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Convincing evidence of a stochastic gravitational wave (GW) background has been found by the
NANOGrav Collaboration in the 15-year data set. From this signal, we can evaluate the possibility of its
source being from the early Universe through the tensor perturbations induced by a massive spin-2 graviton
field. We consider a time-dependent model of the minimal theory of massive gravity and find values of the
graviton mass, mass cutoff time, and Hubble rate of inflation that amplify the energy spectra of primordial
GWs sufficiently to reproduce the signal from the NANOGrav data within 1-3 standard deviation.
However, a suppression mechanism for high-frequency modes must be introduced to conservatively obey
the big bang nucleosynthesis (BBN) bound. While there are regions of the parameter space that reproduce
the signal, it remains a challenge to simultaneously respect the BBN and cosmic microwave background
bounds without making the graviton mass cutoff time too deep into the matter-dominated era.
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I. INTRODUCTION

Evidence supporting the existence of a stochastic gravita-
tional wave background (SGWB) has been found in 15 years
of observation of pulsars by the North American Nanohertz
Observatory for GWs (NANOGrav Collaboration) [1], as
well as by the Chinese Pulsar Timing Array (CPTA) [2],
the European Pulsar Timing Array (EPTA) [3-5], and the
Parkes Pulsar Timing Array (PPTA) [6,7]. We investigate
alternatives to the astrophysical explanation (like inspiraling
supermassive black hole binaries (SMBHBs) [8—10]), such
as the time-dependent model of massive gravity (MG)
proposed in Ref. [11].

Compared to astrophysical origins, more exotic explan-
ations lie in cosmological sources of the SGWB [12-23].
Such cosmological explanations for the source include
cosmic strings [24-28], domain walls [29-31], first-order
phase transitions in the early Universe [32—44], primordial
magnetic fields [45-48], primordial GWs [49-60], scalar-
induced GWs [61-79] generated by primordial black
holes [80-97], and even non-GW explanations [98]. The
NANOGrav and EPTA Collaborations have considered some
of these aforementioned new physics sources [99,100].
In this paper, we consider the primordial GW hypothesis,
with an amplification due to MG. We consider MG as a
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promising alternative to explain the present exponential
expansion.

Primordial GWs generated during inflation, being gen-
erated through parametric resonance amplification of quan-
tum mechanical fluctuation, and freely propagating in the
radiation-dominated plasma, are predicted by theory [49-53].
We can expect that the signatures of these waves we detect
differ from what we expect based on general relativity (GR).
In fact, the generation and propagation of these primordial
GWs could very well be modified by alternate theories of
gravity, including MG, first introduced by Fierz and Pauli in
1939 [101]. Since then, many attempts have been made
to construct a consistent nonlinear theory of MG. Any
purely linear theory suffers from the van Dam-Veltman-
Zakharov discontinuity [102,103], which prevents the theory
from reducing to GR in the massless limit. Attempts have
been made to address this, like the nonlinear extensions to the
Fierz-Pauli theory that exhibit the Vainshtein mechanism
[104]. This has its own set of problems, like the Boulware-
Deser ghost and other ghost degrees of freedom [105,106].
This presents a significant obstacle for trying to come up with
a consistent theory.

Recently, attempts have been made to provide ghost-free
nonlinear MG theories, such as the de Rham-Gabadadze-
Tolley (dRGT) theory [107-110]. One of the consequences
of the dRGT model is that there are no isotropic solutions
at large cosmological scales. Since the isotropy of the
Universe is a fundamental symmetry, several attempts have
been made to avoid anisotropic solutions and retain the

© 2024 American Physical Society


https://orcid.org/0009-0005-2328-3044
https://orcid.org/0009-0004-0616-146X
https://orcid.org/0009-0008-7197-2890
https://orcid.org/0000-0003-0217-9852
https://ror.org/05x2bcf33
https://ror.org/051qn8h41
https://ror.org/02gkgrd84
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.110.063525&domain=pdf&date_stamp=2024-09-10
https://doi.org/10.1103/PhysRevD.110.063525
https://doi.org/10.1103/PhysRevD.110.063525
https://doi.org/10.1103/PhysRevD.110.063525
https://doi.org/10.1103/PhysRevD.110.063525

CHRIS CHOI et al.

