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Scattering amplitudes for the massless QCD process, qq̄ → q0q̄0, are calculated in the one-loop order in
the Feynman-Diagram (FD) gauge, where gluons are quantized on the light cone with opposite direction
of the three-momenta. We find non-decoupling of the Faddeev-Popov ghosts and nonconventional UV
singularities in dimensional regularization. The known QCD amplitudes with asymptotic freedom are
reproduced only after summing propagator and vertex corrections. By quantizing gluons in the Feynman
gauge on the FD gauge background, we obtain the one-loop improved FD gauge amplitudes.
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I. INTRODUCTION

Reference [1] proposed a new form of the gauge boson
propagator for massless gauge theories like QED and QCD,

iGFD
μν ðqÞ ¼

i
q2 þ i0

�
−gμν þ

qμnνðqÞ þ nμðqÞqν
nðqÞ · q

�
; ð1Þ

where nμðqÞ is defined as

nμðqÞ ¼ ðsgnðq0Þ;−qi=jq⃗jÞ: ð2Þ

We use the notation Aμ ¼ ðA0; A⃗Þ ¼ ðA0; AiÞ to separate
time and space components of a four-vector. nμðqÞ is light
cone, i.e., nμðqÞnμðqÞ ¼ 0. Note that the propagator (1) is
not Lorentz covariant.
Using the propagator (1) for the photon and the gluon, it

has been shown in Ref. [1] that we can obtain helicity
amplitudes that are free from subtle gauge cancellation
among interfering Feynman diagrams. This method was
later extended [2] to the electroweak theory, where massive
gauge bosons are combined with associated Nambu-
Goldstone modes forming five-dimensional propagators.

It has been found in Refs. [1,2] that the absence of subtle
cancellation among interfering Feynman diagrams and the
collinear properties of individual diagram are common in
the massless [1] and in the massive [2] gauge theories.
Because of these common properties,1 Eq. (1) is named
“Feynman-Diagram (FD) gauge” in Ref. [2].
It has later been shown in Ref. [4] that the propagator (1),

as well as its generalization to massive gauge bosons [2],
can be derived from the gauge fixing term similar to that in
the light-cone gauge [7].
In this paper, we study radiative corrections for massless

gauge theories in the FD gauge. The rest of this paper is
organized as follows. In Sec. II, we show the relevant
Feynman rules in the FD gauge for loop calculation.
Section III gives details of the one-loop scattering ampli-
tudes for a massless quark scattering process, qq̄ → q0q̄0, in
the FD gauge. Section IV shows that by quantizing gluons
in the Feynman gauge on the FD gauge background, we can
obtain one-loop corrected FD gauge amplitudes. Section V
summarizes our finding, and some technical details of the
loop integrals are given in Appendices A and B.

II. FEYNMAN RULES IN THE FD GAUGE

We work in QCD with massless quarks. The Lagrangian
takes the form
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1The propagator was called “parton shower gauge” in Ref. [1],
because the magnitude of individual Feynman diagram agrees
with parton splitting amplitudes [3] in the collinear limit. It was
later renamed as Feynman-Diagram gauge in Refs. [2,4] because
the term “parton shower gauge” was used in Refs. [5,6] for a
specific light-cone gauge.
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L ¼ −
1

4
Fa
μνFaμν þ

X
q

iq̄iγμð∂μδij þ igAa
μðTaÞijÞqj

þ LGF þ LFP: ð3Þ

In this section, we give the forms of the gauge fixing term
LGF and the Faddeev-Popov (FP) ghost term LFP corre-
sponding to the FD gauge propagator (1).
Following Ref. [4], we consider a gauge fixing

LGF ¼ −
1

2ξ
ðFa½A�Þ2; ð4Þ

with

Fa½A� ¼ n̂μð∂ÞAa
μ; ð5Þ

and the gauge parameter ξ. Here, n̂μð∂Þ is a differential
operator that may be Lorentz non-covariant and even
nonlocal, which was not manifestly written in Ref. [4].
The kinetic term for the gluon is

LK ¼ 1

2
Aaμ

�
gμν∂2 − ∂μ∂ν −

1

ξ
⃖n̂μn̂ν

�
Aaν; ð6Þ

with ⃖n̂μ ¼ −n̂μ. The equation of motion (EOM) of A, with
the source term JaμAaμ added, is then

�
gμν∂2 − ∂μ∂ν þ

1

ξ
n̂μn̂ν

�
Aaν ¼ −Jaμ: ð7Þ

In moving to the momentum space, we set the momen-
tum space representation of n̂μð∂Þ as −inμðqÞ and the
EOM (7) gives the gluon propagator,

iδabGFD
μν ðqÞjξ ¼

iδab

q2 þ i0

�
−gμν þ

qμnνðqÞ þ nμðqÞqν
nðqÞ · q

−
ξq2qμqν
ðnðqÞ · qÞ2

�
: ð8Þ

Hereafter, we set ξ → 0 and obtain

iδabGFD
μν ðqÞ ¼

iδab

q2 þ i0

�
−gμν þ

qμnνðqÞ þ nμðqÞqν
nðqÞ · q

�

≡ iδab

q2 þ i0
PFD
μν ðqÞ: ð9Þ

Equation (9) gives the gluon propagator (1) in the FD
gauge. Note that (9) explicitly breaks Lorentz invariance,
while keeping space rotational invariance for the light-cone
vector of (2).
To calculate loop corrections in the FD gauge, we also

need to determine the Lagrangian for the FP ghosts ðca; c̄aÞ

associated with the gauge fixing (4) and (5). In the
coordinate space, the Lagrangian for the FD ghosts is [8]

LFP ¼ ic̄a
δFa½A�
δAb

μ
ðDμcÞb

¼ ic̄an̂μðDμcÞa
¼ ic̄an̂μ∂μca − igfabcc̄an̂μAb

μcc; ð10Þ
where ðDμcÞa ¼ ∂μca − gfabcAb

μcc is the covariant deriva-
tive of the ghost c. The propagator and cc̄Aμ coupling of the
FP ghosts are then given as

hcaðqÞc̄bð−qÞi ¼ iδabGFPðqÞ ¼ −
δab

nðqÞ · q ¼ −
δab

jq0j þ jq⃗j ;

ð11Þ
iΓðc̄að−pÞAbμðp − qÞccðqÞÞ ¼ −igfabcnμðpÞ; ð12Þ

respectively. Note that unlike in the light-cone gauge in
which nμ is common for all gluons, the FP ghosts don’t
decouple from the amplitudes.

