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Since galaxy distribution reconstruction effectively reduces non-Gaussian terms in the power spectrum

covariance matrix, it has attracted interest not only for baryon acoustic oscillation (BAO) signals but also

for various cosmological signal analyses. To this end, this paper presents a novel theoretical model that

addresses infrared (IR) effects in the postreconstruction galaxy power spectrum, including one-loop

corrections. In particular, we discuss the importance of incorporating nonperturbative effects arising from

IR contributions into the displacement vector s used for reconstruction. Consequently, postreconstruction

nonlinear damping of BAO can be described by a single two-dimensional Gaussian function. This is a

phenomenon not observed when s is considered at a linear order in the Zel’dovich approximation.

Furthermore, we confirm that the cross-power spectrum of the pre- and postreconstruction density

fluctuations lacks IR effect cancellations, and shows an exponential decay in both the cross-power

spectrum and the associated shot-noise term.
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I. INTRODUCTION

The reconstruction of galaxy distributions [1] has tradi-
tionally been a focus of research to amplify baryon acoustic
oscillation (BAO) signals [2,3]. However, recent findings
indicate that these reconstruction techniques can effectively
reduce non-Gaussian terms in the covariance matrix of
cosmological n-point statistics. As a result, their applica-
tion has expanded beyond BAO signals to encompass a
variety of cosmological signals. In particular, there is a
growing interest in improving constraints on cosmological
parameters through postreconstruction two-point statistics
[4,5]. In addition, applications in three-point statistics have
been reported to strengthen constraints on primordial non-
Gaussianity [6].

Despite the potential of reconstruction techniques, their
practical applications, particularly beyond BAO signal
analysis, are still emerging. This slow advancement is
due to a limited understanding of the nonlinear character-
istics of reconstructed density fluctuations. The examina-
tion of prereconstruction two-point correlation functions
(PCFs) and power spectra primarily employs advanced
theoretical models, which extend beyond standard pertur-
bation theory (SPT) (e.g., [7]), to precisely extract small-
scale information. For instance, sophisticated theoretical
models such as the convolution Lagrangian perturbation
theory [8,9], the renormalized perturbation theory [10], the
Taruya-Nishimichi-Saito model [11], and the effective field
theory of large-scale structure (EFT of LSS) [12,13] have
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been applied to analyze actual galaxy survey datasets, such as
the Baryon Oscillation Spectroscopic Survey Data Release
12 (BOSS DR12) galaxy data [14—17]. On the other hand,
theoretical research into postreconstruction density fluctua-
tions has been limited to one-loop calculations in SPT
[18-20] and methods based on the Zel’dovich approximation
[21-24]. See also [25,26] for perturbation theory approaches
to iterative reconstruction methods [27-34].

In this study, we primarily investigate the infrared (IR)
effect on the power spectrum of galaxies. This effect
possesses a unique property that allows for nonperturbative
analysis, making it crucial for advancing theories beyond
SPT. For the prereconstruction scenario, several IR effects
are found, and we summarize them below. When taking the
IR limit and considering only the nonlinearities arising
from IR effects, all IR nonlinear effects are negated in the
calculations of the power spectrum, leaving only the linear
power spectrum [35-43]. This IR cancellation holds true
when evaluating all density fluctuations at equal times.
However, assessing the correlation of fluctuations at dis-
tinct times yields the consistency relation for the LSS,
which uniquely connects higher-order statistics to their
lower-order counterparts [37,38,44]. Moreover, proper
consideration of the IR effect can shed light on the
nonlinear decay of the BAO signal [40,45-55].

This paper aims to comprehensively elucidate the impact
of nonperturbative IR effects on the BAO signal and the
overall power spectrum shape after reconstruction. In this
context, we present a new IR-resummed model of the
postreconstruction power spectrum, including one-loop
corrections. Concurrently, we explore its relation to
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established theories that address partial IR effects after
reconstruction, such as the one-loop correction in SPT and
the Zel’dovich approximation. We further demonstrate the
fundamental significance of the IR effect in the cross-power
spectrum between the pre- and postreconstruction density
fluctuations. The proposed model should be directly
applicable to observational galaxy data as it incorporates
redshift space distortions (RSDs) (e.g., [56]) and galaxy
bias effects (e.g., [57]).

The outline of this paper is as follows. Section II reviews
the nonperturbative treatment of IR effects on prerecon-
struction density fluctuations. Section III explores the IR
effects on postreconstruction density fluctuations and
presents a model for their power spectrum. Section IV
calculates the cross-power spectrum of density fluctua-
tions before and after reconstruction, highlighting the
importance of nonlinear IR effects. Section V concludes
with the findings and implications in this paper.
Appendix A introduces a kind of modified gravity theory
as an example of breaking the IR cancellation.
Appendixes B and C summarize the behavior in the IR
limit for solutions up to third-order fluctuations in SPT
before and after reconstruction, respectively.

Our numerical calculations use a flat ACDM model
as the fiducial cosmological model with the following
parameters: matter density €., = 0.316, Hubble con-
stant h = H,/(100 kms~' Mpc~!) = 0.671, baryon den-
sity Qpoh? = 0.022, 63 = 0.86, and spectral tilt ng, = 0.962,
which are close to the best-fit values given by
Planck2018 [58].

II. PRERECONSTRUCTION CASE

In preparation for the postreconstruction case, we review
the derivation for the IR-resummed power spectrum model in
the prereconstruction case. For the behavior of the solution in
the IR limit, see [39,40,55], and for the details of the
derivation of the IR-resummed model, see [40,49-54,59].

A. Infrared effects on dark matter
density fluctuations

Consider a density field function p(x) defined over three-
dimensional spatial coordinates x. Let §(x) represent the
deviation from the mean density field p. This relation can
be expressed as p(x) = p(1 + 6(x)). The Fourier transform
of &(x) can be represented as d(k) = [ d3xe™**5(x),
where the tilde denotes a Fourier-transformed quantity.

Let us begin by considering the density fluctuations of
dark matter, denoted &,,(x), wherein the subscript “m”
represents “matter.” In perturbation theory, an nth-order
dark matter density fluctuation in Fourier space, denoted

Ski] (k), can be represented by the convolution integral of n
wave vectors (py,...,p,) with an associated nth-order
kernel function F,,(py, ..., p, ). Hence, the nth-order density
fluctuation is expressed as
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sl _ [P
om (k) = / 20?2y

X Fy(pr. o P)S (1) -5 (P, (1)

(27)*6p (k = P1.n)

where pj ) =p1+ - +Pa 5&1 is the linear (first-order)
dark matter density fluctuation in Fourier space, and dp, is
the three-dimensional delta function.

1. Second-order fluctuations

For example, the second-order kernel function is given
by

17 1 pP1 D 2 1
Fz(Pth):ﬁ‘i‘Eﬂu(p—;‘f‘p—?)+7<ﬂ%2—§>, (2)

where Pn = \.pﬂl and Hi2 = i)l . i72 with i)n :pn/pn
Substituting Eq. (2) into Eq. (1) and performing the inverse
Fourier transform, we obtain

o8 () = 51 o0 ) = ¥ w) - Vil o)

-] o

On the right hand side of Eq. (3), the three terms from left to
right are, respectively, named the “nonlinear growth term,”
“shift term,” and “tidal term” [18,60]. The linear displace-
ment vector, associated with the shift term, is defined by the
linear dark matter density fluctuation as

3 ik <
Wil (x) — / (;d_&efk'xk—lgaln] (k). (4)

In the IR limit, where one of the wave vectors in
F5(p1,p,) is much smaller than the other (specifically,
when p, — 0), the following relation holds:

P = 5 (PF2). (5)

p—0 2 p%

When substituting Eq. (5) into Eq. (1), the following
approximation is considered simultaneously:

Sp(k —p, —Pz)m’ Sp(k —py). (6)

Consequently, in the IR limit, we derive

5 (x) —— — Wl Vo (x), (7)
1mit
where
Pl = wll(x = 0). (8)
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In deriving Eq. (7), we also accounted for the condition
p1 — 0 and introduced a prefactor of 2. Comparison with
Eq. (3) reveals that the IR limit solution involves isolating
only the shift term, and furthermore, the displacement
vector contained in the shift term is evaluated at the
origin x = 0.

Decomposing the second-order fluctuation solution into
terms manifesting in the IR limit and the others, the
solution can be reformulated as

I WO

(S)m

where the subscript (S) denotes the contribution from short-

wavelength modes and 5{?) (%) is explicitly given by

() = [”( I = W5 (x) - Vou (x)

-] o

In the equation above, we defined the displacement vector
contributing from short-wavelength modes as

Wiy (x) = Wl (x) - W1, (11)

where ‘I’m) (x=0)=0.