PHYS. REV. D 110, 063525 (2024)

stability of perturbations. These attempts include quasidi-
laton MG [111], where it was shown to have unstable
perturbations around a self-accelerating background [112].
A further extension, where one also allows for a new type
of coupling between the massive graviton and the quasidi-
laton [113], admits a stable self-accelerated solution. Despite
progress in building quasidilaton MG models, it appears that
the Boulware-Deser ghost still remains present [114]. Other
extensions of the dRGT model include the minimal theory of
MG (MTMG)[115,116], the Dirac-Born-Infeld-dRGT [117],
and the Brans-Dicke-de Rham-Gabadadze model [118].

MTMG proposes a novel modification of dRGT: doing
away with Lorentz invariance and allowing gravitons to
form a 3D rotation group, e.g., [106,119-125]. This no
longer requires the existence of five degrees of freedom,
and due to the lack of observations of new propagating
degrees of freedom, we consider MTMG in this paper. In
this model, we no longer have to consider the Higuchi
bound, which ordinarily requires that the ratio of the mass
of the graviton to the Hubble scale of inflation be up to an
order of unity [126]. This model allows for stable, isotropic
Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmolo-
gies, which other models suffer instabilities in, thereby
leading to an experimentally viable cosmology [115].

In this paper, we consider a time-dependent MTMG,
specifically one in which the graviton mass is a step
function of time as described in Ref. [11] (hereafter the
step function mass (SFM) model). We calculate the energy
density of primordial GWs created during inflation, at the
present time, in the presence of MG and compare it to the
signals we observed in the 15-year NANOGrav data set
(hereafter NG15). The goal of this paper is to show whether
MG, through primordial GWs, is able to reproduce the
observed SGWB.

The paper is arranged as follows: in Sec. II, we introduce
the model and the assumptions we make. In Sec. III,
we derive the energy density and discuss its behavior. In
Sec. IV, we compare the model to the signals detected by
NANOGrav. In Sec. V, we discuss the implications of our
findings and discuss future work. Throughout this paper, we
use (—, +, +, +) for the Minkowski metric 7,,, and we use
natural units and set ¢ = h =kz = 1. We also set the
present-day Hubble parameter H, = ;100 kms~! Mpc™! =
67.66kms™'Mpc™' and the present-day density para-
meters for radiation, matter, curvature, and dark energy
{9,,Q,,,Q,Q} = {9.182 x 107°,0.3111,0,0.6889} to
match the latest Planck 2018 TT, TE, EE + lowE +
lensing + BAO data [127].

II. MODEL SETUP
We start with defining the FLRW metric g,,,

dr
1-Kr?

G dxdx” :—Nz(t)dt2+a2(t)< -H’dez), (1)

where 7 is proper time, K is the spatial curvature, dQ? =
d#* + sin® @d¢* where 6 and ¢ are the polar and azimuthal
angles in spherical coordinates, N(¢) is the lapse, and a(t)
is the scale factor. We then consider the general Lorentz-
violating action for MTMG [Eq. (61) of Ref. [116] ],

S= Spre + Smr + Smats (2)

where S, is the precursor action that MTMG is con-
structed from (equivalent to the dRGT action with vielbeins
in the ADM formalism [128] substituted into Eq. (11) of
Ref. [116]), Syt is the additional action in MTMG, and
Smat 18 the action for the matter fields. S is defined as
[Eq. (65) of Ref. [116]],

M%’l ! 4
Spre = Scr + T;d xS, (3)

where Sgr is the action for GR, My, is the Planck mass, and
S is defined for the graviton mass term in Egs. (66)—(69) in
Ref. [116]. We find that the definition of S, is sufficient
for this paper, since we only consider the general quadratic
action of MTMG, which happens to be the same as
dRGT’s. Our quadratic action is thus [Eq. (13) of
Ref. [115]],

S = M—%l/ d*xNa> Wy _ (Ohy)?

