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Resolving the formation channel(s) of merging binary black holes is a key goal in gravitational-wave
astronomy. The orbital eccentricity is believed to be a precious tracer of the underlying formation pathway,
but is largely dissipated during the usually long inspiral between black hole formation and merger. Most
gravitational-wave sources are thus expected to enter the sensitivity windows of current detectors on
configurations that are compatible with quasicircular orbits. In this paper, we investigate the impact of
“negligible” residual eccentricity—lower than currently detectable by infer the formation history of binary
black holes, focusing in particular on their spin orientations. We trace the evolution of both observed and
synthetic gravitational-wave events backward in time, while resampling their residual eccentricities to
values that are below the detectability threshold. Eccentricities in-band as low as ∼10−4 can lead to
significant biases when reconstructing the spin directions, especially in the case of loud, highly precessing
systems. Residual eccentricity thus act like a systematic uncertainty for our astrophysical inference. As a
mitigation strategy, one can marginalize the posterior distribution over the residual eccentricity using
astrophysical predictions.
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I. INTRODUCTION

Inferring the formation and evolutionary processes of
merging stellar-mass black holes (BHs) is one of the most
pressing questions in modern high-energy astrophysics.
LIGO, Virgo, and KAGRA (LVK) are delivering hundreds
of gravitational-wave (GW) detections [1–4] and, despite
some initial optimism, the “formation-channel” problem is
still far from solved [5–10]. BHs are simple objects in general
relativity, which implies we have a limited number of
observables at our disposal, notably masses, spins, merger
rates, and potentially the orbital eccentricity. Among these,
spin directions [11–18] and eccentricity [19–21] are believed
to be clean indicators of the BH progenitors and their
formation mechanisms, with large spin misalignments and
large eccentricities pointing to dynamical assembly in new
densely populated environments.
Spin precession and orbital eccentricity are deeply

intertwined. From a signal perspective, they both introduce

on timescales that are longer than that of the orbit [22–24].
Such waveform features can be comparable, and isolating
the two effects in current GW data presents challenges, at
least for sufficiently short signals [25]. As for the binary
evolution, couplings between the spin and eccentricity
sectors of the binary dynamics introduces a nontrivial
phenomenology. Sources formed with identical parameters
but different eccentricities might enter the LVK band with
spin evolution patterns that are considerably different [26].
This interplay between spins and eccentricity requires

careful consideration when reconstructing the history of
BH binaries from their parameters, which are inferred from
their GW signals. Propagating spin directions from for-
mation to detection [27,28] is crucial to transfer astro-
physical predictions to the regime where sources are
observable [11,12,15], thus allowing for a meaningful
comparison with the data. The reverse operation, “back-
propagating” binaries from detection to formation, has key
applications in single-event inference [29–31], population
studies [29,32], and archival searches for, say, the LISA
mission [33–36]. In this paper, we show that eccentricity is*Contact author: g.fumagalli47@campus.unimib.it
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a source of systematics that might affect, perhaps signifi-
cantly, these downstream applications.
The BH binaries observed by LVK have been consis-

tently reported to be quasicircular [37,38], perhaps with a
few exceptions [39,40]. This is not surprising, as leading-
order post-Newtonian (PN) effects tend to remove eccen-
tricity from binary systems on a timescale that is shorter
than that of the inspiral itself [41], leading to quasicircular
mergers even for systems that initially formed on highly
eccentric orbits. Current ground-based interferometers are
capable of detecting eccentricities as low as ethr ≃ 0.05 for
GW150914-like binaries [42], meaning that binaries enter-
ing the sensitivity band of our instruments with eccen-
tricities lower than this threshold will be reported as
quasicircular. In reality, GW sources have some residual
eccentricity eres < ethr which cannot be captured. For typical
astrophysical environments, current models predict values of
eres ≲ 10−8 for field binaries and∼10−7 ≲ eres ≲ 10−4 for the
majority of binaries formed in clusters (cf. Sec. III C below).
For binaries that are assembled dynamically, models also
predict a small fraction of sources merging with eres > ethr
which, if detected, are poised to be highly informative [20].
Quasicircular orbits act as dynamical attractors for the

