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Multiple pulsar timing array (PTA) collaborations have recently reported the first detection of
gravitational waves (GWs) of nanohertz frequencies. The signal is expected to be primarily sourced
by inspiralling supermassive black hole binaries (SMBHBs), and these first results are broadly consistent
with the expected GW spectrum from such a population. Curiously, the measured amplitude of the GW
background in all announced results is a bit larger than theoretical predictions. In this work, we show that
the amplitude of the stochastic gravitational wave background (SGWB) predicted from the present-day
abundance of SMBHs derived from local scaling relations is significantly smaller than that measured by the
PTAs. We demonstrate that this difference cannot be accounted for through changes in the merger history of
SMBHs and that there is an upper limit to the boost to the characteristic strain from multiple merger events,
due to the fact that they involve black holes of decreasing masses. If we require the current estimate of the
black hole mass density—equal to the integrated quasar luminosity function through the classic Sołtan
argument—to be preserved, then the currently measured PTA result would imply that the typical total mass
of SMBHs contributing to the background should be at least ∼3 × 1010M⊙, a factor of ∼10 larger than
previously predicted. The required space density of such massive black holes corresponds to order 10
3 × 1010M⊙ SMBHs within the volume accessible by stellar and gas dynamical SMBH measurements. By
virtue of the GW signal being dominated by the massive end of the SMBH distribution, PTA measurements
offer a unique window into such rare objects and complement existing electromagnetic observations.
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I. INTRODUCTION

Evidence for the first detection of low-frequency
(∼1–100 nHz) gravitational waves (GWs) has recently
been reported by multiple pulsar timing array (PTA)
collaborations. The signature of GWs on the arrival time
of pulses is a correlated red noise with a particular angular
dependence given by the Helling-Downs [1] curve. This
signature has been detected with varying levels of signifi-
cance by the European PTA and Indian PTA ([2], hereafter
EPTAþ InPTA), by the North American Nanohertz
Observatory for Gravitational waves ([3], hereafter
NANOGrav), Parkes PTA ([4], hereafter PPTA), and the
Chinese Pulsar Timing Array [5] that span between 2 − 4σ.
Their results have also been shown to be consistent with
each other, with discrepancies smaller than 1σ, despite the
differences in both observations and modeling choices [6].
Although the origin of the signal is unknown, the

dominant source of the stochastic gravitational wave back-
ground (SGWB) is expected to be a population of inspiral-
ling supermassive black-hole binaries (SMBHBs) (see,
e.g., Ref. [7]). Strong observational evidence suggests that
most, if not all, galaxies host SMBHs at their centers [8,9].

Following the merger of host galaxies, SMBHs form
binaries that may also merge [10], which would produce
the observed PTA signal, albeit through a highly uncertain
process.
The most precise and direct measurements of the SMBH

population are derived from observations in our local
Universe, where direct kinematic estimates of their masses
are possible [11,12] for several tens of black holes, along
with various properties of the host galaxies. The tight
correlations between the SMBH mass and host properties
likely suggest a shared evolution and can be extrapolated to
the total SMBH population by combining such scaling
relations with galaxy catalogs [13–16]. At higher redshifts,
inferences of the SMBH population rely on the active black
holes powering AGNs. The total mass accumulated in
SMBHs from AGN relics can be directly related to the total
luminosity they emit through the classic Sołtan argument
[17], while the cosmic evolution of the SMBH mass
function can be theoretically modeled through the con-
tinuity equation [18–22].
The GW spectrum measured by recent PTA analyses is

broadly consistent with expectations from an inspiral
driven by GW emission [23], with the largest deviation
in the slope of the spectrum found by NANOGrav. All
announced results, however, found amplitudes larger than*Contact author: gsatopolito@ias.edu
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expected from theoretical predictions [24,25], and a poten-
tial inconsistency with other data sets had been raised
regarding previous PTA analyses [26]. In this work, we use
the formalism laid out in Ref. [23] to connect the binaries
contributing to the SGWB to the present-day population of
remnant (single) black holes in order to assess the signifi-
cance of this discrepancy. This approach yields a simple but
robust model for the SGWB that sheds light on the
uncertainties associated with the merger history of
SMBHBs, which enables a clear comparison between
PTAs and other observations of SMBHs.
We show that the difference between predicted and

measured values of the SGWB cannot be accounted for
by an increased black hole merger rate for a SMBH mass
function consistent with local observations. We demon-
strate that there is a mathematical upper limit to the boost of
the characteristic strain from multiple mergers, which is
only a factor of ∼1.64 due to the fact that they involve black
holes of decreasing masses. Since the predicted amplitude
of the SGWB falls short of the measured value even in the
most ideal scenario, we explore modifications to the mass
function prediction that could lead to this difference.
If the current estimate of the mass density in black holes

ρBH, consistent with the Sołtan argument, is to be pre-
served, we argue that all modifications to the SMBH mass
function are equivalent to a change in the peak mass
contributing to the SGWB. The PTA measurements would
therefore generally imply that the SGWB is dominated by
SMBHs roughly 10 times larger than previously estimated,
of around MGW

peak ∼ 3 × 1010M⊙, consistent with the upper
estimate reported by Ref. [24]. We begin by investigating
whether a higher intrinsic scatter ϵ0 in theM − σ relation or
a higher value for the turnover σ� in the velocity dispersion
function might be responsible for this misestimation but
find that the required values are in significant disagreement
with current observations.
Another reason why the peak BH mass contributing to