(S

2. Nonperturbative treatment

In the IR limit of the nth-order kernel function
F,(pi,...,p,), one of the n wave numbers contributing
to the scale of interest k = |py; ,j| possesses a magnitude
substantially smaller than the other (n — 1) wave numbers.
For a single dark matter fluid in general relativity (GR), the
recursion relation allows the determination of solutions for
F,(pi,....p,) up to an infinite order (e.g., see [7]). Using
mathematical induction on this recursion relation, the
relation below can be proven [39]:

1 p[lnl
—>0n p

More generally, for » wave numbers approaching zero,

F,(pi,...

Fn(ph < Py— lvp)

> w11 Put)-
(12)

Py) ———=
Pr—rt1se2» pn_’o

(n=r)! H(”[l" 1 Po- ’”’)Fﬂ AP Pasy). (13)

n! a=1 n—r+a

Pn—rsPn—r+1> ---

In this context, we decompose the linear dark matter
density fluctuation into long-wavelength modes, with wave
numbers approaching zero, and short-wavelength modes

which are independent of the former:

5 (p) =80 (p = 0) + 83, (p)- (14)

Substituting Eqgs. (13) and (14) into Eq. (1) and using the
approximation

dp(k - P[ln])—>5D(k Plin- r]) (15)

Pr—r+1s--+» Pn—0

the dark matter density fluctuation can be formally
expressed as [40]

— i, (16)
where the nth order of §(g),(x) is given by

&p  dp,
B = [ 5 G

X Fy(pro )8 n@1) S m@a).  (17)

¢ilp1p,)x

Thus, the IR limit effect in a single dark matter fluid can be
interpreted as a result of a coordinate transformation due to
the displacement vector at the origin.

The IR limit is an operation that extracts nonlinear
contributions from large scales (small wave numbers). In
other words, the wave number k of interest is considerably
larger than the wave numbers contributed in the IR limit.
Therefore, historically, the IR limit solution has also been
referred to as the high-k (k — oo0) limit solution (e.g., see
[61]). Conversely, the ultraviolet limit corresponds to the
low-k (k — 0) limit and is treated by, e.g., EFT of
LSS [12,13].

In summary, this paper makes three approximations
related to the IR limit:

(1) As illustrated in Egs. (5) and (13), for the kernel
function F,(py,...,p,) that characterizes nonlinear
effects, we employ the approximate kernel function
when one or multiple wave numbers approach zero.
This means that the dominant effect in the IR limit
appears as the coordinate transformation of the
short-wavelength density fluctuation &5y due to ¥
as in Eq. (16).

(2) As presented in Egs. (6) and (15), within the delta
function &p(k — pyy ) that characterizes the mode-
coupling integral with multiple wave vectors, we
assume no mode coupling occurs between the IR
effect and other components when one or more wave
numbers approach zero. This implies that the dis-
placement vector is evaluated at the origin in Eq. (8),
and furthermore, indicates no correlation between
d(s) and WP, as will be discussed in Sec. 11 C.

(3) The nonlinear effects of 6s),, are truncated at a finite
perturbation order. Any higher-order perturbative
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effects beyond this are treated as IR effects
through .
The clearest example in the IR limit occurs when

5(s)m(x) ~ sl (x), approximating the nonlinear dark matter
density fluctuation as

5n(x) — & (x — 1),

(18)
The conclusions of this paper will be mainly based on this
simplest case in Secs. Il and IV. When higher-order
correction terms up to the one-loop order are to be
considered, they will be explained on there as appropriate.

B. Extensions to RSD and bias effects

In cases affected by RSD and bias effects, such as
observed galaxies, the use of Lagrangian perturbation
theory (LPT) is advantageous. This is because LPT
naturally accommodates displacement vectors. Within
LPT, RSD effects are integrated into the displacement
vector. Bias effects, on the other hand, can be treated using
the equation [62]

1+ ég(x, ﬁ) = / dsq[l + 5bias(q)]5D(x —q- lIIred(q’ ﬁ))’
(19)

where J, represents the galaxy density fluctuation, Sy, is
the density fluctuation including the bias effect in
Lagrangian space, W 4 is the displacement vector includ-
ing the RSD effect, and 7 is a unit vector directed along the
line of sight (LOS). The relation between ¥ and ¥, is
given by

¥.-n,
n’
aH

\Pred =¥+ (20)

where ¥(q) is the time derivative of ¥(q), and a and H are
the scale factor and the Hubble parameter, respectively.
The nth order of ¥(q) in Fourier space is represented as

3 3
(] . d P1 d Pn
B () = i / o G
X Ly(p1, 2o (p1) -+ iy ()

where the nonlinear kernel vector functions up to the
second order are given by

(27)*6p(k = py1 )

(21)

LI(PI) 217_12’
D1
3 Puo
Ly(p,.p>) = ﬁﬁ(l — pi)* (22)

Note that the second-order kernel vector function
L,(p,,p>) does not include a shift term but consists of a

combination of a growth term and a tidal term,

unlike F2(pl’P2)-

The displacement vector is decomposed into two parts:
the value at the origin ¢ = 0 and the other values. Thus, we
can write

\Pred<q’ ﬁ) = li’red(ﬁ) + \I’(S)red(q’ ﬁ) (23)
Here, ¥ (s)ea = Wrea(q) — Y 4 is termed as the short-
wavelength mode of ¥,4. Consequently, 6, can be for-
mally rewritten as

5g(x’ ﬁ) = 6(S)g(x \Pred(ﬁ)’ ﬁ)’ (24)
where
1+ 85y (x, 1) = /d361[1 + bias (9)]
X 6D<x —q- \P(S)red(q7 ﬁ))’ (25)

In the above derivation, we used 1 = [d®qdp(x — q) =
[ dqdp(x — g — Wyeq(72)). In Fourier space, it becomes
Sy (k, ) = e~ *k¥ra® g (K, 7). (26)

Note that Eq. (24) is simply a rewrite of Eq. (19) and,
unlike Eq. (16), is not the result of solving the equation to
perturbative infinite order in the IR limit. To consider
Eq. (24) as an extension of the solution of Eq. (16) that
takes into account the bias effect, the RSD effect, and even
nonlinear effects on the displacement vector, one must
make an assumption. That is, in the IR limit, all contribu-
tions from IR modes appear as the coordinate trans-
formation through W,.y. This is expected to be true for a
single dark matter fluid in GR. However, in Appendix A,
we introduce degenerate higher-order scalar-tensor
(DHOST) theories (for reviews, see, e.g., [63,64]), a type
of modified gravity theory, as an example of how a simple
rewrite of Eq. (19) into Eq. (24) cannot extract only the IR
effect through W,.y. Also, while this assumption is con-
sidered valid for the standard bias model in GR (e.g., see
[57]), there is a possibility that it may be violated by other
bias effects in the context of modified gravity theories
[65,66] and multicomponent fluids [67].

1. Perturbative expansion

In Fourier space, the nth-order term of the galaxy density
fluctuation can be expressed as
&p,

g [ dp
5g (k) - / (271_)3 e (271.)3

X Zy(P1seos s MO (P1) - - B ().

(2”)35D(k _p[l.n])

(27)
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Here, Z,(py, ...,p,) represents nonlinear kernel functions
that incorporate both the bias effect and the RSD effect.

Approximating both 55 (x) and W,y as linear, we then
obtain [55]

~ 1] T2
5g(x,n) m 5}; (x - lI’rs:d<n)’n)’

5y (k. 7)) — e Mgl (k 7). (28)

The linear galaxy density fluctuation is given by
S (k. 7t) = ZIV (k, 2)SM (k). (29)
where Z, (k, 1) is the first-order kernel function [56]
Z(k,n) = by + fu’. (30)

Here, b, is the linear bias parameter, f represents the linear
growth rate function, and y = k- 7 denotes the cosine of

the angle between k and 7.
From Eq. (26), up to the third order in perturbation

theory, SE';]) g(k, 1) are expressed as

(—ik - W) (2))°8y (k. 7). (31)

The nth-order displacement vector in redshift space is
computed by the following linear transformation as [62]

W (g, 7) = R, (h) - W (q). (32)

The transformation matrix is given by
R,];; =I;; + nfin;, (33)

where I is the three-dimensional identity matrix and i,
j=1,2 3.