forward evolution of BH binaries [41], which unfortunately
implies they act as repulsor where sources are backpropa-
gated: for binaries on eccentric orbits, small variations of
their parameters at GW detection implies large variations at
BH formation. As first identified in previous work by some
of us [26], this issue is particularly concerning when
considering the spin directions. Do residual, below-threshold
eccentricities significantly affect our inference on the spin of
BH binaries and thus their formation mechanism? How can
this source of systematic be mitigated? What are the
consequences when inferring the formation channels of
GW sources?
We tackle these questions by applying the PN formalism

of Refs. [26,28] to real LVK observations, synthetic GW
events, and predictions from astrophysical population-
synthesis simulations. For each event, instead of making
the common assumption that eres ¼ 0, we resample the
residual eccentricity eres < ethr and backpropagate the
resulting spin evolution to a common large separation.
We compare the resulting spin distributions against those
obtained assuming quasicircularity for the entire inspiral.
For current events up to GWTC-3 [1–4], we find that

residual eccentricity introduces a rather mild systematic
effect. This is due to the large uncertainties on the spin
directions as well as the weak or absent evidence of spin
precession in most of the signals. We are safe, for now.
Using a set of synthetic injections [43] with higher signal-
to-noise ratios (SNR) and prominent two-spin effects, we
observe severe divergences between the eccentric and
quasicircular spin predictions. Unaccounted (and, at
present, unaccountable) eccentricity at detection can intro-
duce substantial variation in our inference of spins at BH

binary formation, which implies that residual eccentricity is
effectively a systematic one should take into account when
inferring the origin of GW events. We show that astro-
physical models of BH binary formation [44–46] can be
used to heuristically “marginalize” over this systematic,
thereby mitigating its impact.
Our paper is organized as follows: in Sec. II we

summarize the back-propagation procedure, the adopted
statistical tools, and the targeted GW events; in Sec. III we
present our results in terms of the bias induced and propose
a strategy to marginalize over residual eccentricity using
astrophysical predictions; in Sec. IV we discuss the impli-
cations of our findings.

II. BACK PROPAGATION

A. Black hole binary dynamics

BH binaries are characterized by masses m1;2, mass ratio
q ¼ m2=m1 ≤ 1, total mass M ¼ m1 þm2, dimensionless
spin magnitudes χ1;2 ∈ ½0; 1�, polar spin angles θ1;2 ∈ ½0; π�
measured from the orbital angular momentum, and azimu-
thal spin angles Φ1;2 measured in the orbital plane. As long
as the orbital timescale is much shorter than the inspiral
timescale, orbits can be described using Keplerian notions
for the semimajor axis a and the orbital eccentricity
e∈ ½0; 1Þ. Hereafter we set c ¼ G ¼ 1.
Spin information is often condensed into the parameters

χeff (which includes information about the aligned compo-
nents of the spins [47]) and χp (which instead captures spin
precession [48,49]). In the following, we use the “average”
definition of χp put forward in Refs. [43,49]. In particular,
one has χp ∈ ½0; 2� where the lower bound implies aligned
spins and χp > 1 implies that both spins are precessing.
Such definition can be trivially extended to eccentric orbits
using the mapping detailed in Ref. [26]. In particular it is
sufficient to substitute r → að1 − e2Þ in the calculations
of Ref. [49].
We evolve binaries along their inspiral using the pre-

cession-averaged PN approach of Refs. [26,28]; we refer to
those previous papers for extensive derivation and vali-
dation of the formalism. In brief, we first neglect radiation
reaction and solve the spin-precession problem semi-
analytically by exploiting constants of motion [47,50].
GW emission is then introduced quasiadiabatically, mod-
eling the spin evolution as a continuous series of those
semianalytic solutions. Initially restricted to circular
sources [27,28], precession-averaged PN evolutions have
been recently extended to small-to-moderate eccentricities
e≲ 0.6 [26], where the limitation is set by the validity of
the underlying orbit-averaged PN equations [41].
Posterior samples are provided at the reference GW

frequency fref ¼ 20 Hz, with the exception of GW190521
where instead fref ¼ 11 Hz [2]. From these, we calculate
the semimajor axis a using the PN expression reported in
Eq. (4.13) of Ref. [23], which results in separations of
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Oð10MÞ. This conversion neglects the presence of eccen-
tricity, which is appropriate for eres < ethr.