the SGWB may be larger is if the M − σ relation becomes
steeper for high velocity dispersion galaxies. Indeed,
although there are too few objects to derive definitive
conclusions, the M − σ does appear to steepen for σ ≳
275 km s−1 [11,12], a consequence of the galaxy popula-
tion “saturating” at high σ [27–29]. The currently favored
picture is that these massive galaxies that host the most
massive SMBHs have cores that are formed in the after-
math of gas-poor major mergers by SMBHBs, which scour
the stars at the center of the merged galaxy [30–33]. This
scenario suggests that the high-mass end of the SMBH
mass function would be underpredicted by the M − σ
relation but would be more accurately estimated from
the luminosity or bulge mass relations. We show, however,
that the amplitude of the SGWB predicted from the relation
between black hole mass and bulge mass also leads to a
smaller value than observed, thus suggesting that this effect
is not sufficient to account for the discrepancy. If a larger

characteristic strain is to be explained by a steeper M − σ
relation, it must therefore necessarily imply either a larger
abundance of high stellar mass galaxies or a corresponding
change to theM −Mbulge relation. Finally, we also consider
a more general modification to the SMBHmass function, in
which we simply boost the mass of the black hole
associated with galaxies of a given velocity dispersion.
We show what the required black hole mass is for each
value of σ, suggesting that the difference may be explained
by a small number of extremely massive black holes or a
large number of lighter ones.
This paper is organized as follows. In Sec. II, we discuss

the SMBH population inferred from local scaling relations
coupled to galaxy catalogs, as well as the information
offered by the quasar luminosity function about this
population. We discuss the model for the characteristic
strain in Sec. III and how it depends on the present-day
SMBH population presented in the previous section. In
Sec. IV, we show the discrepancy between the two sets of
observations and discuss potential sources of this difference
and conclude in Sec. V.

II. BLACK HOLE POPULATION FROM SCALING
RELATIONS AND AGNS

For nearby sources, black hole masses can be directly
estimated from gas or stellar kinematics, along with host
galaxy properties such as velocity dispersion, bulge stellar
mass, and luminosities. The current sample contains several
tens of galaxies [11,12] and establishes tight relations
between supermassive black holes and their hosts, which
are given by power laws between host properties (X) and
the black hole mass (MBH)

log10MBH ¼ a• þ b•log10X; ð1Þ

with a log-normal intrinsic scatter of ϵ0. In order to infer the
total SMBH population, these scaling relations must then
be combined with galaxy catalogs.
Our fiducial model relies on the galaxy stellar velocity

dispersion (σ) as a proxy for black hole mass. We combine
theM − σ scaling relation above (with X ¼ σ=200 km s−1)
and combine with the galaxy velocity dispersion function
(VDF), typically parametrized as

ϕðσÞdσ ¼ ϕ�

�
σ

σ�

�
α e−ðσ=σ�Þβ

Γðα=βÞ β
dσ
σ
; ð2Þ

which corresponds to a generalization of the Schechter
function. While many host galaxy properties have been
shown to correlate with the mass of the central SMBH,
recent work suggests that velocity dispersion offers a more
reliable, and perhaps more fundamental, prediction of black
hole mass [11,34,35]. However, this may not necessarily
hold for the most massive SMBHs—the velocity dispersion
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of galaxies appears to saturate above σ ≳ 275 km s−1,
which might lead to an underprediction of the massive
end of the SMBH mass function relative to bulge mass
(Mbulge) or luminosity scaling relations [33,36]. Hence,
while we focus on the velocity dispersion in this discussion,
we also estimate the SMBH mass function using the bulge
mass scaling relation.
In the absence of scatter in the M − σ relation, the

SMBH mass function can be computed by directly com-
bining Eqs. (1) and (2). Substituting velocity dispersion for
the black hole mass leads to

ϕðMBHÞdMBH ¼ ϕ�

�
MBH

M�

�
α=b• e−

�
MBH
M�

�
β=b•

Γðα=βÞ
β

b•

dMBH

MBH
; ð3Þ

wherewe have defined log10M�¼ a•þb•log10σ�=200kms−1.
In the presence of scatter, we now have that the mass func-
tion is given by a convolution between the velocity dis-
persion function and the probability distribution function
pðlog10MBHj log10 σÞ

ϕðMBHÞ ¼
Z

dσ
pðlog10MBHj log10 σÞ

MBH logð10Þ ϕðσÞ; ð4Þ

where we assume p to be log-normal

pðlog10MBHj log10 σÞ

¼ 1ffiffiffiffiffiffi
2π

p
ϵ0
exp

�
−
1

2

�
log10MBH − a• − b• log10 σ

ϵ0

�
2
�
: ð5Þ

We predict the SMBH mass function from various
combinations of velocity dispersion functions and M − σ
relations, which we describe next. Reference [37] (B10)
uses spectroscopic data from SDSS of ∼250000 galaxies
across 4681 deg2 of the sky and redshifts z≲ 0.3. We
choose the VDF fit to all galaxies and including only
σ > 125 km s−1, since the low-velocity dispersion end is
subject to greater uncertainties and systematic errors (e.g.,
sample completeness), but are not expected to host SMBHs
that significantly contribute to the SGWB. Reference [38]
(B11) uses photometric data from the UKIDSS Ultra-Deep
Survey (UDS) and the NEWFIRM Medium Band Survey
of the COSMOS field (NMBS COSMOS), covering
0.77 deg2 and 0.21 deg2, respectively. Stellar velocity
dispersions are estimated from the radius, Sérsic index,
and stellar mass using the virial theorem. We use the results
measured between redshift 0.3 ≤ z ≤ 0.6 and fit the gen-
eralized Schechter function given in Eq. (2). Finally,
Ref. [39] (T20) reports spectroscopic measurements of
the VDF from the Large Early Galaxy Astrophysics Census
(LEGA-C) survey, which targets massive galaxies in the
COSMOS field, from which we use the measurements
between 0.6 < z ≤ 0.7 to fit Eq. (2). Despite the differences
in redshift, Refs. [38,39], which explore broader redshift
ranges, do not find evidence for substantial evolution in the

