covariance, we ignore the negligible small
contribution from relativistic effects [82,88,94] and simply
consider the standard Kaiser effect. We then estimate the
signal-to-noise ratio by

�
S
N

�
2

¼
Z

kmax

kmin

dkPXY
l ðkÞ½COVlðk; k0Þ�−1ðPXY

l ðk0ÞÞ�

¼ V
Z

kmax

kmin

dk
2π2

k2
jPXY

l ðkÞj2
σ2lðkÞ

; ð61Þ

where we set kmin ¼ 2πV−1=3 and kmax ¼ 0.1 h=Mpc to
avoid the nonlinear contribution to the density perturba-
tions (see Appendix B for the nonlinear contributions to the
dipole).
Using Eq. (61), we compute the redshift dependence of

the signal-to-noise ratio of the multipole power spectra
assuming the SKA-like survey, shown in Fig. 8. We found
that the even multipole power spectra could be detected
with the high statistical significance, S=N ≈ 101–102.
Interestingly, we observe a suppression of the signal-to-
noise ratio at z ≈ 3.8 in the quadrupole of the FRB alone
result. This is because the quadrupole is dominated by the
nonlocal density term, which becomes zero around z ≈ 3.8
(see Fig. 3). Overall, the signal-to-noise ratio for the even
multipoles in the FRB-only case is larger than that of the
cross-power spectra case, mostly due to the purely nonlocal
density term ξlc×lcXY , which significantly amplifies the even
multipole signal.
Turning to the signal-to-noise ratio for the dipole,

observations at low redshift have the best chances of

FIG. 7. Power spectrum multipoles for the FRB power spectra
(top panels) and galaxy-FRB cross-power spectra (bottom panels)
at z ¼ 1 (solid lines) and at z ¼ 2 (dashed lines). The thin lines
indicate a negative amplitude. Blue, orange, and green lines,
respectively, show the sum of the pure local contributions,
crosstalk between the local and nonlocal contributions, and pure
nonlocal contributions.
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detecting the dipole, although in this case the dipole is
dominated by not the relativistic effect but the nonlocal
density contribution. However, assuming a more opti-
mistic number of FRBs ∼ 106, the chance for detecting
the relativistic effect through the dipole improves more,
with S=N≳ 1 at z ≈ 2. Moreover, cross-correlations
between FRBs and galaxies, the signal-to-noise ratio
of the dipole improves, particularly S=N ≈ 10 for the
most optimistic case with NFRB ¼ 106. Hence, observing
a large number of FRBs and making a three-dimensional
map of FRBs may be an interesting new approach to the
detection of relativistic effects. In addition, the even
multipole anisotropy in DM space contains a wealth of
cosmological information, which would also provide
complementary information to galaxy redshift surveys.

VI. SUMMARY

We have investigated the three-dimensional clustering of
the sources emitting electromagnetic pulses such as fast
radio bursts (FRBs) in dispersion measure (DM) space. The
DM of pulses can be exploited as a cosmological distance
measure, although it is systematically affected by inhomo-
geneities in the electron density and special and general
relativistic effects, as is the redshift measured in galaxy
redshift surveys. Accordingly, the observed DM-based
clustering is affected by DM space distortions. Follow-
ing the footsteps of Refs. [32,36,57,58], we formulate the
two-point statistics in DM space including all the possible
dominant contributions to the DM.
The observed anisotropy in the correlation function or

power spectrum is induced by the contributions from the
nonlocal integral term along the line of sight and from the
Doppler term, which is a major relativistic contribution to
the DM. Performing a multipole expansion, we found that
the even multipoles are primarily dominated by both the
nonlocal density and local density contributions, whereas

the dipole moment receives a contribution from the Doppler
term, suggesting that observing three-dimensional clustering
may isolate this relativistic effect. We note that, as in the case
of redshift space distortions, the nonvanishing dipole appears
only when we correlate two different biased objects, i.e.,
cross correlation between two subsamples of FRBs with
different biases or galaxy-FRB cross correlation.
Based on the derived analytical model for the correlation