B. Residual eccentricity

Residual eccentricity in-band might go unnoticed. We
capture this effect by assigning each posterior sample
a new value of the eccentricity that is below distinguish-
ability threshold. In the following, we pursue two
strategies:

(i) For a rather agnostic approach, we consider thermal
distributions fðeÞ ∝ e which naturally arise in stat-
istical physics. We set e∈ ½0; emax� such that emax¼0
corresponds to assuming binaries that evolved on
quasicircular orbits since formation. In the follow-
ing, we use emax ¼ 10−4; 10−3; 10−2 such that all
samples have an eccentricity e ≤ emax < ethr ≃ 0.05
in band. Note that eccentricities are resampled at
fref ¼ 20, 11 Hz while Ref. [42] quotes the thresh-
old ethr ∼ 0.05 at 10 Hz. We check that our
resampled values of eres are lower than ethr: using
Peters’ equations [41], a binary e ¼ 10−2 at 20 Hz
reaches e ∼ 0.02 at 10 Hz. For a more in-depth
study, one should consider an eccentricity threshold
that depends on the binary parameters (for instance:
it is easier to infer the eccentricity for binaries with
lower masses because they complete more cycles in
band [51]). We leave this to future work.

(ii) For a more astrophysical motivated approach, we
attempt a direct modeling of the residual eccentricity
predicted by state-of-the-art population-synthesis
codes. We make use of simulations of both binaries
formed in isolation [52] and binaries assembled
dynamically in dense stellar clusters [21,46]. We
draw eccentricities directly from their distributions
as predicted at GW detection; see Sec. III C for
details. In particular, distributions are truncated at
eres < ethr. This mimics a scenario where highly
eccentric sources predicted can be identified as such
and are not affected by the systematic uncertainty
targeted here.

Given this initial configuration, we propagate binaries
backward in time until the separation reaches a ¼ 104M.
This is rather conservative as BH binary formation typically
happens as separations as large as ∼106M [46,53,54]. If the
residual eccentricity in band is ≠ 0, binaries will reach this
large separation with orbits that are considerably more
eccentric; this is due to the repulsive character of Peters’
[41] equations. When back propagating from eccentricities
eres of Oð10−2Þ, the resulting eccentricities at a ¼ 104M
can be larger than 0.6, which was quoted as a conservative
limit for validity of our formalism [26]. Extending the
applicability of PN integrations in the high-eccentricity
regime is conceptual problem which is outside of the scope
of this paper and will be addressed elsewhere [55]. For
simplicity, here we nonetheless use the Peters’ equations

for all our sources, which is in line with common practice in
the astrophysical community.

C. Gravitational-wave signals

We consider both current LVK observations as well as
synthetic injections. Together, these sources cover a broad
range of SNRs and degrees of spin precession.

(i) We consider 69 binary BH mergers as reported in the
currently available GWTC catalog [1–4], selecting
events with false alarm rate < 1 yr−1 and astrophysi-
cal probability pastro > 0.5. We use samples labeled
as Mixed-Cosmo which combine results from the
IMRPhenomXPHM [56] and SEOBNRv4PHM [57] wave-
form approximants. For event GW200129_065458
we also consider posterior samples obtained with
NRSur7dq4 [58] from Ref. [59], which present a much
stronger evidence for spin precession (see also
Ref. [60] for similar conclusions and Ref. [61] for
caveats related to data quality).

(ii) We also use 100 publicly available [62] software
injections which specifically target highly precess-
ing systems. These were first presented in Figs. 4
and 5 of Ref. [43]. The parameters of these sources
are distributed by reweighting the uninformative
prior used in LVK parameter estimation in favor
of a uniform distribution in χp ∈ ½0; 2� and applying a
SNR threshold of 20. In particular, these binaries
have masses m1;2 ∈ ½5; 100�M⊙ constrained to
q∈ ½1=8; 1� and Mc ∈ ½10; 60�M⊙ (where Mc is
the detector-frame chirp mass), spins χ1;2 ∈ ½0; 0.99�,
and luminosity distances DL ∈ ½100; 5000� Mpc.
Source are injected and recovered with the
IMRPhenomXPHM [56] approximant, assuming detec-
tor performances representative of the 4th observing
run of LVK and neglecting nonstationary noise
realizations (for details see Ref. [43]).