VDF, and we therefore compare the three different mea-
surements as representatives of the present-day VDF. We
use two different fits to the M − σ relation from Refs. [11]
(KH13) and [12] (MM13, fit to all galaxies).
We also estimate the SMBH mass function using the

bulge mass scaling relation. We use the galaxy stellar mass
function (GSMF) from Ref. [40] (DS15), which was
measured from a complete sample of half a million galaxies
from the SDSS survey. A significant source of systematic
error in measurements of the stellar mass function arises in
the determination of the total flux in a given bandpass and
the impact of sky background subtraction. Reference [40]
focuses on estimating flux corrections by stacking samples
of similar galaxies selected by various properties, while
accounting for a variety of potential sources of systematic
biases. The measured stellar mass function lies roughly in
between previously published results [41,42]. We combine
this GSMFwith the scaling relations fromMM13 estimated
from bulges with dynamical masses, and from KH13,
where we assume a bulge fraction of 1.
In Fig. 1, we show multiple estimates of the SMBHmass

function using a variety of different types of observations.
All choices lead to similar black-hole abundances for the
relevant mass range probed by the SGWB (which, as we
show in the next section, is around ∼3 × 109M⊙). For the

FIG. 1. SMBH mass function computed from a combination of
VDFs and GSMF with local scaling relations reported in the
literature. The VDFs correspond to Refs. [37,38] (B10 and B11,
respectively), the GSMF is given in [40] (DS15), while the
adopted scaling relations are presented in Refs. [11,12] (KH13
and MM13, respectively). For the sake of visual clarity, we have
omitted the error bands of most SMBH mass functions in the plot
and show only for the B10 VDF result since it corresponds to our
fiducial choice. The gray dash-dotted line shows an example of a
SMBH mass function that matches the characteristic strain
observed by PTAs, computed by increasing the intrinsic scatter
to ϵ0 ¼ 0.62.

WHERE ARE THE SUPERMASSIVE BLACK HOLES MEASURED … PHYS. REV. D 110, 063020 (2024)

063020-3



estimates based on velocity dispersion, this can be attrib-
uted to the fact that direct mass measurements for such
objects are relatively robust and correspond to galaxies with
σ ∼ 300 km s−1. Low velocity dispersion galaxies σ ≲
150 km s−1 are impacted by sample completeness, while
galaxies with high velocity dispersions σ ≳ 400 km s−1 are
rare, and few objects can be found in observed catalogs.
The typical galaxies contributing to the SGWB are not
impacted by either effects or by morphological selection
criteria, being dominated by early-type galaxies.
We choose as our fiducial model the combination of the

VDF from B10 and the M − σ relation from MM13. In
summary,X ¼ σ=200 km s−1 in Eq. (1), andwe have chosen
fiducial parameters: ϕ� ¼ ð2.61� 0.16Þ × 10−2 Mpc−3,
σ� ¼ 159.6� 1.5 km s−1, α ¼ 0.41� 0.02, and β ¼
2.59� 0.04 for the VDF, and a• ¼ 8.32� 0.05,
b• ¼ 5.64� 0.32, and ϵ0 ¼ 0.38, for the M − σ relation.
Beyond our local Universe, only active SMBHs powering

active galactic nuclei (AGN) can be observed. Assuming that
the present-day population of SMBHs are relics ofAGNs, the
total mass density accumulated in black holes can be related
to the energy density emitted by AGNs through the Sołtan
argument [17]. If all black holes accrete with a constant
radiative efficiency ϵr, the quasar bolometric luminosity
(Lbol) can be related to the SMBH accretion rate

Lbol ¼ ϵrṀc2; ð6Þ
and the integrated quasar luminosity function therefore
corresponds to the integrated mass density in SMBHs

ρBH ¼
Z

dMBHϕðMBHÞMBH ð7Þ

¼ 1 − ϵr
ϵrc2

Z
∞

0

dz
dt
dz

Z
d logLbolϕðLbol; zÞLbol; ð8Þ

with a relatively consistent value found throughout the
literature [13,15,20,43]. For instance, Ref. [43] found a
value of

ρBH ¼ 4.81þ1.24
−0.99

�
0.1
ϵr

�
× 105M⊙ Mpc−3; ð9Þ

where the radiative efficiency is typically assumed to be a free
parameter, fit to explain the relic black hole population. For
instance, assuming the fiducial parameters for the scaling
relation and VDF and their 1σ uncertainties, we find that the
corresponding value and uncertainty in the SMBH mass
density is ρBH ¼ ð4.6� 0.9Þ × 105M⊙ Mpc−3.

III. BLACK HOLE POPULATION FROM PTAS

The characteristic strain of the gravitational-wave back-
ground produced by inspiralling SMBHBs can be written
as the integral of the emission from binaries belonging to

each mass and redshift interval, summed over the entire
population of sources. That is,

h2cðfÞ¼
4G

πc2f2

Z
dM

Z
dz
1þz

dn
dzdM

�
dEgw

d logfr

�				
fr¼ð1þzÞf

;

ð10Þ

where fr and f are the emitted and observed GW
frequencies, and dn=dzdM is the number of black hole
binaries from redshifts between ½z; zþ dz� and chirp
masses ½M;Mþ dM�. For a circular orbit in the
Newtonian regime, the energy spectrum depends only on
the chirp mass of the binary and is given by

dEgw

d log fr
¼ 1

3G
ðGMÞ5=3ðπfrÞ2=3: ð11Þ

By switching from chirp mass to total mass MBH, and
defining

ϵðMBHÞ≡ η

3

�
v
c

�
2

¼ η

3

ðGMBHπfÞ2=3
c2

; ð12Þ

where η ¼ q=ð1þ qÞ2 is the symmetric mass ratio, and
q ¼ m1=m2, the characteristic strain can be rewritten as

h2cðfÞ ¼
4G
πf2

Z
dMBH

Z
dz

ð1þ zÞ1=3
Z

dq
dn

dzdMBHdq

×MBHϵðMBH; qÞ: ð13Þ

We can interpret ϵ as an average efficiency of GWemission.
A crucial step, pointed out in Ref. [23], is that the

remnant black hole population—resultant from the merger
history described by dn

dzdMBHdq
—must correspond to the

present-day single SMBH population. Assuming all black
holes have undergone a single merger event in their
lifetimes, the mass function of mergers integrated over
all redshifts and mass ratios must correspond to the single
BH mass function (ϕ) today