8 N? a’

- Mgwhi; | (4)

where h,, = h,,(t,x) is the metric perturbation defined by
Gy = M + hy,, the primes (') indicate derivatives with
respect to ¢, and we have defined Mgy as the mass of the
graviton. We decompose the spatial component of the
tensor perturbation /;; into its helicity states [Eq. (19.214)
of Ref. [129] ],

hij(z. k) = Z efj(f()hi(r,k), (5)

re{+x}

where k is the comoving momentum, 7 is the conformal
N(t)

time defined by 7 = f Wdt, and e?j are the polarization
tensors defined by

given in Egs. (1.54)-(1.56) of Ref. [130]. Here, 1, V are the
unit vectors orthogonal to the direction of propagation Kk
and to each other. We briefly note that we have only two
propagating modes of freedom in MTMG, allowing stable
FLRW cosmologies, whereas dRGT produces ghosts in
the helicity-0 and helicity-1 sectors, thus unstable FLRW
cosmologies [115]. After we minimize the action from
Eq. (4) and take into account the helicity decomposition in
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Eq. (5), we obtain the equation of motion for hﬁ (with the
helicity modes suppressed since they have the same
equation of motion),

"

_ a -
h" + (C;Z;(r)kz +a*Mgy, -t 2KC§(T)> he=0, (7)

where h; = ah,, the primes (') have been redefined to
indicate derivatives with respect to 7, and c,(7) is the
effective sound speed associated with GWs and may be
dependent on time. For this paper, we set K =0
and ¢, = 1!

We consider graviton masses on the order of the Hubble
scale, and so the evolution of the GWs during inflation will
be important. The scale factor, as described in Eq. (4) of
Ref. [11], is

alc) = {—1/(Hinf7)

a,t/t,

T < -1,

(8)

T> 71,

where H;, is the Hubble parameter during inflation when
the scale corresponding to the CMB exits the Hubble
horizon, and a, is the scale factor at the reheating time
7, = 1/(a,H;y). We assume a, is fixed in this discussion,
while H;; and 7, may vary. The bounds on H,, are
discussed in Ref. [132] and are respected in this paper. The
conformal time jumps in value from —z, to z,. This is to
allow for the scale factor and its first  derivative to remain
continuous. Figure 1 illustrates what a generic mode
function looks like. The behavior in the three regions of
7 is discussed in detail in Ref. [11].

We model the graviton mass as the function given in
Eq. (5) of Ref. [11],

m 1T<7T,

Mow(®) = { 9)

b
0 z>r1,

where 7, is the conformal time when the graviton mass
instantaneously drops to 0. A smoothly decaying function
would be preferred, but the exact form of this function is
highly model dependent and can depend on the dynamics
of other fields, for example, some scalar field u(¢(z)). The
general phenomenological aspects of a theory of MG with a
time-dependent graviton mass can still be explored with the
simplest scheme for time dependence, the step function,
with the benefit of simplifying numerical calculations and
avoiding the intricacies related to the model-dependent
scalar fields. Thus, we choose to study the SFM model.

'Refer to Sec. B2 of Ref. [131] for consideration of nonzero K
and Sec. IV E4 of Ref. [131] for consideration of general c,.

|
~
=
~
=

Tm

~ F--

FIG. 1. Evolution of the real part of /(7). Note that conformal
time jumps from —7, to 7,. This is a numerical solution to Eq. (7),

and the exact values for the parameters are detailed in the source
code [133].

III. ENERGY DENSITY
OF GRAVITATIONAL WAVES

When we study models of gravity, we often have to
determine how GWs from the primordial era are influenced
by deviations from GR. The energy density spectrum of
these GWs at the present time as a function of frequency is
perhaps the most practical way to observe the effects of
beyond-GR theories. We want to look at the energy fraction
of the GWs per logarithmic interval of k at the current time.
We have the following definition for the energy density:

:i dpcw
p.dlogk’

GW (10)

where p. = 3H?/87G is the critical density, and we note
that the derivative with respect to log k is a notational way
of representing the spectral density of pgw (see footnote 65
of Ref. [130]). Our energy density today is defined in terms
of the primordial tensor power spectrum Py (f) := P(zy, f)
as detailed in Eq. (19.288) of Ref. [129],

QGw,o(f) = 3

.,
——=f"Po(f). 11
where a, = a(zy) = 1. We find the power spectrum in MG
by finding the form of the enhancement factor that will
amplify the GR power spectrum. The power spectrum, in
general, is defined as