function or power spectrum in DM space, we further
investigate the future detectability by performing the
Fisher matrix analysis. Assuming an SKA-like survey,
the signal-to-noise ratio for the even multipoles reaches
S=N ≈ 100 and that the dipole may be detectable if a
sufficiently large number of FRBs are measured. In the
optimistic case where the observed number of FRBs is
105–106, the signal-to-noise ratio exceeds unity even at
high redshift, where the Doppler term dominates the dipole,
and hence, the high-redshift measurement would be an
interesting probe to test gravity, complementary to galaxy
redshift surveys.
In the Fisher matrix analysis, we have made several

simplifications to make the problem more tractable.
Importantly, we have ignored the local contribution to
the DM from the electron density of host galaxies. With
the simplified demonstration in Appendix C, this con-
tribution leads to the suppression of the correlation signal
at small scales if its contribution is a random quantity
uncorrelated to the large-scale structure [70], effectively
increasing the uncertainty in the measurement. This
assumption could be refined, for example, through the
use of hydrodynamic simulations (e.g., Refs. [44,95,96]),
providing a more realistic forecast. We have also assumed
a relatively high number density of FRBs, and thus, the
results presented depend on the ability of future experi-
ments, such as the SKA, to achieve this detection rate.
Finally, we have set the bias parameter of FRBs to be
similar to that of the HI galaxies observed by SKA2.

FIG. 8. Signal-to-noise ratio of the multipole power spectra in the SKA-like survey specifications for FRBs power spectra (left panels)
and for galaxy-FRB cross-power spectra (right panels), respectively. The blue, orange, and green lines represent, respectively, the results
with the number of FRBs, NFRB ¼ 104, 105, and 106.

RELATIVISTIC IMPRINTS ON DISPERSION MEASURE SPACE … PHYS. REV. D 110, 063556 (2024)

063556-11



Furthermore, we have ignored the gravitational potential
contribution to the DM as it is expected to be negligible
at large scales. However, if FRBs reside in the deep
potential well of dark matter haloes, the gravitational
potential contribution would play a certain role at small
scales (see redshift-space examples [79,81–83]). Properly
taking into account these contributions, the anisotropy of
the three-dimensional clustering in DM space could
become a more promising and robust probe for testing
gravity on cosmological scales in the next decades.
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APPENDIX A: WIDE-ANGLE CORRECTION

Here, we derive the wide-angle correction to the local
contributions. Since the wide-angle correction to the non-
local contribution would be negligible for the multipole
analysis [68,75], we focus only on the local contribu-
tions here.
In general, the correlation function is given as a function

of two vectors x1 and x2, but the correlation function in the
distant observer limit can be given as a function of the
separation s ¼ jx2 − x1j and the directional cosine between
the separation vector and the fixed line-of-sight vector:
μ ¼ n̂ · ẑ. However, when we do not take the distant
observer limit, the correlation function can be charac-
terized by three variables: the separation s, line-of-sight
distance specifically pointing to a midpoint χ ¼
jdj ¼ jx1 þ x2j=2, and directional cosine between the
separation vector and the line-of-sight vector μ ¼ n̂ · d̂,
i.e., ξðx1; x2Þ ¼ ξðx; χ; μÞ.
We then expand the correlation function in powers of

(s=χ) to split the χ dependence from the correlation
function as follows:

ξðs; χ; μÞ ¼ ξðppÞðs; μÞ þ ξðwaÞðs; μÞ þO

��
s
χ

�
2
�
; ðA1Þ

where the first and second terms on the right-hand side are,
respectively, the expression in the distant observer limit
(s=χ → 0), and the leading-order correction to the wide-
angle effect ∝ ðs=χÞ1.
First, we look at the wide-angle correction to the

FRB cross-correlation. Among the local contributions,

only the cross-correlation between δl and δv has a non-
vanishing wide-angle correction Oðs=χÞ, which is explic-
itly given by

ξl×v;ðwaÞXY ¼
�
s
χ

�
ðbX þ bY − 2beÞ

×

�
μ2 −

1

2

�
ðsHfÞΞð1Þ

1 ðη; sÞ: ðA2Þ

Next, for the galaxy-FRBs cross-correlation case, the
nonvanishing wide-angle corrections at the leading order
are given by