Throughout the remainder of this paper, we always
consider both RSD and bias effects. To simplify notation,
the subscripts “g” and “red,” as well as the LOS-
dependence 71, are omitted in the subsequent sections.
We retain the subscript “m” only for quantities related
to dark matter: i.e., Woq(q.7) = ¥(q), Wea(t) =P,
5,(x.8) = 8(x), and Z,(py..c0.pyet) = Zy(p1en.p).
Furthermore, a simple right arrow will represent the IR

limit: —— =—.
IR limit

C. IR cancellation of two-point statistics
in the IR limit

In this subsection, we provide a brief overview
of the IR effect cancellation in the 2PCF and its Fourier-
transformed counterpart, the power spectrum. A funda-
mental assumption is the complete absence of correlation
between Js)(x) and W, which corresponds to the second
assumption in the IR limit discussed at the end of Sec. IT A.
Owing to the translational symmetry of the ensemble
average, all IR effects originating from W are canceled
out, leaving only the short-wavelength 2PCF:

(6(x)8(x")) = (8(s) (x —¥)3(5) (x' =) = (8(s) (¥)J(s) ("))

(34)
Assuming that all nonlinear effects emerge only from the
IR effects through W!!), then the nonlinear 2PCF reduces to
the linear 2PCF:

(5(x)8(x")) — (sl (x — P51 (' — PlI]))
= (811 (x)s! (x")). (35)

In Fourier space, it becomes

(8(k)(K')) — (e~ ¥ o=k ¥ (5111 (1) 3111 (k7))
= (27)%6p(k +K)[Z, (k) 2P (k). (36)

where PlL" (k) is the linear matter power spectrum, calcu-
lated as

(B (k)5 (K1) = (26 (k + K )Pw' (k). (37)

In the following, we provide a detailed analysis of the
exponential function (e=*¥" ¢=%¥'y in Eq. (36). Using
cumulants, denoted by (- - -)C,l this can be reconstructed as
(e= ¥ o=k ¥y — DINDKE(kK'),  (39)

where D(k) and E(k,k’) are defined as

D) = exp (3 (k- %), ).

Sk k) = exp(((—ik ) (=il - \ilm)>c). (40)

'"The cumulants of a statistical quantity X, denoted (X")., are
obtained from a power series expansion of the cumulant-
generating function In{e*):

In ({e¥)) = 37— (xm,. (38)
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The function D(k) is subsequently described as a two-
dimensional exponentially decaying function [45-48]:

k21_ 202+k2 202
D(k):exp(— ( ”); i ”), (41)

where the radial and transverse components of smoothing
factors, aﬁ and o4, are given by

/_P[HJ

In addition, the function E(k, k') satisfies

Elk.k) = D*(k),
Elk,—K') = EN (k. K),
E(k,—k) = D2(k). (43)

and generates an exponentially increasing function as the
square of the inverse of Eq. (41) when the statistical trans-
lational symmetry k + k' = 0 is satisfied. Finally, as indi-
cated in Eq. (36), the nonlinear galaxy power spectrum
converges to the linear galaxy power spectrum in the IR limit:

P(k) — (e7% ¥ ¥y 7, () 2P (k)
= D2(k)D2(k)[Z, (k) 2P4" (k)
= [Z,(k)) PR (k). (44)

D. Relations to previous works

1. One-loop corrections in SPT

Consider the next leading order, i.e., the one-loop order
contribution, in the framework of SPT [7]. This is divided
into P2 (k), which is the product of the dual second-order
density fluctuations, and Pl (k), which is the product
of the first- and third-order density fluctuations, where
Pl-loop(k) _ P[22]<k) + P[13] (k)

In this context, Py, and P;3 become

&Epy [ Ep
PR(E) = 2 / ! / 2 (20360 (k - p1.y)

(2n)* ) (22)°
[Zz(Pth)}zP (PI)P ( 2),
P3I(k) = 62, (k)P “”(k)/ “p 4 Zs(k.p.—p)Ph ().
(27)*

(45)

In the IR limit, both Z,(k,p) and Z5(k,p, —p
mated as (see Appendix B)

) are approxi-

lep
k,
Zalkp) — 2( i

k-R,-p
Z3(k’p’_p)p__)5 3; ( p2

where R, is the transformation matrix given in Eq. (33).
Consequently, P22 and P!'3 in the IR limit are described as

>Z,(k),

Pz, o

22
PRI(K) —

13
P (k) >

(k2 (1 = p2)od + o) 2, (k) 2PR (k).
—((1 = p2)a? + K420?)[Z, (k) Ph (k).
(47)

where the subscript “IR” means the values evaluated in the

IR limit. When summing up Pﬁf] and Pﬂfl, they mutually

cancel out, resulting in a net value of zero. These results
align with the form obtained when expanding D(k)D~! (k)
up to the one-loop order in Eq. (44).

2. I'-expansion

The nonlinear power spectrum can generally be decom-
posed into two components. One component is propor-
tional to the linear matter power spectrum, and the other is
associated with mode-coupling integrals. This relation is
presented in [10,47]

P(k) = G2(k) PRV (k) + Py (k). (48)

Here, the function G(k) appearing in the first term on the
right-hand side is referred to as the propagator, and the
second term is known as the mode-coupling term.

The T'-expansion corresponds to the decomposition of
the power spectrum within the framework of mode-cou-
pling integrals (e.g., see [61]):

= [ bR [k
P = ort [ G [ k-ky)

r=1

X MO (ky. oo k)PP (Ky) - PR, (49)

where the rth-order kernel function I'"") in the I'-expansion
can be expressed using the kernel functions Z, in SPT as

1 X (r+29)! [ dp, d*p
MKy, k) =+ / / :
ey rl Z; 255! (2x)? (2z)
XZr—‘rZs(kl’"'vkrvplv_ph"'7ps7_Ps)
x P (p1) - PR (py). (50)

When compared with Eq. (48), the first-order I"-expansion
is related to the propagator, and the sum of the degrees of
the I'-expansion from the second order up to infinity
constitutes the mode-coupling term.
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Assuming that all nonlinear effects arise only from the
linear IR effect, Eq. (26) shows

5(k) — e * ¥z, (k)54 (k), (51)

and the kernel functions in SPT corresponding to this
expression are given by

1 n—1 k-R P
k) —— VR
Pise-osPp-1—0 1! i Pi

(52)
Substituting these kernel functions Z,, in this IR limit into

Eq. (50) leads to the coefficients of the I'-expansion in the
IR limit:

DK

ko,...sk,—0ipy,....ps—0
(kR -k
xH(%)ZAkl)' (53)

Substituting this T'") into Eq. (49), we finally obtain
[39,40]

0 k2 1= 2 63_ k2 20.2 r—1
1>(k)—>D2(k>Z< ( ﬂ<)r—1+)! i

x [Z, (k) 2P (k). (54)

To derive the above expression, we assumed

opk — ki ) — PR rop(k—ky),  (55)

25e0s r=

where the factor r appears because we select one wave
vector k; from r wave vectors.

Furthermore, we obtain the IR limit expressions of G (k)
and Pyc (k) from Eq. (54):

G2 (k)P (k) = D2(0)[Zy (R)2 P (k).
Pyc(k) = D2 (k) (€ (k. ~k) = 1)[Z, (k) *Pw" (k)
= (1= D2(k)[Z, (k)PP (), (56)
where E(k, —k) = D~*(k) in Eq. (43). It is important to
note that the function £(k,k’) serves to connect different
wave vectors k and k. Consequently, a series expansion of

E(k, k') — 1 yields a term related to the mode-coupling
integrals.

3. Propagator

In this paper, we focus on the impact of the BAO signal
due to nonperturbative IR effects. To that end, we provide a

detailed explanation of the calculation of the propagator,
which directly influences the nonlinear decay of BAO.

The propagator is defined by the correlation between two
factors: nonlinear galaxy density fluctuations and linear
dark matter density fluctuations,

oo ) = [ (;’ﬂ’; e eGHPL (). (57)

Note that this definition assumes the absence of primordial
non-Gaussianities. When the nonlinear density fluctuations
are decomposed into long-wavelength displacement vec-
tors and short-wavelength density fluctuations, as shown in
Eq. (24), the propagator can be computed as

(815 (x — F)h (x'))

- [ b e 2Pk

+ io: PEIS()2n+1)] (k)/<2Z1 (k)):| ) (58)

where 5[[111] (x) corresponds to short-wavelength modes and
P[1(2n+1)]

thus correlates only with ) (x), and (s)

represents

the cross-power spectrum of 6EZS';+1] and 621]. Note that only
odd orders appear in PEIS()Q"H)] since primordial non-

Gaussianities are absent.
By truncating &(s) up to the third order and by further

approximating ¥ to be of linear order, we obtain

G(k) = D(k)[Z, (k) + P{g) (k)/ 2Z, (k) Pr" (K)].  (59)

Here, PEI;)] is defined as

3 3
Pl () = PIY(k) — P (k). (60)

where Pl represents the IR limit value of P13 as given

in Eq. (47).