ϕðMBHÞ ¼
dn

dMBH
¼

Z
dz

Z
dq

dn
dzdMBHdq

: ð14Þ

We will demonstrate in Sec. IV B that the assumption of a
single merger event provides a reasonable estimate of the
SGWB, since repeated mergers do not significantly
increase GW emission. This is due to the fact that each
earlier merger must occur between black holes of decreas-
ing masses and therefore contribute progressively less to
the characteristic strain.
Assuming that the mass and redshift dependence are

separable, such that dn
dzdMBHdq

¼ pzðzÞpqðqÞ dn
dMBH

, we can
write the characteristic strain of the SGWB in terms of the
local SMBH mass function
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h2cðfÞ ¼
4G
πf2

hð1þ zÞ−1=3i
Z

dMBHϕðMBHÞMBHhϵiðMBHÞ;

ð15Þ
where we have defined the redshift and mass ratio averages

hð1þ zÞ−1=3i ¼
Z

dz
pzðzÞ

ð1þ zÞ1=3 ð16Þ

and

hϵiðMBHÞ ¼
Z

dqpqðqÞϵðMBH; qÞ: ð17Þ

We choose the following parametrizations for the redshift
and mass-ratio distribution functions:

pzðzÞ ¼ zγe−z=z� ; and pqðqÞ ¼ qδ; ð18Þ

with fiducial values of γ ¼ 0.5, z� ¼ 0.3, and δ ¼ −1, an
assumed minimum value of qmin ¼ 0.1, and where both
functions are then normalized to unity. These values are
chosen to roughly reproduce the simulation-based results
of Ref. [44], such that the median redshift of the SGWB
signal is sourced at z ∼ 0.3 and over 90% of the contri-
bution comes from z≲ 1. Notice that the redshift integral
is very insensitive to variations in the probability distribu-
tion of mergers. Our fiducial set of parameters leads to
hð1þ zÞ−1=3i ¼ 0.9, while its upper limit is 1 and, for
instance, a much broader redshift distribution with z� ¼ 2

results in hð1þ zÞ−1=3i ¼ 0.68. The maximum efficiency
of η ¼ 0.25 corresponds to equal mass ratio mergers, while
our fiducial log-uniform distribution leads to hηi ¼ 0.18.
Using the black hole mass function predicted from

Eq. (4) and our fiducial set of parameters, we show in
Fig. 2 the contribution to the BH mass density and the
characteristic strain per logarithmic mass. This illustrates
that there is a characteristic mass that primarily dictates the
observed signals and that the SGWB receives the majority
of its contribution from significantly higher masses than the
mass density, since it is weighted by a factor of M5=3

BH .
The black hole mass density and characteristic strain can

now be computed using Eqs. (7) and (15) by directly
integrating over the BH mass function,

ρBH;0 ¼ ϕ�M�
Γððαþ b•Þ=βÞ

Γðα=βÞ ; ð19Þ

h2c;0ðfÞ ¼
4Ghð1þ zÞ−1=3i

πc2f2
ρBH;0ϵðM�Þ

Γððαþ 5b•=3Þ=βÞ
Γððαþ b•Þ=βÞ

;

ð20Þ

where the gamma function Γ results from the mass integral
and the assumed functional form of the velocity dispersion

function, and the subscript 0 denotes the value without
scatter in the M − σ relation.
By combining Eqs. (7) and (15) with (4), we can show

that scatter boosts the mass density by a factor of ρBH ¼
ρBH;0eϵ

2
0
log2ð10Þ=2 and the characteristic strain by

h2c ¼ h2c;0e
25=18ϵ2

0
log2ð10Þ. We find the following values for

the black hole mass density and characteristic strain

ρBH ¼ 4.5× 105M⊙ Mpc−3
�

M�
5.8×107M⊙

��
1.5

e
1
2
ϵ2
0
log2ð10Þ

�

h2cðfÞ ¼ 1.2× 10−30
�

f
yr−1

�
−4=3

�
M�

5.8× 107M⊙

�
2=3

×

�
ρBH

4.5× 105M⊙ Mpc−3

��
2

e
8
9
ϵ2
0
log2ð10Þ

�
: ð21Þ

Notice that the mass scale M� corresponds to the turnover
in the velocity dispersion function, but it is not the mass that
most contributes to the SGWB or the mass density. These
were shown in Fig. 2 and can be derived analytically in
absence of scatter from Eqs. (3), (19), and (20) by
computing the peak of the mass integral kernel. The mass
that most contributes to the BH mass density and SGWB,
per logarithmic mass bin, is given by

Mρ
peak ¼ M�

�ðαþ b•Þ
β

�
b•=β

MGW
peak ¼ M�

�ðαþ 5b•=3Þ
β

�
b•=β

; ð22Þ

FIG. 2. Contribution to the mass density in black holes (red)
and to the SGWB (dark blue) per logarithmic mass bin, assuming
the fiducial set of parameters (which includes scatter in theM − σ
relation). The peak of the each kernel is marked by the vertical
dashed lines and the exact values are quoted above.
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which then scales as logMpeak ∝ ϵ20 in the presence of
scatter.
One interesting quantity to consider is the ratio between

the characteristic strain squared and the black hole mass
density. Although themass density can only be inferred from
the quasar luminosity function up to a constant factor given
by the radiative efficiency, the ratio h2c=ρBH cancels the
amplitude of themass function and therefore any dependence
on ϵr. If we therefore consider a black holemass function that
leads to a ρBH consistent with the Sołtan argument for some
value of ϵr, and a value of h2c, then this ratio can only be
altered through changes to the mass function that lead to a
different MGW

peak. Increasing the characteristic strain while
maintaining the current estimate of ρBH therefore implies
modifications to the high-mass tail of the SMBH mass
function, which can be generally described as a change to
the peak mass contributing to the SGWB. The ratio as a
function of the peakmass is shown on the top panel of Fig. 3,
while h2c and ρBH are shown on the bottom.