ξK×l;ðwaÞgX ¼
�
s
χ

�
fðbX − beÞð1 − 2μ2ÞμΞð0Þ

2 ðη; sÞ; ðA3Þ

ξK×v;ðwaÞgX ¼
�
s
χ

�
sHf2

�
μ2 −

1

2

�

×
�
μ2Ξð1Þ

3 ðη; sÞ − Ξð2Þ
2 ðη; sÞ�: ðA4Þ

Using the derived analytical expressions, we compare the
wide-angle correction to the total local contributions
in Fig. 9. Clearly, the wide-angle contribution to the
galaxy-FRB cross-correlation is negligibly small compared

FIG. 9. Wide-angle corrections to the multipoles of the FRBs
cross-correlation function at z ¼ 1.0 (solid lines) and at z ¼ 2.0
(dashed lines). The black lines present the total local contribu-
tions, i.e., the sum of Eqs. (21)–(23) for the FRB alone case and
the sum of Eqs. (47)–(51) for the galaxy-FRB cross-correlation
case. For presentation purposes, the results in the right panels for

ξl×v;ðwaÞgX and ξK×v;ðwaÞgX are multiplied by 102.
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to the result of the plane-parallel limit. On the other
hand, the wide-angle correction to the quadrupole of the
FRB cross-correlation exhibits a non-negligible impact.
However, the total quadrupole signal is mostly dominated
by the nonlocal contributions, as far as we are interested in
the total signal, the wide-angle correction can be safely
ignored.

APPENDIX B: NONLINEAR IMPACT
ON THE DIPOLE SIGNAL

As we have shown in Figs. 1 and 4, the cross-correlation
between the local and nonlocal terms is the dominant
contributor to the dipole signal. In this appendix, we
discuss the impact of the nonlinear density growth on the
dipole signal, particularly focusing on the local and non-
local crosstalk.
To include the nonlinear density growth into the pre-

diction, we simply replace the linear matter power spectrum

in ΞðnÞ
l and J , respectively given in Eqs. (29) and (30), by

the nonlinear matter power spectrum computed by using
CLASS with a nonlinear output option HALOFIT [97,98].
Figure 10 show the impact of the nonlinear matter power
spectrum on the dipole signal. As we clearly see that, as
long as we restrict our analysis to the large-scale signal, we
safely ignore the nonlinear matter growth effect because it
suppresses the dipole signal only a few percent level
at s≳ 20 Mpc=h.

APPENDIX C: CONTRIBUTION FROM HOST
GALAXIES

In this appendix, we discuss the impact of free electrons
in host galaxies on the correlation functions. As the FRBs
generally resides in galaxies, where non-negligible amount
of free electrons present, the observed DM would be
given by

Dobs ¼ Dcos þDhost; ðC1Þ
where the cosmological DM, Dcos, represents the DM from
the propagation of the FRB pulse through the inhomo-
geneous universe, which we have investigated in the main
text. On top of the cosmological DM, the host galaxy
contribution, Dhost, which is always positive, should be
added. Realistically, the host galaxy contributions would be
larger (smaller) for more (less) massive halos and would
correlate to the cosmological components across large
distances. However, in order to make the problem tractable,
we simply assume that the host galaxy contribution does
not correlate to the cosmological contribution and obeys
a certain distribution function, fðDhostÞ. This correlation
would be interesting to investigate in the future with
simulations. Using Eq. (4), the presence of the additive
contribution to the DM leads to the following modification
in the comoving distance:

Δχðz;DhostÞ ≃
Dhost

a2ðzÞn̄eðzÞ
; ðC2Þ

where we used the definition of the comoving distance,
χðzÞ ¼ R

z
0 dz

0H−1ðz0Þ. As Dhost is always positive, the
induced shift is also positive. Due to the host galaxy
contribution to the DM, the position of FRBs in the DM
space is always shifted to a more distant location.
We now include this additive term arising from the host

galaxy’s DM into the analytical model of the correlation
functions. First, we consider the pure local contribution,
which is schematically given in the distant-observer
limit by

ξLocal×Local ¼
Z

d3k
ð2πÞ3 e

ik·sPðk; k̂ · ẑÞ: ðC3Þ

In the presence of Dhost, the separation vector in the
exponent is modified by s → ðsþ ΔχÞŝ with Δχ > 0.