_ AR (o)

k) = ————.
Pleb) ”2M%>1“2(T)

(12)

We are interested in v, (7) when it is in the massless regime,
for large 7. Solving the equation of motion (7), applying the
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appropriate initial and boundary conditions, leads to the
following:

iii 2 m .
2 (7) == %{chosuﬂ) + D, sin(ks)],  (13)
where D; = —sin(kz,,)[C, cos(A + n/8) — C; sin(A —

7/8)|, Dy =cos(kz,,)[Cycos(A+7x/8)—Csin(A—x/8)],
Cip = —iy/m2 5 (ke,) T (W) [F= J () + (1 = 20) x
J11GE-))s and A = mzy, /(2Hioe77) [11]. With the assump-
tions that m/H;; ~ O(1) and A > kz,,, we find that the
squared amplitude of the mode function in the massless
phase is approximately

o (O ~ 2 (ke )22 (14)

Thus, we find that the power spectrum in MG, in terms of
the GR power spectrum, is

Ple, k) ~ 2 (ke,) 2Pz, k), (15)

where Pgr is the power spectrum of the massless tensor
modes from inflation, and v is defined by

9 m?
IR L, (16)
4 Hi2nf

This expression for the power spectrum is found by solving
the equation of motion for the mode function and finding
the expression for %, deep in the massless phase (see
Sec. III(ii1) of Ref. [11] for more details). As for the GR
power spectrum, we can approximate it by using the
transfer function detailed in Ref. [134]. To briefly recount,
the power spectrum in the GR case is

Por = Py T3 (k). (17)

where P[}ﬁm is the primordial tensor power spectrum, and
T'7 is the transfer function describing the standard cosmo-
logical scenario. Pl}rim is defined in Eq. (7) of Ref. [134] as
follows:

P (k) = Ay (k) (ki) (18)

where A7 (k.s) is the amplitude at the reference scale,
measured to be precisely 4.4 x 10'°, and n; is the spectral
index. The reference scale k. is chosen to be 0.01 Mpc~!.
T'7 is defined in Eq. (12) of Ref. [134] in the following way:

4/3 .

T?(xo0)T3(xR),
g0 g (T (ko) 1(%eq) T3 (xR)

(19)

where g, (T};,) and g, are the relativistic degrees of freedom
at the inflation temperature scale and the present, respec-
tively, g,,(T,) and g, are their counterparts for entropy,
J1(kzy) is the first spherical Bessel function whose approxi-
mation j, (kzy) = 1/(v/2kz,) is used, the fitting functions
are empirically found to be T3(x) = 1 + 1.57x + 3.42x?
and T3(x) = (1 -0.22x"% +0.65x*)7!, and x; = k/k;.
The values for all of the constants and the forms of the
functions are taken from Sec. 2.1 of Ref. [134]. Since we
are interested in the energy density at the present, we
consider Qgw o(f) = Qaw(70. f),
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FIG. 2. We plot i3Qqw o as a function of m/Hiy (top), 7,,/7,
(middle), and H;; (bottom). The solid lines are the energy
densities at the lower bound of NG15, f,,, ~ 1.98 x 10~ Hz,
and the dotted lines are at the lower bound of NGIS5,
Shigh & 5.93 X 1078 Hz. The orange region on each line is the
area in the parameter space that produces the observed NG15
energy densities within 1-3¢ of uncertainty.
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7r2f2 T,

=2 M (kg )W k).
361(2)1‘]% z, ( Tr) PGR( )

Qcwolf) (20)

In anticipation of our consideration of certain parameters
in the next section, we look at the behavior of the energy
density as a function of different parameters. Figure 2
shows how Qg o varies with changing m, 7,,, and Hj. In
order to find the region in the parameter space that is able to
produce the energy density observed in NG15, we obtain
the parameters that fall within 1-3 ¢ of the NG15 at the
lower and upper bound of frequency. Figure 2 shows a
small region, in orange, in each plot that corresponds to
these energy densities for a particular set of parameters. By
looking at the energy density dependence on m,t,,, and
H,:, we can find the values of the parameters that
reproduce the signal.