In the definition of the propagator (58), it is important to
note that nonlinear density fluctuations and linear density
fluctuations possess different IR effects. In particular, there
is no IR cancellation based on statistical translational
symmetry in the calculation of the propagator. The expo-
nential decay of the propagator is due to the absence of this
IR cancellation. Similarly, other higher-order coefficients in
the I'-expansion decay exponentially, as shown in Eq. (54).

This paper repeatedly emphasizes that an exponential
decay effect is consistently observed when calculating
cross-correlations between fluctuations with distinct IR
effects. Notably, Sec. IV will demonstrate the exponential
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decay of the cross-power spectrum for both pre- and
postreconstruction density fluctuations.

E. IR-resummed model for the prereconstruction
power spectrum

In the previous section, we discussed the IR cancellation
under the assumption that 6" (x) and W!!! are uncorrelated.
This lack of correlation is due to the three assumptions
mentioned at the end of Sec. I A 2, especially the one
stating that there is no mode coupling between the IR effect
and the short-wavelength density fluctuation. In practice,
however, there is mode coupling that prevents complete IR
cancellation. By addressing this imperfection in IR can-
cellation and isolating only the effects of BAO, we can
construct a theoretical template model that effectively
handles the nonlinear damping effects of BAO.

1. Linear level

We begin by relaxing the approximation of the IR limit
concerning the behavior of the power spectrum in the
context of the I'-expansion discussed in Sec. IID 2.
Specifically, we do not use the approximation that decou-
ples the coupling between different wave vectors, as in
Eq. (55), while maintaining the IR limit approximation of
the kernel functions of the I'-expansion given in Eq. (53).
We then obtain

5 x 1 d3k d3kr
P(k) - D*(k) Z o= 1)!/ (271-)13 . / (2”)3

r=1

T (kR -k)\?
x (27)3p(k — k) [ [ (é)

2
i=2 ki

X [Z, (k)PP (ky) - PR (k). (61)

To account for the damping effect of the BAO signal, we

decompose the linear matter power spectrum Pg,”(kl) in
Eq. (61) into two components: the “wiggle” component
containing only the BAO signal and the “no-wiggle”

component without BAO [69]. Thus, it is expressed as

ph (ky) = Py(ky) + Py (ky), where the subscripts “w”

and “nw” denote “wiggle” and “no-wiggle,” respectively.
Note that this decomposition is only applied to Pg,l](kl),

and not to other linear power spectra Ph'’ (ky) - -+ phY (k,).
According to this decomposition, the nonlinear power
spectrum that includes the wiggle part and the no-wiggle
part is denoted as P(k)|,, and P(k)|,,. respectively:

|IlW’

2As another example, Chisari and Pontzen [68] showed in the
Zel’dovich approximation that the cross-power spectrum of
density fluctuations evaluated at two different times decays
exponentially due to IR cancellation breaking.

P(k) = P(k)| + P (k)| (62)

For the P(k)|,, term, we adopt the approximation in

Eq. (55) and achieve full IR cancellation, leaving only the
linear no-wiggle power spectrum:

P(k) |y = [Z1 (k)] P (k). (63)

For the P(k)|, term, Eq. (61) is transformed using
Sp(k —ky ) = [ dre="*=*11) 10 become

P)|, — D(k) / Bre ke (1) A(k.r),  (64)
where

3
£u(r) = / %el’kﬂ[zl k)PP (k) (65)

and

Ater=en] [ (‘2’?5 (“R2Y A} e

The wave vector integral in the .4 function is calculated as

&p inr Pib; [11] 37t — &)
x o5(r), (67)

where

o) =31 [ SEidenPhw). (69

To simplify the calculation, we only consider the isotropic
component of the A function and ignore the o, term.
Furthermore, the 2PCF of the wiggle part in Eq. (65) has a
peak around rgao ~ 110A~! Mpc and is zero at other
scales, so we fix the scale dependence that appears in
the o (r) function to r = rgso. With these approximations,
the A function becomes

2(1=12)62(rga 2262 (rg
A(k)zexp<k et 02)+kﬂ o AO)>, (69)

where o = (1 + f)?05. Note that the r-dependence has
been omitted here. Then, we finally obtain

P(k)|\ = Diao(K)[Z, (k)] Py (k). (70)

The function that expresses the nonlinear damping of the
BAO signal is defined as follows:
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D(k)A(k) = Dgao k), (71)

and its specific form is given by

(1= p?)ogp0.1 + i og 0
Dypolk) = exp (— 2 ’”),

(72)

where the radial and transverse components of smoothing
factors are calculated as

1 [dp
azBAO,L :3/2712(1

GZBAO,H = (14 f)*08a0.1- (73)

Jo(PrBac)) P (p),

Substituting Egs. (63) and (70) into Eq. (62), we obtain
the IR-resummed power spectrum model at the linear level:

P(k) = [Z, (k)] [Diao (k) Py (k) + Py ()] (74)

This form is consistent with the template model proposed
by [46], which has been widely used for BAO analyses.
When the decomposition of the nonlinear power spec-
trum into the wiggle and no-wiggle parts is applied to the
propagator and mode-coupling term in Eq. (48), we obtain

G2 (k)P (k) = D*(k)[Z, (k) 2[Py (k) + Poy (k)] (75)
and

Pyic(k) = D*(k)[D7 (k) = 1][Z, (K)]* P (k)
+ D2 (k)[ A% (k) — 1][Zl(k)]2P (k)

= [Z1(k)P[Df a0 (k) Py (k) + Poy (k)]

= DX(K)[Z, (k) *[Py (k) + Py (K)]. - (76)

These expressions show that the nonlinear damping effect
of BAO arises from the mode-coupling term, and the
contribution from the propagator term cancels out with
the second term of the mode-coupling term.

2. One-loop level

We turn to the one-loop order correction terms. In the IR
limit, the nonlinear galaxy power spectrum is described as

P(k) — D*(k)D (k)P ) (k). (77)

where P(g) consists only of the short-wavelength density
fluctuations, 5(5). At the one-loop level, we derive the short-
wavelength power spectra from Eq. (31) as

PE () = P2 (k) - PR (k).
= PP(k) — In D2(k)[Z, (k) ]Pn ) (k).
P = P (k) - P (k).
= PI(k) - D2(k)[Z, (2P (k). (78)

where we used the uncorrelation between ¥ and d(s)-
Compared to the propagator including the one-loop cor-
rection term in Eq. (59), the propagator and the mode-
coupling term at the one-loop level are shown as

G2 (k)P (k) = D> (0)[[Z, ()P PR (k) + Plg) ()] (79)

and
Py (k) = D2(k) (D2(k) = 1)[1Z, (k) 2PR" (k) + Plg) (k)]
+ Py (k). (80)

When Egs. (79) and (80) are added, they yield the one-loop
power spectrum in SPT.

To describe the nonlinear damping of the BAO signal, we
recalculate the mode-coupling term in Eq. (80). First, given

that [Z, (k) PR (k) + Pl (k)
apply the computational techniques used to derive the

linear IR resummation model in Eq. (76) to the first term on
the right-hand side of Eq. (80). Therefore,

x P,[Ilf] (k), we can directly

D2 (k) (D2 (k) - 1) {[zl (k)2PRY (k) + P 0|

= DR)(D2(k) - 1)

IR—resummed

x (21 (k)1 = In D2(k)) Po (K) + P10
+ D?(k)(A*(k) = 1)

< [Z (k)P (1= D2R)Py () + PY W], (81)
where
Pl (k) = (Poy (k)/ P (k) P13 (k)
P (k) = (P (k)/ PR (k) PP (k). (82)
Furthermore, in the IR limit, PEZSZ)] can be explicitly
written as
P (k) = D*(k)D~2 (k) [Py, (k)

(S)
~InD2(k)[Z, (k)2PRI(k)].  (83)

In this context, since P,,(k) appropriately includes the
wiggle part within the mode-coupling integral, no further
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manipulation is required. For the second term on the right-
hand side of Eq. (83), when considering the wiggle part,
D2 originating from the mode-coupling integral should be
replaced by A% Conversely, for the no-wiggle part, D2
remains unchanged. Thus, we obtain

P ) ———= P (k) = In D2(K)[Z; (k) >y (k)

— D2(k) A2 () (In A2(K)) (2, () 2Py (k). (84)

Substituting Eqgs. (81) and (84) into Eq. (80) and then
combining with Eq. (79), we obtain the IR-resummed
power spectrum model at the one-loop level:

P(k) =D} 00 (k) [[Z, (k)] (1 ~In D} 00 ()P (k) + P (k)]
+[Z1 (k)2 Py (k) + Pha (k) + PP (k). (85)

F. BAO signal in the mode-coupling term

The IR-resummed power spectrum model, which is
obtained by decomposing the linear power spectrum into
the wiggle and no-wiggle parts, as in Egs. (74) and (85),
was derived by Sugiyama and Spergel [40] based on the
results of numerical experiments showing that the BAO
signal in the mode-coupling term was negligibly small. The
model derived there was one in which all Dgpg(k)
appearing in Egs. (74) and (85) was replaced with D(k).