III. FOUR-QUARK SCATTERING AMPLITUDES
IN THE FD GAUGE

To discuss loop corrections in the FD gauge, we use the
massless quark scattering qq̄ → q0q̄0 ðq ≠ q0Þ and calculate
the amplitudes with one-loop corrections by gluons, as
shown in Fig. 1.
The tree-level amplitudes Fig. 1(a) of the process

qiðp1Þ þ q̄jðp2Þ → gaðqÞ → q0lðp3Þ þ q̄0mðp4Þ; ð13Þ
with color indices for quarks (i, j, l, m) and gluon (a), are

iMðaÞ

¼−ig2v̄ðp2ÞðTaÞjiγμuðp1Þ
PFD
μν ðqÞ

q2þ i0
ūðp3ÞðTaÞlmγνvðp4Þ:

ð14Þ

Here, iPFD
μν ðqÞ=ðq2 þ i0Þ is the gluon propagator in the FD

gauge (9).
Relations v̄ðp2Þ=quðp1Þ ¼ ūðp3Þ=qvðp4Þ ¼ 0 follow from

the EOM of the quarks. As a consequence, the nμqν þ qμnν
parts of PFD

μν do not contribute to the amplitude (14), as
expected from the gauge independence of the on-shell
scattering amplitudes.
We now evaluate the one-loop corrections to the ampli-

tude by gluons. Before showing explicit calculations, we
review the structure of the loop corrections. As shown in
Fig. 1, they consist of the corrections by gluon self-energies
(b, c), quark-quark-gluon vertex corrections (d, e) with
wave function corrections of quarks (f), and four-quark
box corrections (g, h).
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The gluon loop corrections to the amplitude (14) are then

iMðcorrÞ ¼ iMðbþcÞ þ iMðdþeþfÞ þ iMðgþhÞ: ð15Þ

In terms of the gluon self-energy iΠμνðqÞ ¼ iΠðbÞμνðqÞ þ iΠðcÞμνðqÞ, iMðbþcÞ is expressed as

iMðbþcÞ ¼ ig2v̄ðp2ÞðTaÞjiγμuðp1Þ
PFD
μλ ðqÞ

q2 þ i0
ΠλρðqÞ P

FD
ρν ðqÞ

q2 þ i0
ūðp3ÞðTaÞlmγνvðp4Þ: ð16Þ

Substituting the explicit form of PFD
μν (9) and EOMs for quarks, the correction is expressed as

iMðbþcÞ ¼ −ig2v̄ðp2ÞðTaÞjiγμuðp1Þ
�
−

1

q4
ΠμνðqÞ þ

nμðqÞ
q2ðnðqÞ · qÞ ðq

λΠλνðqÞÞ
1

q2
þ 1

q2
ðΠμρðqÞqρÞ

nνðqÞ
q2ðnðqÞ · qÞ

−
nμðqÞ

q2ðnðqÞ · qÞ ðq
λqρΠλρðqÞÞ

nνðqÞ
q2ðnðqÞ · qÞ

�
ūðp3ÞðTaÞlmγνvðp4Þ: ð17Þ

Furthermore, by using the explicit form of nμðqÞ, we have

iMðbþcÞ ¼ −ig2v̄ðp2ÞðTaÞjiγμuðp1Þ
1

q4
ūðp3ÞðTaÞlmγνvðp4Þ

×

�
−ΠμνðqÞ þ

sgnðq0Þ
jq⃗j ðtμqρΠρνðqÞ þ ΠμσðqÞqσtνÞ − tμtν

1

jq⃗j2 q
ρqσΠρσðqÞ

�
; ð18Þ

where tμ ¼ ð1; 0; 0; 0Þ is a constant vector. In Eq. (18), the following relation from the quark EOM,

nμðqÞ
nðqÞ · q v̄ðp2Þγμuðp1Þ ¼

1

jq0j þ jq⃗j v̄ðp2Þ
�
sgnðq0Þγ0 þ qiγi

1

jq⃗j
�
uðp1Þ

¼ 1

jq0j þ jq⃗j v̄ðp2Þ
�
sgnðq0Þγ0 þ q0γ0

1

jq⃗j
�
uðp1Þ

¼ sgnðq0Þ
jq⃗j v̄ðp2Þγ0uðp1Þ; ð19Þ

and a similar relation for ūðp3Þγνvðp4Þ are used. As we will see later, contrary to the case in the covariant gauges, qμΠμνðqÞ
in the FD gauge does not vanish in general.
Similarly, iMðdþeþfÞ is expressed in terms of the qqg vertex functions iΓμ and iΓν, which is the sum of the 1PI vertex

corrections (dþ e) and quark wave function corrections (f), as

iMðdþeþfÞ ¼ v̄ðp2ÞðTaÞjiiΓμð−q; p1; p2Þuðp1Þ
iPFD

μν ðqÞ
q2

ð−igÞūðp3ÞðTaÞlmγνvðp4Þ

þ ð−igÞv̄ðp2ÞðTaÞjiγμuðp1Þ
iPFD

μν ðqÞ
q2

ūðp3ÞðTaÞlmiΓνðq;−p4;−p3Þvðp4Þ: ð20Þ

(a) (b) (c) (d) (e) (f) (g) (h)

FIG. 1. Feynman diagrams contributing to qq̄ → q0q̄0 at the tree (a) and the one-loop order (b − h).
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By using (19) again, we have

iMðdþeþfÞ ¼ ig2v̄ðp2ÞðTaÞjiΓμð−q; p1; p2Þuðp1Þ
1

q2

�
−gμν þ qμ

sgnðq0Þ
jq⃗j tν

�
ūðp3ÞðTaÞlmγνvðp4Þ

þ ig2v̄ðp2ÞðTaÞjiγμuðp1Þ
1

q2

�
−gμν þ tμ

sgnðq0Þ
jq⃗j qν

�
ūðp3ÞðTaÞlmΓνðq;−p4;−p3Þvðp4Þ: ð21Þ

A. UV-divergent parts of the corrections

We now evaluate the UV divergence of each part of the gluon loop correction (15) in the FD gauge.
First, gluon self-energy by gluon loop (b) and by FP ghost loop (c) are

iδabΠðbÞ
μν ðqÞ ¼ −

1

2
facdfbcdg2

Z
dDk
ð2πÞD ½ð−kþ qÞρgμλ þ ð2kþ qÞμgλρ þ ð−2q − kÞλgμρ�

× ½ðk − qÞτgνσ þ ð−2k − qÞνgστ þ ð2qþ kÞσgντ�
PFDλσðkÞ

k2
PFDρτðkþ qÞ
ðkþ qÞ2 ; ð22Þ

iδabΠðcÞ
μν ðqÞ ¼ fcadfdbcg2

Z
dDk
ð2πÞD

nμðkÞnνðkþ qÞ
ðnðkÞ · kÞðnðkþ qÞ · ðkþ qÞÞ ; ð23Þ

respectively. Here, facdfbcd ¼ −fcadfdbc ¼ CAδ
ab with

CA ¼ Nc ¼ 3. Since we use the dimensional regularization
(D ¼ 4 − 2ϵ), all tadpole contributions with massless fields
vanish and are not shown.
Here, we comment on the singularity of the FD gauge

propagators (9). As in the covariant gauges, the pole from
1=q2 at q2 ¼ 0 should be shifted by the replacement
1=q2 → 1=ðq2 þ i0Þ. There is also a singularity from
1=nðqÞ · q ¼ 1=ðjq0j þ jq⃗jÞ. However, this singularity
occurs only at a point qμ ¼ 0 in the D-dimensional phase
space and does not need the þi0 prescription.

For calculation, we split the FD gauge gluon propagators
iPFD

μν ðqÞ=q2 in Eq. (22) into two parts, −igμν=q2 (“g,”
Feynman gauge propagator) and iðnμðqÞqν þ qμnνðqÞÞ=
ðnðqÞ · qÞq2 (“n”). Equation (22) is then divided as

ΠðbÞ ¼ Πðb;ggÞ þ Πðb;gnÞ þ Πðb;nnÞ: ð24Þ

The ðggÞ part, Πðb;ggÞ
μν ðqÞ, is the self-energy in the

Feynman gauge. As is well known, its UV singular term
is [8];

iΠðb;ggÞ
μν ðqÞjdiv ¼ −

i
2

CAg2

ð4πÞ2ϵ
�
−
19

6
q2gμν þ

11

3
qμqν

�

¼ −
i
2

CAg2

ð4πÞ2ϵ
�
1

2
ðq0Þ2 þ 19

6
jq⃗j2;− 11

3
q0qj;

19

6
q2δij þ 11

3
qiqj

�
: ð25Þ

In the second line, we show iΠ00, iΠ0j, and iΠij for later
convenience.