Crucially, all these sources, both real and synthetic, have
been analyzed assuming BHs on quasicircular orbits. We
do not have posterior distributions for the residual eccen-
tricity in band, which thus acts as a systematic uncertainty.

D. Hellinger distance

Quantifying the impact of residual eccentricities requires
a notion of distance between probability distributions.
Among the many available options [63], we opt for the
Hellinger distance [64]. This is defined as

dHðp; qÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðxÞqðxÞ

p
dx

s
; ð1Þ

where p and q are probability density functions of a
(possibly multidimensional) variable x. In our case, these
are the backpropagated posteriors obtained assuming either
quasicircularity or resampled eccentricities, respectively.
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We integrate over x ¼ ðcos θ1; cos θ2Þ and have verified
that x ¼ χp yields results that are largely indistinguishable.
We evaluate probability density functions using kernel
density estimation and compute the integral in Eq. (1)
via Monte Carlo.
The Hellinger distance has the desirable properties of

being symmetric, i.e. dHðp; qÞ ¼ dHðq; pÞ, and defined in
[0, 1] such that dH ¼ 0 implies that the two distributions
are identical and dH ¼ 1 implies that their supports are
disjoint. For some intuition, one can convert Hellinger-
distance values into σ levels by considering two one-
dimensional Gaussians separated by n standard deviations.
The result is

dH½N ðμ; σÞ;N ðμþ nσ; σÞ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − exp

�
−
n2

8

�s
: ð2Þ

Some evaluations are reported in Table I.

III. SYSTEMATIC UNCERTAINTY

A. A few examples

The top panels of Fig. 1 show posterior distributions of the
spin angles (θ1, θ2) and the effective precession parameter χp
for the synthetic event labeled as uni_88 in the dataset of
Ref. [62]. This signal was handpicked for illustrative
purposes because it has the largest Hellinger distance
between the quasicircular and eccentric reconstructions.
This is a loud (SNR ≃ 118) system with BHs of detector-
frame masses m1 ¼ 49.5þ1.2

−1.8M⊙, m2 ¼ 45.3þ1.1
−1.1M⊙ and

spin magnitudes χ1 ¼ 0.95þ0.03
−0.06 , χ2 ¼ 0.94þ0.04

−0.07 (hereafter
we report medians and 90% credible intervals). We show
posterior distributions at detection (fref ¼ 20 Hz) as well as
those resulting from our backpropagation procedure
(a ¼ 104M) assuming residual eccentricities extracted from
a thermal distribution truncated at some emax. An animated
version of Fig. 1 is available at [65] and shows the evolution
of such posteriors as a function of a.
As the adopted residual eccentricity increases, the back-

propagated posterior distributions show larger deviations
from the expected circular predictions, possibly leading to
biased estimations of the spin parameters. For this event,
the Hellinger distance between the backpropagated pos-
terior obtained with emax ¼ 10−2 and its circular counter-
part with emax ¼ 0 is ∼0.79 (i.e. ≳2σ levels).

It is informative to compare the locations of the back-
propagated distributions against those at detection as a
function of the residual eccentricity. When projected in the
ðcos θ1; cos θ2Þ plane, all distributions lie roughly on the
same diagonal line; this is because χeff is a constant of
motion for both the eccentric and the quasicircular problem
[47] (at least at 2PN in spin precession, which is the order
considered here). But crucially, larger residual eccen-
tricities imply spin orientations that are closer to those at
detection.
While this might seem counterintuitive at first, it is a

direct consequence of the PN equations of motion [26,66].
The evolution of the spin orientations depends on semi-
major axis a and eccentricity e through the orbital angular
momentum L. This acts much like a time coordinate, with
sources evolving from large L to small L. From the
Newtonian scaling L ∝