Subsequent studies [49-54,59] introduced considera-
tions regarding the wiggle part included in the mode-
coupling term. It was understood that the wiggle part within
the propagator term cancels out with a part of the wiggle
part in the mode-coupling term, ultimately leading to the
conclusion that the nonlinear damping of the BAO signal is
explained by the wiggle part in the mode-coupling term.
Consequently, the nonlinear damping of the BAO signal is
now described by Dy, as shown in Egs. (74) and (85),
rather than by D. However, in the context of the ACDM
model, the numerical difference between Dgpo and D is
known to be minimal [51].

Figure 1 numerically demonstrates the nonlinear effects
on the BAO signal in real space, assuming f = 0. This
figure plots the ratio of the wiggle part to the no-wiggle part
in the linear IR-resummed model given by Eq. (74)atz = 0
(magenta solid line). For comparison, the linear prediction
(black dashed line) and the approximation where Dgyq iS
replaced by D as provided by [40] (blue dotted line) are
also plotted. The lower panel of this figure shows the
difference between the result from Eq. (74) and the
approximation where Dgpo is replaced by D, defined
as Diff = [D},o — D?|Py/ Pow-

From Fig. 1, we can see that even if we approximate
Dgpao =D and ignore the wiggles in the mode-coupling
term in Eq. (76), the numerical effect on the power
spectrum is about 0.2%. This is the result for the case of

n === linear: Dao — 1
0.050 - | P S A T approx.: Dpao — D
= \ - full
] 0.025 A v
of U020 \ 1 -
| ABIEA
= 0.000 L N
- ' \/ \ li
g A8 " \\ Vi
S —0.025 1 S 4
a/m \ 1 v !
Wi v/
—0.050 A i v-1
\
0.2 1
N VAV AN
] \/ \/
—0.2 4
0.05 0.10 0.15 0.20 0.25 0.30
k [hMpc™?]
FIG. 1. Ratio of the wiggle part to the no-wiggle part in the linear

IR-resummed model given by Eq. (74) at z = 0 in real space. The
upper panel shows the result using Dgpo (magenta solid line),
the linear theory (black dashed line), and the approximation where
Dgao is replaced by D (blue dotted line). The lower panel plots the
difference, Diff = [D3,o — D*|Py/Pyy-

z = 0, where the nonlinear effect is at its maximum, and for
actual observations at redshifts z = 0.2-0.2, this difference
will be even smaller.

Therefore, in terms of constructing a model that can
realistically explain observations, the approximation
Dgao = D is valid. In this case, the mode-coupling term
in Eq. (76) consists only of the no-wiggle part as

Pyic(k) ~ (1 = D*(k))[Z, (k)]*Pow (k). (86)
leading to the linear IR-resummed model
P(k) = [Z,(k)*[D* (k) Py (k) + Puy (k)] (87)

Similarly, at the one-loop level, the following model is also
approximately satisfied [40]:
P(k) = DX(0)[[Z,(R)P(1 = In D2 (k)P (k) + P k)

+ 21 ()PP (k) + Pr (k) + PRI(K). (88)

III. POSTRECONSTRUCTION CASE

We apply the method for constructing the IR-resummed
power spectrum model from the prereconstruction to the
postreconstruction case.
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A. Postreconstruction density fluctuations

To reconstruct the galaxy distribution, the displacement
vector for reconstruction is calculated from the observed
galaxy density fluctuations as follows [1]:

0= [ () (T o

P bl,ﬁd

where b 54 is an input fiducial linear bias parameter for
reconstruction, Wg(pR;) = exp (—p?R?/2) is a Gaussian
filter function, and R, is an input smoothing scale. This s(x)
is derived from the observed galaxy fluctuation §,,(x). By
substituting &, with the nonlinear density fluctuation é in
Eq. (19), which includes the bias and RSD effects, we can
make a theoretical prediction of s(x).

The reconstruction scheme uses s (x) to move each of the
galaxy data particles and the corresponding random par-
ticles. Such an operation is expressed as

14 5y(x) = / (14 5(6))5p (x — ¥’ — s(¥')).

1+ 6,(x) = /d3x’6D(x —x' —s(x')). (90)

Here, 54(x) is the density fluctuation of the reconstructed
galaxy data particles, and &, (x) is the density fluctuation of the
reconstructed random particles. The observed postreconstruc-
tion galaxy density fluctuation is then given by [6,55]

5rec(x) = 5d(x) - 5s(x)

:/d%&ﬂ%@—ﬂ—mﬂ) (91)

B. IR effects on the postreconstruction
density fluctuation

The displacement vector for reconstruction, s(x), is
derived from the nonlinear density fluctuation, which
includes the shift term that should be considered in the
IR limit [e.g., see Eq. (2)]. This characteristic of s(x) is
unique, contrasting with the displacement vector ¥(q),
where the shift term is excluded [e.g., Eq. (22)]. In this
subsection, we focus on examining the nonperturbative
behavior of the shift term within s(x) and demonstrate its
impact on the postreconstruction density fluctuation.

Following the approach introduced in Sec. II, we
decompose the galaxy density fluctuation §(x) into two
components: the IR effect represented by W, and the short-
wavelength density fluctuation &s)(x). By substituting
Egs. (24) and (26) into Egs. (89) and (91), we obtain

) = [ X5 (' = Bl = =55 (¢ = P)

_ / P85) (")t — ¥ — X" — 55, (x")). (92)

In the second line, we used the coordinate transformation:
x" = x' —W. Here, s(5)(x) is defined as

Sis)(x) = / (Czij:; ePx <;_I;> (_ Wi‘gfifd)g(s)@)- (93)

In the IR limit, the short-wavelength displacement vector
for reconstruction, $(s)» NO longer receives contributions
from the shift term, leading to its analogy with the
displacement vector W. As demonstrated in Egs. (23)
and (24), the IR effect within the nonlinear density
fluctuation is represented by W at the origin. Similar to
¥, by decomposing sg into its origin value and other
components, we can elucidate the IR effect within the
postreconstruction density fluctuation:

S(s)(x) = 5§ +5(55) (%), (94)

where § =sg(x = 0).
rewritten as

Finally, ,.(x) can be formally

5rec(x) = 5(S)rec(x - \ilrec)7 (95)

where

W = ¥ +5§ (96)

and

S(s)rec(¥) = /d3x’5<5)(xl)5D(x—xl —s(ss) (). (97)

This result shows that the IR effect manifests in the
postreconstruction density fluctuation as the coordinate
transformation via W,.., like the prereconstruction case in
Eq. (24). Consequently, the arguments applicable to the
prereconstruction IR effect can similarly be applied to the
postreconstruction context.

C. Lagrangian space

We can also perform the calculation of density fluctua-
tions after reconstruction in Lagrangian space. To facilitate
a comparison with the Zel’dovich approximation, set to be
discussed in Sec. Il E, we provide proof for Eq. (95) in
Lagrangian space.

In Lagrangian space, 54(x) and &,(x) are each expressed
as

1+ 8,(x) = / (1 + 60s(9))50(x — g — ¥(q)
—s(q+¥(q))).

[+ 6,() = / Pabp(x - q - 5(q)). (98)
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Similar to Eq. (92), they can be rewritten as

I+ 8a(x) = / (1 + By (4))5(x — g — ¥ — ¥ (q)
—5(s)(q +¥s)(q)))s

1+ 6(x) = /d3q5D(x —q—si)(g "))
- / Pasp(x—q ¥ —s5(q). (99)

where ¥ (5)(q) = ¥(q) - ¥ in Eq. (23). For &,(x), we used
the coordinate transformation: ¢’ = g — V.