We next evaluate iΠðb;gnÞ
μν . It contains loop integrals with

a factor of nðkÞ · k ¼ jk0j þ jk⃗j in the denominator, such as

Z
dDk
ð2πÞD

1

ðjk0j þ jk⃗jÞðkþ qÞ2
�
sgnðk0Þ;− kj

jk⃗j

�
: ð26Þ

Here, the momentum integration is to be understood as
dDk ¼ dðk0ÞdD−1k⃗, namely in (D − 1)-dimensional space
and one-dimensional time.

Since jk0j þ jk⃗j is not a polynomial of the loop
momentum kμ, Feynman’s formula to combine the
denominator of Eq. (26) into the form ððk0Þ2 − CÞn
does not work. Fortunately, by dimension counting,
we find that all the UV divergences of the integrals
like Eq. (26) are polynomials of the components of
the external momentum qμ. We therefore differentiate
the integrands in (22) and (23) by q to the second
order and perform integration of the resulting formulas
at qμ ¼ 0. Details of the integrations are given in
Appendix A.

HAGIWARA, MAWATARI, YAMADA, and ZHENG PHYS. REV. D 110, 056021 (2024)

056021-4



By using the techniques outlined in Appendix A, the ðgnÞ part of the integral (22) is found to give the following
UV divergence,

iΠðb;gnÞ
½00;0j;ij�ðqÞ

���
div

¼ −
i
2

CAg2

ð4πÞ2ϵ
�
20i
3π

ðq0Þ2 þ
�
2 −

76i
9π

�
jq⃗j2;−

�
2 −

16i
9π

�
q0qj;

�
2þ 20i

9π

�
ðq0Þ2δij þ

�
−2 −

148i
45π

�
jq⃗j2δij þ

�
2þ 64i

45π

�
qiqj

�
: ð27Þ

Equation (27) has terms with an extra factor of i=π compared to conventional contributions in the Feynman gauge part (25).
They arise from the UV singular integrals with the 1=ðn · kÞ factor, which has no on-shell pole.

The ðnnÞ part of the gluon self energy iΠðb;nnÞ
μν and the FP ghost contribution iΠðcÞ

μν are evaluated in the same manner.
We find

iΠðb;nnÞ
½00;0j;ij�ðqÞ

���
div

¼−
i
2

CAg2

ð4πÞ2ϵ
�
−
1

2
ðq0Þ2þ

�
13

6
−
8i
π

�
jq⃗j2;−

�
1

3
−
8i
3π

�
q0qj;

�
−
1

2
þ 8i
3π

�
q2δijþ

�
−1þ 8i

3π

�
qiqj

�
; ð28Þ

and

iΠðcÞ
½00;0j;ij�ðqÞ

���
div

¼ −
i
2

CAg2

ð4πÞ2ϵ
�
−
20i
3π

ðq0Þ2 þ 4i
9π

jq⃗j2; 8i
9π

q0qj;
4i
9π

ðq0Þ2δij þ 28i
45π

jq⃗j2δij þ 56i
45π

qiqj
�
; ð29Þ

respectively. In contrast to the light-cone gauge [7], where nμ is a constant vector, the FP ghost contribution iΠðcÞ does not
vanish. Because the ghost loop in the FD gauge has no on-shell pole, there is no term without a factor of i=π in (29).
Summing Eqs. (25) and (27)–(29), the gluon self energy in the FD gauge is

iΠFDðbþcÞ
½00;0j;ij� ðqÞjdiv ¼ −

iCAg2

ð4πÞ2ϵ
��

11

3
−
8i
π

�
jq⃗j2;−

�
3 −

8i
3π

�
q0qj;

�
7

3
þ 8i
3π

�
ðq2δij þ qiqjÞ

�
; ð30Þ

or, equivalently,

iΠFDðbþcÞ
μν ðqÞjdiv ¼ −

iCAg2

ð4πÞ2ϵ
��

7

3
þ 8i
3π

�
ð−q2gμν þ qμqνÞ þ

�
2

3
−
16i
3π

�
ðq0ðqμtν þ tμqνÞ − 2q2tμtνÞ

�
: ð31Þ

We observe that qμΠFD
μν ðqÞjdiv ≠ 0, but qμqνΠFD

μν ðqÞjdiv ¼ 0. In fact, qμqνΠFD
μν ðqÞ ¼ 0 also holds for the UV finite part.

By substituting the self-energy (31) into the (bþ c) diagram correction to the amplitude (18), we find

iMðbþcÞjdiv ¼ i
CAg4

ð4πÞ2ϵ v̄ðp2ÞðTaÞjiγμuðp1Þ
1

q2
ūðp3ÞðTaÞlmγνvðp4Þ

×

��
−
7

3
−

8i
3π

�
ð−gμν þ tμtνÞ þ

�
11

3
−
8i
π

�
tμtν þ

�
−
4

3
þ 32i

3π

� jq0j
jq⃗j tμtν

�
: ð32Þ

Next, we calculate the UV-divergent parts of the vertex corrections (d, e) to the qiðp1Þq̄jðp2Þ → gaðqÞ vertex, as well as
the wave function correction (f) of external quarks.
First, the ðg; g; qÞ loop contribution (d) is

v̄ðp2ÞðTaÞjiiΓðdÞμð−q; p1; p2Þuðp1Þ ¼ ig3facdðTcTdÞji
Z

dDk
ð2πÞD

1

k2ðkþ qÞ2ðkþ p2Þ2
× ½ð−kþ qÞρgμλ þ ð2kþ qÞμgλρ − ðkþ 2qÞλgμρ�
× PFD

σλ ðkÞPFD
ρτ ðkþ qÞv̄ðp2Þγσð−=k − =p2Þγτuðp1Þ: ð33Þ

Here, ifacdðTcTdÞji ¼ − 1
2
CAðTaÞji. By dimension counting, the UV-divergent part of (33) should be independent of the

external momenta ðq; p1; p2Þ.
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Again, we split the gluon propagators in Eq. (33) into “g”
and “n” parts. The Feynman gauge ðggÞ part is

iΓðd;ggÞμjdiv ¼ i
CAg3

ð4πÞ2ϵ
�
−
3

2
γμ
�
: ð34Þ

The other parts, ðgnÞ and ðnnÞ, are

iΓðd;gnÞ½0;i�jdiv¼ i
CAg3

ð4πÞ2ϵ
��

3

2
−
2i
π

�
γ0;

�
3

2
þ 2i
3π

�
γi
�
; ð35Þ

and

iΓðd;nnÞ½0;i�jdiv ¼ i
CAg3

ð4πÞ2ϵ
��

1

2
−
2i
π

�
γ0;

�
−
1

6
þ 2i
3π

�
γi
�
;

ð36Þ

respectively. Their summation then gives

iΓðdÞ½0;i�jdiv¼ i
CAg3

ð4πÞ2ϵ
��

1

2
−
4i
π

�
γ0;