IV. RESULTS

We now discuss the region of the parameter space that
can potentially explain the signals from NG15. The con-
straints we can place on the SFM based on NG15 are done
by seeing how we can change the parameters Mg, 7,,, and
H,; to fit the signal. Our initial approach of fixing H;,s to
10® GeV, like in Ref. [11] and letting m and 7,, vary did not
produce any energy density from inflation that could
possibly reproduce NG15. We see in the middle plot of
Fig. 2 that increasing z,, uniformly increases the primordial
energy density, at the frequency bounds chosen.

By varying the other two parameters, Mgw and H;,;, we
found resulting energy densities that lie within 1o, 20, and
3o of the power law posterior of the signal. Our values for
the parameters are Mgy = 1.298H;s and H,y = 1.7 GeV
to stay within 1o of the posterior, Mgy = 1.251H;,; and
H,; = 8.0 GeV to stay within 2¢ of the posterior, and

—— Mgw = 1.298Hnt, Hine = 1.7 GeV, 7, = 10?77, EBN q
107°y —— Mgw = 1.251Hpny, Hint = 8.0 GeV, T = 10277, oun
—— Mgw = 1.201H;nt, Hins = 50.0 GeV, 1, = 10?71,
5
G 1078
NOo
Ky
10—10 i
1044— "7
—— Mgw = 0.3Hjn, Hins = 108 GeV, 1,,=2 x 10?7, BBN
1076 - Mcw = 0.8Hinf, Hint = 108 GeV, T, = 101, Bound
= 10—8 i
[©)
a
NO
< 10-10
10—12 i
107° 1078 1077
f[Hz]
FIG. 3. SGWB produced by the SFM model. Both panels: we show the BBN excluded region shaded in purple at the top, the

periodogram for a Hellings-Down-correlated free spectral process [1] in shaded gray, the 16, 20, and 36 posterior medians for NG15 [1]
in darker to lighter orange, respectively, and the GWB spectrum produced by an astrophysical population of inspiraling SMBHBs with
parameters detailed in Eq. (A1) of Ref. [99] as a black dotted line. Top: The red curve is the GWB spectra fitted to the 1o posterior, the
blue curve is fitted to the 26 posterior, and the green curve is fitted to the 3¢ posterior. Bottom: the purple curve is the energy density that
respects the BBN bound for high frequency and passes through the upper limit of the free spectral process of the data, and the golden
curve is the energy density that respects the CMB bound for low frequency and passes through the lower limit of the free spectral process

of the data.
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Mgw = 1.201H;y and H;;y = 50.0 GeV to stay within 3¢
of the posterior. We have kept the ratio 7,,/z, constant for
these three energy densities, although the magnitude of 7,
changes due to the change in z,.

The bound on Qgw ( made from the big bang nucleo-
synthesis (BBN) limits comes from the explicit limit on the
integral of the energy density [Eq. (3.3) of Ref. [135]],

f=o
/ d(in f)RQwo(f) S 1x 105, (21)
.f:fBBN

where fggy is the present-day frequency at which the GWs
at the time of BBN were inside the horizon and therefore
contribute to the expansion of the Universe and is approx-
imately 1.5 x 10~!! Hz [Eq. (22.290) of Ref. [129]]. We
can reformulate Eq. (21) as a bound on the energy density
rather than the integral of the energy density, since in most
cosmological mechanisms, including the one considered in
this paper, the spectrum covers at least one decade of
frequency. So thus we have the bound,
Qaw(f) S1x107°, /> fBBN- (22)
Although it may appear that the energy densities we
consider in Fig. 3 violate the BBN bound for higher
frequencies since the energy densities in the full range
of frequencies pass into the forbidden energy range as we
see in Fig. 4, we keep in mind that the BBN bound only
applies to GWs that were blue-tilted by massive gravitons
before BBN took place. If the graviton were massive during
BBN,

2 > ToeN _ | Hinr 7 (23)
Tr Tr Hpgpn

then we should be able to relax the BBN bound. This is
because gravitons do not contribute to the relativistic
degrees of freedom during BBN [11], since they would
have had a significant mass, meaning that they contribute to
nonrelativistic species.