Note that s(q + ¥(q)) within 64(x) does not include the
contribution from the shift term in the IR limit. This is
because the coordinate transformation, represented by
g+ ¥(q), cancels out the IR effect of W. As a result, it
can be expressed only in terms of short-wavelength modes
as s(s)(q + ¥(s)(q))-

Furthermore, we decompose s(s) into the value at the
origin ¢ = 0 and other parts:

ss)(q +¥(s)(q) =5+ 5(s5)(q + ¥ (s5)(q)).
S(s)(q) =5 +5(s5)(q). (100)
where we used Ws(g = 0) = 0.
Finally, we obtain
Srec(®) = 8(5)a(x = Wiee) — 5(5)s (¥ — Pree)
= 5(s)rec (¥ = Preco), (101)
where

1+ 8ga(x) = / Pl + 63as())
X Op(x —q—¥s)(q) —sss)(q+¥s)(q)))

4 8gy5(0) = / Pt —q - 5(56)(4))- (102)

D. IR cancellation after reconstruction

We can show that the IR cancellation occurs even after
reconstruction:

<5rec (x)érec (x/)> = (6(S)rec (x - ‘Prec)é(s)rec (x/ - \i’rec ))

- <5(S)rec (x)5(S)rec(x/)>' (103)

Approximating both 5. (x) and Wy, as linear, we obtain

(Brec () Bree (x)) = (81 (x — Wieb )51 (¢ — WLl

= (8! (x)a"l (x")). (104)

Under this approximation, the propagator term and the
mode-coupling term are, respectively, represented as

G2 (k)P (k) — D2.(K)[Z, (k)]2PR (k) (105)

and

Pyc(k) = (1= D2, (k)[Z,(K)]2PR" (k). (106)

These specifically lead to the IR cancellation in Fourier
space:
Prc(k) = Die()[Z, (k)2 Pr" (k)
+ (1= Dee(k)[Z (k)P Pr (k)

= [Z,(k)]2PR (k). (107)

Here, D.(k) is the two-dimensional exponentially
decaying function after reconstruction, given by

Declh) = exp (3 (k- 9. )

kz(l - /42)636‘: 1 + kziuzgfec H
= exp (— : . )

; (108)

The radial and transverse components of the smoothing
factors are further decomposed into

2 _ 22 2
Otec, . — 01 + O-ps,J_ + O, 1>
2 _ 2, 2 2
Prec.| = O T s T O (109)
where 67 and o7 are given in Eq. (42). The subscript “ps”

means the correlation between W and §, and “ss” denotes
the autocorrelation of §. These smoothing factors are
calculated as
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I [koax dp We(pR ) f [11]
2 == —— [ -2 2 by += | | Py ,
Tps.L 31 27° < b fia 1+ 5 (P)

min

b 1 /kmax d—p _ WG(pRS)
kmin

[0 = =
ps,|| 3 277,'2 bl,ﬁd

02 _ l/kmax d—p
SS,” 3 kmin 277:

Here, we summarize the key considerations when perform-
ing the above calculations:

(1) The integral range should depend on the scale at
which s(x) is measured.

(2) Since s(x) is derived from the power spectrum of the
measured galaxy density fluctuations, we should
consider the shot-noise term 1/7 in o7, | and o7, |,

where 71 is the mean number density [70].

E. Comparisons with the Zel’dovich approximation

Previous studies [21-24] have often used a simple linear
approximation for s(x), known as the Zel’dovich approxi-
mation for reconstruction. This approximation, however,
does not account for nonlinear IR effects in s(x). In this
subsection, we present a detailed comparison between the
Zel’dovich approximation and our findings in Sec. III D.

In the Zel’dovich approximation, Eq. (98) becomes

L4 84(x) ~ / dq(1+ 8y, (9))5p(x — g — ¥l (g)

—slll(g)).

4 6x) ~ [ dadnlx - -5"(0). (111)
In the IR limit, they are represented as

84(x) = o (e — 1T — 510,

8.(x) = ol (x — 511 (112)

We then derive

Srec(x) = 8 (x — W — g1y — 5l (x —5110) (113)

The key difference of this equation from Eq. (101) is how
s(q) is treated within §;(x). In Eq. (101), nonperturbative
IR effects are incorporated into s(q), revealing both ¥ and §

effects in &,(x). In contrast, the Zel’dovich approximation
assumes a linear s(q), resulting in only the § effect.

[2(1

1 Kiax dp WG(pR ) 2 2 3 11 1
2 = — -2 s b>+Zb = 2P =,
O, L 3 /c'mi" 277:2 < bl,ﬁd 1 + 5 lf + 35f (p) + 7i

42 3 1
2 2 ) plll] -
(bl +—35b1f+7f >Pm (p) +ﬁ].

w00+ 31) [P,

(110)

|
In Fourier space, Eq. (113) becomes

Sree (k) — [e—ik(\il[l]ﬁ[l)zd’1 (k) — e—ik.g[l]Zs‘] (k)} 51[111] (k),

(114)
where
Zya(k) = {1 + (‘%)]21("),
2.4 = (-TeE ) 7,4, (115)
The propagator is then given by
G (k) = Drec(k)Zqg, (k) — Dys(k)Zg, (k). (116)
with
Dutl) =exp (3 (ks ). (1)

Equation (116) shows that the propagator in the Zel’dovich
approximation comprises two Gaussian decay functions:
Diec(k) and Dy (k). This contrasts with Eq. (105), where
only D, (k) appears. The specific expression for Dy, (k) is

(1 —u?)o% | + Ku*c?
( )osL ss,), (118)

Dy (k) = exp (— :

where the radial and transverse components of the smooth-
ing factors are given in Eq. (110).

We can also demonstrate that Eq. (113) breaks the IR
cancellation:

(Brec(X)rec () — (84 (x)84 (x')) — (8 (x — P15 (x'))
— (8 (x)8y) (' —PI1))
+ (M )l (x)). (119)

In the cross-correlation functions between 6, (x) and 5(x”),
the IR cancellation does not occur, and the contribution of
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P! remains. In Fourier space, the cross-power spectrum
between 54(k) and &,(k’) is represented as

Pyy(k) = D(k)Zg, (k) Z,, (K)PR (k). (120)

Hence, breaking the IR cancellation leads to an exponential
decay of the power spectrum. This finding deviates from
our result where the IR cancellation is satisfied even after
reconstruction.

F. Comparison with the one-loop solution in SPT

In this subsection, we investigate the IR limit properties
of the one-loop solution in SPT for the postreconstruction
power spectrum.

In Fourier space, the nth-order term of the redshift-space
density fluctuations after reconstruction is given by

i 43 A "
) = [ G P k=)

XZrec,n(plv""pn)gl[:‘](pl)“'gg](pn)' (121)

The function Z..,(p;,....p,) denotes nonlinear kernel
functions accounting for the bias effect, the RSD effect, and

the reconstruction effect. Consequently, the postreconstruc-
tion terms corresponding to P2¥ and P13 are expressed as

[22] B d3P1 / d3P2 3
Prec =2 2 —
=2 [ G [ EL nfonlk-pya)

X [Zeeea (P1,22) PP (p1) PR (p2),
d*p

Pl (k) = 62, (k)P (K) / (2 Zuesllep.—p)Pu! ()

(122)

In the IR limit, both Z.,(k,p) and Z..;(k,p,—p) are
approximated as (see Appendix C)

1 k-R,-p
Zrec.Z(kvp> p_—>0) 521 (k){ ( p; )

() (e}

Zoslbp—p)— 12, (k){ <k R, .p>

p=0 3! p

Using Eq. (123), Pﬁg] and ngg] in the IR limit are described
as

PRR() = (R(1 = g0, | + R4l )

rec,||
x (2, (k)P (k).
P (k) = =(B(1 =)ok | +IP4202, )

rec,||
x 2, (k)PP (k). (124)

These terms cancel each other out, leading to the post-
reconstruction one-loop power spectrum approaching zero
in the IR limit: o™ (k) — 0. This result is consistent with
those obtained by expanding both the propagator term and
the mode-coupling term up to the one-loop order, as
presented in Egs. (105) and (106). Given that SPT ensures
accurate calculations for each respective order, this finding
further reinforces the validity of our main result: i.e., the IR
cancellation occurs even after reconstruction.

G. IR-resummed model for the postreconstruction
power spectrum

As discussed in Sec. IIE, the function £(k,—k) =
D72(k) in Eq. (43), resulting from the mode-coupling
integrals, plays an essential role in describing the non-
linearity of the BAO signal. In particular, focusing on the
wiggle part, the IR-resummed model can be constructed by
replacing D=2 with A% in Eq. (69).