IV. CAN DIRECT SMBH OBSERVATIONS
AND GWS BE RECONCILED?

The predicted characteristic strain at f ¼ yr−1 for all of
the combinations of velocity dispersion and stellar mass
functions with scaling relations described in Sec. II and the
values measured by PTAs are shown in Fig. 4. The discre-
pancy between the different predictions and measurements

varies between 2 − 4.5σ, assuming Gaussian errors. Based
on the discussion presented in Sec. III, we explore two
aspects of the SGWB prediction that may be subject to
change: the SMBHmass function and themerger history.We
find that an increase in the merger rate of black holes is
insufficient to boost the predicted characteristic strain to the
value measured by PTAs.
Motivated by the general agreement between the black

hole mass density inferred from local scaling relations and
from the quasar luminosity function through Sołtan’s argu-
ment for a radiative efficienty around ϵr ∼ 0.1, we begin by
considering a scenario in which we require the local mass
density of BHs to be unchanged. We also consider more
general variations to theBHabundance, such as the existence
of a new population of SMBHs, and infer their requiredmass
in order to match the PTA measurement.

A. Changes to galaxy scaling relations

Asnoted in Sec. III, ifwe require the characteristic strain to
be fixed to its measured value and the BHmass density to be
consistent with the current estimates, then the relevant
outcomeof anyvariation of theVDFor theM − σ parameters
is to change the mass that most contributes to the SGWB.

FIG. 3. Characteristic strain, black hole mass density, and their
ratios as a function of the SMBH mass that most contributes to
the SGWB (MGW

peak), and the corresponding intrinsic scatter ϵ0 in
the upper axis. In the bottom panel, the value of the ratio between
characteristic strain and the fiducial estimate are shown in the left
axis, while the black hole mass density is shown on the right.

FIG. 4. Comparison between the characteristic strain predicted
using galaxy scaling relations and galaxy catalogs (open sym-
bols) and the values reported by PTA collaborations (filled dots).
The left vertical axis shows the characteristic strain value at the
reference frequency of f ¼ yr−1 for a fixed power law of
γ ¼ 13=3, while the right vertical axis shows the ratio with
respect to the NANOGrav measurement. The discrepancy be-
tween the predicted and the three measured values ranges from
2 − 4.5σ. Red open symbols correspond to the scaling relations
from MM13, while blue open symbols correspond to KH13. The
open circles, crosses, and diamonds use the VDF from B10, B11,
and T20, respectively, while the open stars were computed using
the GSMF from DS15.
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Given that the measured characteristic strain squared is
around 4–10 times larger than predicted from the present-
day black hole mass function, Fig. 3 therefore allows us to
infer that the characteristic strainmust be dominated by∼3 ×
1010M⊙ black holes, roughly 10 times larger than previously
predicted.
We explore variations in parameters that lead to such

enhancements in the abundance or the typical masses of the
most massive SMBHs, such as the intrinsic scatter ϵ0 in the
M − σ relation and the characteristic velocity dispersion σ�.
A larger σ� boosts the abundance of high velocity dispersion
galaxies, while a higher intrinsic scatter in theM − σ relation
allows for more massive black holes to be associated with
galaxies of a given σ. It is worth noting that, since the
characteristic strain is weighted by M5=3, it will always
receive contributions from more massive outliers of the
M − σ relation, even for the best-fit value of ϵ0 from local
observations. This feature is shown in Fig. 5, using the black
hole data from Ref. [12]. Assuming the best-fit value of
scatter results in 50% of the contribution to hc being sourced
from black holes that lie in the 5% tail of theM − σ relation.
We show in the left panel of Fig. 6 the curves of constant

black hole mass density and characteristic strain in the σ�
and ϵ0 parameter space. Requiring both values to be
consistent with current measurements therefore requires
particular values of such parameters, which correspond to
the intersection of the curves shown. We highlight two

points of intersection: x1, which results in an exact match to
the central value of both the measured h2c and inferred ρBH,
while x2 corresponds to a set of parameters that lead to
predicted values of h2c and ρBH that are consistent with
observations at a 90% confidence level.
The point x2 has a very similar value of σ� to the fiducial,

but a significantly larger intrinsic scatter in the M − σ
relation. Since the effect of scatter on the final SMBH mass
function is to increase the abundance of the most massive
black holes, this appears to be a straightforward mechanism
to boost the characteristic strain, while minimizing the
change to the BHmass density. However, the required value
of scatter is in significant disagreement with local observa-
tions. This can be seen in the residuals of theM − σ relation
and, equivalently, in the right panel of Fig. 6. The points with
error bars show the data set used in Ref. [12], while the
contours show the regions that contribute 50% and 90% of
the SGWB at x1 and x2—obtained by computing the
characteristic strain contribution from each point in the
MBH − σ grid. This illustrates that changing the parameters
of the VDF or theM − σ relation in order to increase the GW
prediction leads to the conclusion that the majority of the
contribution to the SGWBwould be sourced by host galaxies
with associated SMBHs that have never been observed.
Motivated by the apparent upward trend of the M − σ

relation for high velocity dispersion galaxies, we imple-
ment an M − σ relation given by the double power law

MBH ¼ 10a•

�
σ

200 km s−1

�
b• þ 10c•

�
σ

200 km s−1

�
d•
; ð23Þ

where a•, b•, and a single value of scatter ϵ0 are fixed to
the values fit in MM13, and c• is fixed such that the two
power laws intercept at σ ¼ 250 km s−1. In order to match
hcðf ¼ yr−1Þ ¼ 2.4þ0.7