�
−
1

6
þ 4i
3π

�
γi
�
: ð37Þ

The ðq; q; gÞ loop contribution (e) is given by

v̄ðp2ÞðTaÞjiiΓðeÞμð−q; p1; p2Þuðp1Þ

¼ g3ðTcTaTcÞji
Z

dDk
ð2πÞD

1

k2ðkþ p1Þ2ðk − p2Þ2
× PFD

νρ ðkÞv̄ðp2Þγνð=k − =p2Þγμð=kþ =p1Þγρuðp1Þ: ð38Þ

Here, ðTcTaTcÞji¼ðCF− 1
2
CAÞðTaÞji with CF¼ðN2

c−1Þ=
ð2NcÞ¼4=3. After splitting the gluon propagator into “g”
and “n” parts, we have

iΓðe;gÞμjdiv ¼ i
g3

ð4πÞ2ϵ ðCA − 2CFÞ
�
1

2
γμ
�
; ð39aÞ

iΓðe;nÞμjdiv ¼ i
g3

ð4πÞ2ϵ ðCA − 2CFÞ½−γμ�: ð39bÞ

Note that the “n” part (39b) is Lorentz covariant, unlike the
cases of the corrections ðb; c; dÞ.
We further include the contribution from the quark

wave function correction (f) to the vertex iΓFD. The quark
self-energy in the FD gauge is

iΣFD
q ðpiÞ ¼ g2CF

Z
dDk
ð2πÞD

γνð=kþ =piÞγρ
k2ðkþ piÞ2

PFD
νρ ðkÞ: ð40Þ

Its UV divergence is, after splitting PFD
μν into OðgμνÞ and

OðnkÞ terms,

ðiΣðgÞ
q ðpiÞjdiv; iΣðnÞ

q ðpiÞjdivÞ ¼ i
g2CF

ð4πÞ2ϵ ð=pi;−2=piÞ: ð41Þ

Then

iΓðf;gÞμjdiv ¼ i
g3

ð4πÞ2ϵCF½γμ�; ð42Þ

iΓðf;nÞμjdiv ¼ i
g3

ð4πÞ2ϵCF½−2γμ�: ð43Þ

They exactly cancel the OðCFÞ contributions of the
ðq; q; gÞ vertex correction iΓðeÞμjdiv ((39a) and (39b)). In
total, the UV-divergent qqg vertex correction in the FD
gauge is

iΓðdþeþfÞ½0;i�jdiv¼ i
g3CA

ð4πÞ2ϵ
�
−
4i
π
γ0;

�
−
2

3
þ 4i
3π

�
γi
�
: ð44Þ

The correction to the amplitude by iΓðdþeþfÞ for the
initial qqg vertex is, by using Eq. (21),

iMðdþeþfÞ
init

���
div

¼ i
CAg4

ð4πÞ2ϵ v̄ðp2ÞðTaÞjiγμuðp1Þ
1

q2
ūðp3ÞðTaÞlmγνvðp4Þ

×

��
−
2

3
þ 4i
3π

�
ð−gμν þ tμtνÞ þ

�
2

3
−
16i
3π

� jq0j
jq⃗j tμtν þ

4i
π
tμtν

�
: ð45Þ

The final q0q0g vertex correction iMðdþeþfÞ
fin jdiv is identical to Eq. (45).

Finally, the box corrections ΔMðg;hÞ are, as in the covariant gauges, UV finite.
In total, UV-divergent part of the gluon loop corrections to the amplitude is

iMFDðcorrÞjdiv ¼ i
CAg4

ð4πÞ2ϵ v̄ðp2ÞðTaÞjiγμuðp1Þ
1

q2
ūðp3ÞðTaÞlmγνvðp4Þ

�
−
11

3
ð−gμν þ tμtνÞ þ

11

3
tμtν

�

¼ iMðaÞ ×
�
11

3

CAg2

ð4πÞ2ϵ
�
: ð46Þ
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This result is identical to the one in the covariant gauges
and consistent with the beta function [9,10] βðgÞ ¼
− 11

3
CAg3=ð4πÞ2 of the gauge coupling g. This result gives

an evidence that the FD gauge fixing (5) with the gauge
vector (2) in the momentum space gives a consistent
procedure for gauge fixing.

B. Transverse and longitudinal contributions

We have seen that loop corrections in the FD gauge have
unconventional UV divergences whose coefficients differ
from the conventional ones by a factor ofOði=πÞ. For better
understanding of this type of the loop contributions, we
examine the contributions of the transverse and longitudinal
parts of the off-shell gluons separately in this subsection.
The FD gauge polarization tensor PFDμνðkÞ is decom-

posed into the transverse part Pμν
T and the longitudinal

part Pμν
L , as [1]

PFDμνðkÞ ¼ Pμν
T ðkÞ þ Pμν

L ðkÞ

¼ δμi δ
ν
j

�
δij −

kikj

jk⃗j2
�
þ k2

nμðkÞnνðkÞ
ðnðkÞ · kÞ2 : ð47Þ

This equation can be verified by using the explicit form of
nμðkÞ (2). The gluon propagator is then decomposed as

iGFDμνðkÞ ¼ i
Pμν
T ðkÞ

k2 þ i0
þ i

nμðkÞnνðkÞ
ðnðkÞ · kÞ2 : ð48Þ

Since 1=ðnðkÞ · kÞ ¼ 1=ðjk0j þ jk⃗jÞ diverges only at a point
kμ ¼ 0, the longitudinal part of the propagator does not
correspond to physical states.
In this subsection, we separate the UV-divergent one-

loop gluon corrections to the qq̄ → gðpÞ → q0q̄0 amplitude
into transverse (T) and longitudinal (L) internal gluons. For
simplicity, we work in the center-of-mass frame of qq̄,
where qμ ¼ ðQ; 0⃗Þ (Q > 0).2 Note that, in this case, we
have nμðqÞ ¼ ð1; n⃗Þ, where n⃗ ¼ −q⃗=jq⃗j is a unit 3D vector
whose direction is not determined in the jq⃗j → 0 limit. We
will find, nevertheless, that this ambiguity of nμðqÞ does not
affect the amplitude (15).
We start from the gluon self-energy. The transverse-

transverse (TT), transverse-longitudinal (TL), and longi-
tudinal-longitudinal (LL) parts are, respectively,

iΠðbTTÞ
½00;ij�ðqÞ

���
div

¼ CAg2
i

ð4πÞ2ϵQ
2

�
0;
1

3
δij

�
; ð49aÞ

iΠðbTLÞ
½00;ij�ðqÞ

���
div

¼ CAg2
i

ð4πÞ2ϵQ
2

�
0;−

8

3
δij

�
; ð49bÞ

iΠðbLLÞ
½00;ij� ðqÞ

���
div

¼ CAg2
i

ð4πÞ2ϵQ
2

�
−
10i
3π

;−
22i
9π

δij
�
; ð49cÞ

while iΠ0jðqÞ ¼ 0 by space rotational invariance. It is
seen that the unconventional Oði=πÞ term in iΠFD arises
from the (LL) part (49c), where the intermediate propa-
gators (two longitudinal gluons) have no cuts. The FP ghost
contribution for qμ ¼ ðQ; 0⃗Þ is, from Eq. (29),

iΠðcÞ
½00;ij�ðqÞ

���
div

¼ CAg2
i

ð4πÞ2ϵQ
2

�
10i
3π

;−
2i
9π

δij
�
: ð50Þ

In total, the gluon self-energy is

iΠðbþcÞ
½00;ij�ðqÞ

���
div

¼CAg2
i

ð4πÞ2ϵQ
2

�
0;

�
−
7

3
−
8i
3π

�
δij

�
: ð51Þ

This result is consistent with the result (30) for general qμ,

as it must be. Since qμ ¼ ðQ; 0⃗Þ here, qλΠðbþcÞ
μλ ðqÞ ¼ 0

holds, and the nðqÞ-dependent contributions in the correc-
tion (17) to the scattering amplitudes vanish.
The vertex correction (d) is, as for the gluon self-energy