We note that if we still wish to conservatively respect the
BBN bound in the same way as Ref. [11] and still have our
theory of MG be consistent with NG15, we can use the
parameters investigated by Ref. [11] with some slight
modifications. We see that in order to partially produce
the signal in the higher energy density and frequency
regime, as shown by the purple curve in Figs. 3 and 4, the
cosmic microwave background (CMB) bound must be
violated. On the other hand, we find that while attempting
to partially produce the signal in the lower energy density
and frequency regime, as shown by the golden curve in
Figs. 3 and 4, the SMBHB power spectrum turns out to be a
better fit to the signal. The requirement to respect both
bounds to reproduce the signal seems to be mutually
exclusive. But if we do not conservatively respect the

10-19 4

10-22
10-20 1077 1071 101 1078 10-° 1072 10t 104
f[Hz]

FIG. 4. The energy densities in Fig. 3 plotted over the
frequency range from the scale corresponding to matter-radiation
inequality (~3 x 107'® Hz) to the inflationary UV cutoff
(~1/(2mz,) [11]). The red, blue, green, purple, and golden
curves correspond to the energy densities of the same colors
in Fig. 3. The blue-shaded region on the left is the excluded
region from the CMB bound. The BBN bound region may be
ignored if the graviton remains massive during BBN.

BBN bound, then it appears that we can achieve good
agreement with the signal, with the caveat being that the
cutoff time for the graviton mass is deep into the matter-
dominated era.

V. DISCUSSION

In this paper, we discussed how the step function mass
model of MG can reproduce NG15. We note that the
selection of the parameters in the step function mass model
leads to energy densities that violate the BBN bound for
higher frequencies, specifically in the region of frequencies
approximately greater than 10~ Hz. We propose that there
could be some mechanism that suppresses the energy
density of GWs from the primordial era for those frequen-
cies. A mechanism analogous to the damping of the energy
density from the free-streaming neutrinos [136,137] could
be behind such a suppression necessary to obey the BBN
bound, if this model of MG is to be the dominant source of
the background. For example, the propagation of GWs in
the turbulent primordial radiation-dominated plasma2 [138]
may provide the necessary suppression at the short wave-
length regime [139].

The values for H;,; we find that reproduce the SGWB are
very low. Various models of inflation with sufficiently low
H,,; have been proposed [140—142]. In models of inflation
such as these, a significant blue-tilt is required to explain
the SGWB, presenting a challenge to purely inflationary

*Turbulent sources induce GWs through their anisotropic
stress tensor, with Qgw o« £~3/3 for high frequencies.
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explanations [143]. Additionally, the existence of the
SGWB would most likely rule out standard inflationary
models due to their dilution of the SGWB to an undetect-
able level [144]. Thus, we can look to nonstandard infla-
tionary scenarios that include features like the breaking of
the slow-roll consistency relation leading to the desired
blue-tilted spectrum [100], such as MTMG.

Observations of GWs have placed progressively tighter
constraints on the possibility of gravitons with a very low
but constant nonzero mass [145-148], including much
lower bounds with time-independent MTMG [149,150]. In
addition, these models of MG do not provide a sufficiently
blue-tilted spectrum to explain the SGWB. Therefore, the
more plausible formulation of MG is the scenario in which
the graviton mass is a function of time and the graviton
used to have a significant mass, in order to provide
sufficient blue-tilt. We have only considered a step function
as the time-dependent function, but more complicated
functions are possible. The mechanism behind such a mass
decay would come from the exact nature of the phase
transition of the gravitational field. It may be fruitful to
pursue an investigation to place constraints on the specific
evolution of the mass during the phase transition. Then, we
would be able to probe the mass evolution and shed insight
into the time-dependent behavior beyond a step function.

Additionally, further observations that place constraints
on the Hubble rate of expansion, the scale factor, and the
time associated with inflation would be able to constrain

the parameters of this theory. In addition to signals we have
already observed with interferometers, we expect a more
drastic suppression for higher frequencies than we discuss.
Future work may investigate the nature of this suppression
and propose plausible mechanisms for it.

The NANOGrav 15-year data used in this paper are
available at NANOGrav [151]. Source code to reproduce
all of the figures in this paper is available in our GitHub
repository [133].
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