After reconstruction, the same calculations used to
derive the IR-resummed model before reconstruction can
be repeated. The postreconstruction A(k) is denoted
as A.(k). This A..(k) can be calculated by replacing
PhY(p) in the smoothing parameters o2, and O
which Dri(k) in Eq. (108), with
Jo(prs AO)PEI]( p). The function describing the nonlinear
damping of BAO after reconstruction then becomes

characterize

DBAO,reC (k) = Drec (k>-Arec (k) ’ ( 1 25)

and the linear IR-resummed model of the postreconstruc-
tion power spectrum is obtained as

Prec<k) = [Zl (k)]z[Dlz?»AO,rec(k)Pw(k) + in(k)]' (126)

This form is identical to the one before reconstruction, with
the exception of the values of the smoothing parameters
that characterize the exponential decay of the BAO signal.
Template models using a single Gaussian function have
been widely used in postreconstruction BAO analysis (e.g.,
see [71-74]). The findings in this paper confirm the validity
of these previous postreconstruction BAO analyses.
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At the one-loop level, we obtain

Prec (k) = DZBAO,reC (k)
% [[Zy (K)2(1 = 10D} 50 e (k) Py (k) + Preany (k)]

+ [Z, (k) 2Py (k) + P (k) + PE (), (127)
where

Piaw(k) = (Py(k)/ Pi" (k) Pl (k).

Prehw (k) = (Poy (k)/ PR (k) PR (k). (128)

H. BAO signal in the mode-coupling term

To investigate the behavior of the BAO signal in the
mode-coupling term after reconstruction, we plot Fig. 2
similar to Fig. 1 before reconstruction, assuming f = 0,
by = b gq =2, and 7i = 3.0 x 10~*(h~! Mpc)=>.

This figure shows that the difference between the two
results obtained with Dgaq e and with the Dpag rec & Drec
approximation on the power spectrum is extremely small,
about Diff = 0.0005%. This is due to the fact that the

. . 2 2 .
postreconstruction smoothing parameters o7 | and oy, in

Eq. (109) are constructed so that they become small in the
limit of p — 01in Eq. (110), i.e., in the large-scale limit, and
the contribution from large scales of rgao ~ 110A~" Mpc is
strongly suppressed compared to before reconstruction.
Therefore, after reconstruction, the approximation
Dpaorec ® Dy holds very well, and the model can be
constructed while effectively ignoring the wiggle part in the

0.075 A == linear: DBAO,rec — 1
. \ *++= approx.: DBAO,rec = Drec
= 0.050 1 full
2
= 4
S 00234 i o
g ’ ! I’ \\
< 0.000 \ LN
g d ’
& —0.025 - O *
c\zg \ g
\V}
—0.050 - i
"l
0.0005
= ARTANNAN
e 0.0000 V/\ =
5 \/ \/
—0.0005 4
0.05 010 0.15 0.20 025 0.30
k [hMpc™!]

FIG. 2. Same as Fig. 1, except that the functions Dgpq and D
have been replaced by Dpagec and Dy, respectively.

mode-coupling term. Under this approximation, the fol-
lowing models are provided at the linear and one-loop
levels, respectively:

Prec(k) = [Z,(K)P[D2(k) Py (k) + Poy (k)] (129)
and
Prec(k) = D2, (k) x [[Z, (k)]*(1 = In D2 (k) P, (k)
Pl w (k)] + [Z) (k) 2Py (K) + Pled) e (K)
+ Pl (k). (130)

IV. CROSS-POWER SPECTRUM BETWEEN
PRE- AND POSTRECONSTRUCTION
DENSITY FLUCTUATIONS

We now turn to the cross-power spectrum between the
pre- and postreconstruction density fluctuations. In this
section, we demonstrate that the pre- and postreconstruc-
tion cross-power spectrum does not occur with the IR
cancellation, resulting in an overall exponential decay.

In the IR limit, the cross 2PCF of §(x) and & (x) can be
expressed as

(8(x)5cx')) — (811 (x = ¥ Sree (' = Wier).  (131)
Because of the statistical translation symmetry, this expres-
sion transforms to

(8(6)3rec (') = (811 + 51 e (). (132)

As a result, the contributions from the IR effect related to
51!l are retained in the cross 2PCF.

In Fourier space, the cross-power spectrum of &(k) and

Srec (k) in the IR limit is given by
Peross (k) = D(K) Dy (k) Epa e, =) [Z, (k) PP (K), (133)

where the exponential function £y4(k, k') is defined as

Epalle, 1) = exp({(—ik - W) (—ik' - WLL)),).  (134)
This function satisfies the following relation:
Epilk, —k) = Dy (k) Dl (k)D™" (k). (135)
Substituting Eq. (135) into Eq. (133) leads to
Paos (k) = Dy (02, (W)PP(K). (136)

Thus, the contribution from the remaining IR effect in the
cross 2PCF, shown in Eq. (132), appears as the exponential
decay function in the cross-power spectrum.
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To account for the nonlinear damping effect of BAO, as
was done in Egs. (74) and (126), we calculate A by

replacing ngl](p) in the smoothing parameters afs’ | and
Jg&” with jo(prBAo)Pqul](p) and substituting the new

smoothing parameters obtained there into Dg!. Then, when
focusing on the wiggle part, we perform the replacement

5 (k _k) — > *Assl (k)Arec( )A(k)’

replacement

(137)

and when considering the no-wiggle part, we leave it as it
is. Through these operations, we can finally obtain

Pcross(k) - [Zl (k)]z[,Z)BAO(k)IZDBAO.rec(k)~’4s_s1 (k)Pw(k)
Dy (k) Py (k). (138)
In the same way as Eqgs. (87) and (129), when we ignore

the BAO signal in the mode-coupling term, set Dgaq = D,

DBa0.rec = Drees and AG' = 1, we obtain

[Zl (k)}z[ID(k),Drch{)Pw(k) + Dss(k)in<k)]'
(139)

Poross (k) ~

Figure 3 shows the difference between the models of
Egs. (138) and (139), and the difference is very small, at

0.075 4 == linear
/_E\ “ =*=* approx.
% 0.050 full
% A
o0& 0.025 1 \ N -~
Tz ,’/ \ R
= 0.000 .
£ T
2 00251 N\ b
a \ !
‘i
2 _0.050 Wi 4
m — -
S \
0.025 A
N A A\
0.000 —
i N
: T Y U
—0.025 1
0.05 010 015 020 0.25 0.30
k [hMpc™']
FIG. 3. Ratio of the wiggle part to the no-wiggle part in the

cross-power spectrum model between before and after
reconstruction at z = 0 in real space. The upper panel shows
the result in Eq. (138) (magenta solid line), the linear theory
(black dashed line), and the approximation in Eq. (139) (blue
dotted line). The lower panel plots the difference between
Eqgs. (138) and (139).

0.025%. Therefore, Eq. (139) can be considered a good
approximation.

A. Shot noise in the cross-power spectrum

The shot-noise term in the power spectrum arises when
the same particle is counted multiple times during power
spectrum calculations. Usually, the shot-noise term is
absent in the cross-power spectrum of different density
fluctuations. However, in the case of the cross-power
spectrum between the pre- and postreconstruction density
fluctuations, the same galaxies can be identified, making
the shot-noise term significant.

In the discrete picture, the number density in Fourier
space is given by

NE
k)= ek, (140)
where x; denotes the position of the ith galaxy and N,

represents the total number of galaxies. The auto power
spectrum in this discrete picture is expressed as

Z e—tk X;—X;) l%g:
N2 N —

2 |”
N & i#j

[USHS)

1

= Plk)+~. (141)

where V denotes the survey volume. The first and second
terms on the right-hand side correspond to the power
spectrum and the shot-noise term, respectively,

E —ik-(x;—x )
el
N2

g i#j

3

g i=j

(142)

SM

where 72 = N,/V is the mean number density.
Let n..(k) be the postreconstruction density field in
Fourier space. It can be expressed in the discrete picture as

Ng
Mieo(k) =Y e Hues, (143)
where
xrec,i :xi+s(xi)' (144)

Therefore, the shot-noise term in the cross-power spectrum
is given by

N
V<&
—ik-(X;—Xpee ) — ik-s(x;) 145)
— > e 5 E e . (
N Z N? —

g i=j

063528-16



DEVELOPING A THEORETICAL MODEL FOR THE ...