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1 − eÞp

, eccentric binaries have
a smaller angular momentum than circular binaries for a
given value of a. The posteriors shown in Fig. 1 are
naturally ordered by angular momentum, with the eccentric
backpropagated posteriors seated between the backpropa-
gated circular posteriors (which have the largest orbital
angular momentum) and the posteriors at detection (which
have the smallest orbital angular momentum).
The bottom panels of Fig. 1 show backpropagated

posteriors for the LVK event GW191109_010717; once
more, this system was chosen for its most pronounced
differences between eccentric and circular backpropagated
results across the current GW catalog. GW191109_010717
has an SNR of ∼13.6 and is consistent with a binary BH
with m1 ¼ 81þ13

−9 M⊙, m2 ¼ 60þ16
−17M⊙, χ1 ¼ 0.65þ0.32

−0.58 , and
χ2 ¼ 0.82þ0.15

−0.57 . Although subtler, the same features we
discussed for our simulated system are also present for
GW191109_010717; this is, however, characterized by
much larger uncertainties (the SNR is about 10 times
lower). In this case, we report a distance dH ∼ 0.01 between
backpropagated posteriors with emax ¼ 10−2 and emax ¼ 0.
Overall, this shows that, for current events, the systematic
bias induced by neglecting residual eccentricity in band is
mild. It might, however, become important for exception-
ally loud events and/or with the next leap in sensitivity of
our detectors. Despite the promising evidence for preces-
sion in GW200129_065458 [59,60], we find dH ∼ 10−5

between backpropagated posteriors with emax ¼ 10−2 and
emax ¼ 0when using the samples of Ref. [59]. This is likely
attributed to the largely unconstrained posterior for the
secondary spin.

B. Parameter-space exploration

We now present a broader exploration of the parameter
space using theHellinger distance (Sec. II D) as our summary
statistic. Figure 2 shows thevalues ofdH across all the signals
of Sec. II C, including both real and synthetic events. We
compute Hellinger distances between the three eccentric
backpropagated distributions emax ¼ 10−2; 10−3; 10−4 and

TABLE I. Values of the Hellinger distance for two identical
Gaussian distributions separated by an increasing number n of
standard deviations σ.

1σ 2σ 3σ 4σ 5σ … 10σ

dH 0.343 0.627 0.822 0.930 0.978 ∼1–10−6
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the circular case eres ¼ emax ¼ 0. The distance is computed
over x ¼ ðcos θ1; cos θ2Þ and plotted against the median
value of χp at detection.
The Hellinger distance between our circular and eccen-

tric backpropagated prediction increases with χp, indicating

that the systematic uncertainty associated with residual
eccentricity is strongly correlated with the amount of
precession in the signal. More trivially and as already
illustrated in Fig. 1, we find that the distance increases
with emax.

FIG. 1. Backpropagated posterior distributions assuming both eccentric and quasicircular configurations. The top panels show results
for the synthetic signal labeled uni_88 in the dataset of Ref. [62]; the bottom panel shows event GW191109_010717 [4]. In both cases,
left panels shows the joint posterior distribution of the spin orientations ðθ1; θ2Þ and right panels shows the posterior distribution of χp.
Dashed curves show the distributions at detection (fref ¼ 20 Hz); solid curves are obtained by backpropagating posterior samples to
a ¼ 104M. The dark blue distributions (emax ¼ 0) assumes sources evolved on quasicircular orbit throughout their inspiral. The other
curves assume some residual eccentricity at detection. These are drawn from a thermal distribution fðeÞ ∝ e truncated at emax ¼ 10−4

(light blue), 10−3 (gray), and 10−2 (red). Contours in the two-dimensional distributions on the left correspond to 50% and 90% credible
intervals. An animated version of this figure is available at [65].
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On top of these main trends, Fig. 2 shows substantial
variability, even across several orders of magnitude in dH.
This is not surprising given the high dimensionality of the
BH binary parameter space and our sparse coverage. For
a given value of χp and emax, we find that sources at
lower (higher) SNR tend to have larger (smaller) values of
dH, corresponding to the regime where statistical system-
atic uncertainties dominate the error budget. This can
also be seen by comparing the top and bottom panels
of Fig. 1.