This results in the modification: ΞðnÞ
l ðsÞ → ΞðnÞ

l ðsþ ΔχÞ
in the analytical expression of the correlation functions.
Taking into account the distribution ofDhost, we can replace

ΞðnÞ
l ðsÞ in the pure local contributions by

Ξ̃ðnÞ
l ðsÞ ¼

Z
∞

0

dDhostΞ
ðnÞ
l ðsþΔχðz;DhostÞÞfðDhostÞ: ðC4Þ

FIG. 10. Dipole from the cross correlation between the local
and nonlocal terms at z ¼ 1.0 (blue) and z ¼ 2.0 (orange). The
solid and dashed lines represent, respectively, the prediction with
the linear matter power spectrum and with the nonlinear matter
power spectrum. The bottom panels show the ratio between the
predictions with the linear and nonlinear matter power spectrum.
We note that the blue and orange lines in the bottom panels
mostly overlap, and only the orange lines are visible.
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We note that if the distribution, fðDhostÞ, follows Gaussian
statistics, this convolution induces an exponential suppres-
sion of Fourier modes along the line-of-sight direction (see,
e.g., Ref. [70]).
Second, we consider the nonlocal contributions. As we

formulate the correlation function of the nonlocal terms
with taking the plane-parallel limit and Limber approxi-
mation, the Fourier modes parallel to the line-of-sight
direction do not contribute to the resultant correlation
function. Furthermore, in the plane-parallel limit, we have
χ1 ¼ χ2 ≃ χ, suggesting that we simply replace the comov-
ing distance χ in the expression of the correlation function
by χ þ Δχ. Schematically, denoting the original expression
of the correlation function by ξðχÞ, which ignores the host
galaxy contributions, it is modified by

ξ̃ðχÞ ¼
Z

∞

0

dDhostξðχ þ Δχðz;DhostÞÞfðDhostÞ: ðC5Þ

This is the case for the pure nonlocal contribution and
crosstalk between local and nonlocal contributions. We
note that this argument is valid for the analytical expression
in the plane-parallel limit and Limber approximation.
With Eqs. (C4) and (C5), we demonstrate the host galaxy

contributions. To do so, we need to assume the explicit
form of the distribution function fðDhostÞ. Although its
functional form should be refined by simulations or

observations, we simply assume that fðDhostÞ obeys the
one-sided Cauchy distribution with a positive scale para-
meter σ,

fðDhostÞ ¼
2

πσ

1

1þD2
host=σ

2
; ðC6Þ

where we set a location parameter of the one-sided Cauchy
distribution to zero, for simplicity, and hence, this distri-
bution is only supported for Dhost > 0.
We demonstrate the impact of the halo contribution to

the correlation function. For the quantitative demonstration,
we show the multipoles of FRBs for varying σ in Fig. 11.
As we increase σ, the local terms are monotonically
smeared but the nonlocal terms exhibit nonmonotonic
behavior, because of the explicit χ dependence appearing
in AðχÞ or in the lensing kernel ðχ0 − χÞ=χ. If the total
signal is dominated by the nonlocal terms such as the even
multipoles, the halo contribution would weakly change the
observed signal. However, since the local terms induce a
non-negligible contribution to the dipole moment, careful
treatment of the halo contribution would be required. We
note that the above discussion is based on crude modeling
of the halo contribution. Hence, the halo contribution
should be refined by hydrodynamic simulations to provide
a more realistic forecast, in future work.

FIG. 11. Impact of the halo contribution to the multipoles of FRBs cross-correlation function at z ¼ 1.0 assuming the one-sided
Cauchy distribution (C6) for varying the positive scaling parameter σ from D̄ðz ¼ 1.0Þ=10 to D̄ðz ¼ 1.0Þ=1000 as indicated. From left
to right, we present the pure local contributions, sum of pure nonlocal contributions and crosstalk between local and nonlocal
contributions, and total contributions, respectively. Black lines represent the multipoles without the halo contributions.
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