PHYS. REV. D 110, 063528 (2024)

Calculating the ensemble average of the above equation
and taking the continuous limit, we obtain

N,

V<& 1 .
<m§ ezk.s(x,~)> :N_/d3x<ezk.s(x)>
g = g
1 ik-s(x=0)
=3 (e )
1 kst
~ - (e, (146)
n

In the final line, we made an approximation of the linear
s(x). Finally, we derive

<Nlén(k)n;*ec (k)> = Pross (k) + Dy (k) (%) (147)

This result indicates that the shot-noise term is proportional
to Dy (k) and exponentially decays, as iS P (k).

V. CONCLUSIONS

In this paper, we present a new theoretical model
addressing the resummation of infrared effects in the
power spectrum of galaxy density fluctuations after
reconstruction. Our model accurately describes the non-
linear damping of the postreconstruction BAO signal, while
including the one-loop correction term in SPT. The first
main results are summarized in Eqgs. (126) and (127).

We point out in Sec. III B that it is crucial to consider the
nonlinear IR effects contained within the displacement
vector for reconstruction s (89). As a result, the IR effects
on the postreconstruction density fluctuation can be
described as a coordinate transformation of the density
fluctuations (95), like the prereconstruction case (24). This
result leads to the cancellation of the IR effects on the
power spectrum in the IR limit even after reconstruction.
Furthermore, the nonlinear behavior of BAO is character-
ized by the two-dimensional Gaussian decaying function of
BAO, supporting the theoretical foundation of the com-
monly used single two-dimensional Gaussian decay func-
tion in postreconstruction power spectrum and 2PCF
analyses [e.g., 71-74].

We compare our findings regarding the postreconstruc-
tion infrared effects with those obtained using the
Zel’dovich approximation and SPT in Secs. III E and III
F. Notably, in the Zel’dovich approximation, which linearly
approximates s, IR cancellation does not occur, and two
Gaussian damping functions are required to describe the
nonlinear BAO effects. Conversely, in the postreconstruc-
tion SPT, IR cancellation is observed in the IR limit,
corroborating our results.

We further clarify the behavior of the cross-power
spectrum between pre- and postreconstruction density
fluctuations, noting its overall exponential decay due to
the absence of IR cancellation. This observation also

applies to the corresponding shot-noise term. While these
phenomena have been observed in previous simulation
studies [5], our work thus provides a mathematical foun-
dation for these observations. Additionally, as our second
main result, we present a model, as shown in Eq. (138), to
elucidate the nonlinear effects of BAO on the cross-power
spectrum.

In conclusion, our work presents a novel direction in
developing theoretical models for the postreconstruction
power spectrum beyond standard perturbation theory. The
IR-resummed models presented in this paper, which con-
sider the galaxy bias and RSD effects, are directly appli-
cable to the analysis of real galaxy data.

Note added.—Recently, we learned that the DESI
Collaboration [75] was planning to submit a study with
conclusions similar to ours, suggesting that the BAO signal in
the postreconstruction power spectrum should be described
by a single Gaussian damping function. To ensure a
coordinated approach, we arranged to submit our paper
close to the DESI Collaborators’ paper submission. Their
study investigates the theoretical and numerical systematics
of the post-reconstruction BAO signal in detail. In contrast,
our work focuses on the IR effects before and after
reconstruction, providing a more detailed theoretical analy-
sis. Therefore, these studies complement each other well,
each enriching the understanding of the topic from a different
perspective. We refer readers interested in the numerical
aspects to the paper by the DESI Collaboration.
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APPENDIX A: DEGENERATE HIGHER-ORDER
SCALAR-TENSOR THEORIES

In DHOST theories, the second-order kernel density
fluctuation of dark matter is given by [79]

o (x) = <z< - %z) 0 ()2 — c %1 (x) - V) (x)

2 0,0; 1 2
+7'1K 7 —§5ij)5r[111](x)] :

Here, in ACDM assuming f?> = Q,, k =4 = 1. From
Egs. (9) and (10), the short-wavelength density fluctuation
then becomes

(A1)
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4
) = (= 574 ) 0w ¥4 Vo)

— AxPU (x) - Vol (x)
2 [(09; 1.\ ,..]2
+?}“|:<02J—§5ij>6m (x) .

where « = 1 + Ak. There remains a shift term, AWl (x) -

1 /)
V&I[n] (x),in 6ES])m

Therefore, it is not possible to simply separate IR effects from
the rest based on Eq. (24). This unique feature of DHOST
theories leads to a violation of the IR cancellation [80]. This
deviation in the coefficient of the shift term from 1 in DHOST
theories is also related to the consistency relation for the
large-scale structure [66,81,82].

(A2)

(x) that does not go to zero in the IR limit.

APPENDIX B: STANDARD PERTURBATION
THEORY

In this appendix, we show the specific form of the
nonlinear kernel functions Z,, given in Eq. (27) up to the
third order in SPT and investigate their behaviors in the
IR limit.

In Fourier space, Eq. (19) becomes

5g(k) = /d3q€_ik'q{[1 + Bpias ()] e *¥ral@) — 1}- (B1)

We assume that the nth order of the biased density
fluctuation can be represented as
&p,

~n 43 ;
5{31115(16) - / (275)13 a (277:)3 (ZE)SD(k _p[l,n])

X By(Prs D)o (p1) - - S (P),

where B (p,) = (b; — 1) with b, being the Eulerian linear
bias. We follow the standard bias theory (e.g., [57]) and
assume that B,>,(py, ..., p,) do not include the shift terms.
Then, the nonlinear kernel functions up to the third order
are given by [62,83]

(B2)

Z(k) = By(k) + k- Ly, (k), (B3)
Zy(p1-p2) = B2(p1.p2) + [k - Liea2(P1.P2)]

43 B (p1) kLo (p2)] + 1 perm)

Pl L ) L ()], (BY)

and

Z5(p1.p2.p3) = B3(p1.p2.p3) + [k - Ly 3(P1.P2.P3)]

43 Balpr. Pk Luoy (p3)] + 2 perms)
+ % {Bi(1)lk - Lycq2(p2.p3)] + 2 perms}
+é{B| (P1)[k - Liea 1 (p2)][k - Lyeq 1 (p3)]

1
+ 2 perms} + g k- Leea,1 (p1)]

X [k : Lred.l (p2)] [k : Lred,l (P3)]’ (BS)

where k = p, +p, for Z,, k =p, +p, + p3 for Z3, and
Lican(P1s--.,p,) are calculated through the transformation
matrix given in Eq. (33):

Lred.n(plv”~vpn) :Rn'Ln(pl’--'vpn)' (B6)

Since L,5,(p;. ...,p,) do not include the shift term, the
functions Z,(k,p) and Z;(k,p, —p), which are needed to
compute the one-loop power spectrum in the IR limit, are
approximated as

Zo(kp) — (k 'ﬁ; "’>Zl<k>,

p—=0 2

2
Zibp ) — 5 () 2w, @)

APPENDIX C: STANDARD PERTURBATION
THEORY AFTER RECONSTRUCTION

We investigate the IR limit properties of the postrecon-
struction density fluctuations up to the third order.
In Fourier space, Eq. (91) becomes

Orec (k) = /d3xe‘ik'xe‘ik‘s(x)6(x). (C1)

The nonlinear kernel function up to the third order are then
given by [20]
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Zyee1(P1) = Z1(p1),

1f(k- Wa(piR,
Zrec,z(P1,p2)—Zz(pl,p2)+§{< pé’l) <_ 6(PiRy)

bl,fid

1

)+ () i

1((k-pp2 W (ppaRs)
Z1ee3(P1:P2.P3) = Z3(p1.P2:P3) + 5 { < 2[ ) (- 12 Zy(p1.p2)Z,(p3) + 2 perms

3L\ Py

bl,ﬁd

+%{(k.p1) (_ WG(leS)>Zl(pl)Zz(p2’p3) 42 perms}

2
P bl,ﬁd

i 1 (k-p _ We(piR)\ (k-pa
6 p? b 2
1 1.fid P3

) (_ WG(p2R5)>Zl ) Z1(22)Z1(p3) + 2 penns}’ )

by fia

where k = p, +p, for Z., and k = p, +p, +p; for Z.;. The above equations include the bias effects as a slight
extension of those given by Hikage et al. [20]. Approximations in the IR limit of Z .., and Z,.. ; in the form needed to

compute the one-loop power spectrum are given by

Zyec2(k,p) ) { <T> + (

P

’%) (_ M) zl(p)}zl(k),

b 1.fid

Zrec,3 (k’p’ _p)

=l () GO e fan @
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