(b), decomposed into (TT), (TL), and (LL) parts as

iΓðdTTÞμ
���
div

¼ i
CAg3

ð4πÞ2ϵ
�
−
1

2
γμ
�
; ð52aÞ

iΓðdTLÞ½0;i�
���
div

¼ i
CAg3

ð4πÞ2ϵ
�
0;
2

3
γi
�
; ð52bÞ

iΓðdLLÞ½0;i�
���
div

¼ i
CAg3

ð4πÞ2ϵ
��

1 −
4i
π

�
γ0;

�
−
1

3
þ 4i
3π

�
γi
�
:

ð52cÞ
The unconventional Oði=πÞ term appears only in the (LL)
part with two unphysical propagators, as in the case of the
gluon self-energy correction (b) given in Eqs. (49a)–(49c).
The vertex correction (e) is decomposed by separating

the gluon propagator in the loop, as

iΓðeTÞ½0;i�
���
div

¼ iðCA − 2CFÞ
g3

ð4πÞ2ϵ
�
1

2
γ0;−

1

6
γi
�
; ð53aÞ

iΓðeLÞ½0;i�
���
div

¼ iðCA − 2CFÞ
g3

ð4πÞ2ϵ
�
−γ0;−

1

3
γi
�
; ð53bÞ

giving

iΓðeÞμ
���
div

¼ iðCA − 2CFÞ
g3

ð4πÞ2ϵ
�
−
1

2
γμ
�
: ð54Þ

There are no Oði=πÞ terms in Eqs. (53a) and (53b).
Likewise, the quark self-energy is decomposed as

iΣðTÞ
q ðpÞ

���
div

¼ i
g2CF

ð4πÞ2ϵ
�
p0γ0 þ 1

3
piγi

�
; ð55aÞ

iΣðLÞ
q ðpÞ

���
div

¼ i
g2CF

ð4πÞ2ϵ
�
−2p0γ0 þ 2

3
piγi

�
: ð55bÞ

2The case of general qμ is briefly discussed in Appendix B.
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Their sum

iΣqðpÞjdiv ¼ i
g2CF

ð4πÞ2ϵ ½−=p� ð56Þ

contributes to the vertex correction term (f) as

iΓðfÞμjdiv ¼
iCFg3

ð4πÞ2ϵ ½−γ
μ�: ð57Þ

Equation (57) cancels the OðCFÞ terms of iΓðeÞ (54). It is
worth nothing that the sum of T and L components of the
FD gauge propagator gives sensible correction to the vertex

corrections (e) and the quark self-energy correction in (f).
The total vertex correction (dþ eþ f) is

iΓðdþeþfÞ½0;i�jdiv¼ i
g3CA

ð4πÞ2ϵ
�
−
4i
π
γ0;

�
−
2

3
þ 4i
3π

�
γi
�
; ð58Þ

which agrees with the result (44).
In calculating corrections to the scattering amplitude, we

cannot use Eq. (19) since jq⃗j ¼ 0. Instead, by using
v̄ðp2Þγ0uðp1Þ ¼ ūðp3Þγ0vðp4Þ ¼ 0 from the quark
EOM, qμΠμνðqÞ ¼ 0, and qμΓμ ∝ γ0, we find

iMðbþcÞ
���
div

¼ i
CAg4

ð4πÞ2ϵ v̄ðp2ÞðTaÞjiγiuðp1Þ
1

Q2
ūðp3ÞðTaÞlmγivðp4Þ ×

�
−
7

3
−

8i
3π

�
; ð59Þ

from the gluon self-energy, and

iMðdþeþfÞ
���
div

¼ i
CAg4

ð4πÞ2ϵ v̄ðp2ÞðTaÞjiγjuðp1Þ
1

Q2
ūðp3ÞðTaÞlmγjvðp4Þ ×

�
−
4

3
þ 8i
3π

�
; ð60Þ

from the initial and final vertex corrections, respectively. Both (59) and (60) are independent of nμðqÞ, especially of its
undetermined space components niðqÞ. The UV-divergent part of the gluon loop corrections to the amplitude is, in total,

iMFDðcorrÞjdiv ¼ i
CAg4

ð4πÞ2ϵ v̄ðp2ÞðTaÞjiγjuðp1Þ
1

Q2
ūðp3ÞðTaÞlmγjvðp4Þ ×

�
−
11

3

�

¼ iMðaÞ ×
�
11

3

CAg2

ð4πÞ2ϵ
�
: ð61Þ

This result is again identical to the one in the covariant
gauges for qμ ¼ ðQ; 0⃗Þ.

C. Equivalence of the amplitudes in the FD
and Feynman gauges

Up to now, we have only considered the UV-divergent
parts of the gluon loop corrections. However, on-shell
amplitudes in gauge theories should be independent of the

gauge fixing methods. In this subsection, we show how all
the n-dependent terms of the loop correction (15) to the
qq̄ → g → q0q̄0 process in the FD gauge cancel among each
other, including finite parts, to leave the amplitudes the
same as in the Feynman gauge. Here, we work on the level
of the integrands, without explicit evaluation of loop
integration.
We start from the box diagrams (g, h) in Fig. 1. The

contribution from (g) is

iMðgÞ ¼ g4ðTaTbÞjiðTbTaÞlm
Z

dDk
ð2πÞD

1

k2ðkþ qÞ2ðkþ p2Þ2ðkþ p4Þ2
× v̄ðp2Þγμð−=k − =p2Þγλuðp1Þ · ūðp3Þγσð−=k − =p4Þγνvðp4ÞPFD

μν ðkÞPFD
λσ ðkþ qÞ: ð62Þ

Equation (62) is UV finite and has not been discussed in the
previous subsections.
Now we focus on the n-dependent parts of Eq. (62),

which give the difference between the Feynman and the

FD gauges. It is seen that the gluon momenta in the
n-dependent parts of the gluon propagators cancel
the attached quark propagators, or “pinch,” reducing the
kinematic structure to that of the vertex or gluon self-energy
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contributions [11,12]. For example, kμnνðkÞ part of PFD
μν ðkÞ in Eq. (62) reduces the integrand as, by using the EOMs for

external quarks,

v̄ðp2Þγμ
−=k − =p2

ðkþ p2Þ2
γλuðp1Þ · ðkμnνðkÞÞ · ūðp3Þγσ

−=k − =p4

ðkþ p4Þ2
γνvðp4Þ

¼ v̄ðp2Þ=k
−=k − =p2

ðkþ p2Þ2
γλuðp1Þ · ūðp3Þγσ

−=k − =p4

ðkþ p4Þ2
=nðkÞvðp4Þ

¼ −v̄ðp2Þγλuðp1Þ · ūðp3Þγσ
−=k − =p4

ðkþ p4Þ2
=nðkÞvðp4Þ; ð63Þ

times PFD
λσ ðkþ qÞ=½k2ðnðkÞ · kÞðkþ qÞ2�. The last line of Eq. (63) is independent of p2, giving a contribution with the

kinematic structure of the vertex correction to the final q0q0g coupling.
After successively applying the “pinch” method, the ðgnÞ and ðnnÞ parts of the box contributions iMðgþhÞ can be