−0.6 × 10−15, we find d• ¼ 10.5þ1.5
−3.6 . It

has been argued in the literature that an upward trend in the
M − σ relation may be driven by the velocity dispersion
saturating at high values (which is not expected or observed
for the other host galaxy properties) and therefore that
bulge mass or luminosity scaling relations offer a more
reliable prediction of the massive end of the black hole
mass function. However, it is worth emphasizing that since
we find a consistent value of the characteristic strain for
predictions based on σ and Mbulge, then the steepening
required to match the PTA measurements must necessarily
be larger than this effect, as it would also require a boost in
the Mbulge-based prediction.
Regardless of the origin, an increase in the high-mass tail

of the SMBH mass function would have implications for
the abundance of local SMBHs. In Appendix B, we
compare the population of SMBHs required to explain
the current PTA results with those measured locally and
inferred using local scaling relations. Figure 9 (also Fig. 1)
shows that the best-fit PTA results can be explained by a
SMBHspace density in the localUniverse corresponding to a
yet-undetected population of order 10 3 × 1010M⊙ SMBHs

FIG. 5. Cumulative contribution of residuals of the M − σ
relation. The dark blue solid line shows the residuals of the
scaling relation fit from the data presented in Ref. [12], the dotted
line shows a Gaussian fit to the residuals, the dashed red shows
the Gaussian fit required to match the NANOGrav measurement
(ϵ0 ¼ 0.62), and the light blue solid line shows the cumulative
contribution to the characteristic strain from the same fit to local
observations. Note that the scatter in the observed data includes
both an intrinsic component and a contribution from mea-
surement errors. The results shown above include both and
therefore correspond to a slightly larger scatter (0.43) than the
intrinsic (0.38).
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within 100Mpc (a volume inspired by theMASSIVE survey
ofmassive galaxies and SMBHs [45]). If the amplitude of the
SGWB measured by PTAs remains larger than predicted,
local measurements should therefore offer a stringent test of
this hypothesis. This required space-density of very massive
BHs is independent of whether the population is due to non-
Gaussian scatter in BH-galaxy correlations or the steepening
in such correlations highlighted above.
Although the BH mass density has been a useful point of

comparison between SMBH mass functions estimated from
local scaling relations and inferences based on the quasar
luminosity function, it is not a directly measured quantity. If
we instead allow ρBH to assume any value, σ� and ϵ0 may lie
in any point along the dark blue curve in the left panel of
Fig. 6. We may also suppose that the measured VDF and
M − σ relation are fixed, but that there is a new population of
SMBHs with a typical mass Mboost hosted by galaxies with
σboost, in addition to the standard population. The red curve
on the right panel in Fig. 6 shows the required value ofMboost
as a function of σ ¼ σboost.

1 As expected from our previous

discussion, boosting the masses of SMBHs near the peak of
the mass kernel of the SGWB leads to the smallest change
relative to its fiducial value, while high velocity dispersion
hosts require SMBHs of increasing masses to overcome
their decreasing abundances and the required SMBHmasses
associated with low velocity dispersion hosts plateaus at
∼109M⊙ as a consequence of the plateau in the VDF,
leading to values that are in significant disagreement with
observations.

B. Changes to the merger history

In the previous section, we assumed that all black holes
in the present-day Universe have undergone one merger
event in order to connect the single SMBHmass function to
the binary total mass function. Here we investigate whether
changes to the merger history of SMBHs can sufficiently
increase the amplitude of the SGWB.
We begin with simple and unphysical, but informative

example. Ignoring the timescale for the black holes to
merge and assuming that all mergers occur between equal
mass black holes, we can estimate the boost to the
characteristic strain from multiple mergers by noting that
at each earlier generation N, the number of black holes will
double, and their masses will be halved. That is, we assume
that the present-day single black holes of masses M were
formed from from equal-mass parents of masses M=2 that

FIG. 6. Parameter values required to match both the measured characteristic strain from PTAs and the inferred black hole mass density.
The panel on the left shows the curves of constant hc (in dark blue) and ρBH (in red). The best-fit parameters from direct observations of
SMBHs and host-galaxy properties correspond to the point xfid ¼ ð159.6; 0.38Þ. The points x1 ¼ ð123; 0.84Þ and x2 ¼ ð150; 0.62Þ
correspond to sets of parameters where the predicted h2c and ρBH exactly match the central fiducial value and where they match within a
90% confidence interval, respectively. The points in the panel on the right are the BH data used in the local scaling relation measured by
MM13. The dashed and solid contours correspond to parameters x1 and x2, with the inner (outer) contours showing the regions where
50% (90%) of the contribution to the SGWB. The red curve corresponds to the fiducial VDF andM − σ relation, but with an additional
population of BHs associated with galaxies of a given σ. Each point along the red curve therefore shows the required BH mass if a single
BH population were to account for the hc value measured by NANOGrav. The light blue dotted line and shaded band shows Eq. (23)
for d• ¼ 10.5þ1.5

−3.6.