C. Marginalization with astrophysical models

The use of thermal distributions truncated at emax in the
previous sections was arbitrary. We now present a more
motivated strategy which makes direct use of state-of-the-
art population-synthesis predictions. We interpret this as an
“astrophysical marginalization” over the residual eccen-
tricity: the backpropagated posteriors on the spin directions
one infers are broader than one would obtain by naively
assuming that binaries evolved on ideal quasicircular orbits
for their entire inspiral.
Eccentricity at merger is a distinct signature of binaries

that formed in dynamical environments, notably dense
stellar clusters. We use predictions obtained with Rapster

[46] and CMC [45], which are two of the current state-of-
the-art cluster codes in the field. These are compared
against a population of BH binaries formed in isolation as
predicted with the StarTrack [44,52] code. For binaries
formed in clusters, we label sources as (i) “ejected” for
BHs that merge outside of the cluster; (ii) “in-cluster” for
BHs that merge inside the cluster following binary
formation and (iii) “GW capture” which also merge inside
the cluster but abruptly.
The Rapster population is generated based on the assump-

tions detailed in Sec. III. A of Ref. [67]. For StarTrack, we use
the population referred to as “default model” in Ref. [68].
Results from CMC are extracted from Fig. 1 of Ref. [21],
which refers to detectable populations of sources at
fref ¼ 10 Hz. We eyeball their figure and consider skewed
log-normal distributions with means of 10−6.8, 10−5.5, and
10−2.5, standard deviations of 10−1, and skewness param-
eters of 9, 6, and 1 for the ejected, in-cluster and GW
capture subchannels, respectively. We weigh each of these
distributions as reported in Table II. For the Rapster and
StarTrack populations, eccentricity and spin distributions are
provided at BH formation, which we forward-propagate to
fref ¼ 10 Hz as described in Sec. II A. For these two codes,
we postprocess information for the GW detectability by
considering a single LIGO instrument and a SNR threshold
of 8.
Signals are computed using the IMRPhenomXPHM [56]

waveform model and a noise power spectral density
that is representative of the fourth observing run.
This is consistent with the injections from Ref. [43]

FIG. 2. Hellinger distances between circular and eccentric
backpropagated posterior distributions of ðcos θ1; cos θ2Þ as a
function of the median value of χp at detection. We consider 69
real events detected by LVK (squares) and 100 synthetic signals
(circles). Diamonds mark results obtained using the posteriors
samples of Ref. [59] for event GW200129_065458. Crosses
indicate the events used in Figs. 1 and 4. Panels and colors refer to
different assumptions for the residual eccentricity in band. This is
extracted from a thermal distribution truncated at emax ¼ 10−4

(blue, top), emax ¼ 10−3 (gray, middle), and emax ¼ 10−2 (red,
bottom). Dashed horizontal lines mark the Hellinger distances
values corresponding 1 and 5σ-levels (cf. Table I).

TABLE II. Fractional contributions to the BH merger rate for
the three subchannels of the dynamical formation channel using
predictions from Rapster and CMC. Numbers in parenthesis refer to
sources with eres < ethr ¼ 0.05.

Ejected In-cluster GW-capture

Rapster 0.71 (0.70) 0.20 (0.20) 0.09 (0.002)
CMC 0.70 (0.70) 0.20 (0.20) 0.10 (0.079)
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introduced in Sec. II C. We analytically marginalize over
the extrinsic parameters [69,70] as implemented in
Ref. [71]. This results in a set of weights pdet for each
source in our simulated populations, which is then nor-
malized; i.e. we set

P
i pdet;i ¼ 1. For Rapster, the fractional

contributions of each of the three subchannels is reported in
Table II.
Figure 3 shows the resulting residual eccentricities at

fref ¼ 10 Hz. The distributions predicted for each for-
mation (sub)channel are quite distinct and differ by
orders of magnitudes. Predictions from the two pop-
ulations of dynamically assembled binaries are in broad
agreement. With the notable exception of GW captures,
residual eccentricities fall well below the current dis-
tinguishability threshold ethr ≃ 0.05 [42]. Even third-
generation detectors, which might reach ethr ≃ 10−3