expressed as

iMðgþh;gnþnnÞ ¼ iMbox
1 þ iMbox

2 þ iMbox
3 ; ð64Þ

where

iMbox
1 ¼ −

1

2
CAg4ðTaÞjiðTaÞlmūðp3Þγμvðp4Þ

Z
dDk
ð2πÞD

1

k2ðkþ qÞ2ðkþ p2Þ2

× v̄ðp2Þ
�
γμð=kþ =p2Þ=nðkþ qÞ
nðkþ qÞ · ðkþ qÞ þ =nðkÞð=kþ =p2Þγμ

nðkÞ · k −
kμ=nðkÞð=kþ =p2Þ=nðkþ qÞ

ðnðkÞ · kÞðnðkþ qÞ · ðkþ qÞÞ
�
uðp1Þ; ð65aÞ

iMbox
2 ¼ −

1

2
CAg4ðTaÞjiðTaÞlmv̄ðp2Þγμuðp1Þ

Z
dDk
ð2πÞD

1

k2ðkþ qÞ2ðkþ p3Þ2

× ūðp3Þ
�
γμð=kþ =p3Þ=nðkþ qÞ
nðkþ qÞ · ðkþ qÞ þ =nðkÞð=kþ =p3Þγμ

nðkÞ · k −
kμ=nðkÞð=kþ =p3Þ=nðkþ qÞ

ðnðkÞ · kÞðnðkþ qÞ · ðkþ qÞÞ
�
vðp4Þ; ð65bÞ

iMbox
3 ¼1

2
CAg4ðTaÞjiðTaÞlmv̄ðp2Þγμuðp1Þ · ūðp3Þγνvðp4Þ

Z
dDk
ð2πÞD

1

k2ðkþqÞ2
nμðkþqÞnνðkÞþnμðkÞnνðkþqÞ
ðnðkÞ ·kÞðnðkþqÞ ·ðkþqÞÞ : ð65cÞ

Examining the dependence of iMbox
1−3 in (65a)–(65c) on the external momenta q and pi (i ¼ 1 to 4), we find that these three

parts kinematically behave as the corrections on the initial qqg vertex, on the final q0q0g, and on the gluon self-energy,
respectively.
Next, we examine the n-dependent parts of the vertex correction contributions MðdþeþfÞ, coming from the gluon

propagators in the initial qqg and the final q0q0g vertex functions Γμ, and also the nðqÞ dependence coming from the FD
gauge propagator iPFD

μν ðqÞ in (20).
The ðgn; nnÞ parts of the vertex function iΓðdÞμ for the initial qqg vertex are written as, after applying the EOMs for

external quarks,

iΓðd;gnþnnÞμ ¼ iΓðdÞμ
1 þ iΓðdÞμ

2 þ iΓðdÞμ
3 ; ð66Þ

where

iΓðdÞμ
1 ¼ −

1

2
CAg3

Z
dDk
ð2πÞD

1

k2ðkþ qÞ2ðkþ p2Þ2
�
=nðkÞð=kþ =p2Þðqμ=kþ q2γμÞ

nðkÞ · k þ ð−qμð=kþ =qÞ þ q2γμÞð=kþ =p2Þ=nðkþ qÞ
nðkþ qÞ · ðkþ qÞ

þ −kμq2 þ qμðq · kÞ
ðnðkÞ · kÞðnðkþ qÞ · ðkþ qÞÞ=nðkÞð=kþ =p2Þ=nðkþ qÞ

�
; ð67aÞ

iΓðdÞμ
2 ¼ −

1

2
CAg3

Z
dDk
ð2πÞD

�
−

=nðkÞð=kþ =p2Þγμ
k2ðnðkÞ · kÞðkþ p2Þ2

−
γμð=kþ =p2Þ=nðkþ qÞ

ðkþ qÞ2ðnðkþ qÞ · ðkþ qÞÞðkþ p2Þ2
�
; ð67bÞ
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iΓðdÞμ
3 ¼ −

1

2
CAg3

Z
dDk
ð2πÞD

1

k2ðkþ qÞ2
�

1

nðkÞ · k ð−nðkÞ · ð2qþ kÞγμ − nμðkÞ=kþ ð3kþ qÞμ=nðkÞÞ

þ 1

nðkþ qÞ · ðkþ qÞ ð−nðkþ qÞ · ðk − qÞγμ − nμðkþ qÞ=kþ ð3kþ 2qÞμ=nðkþ qÞÞ

þ 1

ðnðkÞ · kÞðnðkþ qÞ · ðkþ qÞÞ fððk
2 − q2ÞnμðkÞ − kμðnðkÞ · kÞ þ qμðnðkÞ · qÞÞ=nðkþ qÞ

þ ððk2 þ 2q · kÞnμðkþ qÞ − kμðnðkþ qÞ · ðkþ qÞÞ − qμðnðkþ qÞ · kÞÞ=nðkÞ

þ ðnμðkÞðk − qÞ · nðkþ qÞ þ nμðkþ qÞð2qþ kÞ · nðkÞ − ð2kþ qÞμnðkÞ · nðkþ qÞÞ=kg
�
: ð67cÞ

Note that the integral (67a) depends on both q and p2, the first term in (67b) depends only on p2, whereas the second term
depends only on p1, after transforming k → kþ q. The integrals in (67c) depend only on q.
The OðnÞ contribution from the vertex function iΓðeÞμ for the initial qqg vertex is

iΓðe;nÞμ ¼
�
CF −

1

2
CA

�
g3

Z
dDk
ð2πÞD

1

k2ðnðkÞ · kÞ
�
γμð=kþ =p1Þ=nðkÞ

ðkþ p1Þ2
þ =nðkÞð=kþ =p2Þγμ

ðkþ p2Þ2
�
: ð68Þ

From the OðnÞ part of the quark self-energy

iΣðnÞ
q ðpiÞ ¼ CFg2

Z
dDk
ð2πÞD

−=pið=kþ =piÞ=nðkÞ − =nðkÞð=kþ =piÞ=pi

k2ðnðkÞ · kÞðkþ piÞ2
; ð69Þ

we obtain

iΓðf;nÞμ ¼ −CFg3
Z

dDk
ð2πÞD

1

k2ðnðkÞ · kÞ
�
γμð=kþ =p1Þ=nðkÞ

ðkþ p1Þ2
þ =nðkÞð=kþ =p2Þγμ

ðkþ p2Þ2
�
; ð70Þ

for the initial qqg vertex. The OðCFÞ part of (68) is exactly canceled by the quark wave function correction (70). The

remaining OðCAÞ part of (68) cancels iΓðdÞμ
2 in Eq. (67b), after momentum transformation k → −k − q in some terms.

In the remaining parts of Eq. (66), only iΓðdÞμ
1 (67a) has p2 dependence. Its contribution to the amplitude is, from Eq. (20),

iMvert
init;1 ¼ v̄ðp2ÞðTaÞjiiΓðdÞμ

1 uðp1Þ
i
q2

�
−gμν þ

qμnνðqÞ
nðqÞ · q

�
ð−igÞūðp3ÞðTaÞlmγνvðp4Þ

¼ iMvert
init;11 þ iMvert

init;12; ð71Þ

where

iMvert
init;11 ¼ −

1

2
CAg4ðTaÞjiðTaÞlmūðp3Þγμvðp4Þ

Z
dDk
ð2πÞD

1

k2ðkþ qÞ2ðkþ p2Þ2

× v̄ðp2Þ
�
−
=nðkÞð=kþ =p2Þγμ

nðkÞ · k −
γμð=kþ =p2Þ=nðkþ qÞ
nðkþ qÞ · ðkþ qÞ þ kμ=nðkÞð=kþ =p2Þ=nðkþ qÞ

ðnðkÞ · kÞðnðkþ qÞ · ðkþ qÞÞ
�
uðp1Þ; ð72aÞ

iMvert
init;12¼−

1

2
CAg4ðTaÞjiðTaÞlmūðp3Þ=nðqÞvðp4Þ

Z
dDk
ð2πÞD

1

k2ðkþqÞ2
�
v̄ðp2Þ=nðkÞuðp1Þ

nðkÞ ·k þ−v̄ðp2Þ=nðkþqÞuðp1Þ
nðkþqÞ ·ðkþqÞ

�
: ð72bÞ

iMvert
init;11 in (72a) cancels iM

box
1 in (65a), while iMvert

init;12 in Eq. (72b) has no p2 dependence in the loops and behaves as the
gluon self-energy correction.
In the same manner, the n-dependent part of the correction to the final q0q0g vertex cancels iMbox