1We assume a Gaussian bump centered at each value of σ with
width of 10 km s−1 on top of the standard M − σ relation,
boosting SMBH masses by the amount required to match hc
measured by NANOGrav. The red curve shows the required
SMBH mass when galaxies with each value of σ are boosted.
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were twice as abundant, and so on. This leads to the
following convergent series:

h2cjN→∞ ¼ h2cjN¼1

�X∞
N¼1

2−2ðN−1Þ=3
�
≈ 2.7h2cjN¼1: ð24Þ

Hence, even in the extreme scenario of an infinite number of
instantaneous mergers, the characteristic strain hc can only
be a factor of 1.64 larger than our previously predicted value,
which is still lower than the best-fit value of any of the
published PTA results. Changing the fiducial mass ratio
distribution of the latest merger to maximize the GW signal
leads to an additional boost of 1.4. While the combination of
infinite mergers and equal mass ratios can account for the
discrepancy presented here, we argue that a mechanism to
achieve this is still unknown. References [46–48] explore
differential accretionmechanisms,which preferentially leads
to equal mass mergers. However, the presence of accretion
will diminish the mass available in previous mergers, thus
negating the boost from multiple mergers. We explore this
argument quantitatively in Sec. III of Ref. [49]. We also note
that numerical results indicate that, for initially nonspinning
equal-mass black holes in quasicircular orbits, the initial
mass is roughly 5% larger than the final mass [50], thus
requiring a small additional boost per merger.
Instead of an upper limit, we will now compute a fiducial

estimate of this boost, assuming that they occur with a
certain distribution of mass ratios and redshifts. We con-
sider two compounding effects at each previous merger: the
shift of the redshift distribution and the reduced efficiency
of GW emission relative to an equal mass merger. We
assume that the redshift distribution for the latest merger
pN¼1 is given by Eq. (18) and compute the distribution of
the previous merger pNþ1 by considering a fixed timescale
τ between subsequent mergers. Every redshift z can

therefore be mapped onto the redshift of the previous
merger zNþ1 ¼ zN þ ΔzðτÞ. Since some fraction of objects
will never merge [i.e., tðzÞ þ τmay be larger than the age of
the Universe], the new distribution function is normalized
to the fraction that merges, which is not necessarily 1. We
show in Fig. 7 a case with τ ¼ 4 Gyr and the resulting
redshift distribution of each previous merger.
The effect of unequal mass mergers can be computed by

considering that the progenitors of each black hole with a
final mass MBH will have masses MBH=ð1þ qÞ and
qMBH=ð1þ qÞ, where q is drawn from the distribution
function defined in Eq. (18). We show in Appendix A that
the boost to the characteristic strain after N mergers
predicted through a Monte Carlo sampling of the mass
ratio distribution is nearly identical to the prediction with a
fixed mass ratio given by the mean hqi. Furthermore, we
derive an equivalent series to Eq. (24) for the unequal mass
case. The highest boost is obtained for q ¼ 1 given by (24),
but it does not change much with q; in the limit q → 0, the
boost factor is 12=5 ¼ 2.4.
The combined effect of the finite merger timescale and

the unequal mass mergers is a smaller boost to the
characteristic strain as a function of number of mergers
and a convergence to a lower maximum value, since the
finite merger time implies a cutoff to the contributions. The
cumulative contribution of mergers is shown in the right
panel of Fig. 7. The timescale of 4 Gyr is inspired by the
state-of-the-art simulations presented in Ref. [44], which is
the average lifetime of a ∼109M⊙ black hole binary. Note
that this is still optimistic in several ways. For instance, it
neglects the timescale of the galaxy/halo merger and that
black holes grow through accretion, which would result in a
significantly lower mass for the parent SMBHs at earlier
times. We therefore conclude that, while an increase in the
merger rate may alleviate the tension between the predicted

FIG. 7. Impact of multiple merger events on the predicted characteristic strain. The panel on the left shows the redshift distribution of
the first three merger events, assuming a fixed timescale of τ ¼ 4 Gyr between subsequent mergers. The panel on the right shows the
cumulative increase of the predicted characteristic strain as a function of number of mergers. The orange points show the increase for
instantaneous mergers, the red points correspond to a 4 Gyr time-delay, and the gray arrow shows the upper limit computed in Eq. (24).
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amplitude of the SGWB and the values measured by PTAs,
it is insufficient to fully account for the discrepancy.

V. CONCLUSION

The detection of nanohertz gravitational waves by
several PTA collaborations has recently opened a new
window into the supermassive black hole population that is
complementary to the picture offered by existing direct
local measurements and by quasars in the distant Universe.
The GW measurement is particularly sensitive to the most
massive SMBHs, which are rare and therefore challenging
to find through direct observations.
By comparing GW and electromagnetic measurements

of SMBHs (following [23]), we find an inconsistency in the
inferred SMBH population, leading to a lower predicted
value of the SGWB for mass functions consistent with local
observations. We show that this difference cannot be
accounted for by boosting the merger rate of SMBHs
and is therefore likely a consequence of an underestimated
mass function of SMBHs or an overestimate of the SGWB
amplitude. Since the origin of the signal cannot yet be
determined, there is also the possibility of additional
contributions from exotic sources [51]. Considering a
purely astrophysical scenario, we show that if the current
estimate of the black hole mass density, consistent with the
integrated luminosity of quasars through the Sołtan argu-
ment, is to be preserved, then the PTA measurement
generally implies that the SMBH mass that most contrib-
utes to the SGWB must be ∼3 × 1010M⊙, about 10 times
higher than would be naively predicted using local mea-
surements of the SMBHmass function. This would suggest
that the most massive SMBHs found in our local Universe
comprise the typical population contributing to the SGWB.
We explore a few potential avenues that could lead to a

higher prediction of the high mass tail of the SMBH mass
function. We begin by modifying the intrinsic scatter in the
M − σ relation and the turnover scale in the VDF but find
that the required parameters to account for the PTA
measurement are inconsistent with the residuals of the
M − σ fit. We then show that a steeper M − σ relation for
high velocity dispersion galaxies can account for the
missing high-mass population. Although it has been argued
that the M − σ relation should steepen as a consequence of
the saturation of the velocity dispersion at high values in
gas-poor mergers, we emphasize that since both the σ- and
Mbulge-based predictions lead to consistent and under-
predicted values of the characteristic strain, then the
required boost to the abundance of the most massive black
holes must necessarily be larger than this effect. This
exploration leads to a directly testable prediction for the
local abundance of the most massive SMBHs, should the
amplitude of the SGWB measured by PTAs remain larger
than predicted, and therefore highlights the importance of
populating this region of parameter space with local
observations. Quantitatively, the current best-fit PTA