[72], will not be of much help here. In the following,
we truncate the distributions of Fig. 3 to e ≤ ethr ≃ 0.05,

which mimics a scenario where highly eccentric sources
can be identified as such and thus do not pollute our
inference of binaries that appear quasicircular. Note that
Fig. 3 is likely to overestimate the importance of highly
eccentric sources because of the related difficulties with
estimating GW detectability; this is partly motivates the
difference between CMC and Rapster for the GW-capture
subchannel.
Given these predictions, we perform the same oper-

ation discussed in Sec. III while drawing residual
eccentricities from the distributions of Fig. 3. Notably,
this does not provide an exhaustive picture of all
possible eccentric mergers. Eccentric binaries are
expected to form in environments other than globulars,
such as active galactic nuclei [73] and different types of
star clusters [74]. For clarity, we limit our analysis to the
populations described above but stress that the methods
presented here can be straightforwardly applied to other
predictions.
Figure 4 shows results for the same software injection

considered in top panels of Fig. 1. We first propagate the
GW posteriors forward from fref ¼ 20 Hz (where the
injections was performed) to 10 Hz (where the residual
eccentricity is provided, see above). We then backpropa-
gate spin directions to the joint large separation a ¼ 104 M.
The detailed evolution of these posteriors as a function of a
is provided in an animated version of Fig. 4, which is
available at [65].
The results of Fig. 4 should be interpreted as our best

estimate of the spin orientations at (or, more accurately,
close to) BH formation given the detected GW data and
assuming a specific formation pathway. Figure 4 shows the
same trends highlighted in Sec. III A: distributions with the
lowest (largest) residual eccentricity such as isolated
binaries (GW captures) have backpropagated spin direc-
tions that are further (closer) to those at detection, and the
main reason is that those binaries have a larger (lower)
angular momentum. When considering contributions from
all the dynamical subchannels, our predictions sit close to
the distributions for the ejected and in-cluster subchannels
because those two classes dominate the dynamical for-
mation merger rate, see Fig. 3 and Table II (recall that we
are truncating the distribution at ethr, which further dimin-
ishes the GW-capture contribution).
Crucially, the procedure we present heavily relies on

the adopted astrophysical population, which is subject to
significant uncertainties. Furthermore, our results do not
capture correlations between the residual eccentricity and
the other parameters (say the masses or the spins) of the
backpropagated signal. While our results are indicative
even for fixed populations, we ultimately envision this
approach to be used in synchronicity with full GW
population fits, the results of which can then be repur-
posed to shed light on individual detections, see e.g.
Ref. [64].

FIG. 3. Distributions of eccentricities at the reference
frequency fref ¼ 10 Hz for some representative astrophysical
populations of BH binaries from stellar physics simulations.
Distributions related to three subchannels within the two
dynamically formed populations are shown in blue for ejected
binaries merging outside the cluster, orange for binaries
merging inside the cluster, and green for binaries formed
via GW captures. For these, solid and dashed histograms
show predictions from the Rapster and CMC codes, respec-
tively. The isolated-binary population from StarTrack is shown
in red. The gray area to the left mark systems with
eccentricity larger than the resolvability threshold, here set
to ethr ¼ 0.05. Binaries are weighted by their GW detect-
ability, and the resulting histograms are normalized to the
cumulative detection probability; i.e. the sum of the bin
heights for the isolated and dynamical channels is equal to 1.
The contributions provided by each of the subchannels is
reported in Table II.
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IV. CONCLUSIONS

Some of the key observables in GW astronomy are
time dependent; i.e. their values change, sometime
significantly, as sources inspiral. Among these are
the spin directions and the orbital eccentricity.
Capturing their coupled evolution between BH forma-
tion and GW detection is important for an unbiased
reconstruction of formation pathway of stellar-mass BH
binaries. Current ground-based detectors are not able to
distinguish eccentricities in BHs binaries which are
≲0.05 at 10 Hz. Those sources are thus typically
reported as compatible with binaries on quasicircular
orbits.
Eccentricity and spin inclinations are coupled [26]

and, as illustrated in this paper, mismodeling in the
former at detection translates into biased distributions of
the latter at BH formation. Residual eccentricity is a
systematic uncertainty for the spin directions, which
should be considered in addition to the statistical
uncertainty due to detector noise. In particular, our
study illustrates that:

(i) The systematic bias on the spin directions due to
residual eccentricity increases with both the residual
eccentricity itself as well as the amount of spin
precession in the signals. This illustrate that this
effect is indeed due to couplings between
the precession and eccentricity sectors of the BH
dynamics.