2 in (65b), leaving only

the gluon self-energy-like correction, which we denote as iMvert
fin;12 Also, iΓ

ðdÞμ
3 (67c) on the initial and final qqg vertices

give self-energy-like contributions to the amplitude, which we denote as iMvert
3 .
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Note that the Feynman gauge part of the vertex function,
iΓðdþeþf;gÞμ, does not give nðqÞ-dependent contribution
because of the relation qμΓðdþeþf;gÞμðqÞ¼0 for the on-shell
external quarks.
Therefore, all the remaining n-dependent box/vertex

correction parts of the amplitude, iMbox
3 (65c), iMvert

init;12

(72b), iMvert
fin;12, and iMvert

3 show momentum dependence
of that of the gluon self-energy contributions. By lengthy
but straightforward calculation, it can be explicitly checked
that they exactly cancel the n-dependent part of iMðbÞ and
the difference of the FP ghost loop contribution iMðcÞ
between the FD and Feynman gauges.
Summing up, all the n-dependent terms in the scattering

amplitudes for the process qq̄ → q0q̄0 cancel out exactly,
and hence, the FD gauge amplitudes agree exactly with
those of the Feynman gauge in the one-loop order.

IV. USE OF BACKGROUND-FIELD
GAUGE FIXING

In the preceding section, we have seen that loop integrals
in the FD gauge have UV-divergent parts including
terms with an unconventional i=π factor. These terms
eventually cancel out in the total amplitudes. Moreover,
the calculation of the UV-finite parts is even more difficult.
These observations suggest that the FD gauge might be,
although very useful at the tree level, not suitable for loop
calculation.
Here, we introduce an alternative method to include loop

correction to the FD gauge amplitudes: the background-
field gauge fixing method [13–16], which may avoid the
difficulties of the FD gauge loops while keeping its
advantages at the tree level, as explained below.
In the background-field gauge, the gluon field Aa

μ is
expressed as a sum of the classical field Ãa

μ and the quantum
field Âa

μ as Aa
μ → Ãa

μ þ Âa
μ and perform path integrals over

quantum Âa
μ around the background Ãa

μ. The effective
action Γ̃½Ã�≡ Γ½Â ¼ 0; Ã� is then calculated from 1PI
diagrams where all internal propagators are those of
quantum fields, while all external fields are classical ones.
In the calculation of Γ½Ã�, we need to fix the gauge only

for quantum gauge fields. On the other hand, the gauge
fixing for Ã is only necessary to give the propagator for Ã
in constructing scattering amplitudes from the effective
action. Therefore, no theoretical problem arises by adopting
different gauge fixing methods for classical and quantum
gauge fields.
The background-field gauge method adopts the follow-

ing function to fix the gauge for the quantum field Â:

F̃a½Â; Ã� ¼ ðD̃μÂμÞa ¼ ∂
μÂa

μ − g fabcÃbμÂc
μ; ð73Þ

with the gauge fixing term

LGF;BFG½Â; Ã� ¼ −
1

2ξQ
ðF̃a½Â; Ã�Þ2; ð74Þ

and the corresponding FP ghost Lagrangian

LFP;BFG½Â; Ã� ¼ ic̄aðD̃μDμcÞa: ð75Þ

This gauge fixing preserves invariance under the “classical”
gauge transformation,

δ̃Âa
μ¼−gfabcωbÂc

μ; δ̃Ãa
μ¼−gfabcωbÃc

μ−∂μω
a; ð76Þ

where ωaðxÞ are infinitesimal phases, but breaks invariance
under the “quantum” gauge transformation,

δ̂Âa
μ ¼ −gfabcωbðÃc

μ þ Âc
μÞ − ∂μω

a; δ̂Ãa
μ ¼ 0: ð77Þ

As a result, the effective action Γ̃½Ã� is manifestly invariant
under the classical gauge transformation (76). In particular,
the gluon self-energy Π̃μνðqÞ and qq̄g vertex function
Γ̃μðq; p1; p2Þ for on-shell quarks satisfy qμΠ̃μνðqÞ ¼ 0

and qμΓ̃μðq; p1; p2Þ ¼ 0 for general q. Furthermore, since
calculation of Γ̃½Ã� is manifestly Lorentz covariant, for an
arbitrary ξQ, we may express the self-energy as

Π̃μνðqÞ ¼
�
−gμν þ

qμqν
q2

�
Π̃Tðq2Þ: ð78Þ

It is then clear that, if Π̃μν and Γ̃μ are used in place of Πμν

and Γμ, Eqs. (18) and (21) do not depend on whether the
Feynman gauge or FD gauge is used for the propagator
iPμνðqÞ=q2 connecting the 1PI amplitudes.
The one-loop gluon contributions to the gluon self-

energy Π̃μν and the qqg vertex function Γ̃μ in the back-
ground-field gauge are given in Refs. [13–15]. Their UV
divergences are

iΠ̃ðbÞ
μν ðqÞ

���
div

¼ i
CAg2

ð4πÞ2ϵ ð−q
2gμν þ qμqνÞ

�
−
10

3

�
; ð79Þ

iΠ̃ðcÞ
μν ðqÞ

���
div

¼ i
CAg2

ð4πÞ2ϵ ð−q
2gμν þ qμqνÞ

�
−
1

3

�
; ð80Þ

and

iΓ̃ðdÞμ
���
div

¼ i
CAg3

ð4πÞ2ϵ γ
μ

�
−
ξQ
2

�
; ð81Þ

iΓ̃ðeþfÞμ
���
div

¼ i
CAg3

ð4πÞ2ϵ γ
μ

�
þ ξQ

2

�
; ð82Þ

respectively. Note that the UV divergence (79) is indepen-
dent of the gauge parameter ξQ. We also note that the total
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qqg vertex function is UV finite and that the renormaliza-
tion of the gauge coupling is entirely given by the gluon
self-energy [15].
We finally comment on the resummation of the gluon

self-energy contribution. In the case where the gluon self-
energy takes the form (78), we may resum its contributions
to the gluon propagator in the FD gauge by the replacement

i
PFD
μν ðqÞ
q2

→ i
PFD
μν ðqÞ

q2 þ Π̃Tðq2Þ
: ð83Þ

This is proved by using the relation

i
PFD
μρ ðqÞ
q2

�
−gρσ þ qρqσ

q2

�
iΠ̃Tðq2Þi

PFD
σν ðqÞ
q2

¼ −i
PFD
μν ðqÞ
q4

Π̃Tðq2Þ: ð84Þ

Because the self-energy correction Π̃Tðq2Þ is the only
UV divergent 1PI amplitudes at one-loop, giving the beta
function of g, the identity (83) may pave the way to improve
the tree-level amplitudes in the FD gauge, given, e.g., in
Ref. [1], simply by replacing the gauge couplings by the
running couplings.