results require a SMBH space-density in the local
Universe that corresponds to a yet-undetected population
of order 10 3 × 1010M⊙ or 1 1011M⊙ SMBHs within
100 Mpc (a volume in which stellar and gas dynamical
BH measurements are feasible). However, masses signifi-
cantly above a few 1010M⊙ are disfavored since they would
likely be detected as individual sources by PTAs.
Although the GW signal alone offers only an integrated

measurement of the SMBH mass function, we showed that
combining GWs with local observations of SMBHs and the
quasar luminosity function leads to a greater insight about
this black hole population. Crucially, GW measurements
probe the massive end of the SMBH mass function, which
are rare and therefore elusive in electromagnetic observa-
tions.While someblackholes ofmasses∼1010M⊙ have been
found locally, the low surface brightness of the cored inner
region hinders direct mass measurements. Furthermore,
since these extremelymassive SMBHs aremost likely hosted
by galaxies that appear to have been formed from repeated
gas-poor mergers, they are also unlikely to be seen as the
brightest quasars. GWs may therefore be offering a unique
perspective on the most massive black holes in the Universe.
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APPENDIX A: EFFICIENCY OF UNEQUAL
MASS MERGERS

Assume all mergers have a fixed mass ratio q and
corresponding η. Let us define SðN; qÞ the efficiency ratio
relative to a single equal mass merger of a tree of mergers
that goes down n levels. All mergers have an efficiency
ratio relative to the equal mass case of 4η. After one merger,
the two progenitor black holes have masses MBH=ð1þ qÞ
and MBHq=ð1þ qÞ so

Sð0;qÞ ¼ 4η; Sð1;qÞ ¼ 4η

�
1þ 1

ð1þqÞ5=3þ
q5=3

ð1þqÞ5=3
�
:

ðA1Þ

After a second level, the black holes split again, and there is
one black hole with massMBH1=ð1þ qÞ2, two with masses
MBHq=ð1þ qÞ2, and one with MBHðq=ð1þ qÞÞ2, so that
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Sð2; qÞ ¼ 4η

�
1þ 1þ q5=3

ð1þ qÞ5=3 þ
�

1þ q5=3

ð1þ qÞ5=3
�

2
�
: ðA2Þ

To go down each one level, each of the black holes split into
pieces by factors 1=ð1þ qÞ and q=ð1þ qÞ, so there are
many possible masses. The number of black holes of the
different masses, however, is given by the binomial
coefficients so that in general

SðN; qÞ ¼ 4η
XN
n¼0

�
1þ q5=3

ð1þ qÞ5=3
�n

¼ 4η
1 −



1þq5=3

ð1þqÞ5=3
�
Nþ1

1 −



1þq5=3

ð1þqÞ5=3
� :

ðA3Þ
For a fixed N, SðN; qÞ is maximum for q ¼ 1.
Rather than label the tree by the number of levels, one

could label it by the mass of the largest black hole in that
level, MBH=ð1þ qÞNþ1. The analytic prediction in Fig. 8
simply plots ð1þ qÞNþ1 vs SðN; qÞ where q is the average
value for each distribution, where hqi ¼ ½0.3909; 0.55; 1� for
the log, linear, and equalmass cases (assumesqmin ¼ 0.1). In
these formulas,N does not need to be an integer. The discrete
points show the results of averages of Monte Carlo realiza-
tion where the mass ratio was sampled form the appropriate
distribution. Each subsequent point corresponds to one
additional level of the tree.

APPENDIX B: IMPLICATION FOR
LOCAL OBSERVATIONS

The higher amplitude of the SGWB found by PTA
observations may imply a “missing” populations of
SMBHs in the current estimates of the mass function.
While the PTA signal alone cannot distinguish their proper-
ties, requiring consistency with the current estimate of the

black hole mass density would suggest an increase in the
high-mass end of the SMBHmass function. If this is the case,
we should expect an increase in the number of very massive
SMBHs in nearby galaxies, and we provide a rough estimate
of this population.
Inspired by the ongoing observations of the MASSIVE

Survey [45], we show in Fig. 9 the number of SMBHs above
a certain minimum mass Mmin within a survey with a
spherical volume of 100 Mpc radius. The solid lines
correspond to predictions for a single mass function, the
lower computed with out fiducial VDF and M − σ relation,
and the higher with the fiducial VDF and a steeper M − σ
relation that reproduced the central value of hc observed by
NANOGrav, and error bands that correspond to Poisson
errors. The dashed line corresponds to a SMBH mass
function identical to the fiducial, but with a Gaussian bump
added above Mmin with width of 0.1 dex and with a height
chosen so as to match hc. Each point in the dashed line
therefore corresponds to a differentmass function and should
be interpreted as a statement that the characteristic strain
observed by NANOGrav may be explained by a mass
function that predicts ∼60 SMBHs with masses above
≳1010M⊙ or ∼2 SMBHs with masses above ≳1011M⊙
within a distance of 100Mpc. However, masses significantly
above 1010M⊙ are disfavored by upper limits in individual
SMBHB searches, as they would likely be detected as point
sources in PTA observations [52]. The line of observed black
holes includes the data fromRef. [12],with the addition of the
SMBH reported in Ref. [53]. Note that this does not
correspond to a complete samplewithin the assumedvolume.

FIG. 8. Efficiency of GW emission relative to the equal mass
case. Symbols corresponds to the results of merger tree simu-
lations and the lines the series of Eq. (A3).

FIG. 9. Total number of SMBHs above a given minimum mass
Mmin. Solid lines with error bands correspond to predictions
using the fiducial VDF andM − σ relation (gray) and the fiducial
VDF and an M − σ relation given by Eq. (23) with the best-fit
value that matches the characteristic strain measured by PTAs
(light blue). The dashed line with dots correspond to the fiducial
mass function, with a Gaussian bump above Mmin such that the
amplitude is chosen to match the measured hc. The dark blue
curve shows the SMBHs observed so far.
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