(ii) For the events reported by LVK so far, the systematic
uncertainty due to residual eccentricity is subdomi-
nant compared to the statistical uncertainty of the
spin directions (dH ≲ 0.01).

(iii) The situation is reversed for putative sources with
SNR ∼ 100 and precessing spins, which might
present spin posteriors at BH formation that are
essentially disjoint from those obtained assuming
quasicircular orbits (dH ∼ 0.8).

Residual eccentricity influences not only the spin pre-
dictions of individual events but also those of population-
level analyses, which we plan to investigate in future work.
Features in the inferred population of the BH spins are used
to constrain specific mechanisms behind the assembly of
BH binaries such as supernova kicks, tidal interactions,
mass transfer, and even the symmetry of the environment
[10,11,14,68,75–81]. GW population fits that include spin
directions are now performed after binaries have been
backpropagated to past time infinity (i.e. fref ¼ 0 Hz)
assuming quasicircular orbits [29,30,32]. The evolution
of eccentric binaries to past time infinity is still an open
problem because the commonly employed averaging tech-
niques [26,41] are expected to break down [28]. In this
paper we sidestepped the issue by halting our evolution at a
large but finite separation, a ¼ 104 M. Extrapolating from
what we presented here, we speculate that importance of
the systematic bias due to residual eccentricity might

FIG. 4. Backpropagated posteriors of the spin directions assuming astrophysically motivated distributions of residual eccentricity. We
consider the SNR ∼ 100 synthetic signal uni_88 from the dataset of Ref. [62] (cf. top panel of Fig. 1). Dashed curves show
distributions at detection (fref ¼ 20 Hz) while solid curves shows distribution a the common large separation (a ¼ 104M). Contours in
the two-dimensional distributions correspond to 50% and 90% credible intervals. The left (right) panel uses predictions for dynamically
assembled BHs by the Rapster (CMC) code, see text for details. We show predictions from individual subchannels (blue, orange, green) as
well as a joint predictions that keeps into account the relative mixing fractions (dark gray). For reference both panels report results from
an isolated-star distribution from StarTrack (red), which are virtually indistinguishable from those obtained with the ejected subchannel
(blue). An animated version of this figure is available at [65].
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increase if evolutions are extended to larger separations,
though we stress this requires the development of an
appropriate PN-evolution strategy [55] in conjunction with
a population fit in hierarchical Bayesian statistics.
Residual eccentricity might also impact archival searches

of stellar-mass BH binaries in LISA data It has been argued
that ground-based detections of merging binaries might be
used to “know where to look for,” thus digging deeper into
the LISA noise and increasing the sensitivity of our
searches [33,35]. This paper shows that residual eccentric-
ity is an important caveat to this statement; we will not
really know where to look for. The uncertainty is further
exacerbated by the known degeneracy between eccentricity
and time to merger [82]. More broadly, residual eccentricity
will have an impact whenever the spin directions are
considered; this systematic effect will become more severe
for larger SNRs, notably including massive BHs observed
by LISA [83] and stellar-mass BHs observed by third-
generation ground-based observatories [84,85].
Still operating at the single-event level, we explored a

potential strategy to quantify the systematic error due to
residual eccentricity when inferring the BH spin directions,
which relies on precomputed astrophysical distributions.
While admittedly model-dependent, the procedure high-
lighted in this paper mitigates the eccentricity systematics
by folding astrophysical modeling into the spin-orientation
inference. The adopted astrophysical distribution of eres is
yet another systematic, but this is arguably better than

blindly assuming eres ¼ 0 for all posterior samples of all the
events as has been done so far.
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