V. SUMMARY

We have studied radiative corrections in the Feynman-
Diagram (FD) gauge [1,2,4], where the gauge boson is
quantized along the light cone facing the opposite of its
three momentum, Eq. (2). We have calculated the QCD
scattering amplitudes for the process qq̄ → q0q̄0 at one-loop
level, and obtained the following results:

(i) The FP ghosts do not decouple from the scattering
amplitudes because the light-cone vector in the FD
gauge depends on the three momentum of gluons.

(ii) Loop integrals cannot be done by conventional meth-
ods because of the nonanalyticity of the integrand.

(iii) UV singularities with a factor of i=π times the
conventional ones appear from the 1=ðnðkÞ · kÞ
factor, which does not have a pole in the FD gauge.

(iv) When the FD gauge propagators are expressed as the
sum of the transverse (T) and the longitudinal (L)
components, all the nonconventional UV singular-
ities appear in the LL combinations of the two virtual
gluons in the qq̄ rest frame.

(v) All the nonconventional UV singularities cancel in
the scattering amplitudes when we sum over terms in
the gluon and ghost loop contribution to the propa-
gator corrections, as well as those in the initial qqg
and the final q0q0g vertex corrections, reproducing
the known QCD beta function.

(vi) We have shown that the finite part of the radiative
corrections is identical to that of the Feynman gauge

because all the terms which depend on the light-cone
vector nμðqÞ cancel out among two-, three-, and
four-point corrections.

Summing up, we have reproduced the known QCD
scattering amplitudes for the process qq̄ → q0q̄0 at the one-
loop level in the FD gauge. This has been proven
by showing cancellation of all UV singularities and the
finite correction terms, which depend on the light-cone
vector nμðqÞ.
Although our findings suggest that the FD gauge is a

consistent gauge fixing for quantizing gluons, the lack of
covariance and analyticity in the regularized loop integrals
does not allow us to take advantage of the standard loop
integral tools. Instead, we propose that all the 1PI loop
integrals should be done in the Feynman gauge on the FD
gauge gluon background. We obtain the same two- and
three-point loop functions as those of the conventional
background-field gauge, in which both the quantum and
background gluons are in the Feynman gauge. Schwinger-
Dyson summation of all the one-loop propagator correc-
tions connected by FD gauge gluons gives the one-loop
corrected FD gauge propagator. The results may be useful
in obtaining improved Born approximation to the tree-level
FD gauge amplitudes.
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APPENDIX A: CALCULATION OF LOOP
INTEGRALS IN THE FD GAUGE

In this appendix, we explain how we evaluate the UV
singular parts of loop integrals with factors nðkÞ · k ¼
jk0j þ jk⃗j in the denominator.
We first note that the UV divergences of loop integrals

in our self-energy and vertex corrections should be
polynomials of external momenta to appropriate order.
For a gluon self-energy loops in ΠμνðqÞ, for example, we
differentiate the integrands two times by qμ ¼ ðq0; qiÞ
and take q → 0, after regularizing the integrands to avoid
infrared divergences generated by these operations. We
may then perform loop integrations, which are not
Lorentz covariant in general, by known techniques.
The UV-divergent parts of the original loops are then
easily obtained.
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For illustration, we calculate the UV divergence of the 0
component of the integral Eq. (26),

I0ðqÞ ¼
Z

dDk
ð2πÞD

sgnðk0Þ
ðjk0j þ jk⃗jÞððkþ qÞ2 þ i0Þ

: ðA1Þ

By dimension counting and the (D − 1) space dimensional
rotational invariance, we can tell that its UV divergent
part should take the form a0q0 with a q-independent
coefficient a0.
We first differentiate I0ðqÞ by q0 to obtain

∂I0

∂q0
ðqÞ ¼

Z
dDk
ð2πÞD

−2ðk0 þ q0Þsgnðk0Þ
ðjk0j þ jk⃗jÞððkþ qÞ2 þ i0Þ2

: ðA2Þ

By using the factorization

ðkþqÞ2þ i0

¼ðk0þq0Þ2− jk⃗þ q⃗j2þ i0

¼ðjk0þq0jþjk⃗þ q⃗jÞðjk0þq0j− jk⃗þ q⃗jþ i0Þ; ðA3Þ

the denominators of the integrands become products of
ðjl0j þ j⃗ljÞ and ðjl0j − j⃗lj þ i0Þ (l: a momentum of the
propagator). After introducing a fictitious mass parameter
m > 0 as ðjl0j � j⃗ljÞ → ðjl0j � ðj⃗lj þmÞÞ to avoid infrared

divergences, we take q → 0 limit to obtain

∂I0

∂q0
ð0Þ ¼

Z
dDk
ð2πÞD

−2jk0j
ðjk0j þ jk⃗j þmÞ3ðjk0j− jk⃗j−mþ i0Þ2

:

ðA4Þ

We then perform (D − 1)-dimensional space integration by
using

dD−1k⃗
ð2πÞD−1 →

1

ð4πÞD−1
2

2

Γ
	
D−1
2


 jk⃗jD−2djk⃗j; ðA5Þ

after decomposing Eq. (A4) into sum of fractions
1=ðjk⃗j þ AÞn, where A ¼ jk0j þm or −jk0j þm − i0. For
example, the integration of 1=ðjk⃗j þ AÞ is
Z

dD−1k⃗
ð2πÞD−1

1

jk⃗j þ A
¼ 1

ð4πÞD−1
2

2

ΓðD−1
2
Þ

−π
sinðDπÞA

D−2

¼ 1

ð4πÞ2
�
4

ϵ
þOðϵ0Þ

�
AD−2; ðA6Þ

where D ¼ 4 − 2ϵ. Integration of 1=ðjk⃗j þ AÞn for n ≥ 2 is
then obtained by differentiating Eq. (A6) by A.

The space integration in (A4) then takes the form

1

ð4πÞ2
�
4

ϵ
þOðϵ0Þ

�Z
∞

0

djk0j
π

½f1ðjk0j; mÞðmþ jk0jÞD−4 þ f2ðjk0j; mÞðm − jk0j − i0ÞD−4�; ðA7Þ

where f1;2 are rational functions of jk0j and m:

f1ðjk0j; mÞ ¼ 1

8jk0j3 ½ð−2D
2 þ 14D − 23Þjk0j2 þ 2ð2D − 7Þmjk0j − 3m2�; ðA8Þ

f2ðjk0j; mÞ ¼ 1

8jk0j3 ½ð−2Dþ 7Þjk0j2 þ 2ðD − 5Þmjk0j þ 3m2�; ðA9Þ

for the integral (A4). Note that the term of order jk0j−1 in Eqs. (A8) and (A9) cancel in Eq. (A7) in the D ¼ 4 limit, and
hence, the jk0j integral in (A7) is UV finite. The factor ðm − jk0j − i0ÞD−4 for jk0j > m should be interpreted as
ðjk0j −mÞD−4 expð−iðD − 4ÞπÞ. The jk0j integration in Eq. (A7) can then be performed analytically by splitting the
integration region into ð0; mÞ and ðm;∞Þ, remembering that D is a general complex number.
The integration of (A7) in 0 ≤ jk0j ≤ m is, using jk0j ¼ mx,

1

ð4πÞ2
�
4

ϵ
þOðϵ0Þ

�
1

π
mD−4

Z
1

0

dx½f1ðx; 1Þð1þ xÞD−4 þ f2ðx; 1Þð1 − xÞD−4�: ðA10Þ

It is seen that there is no singularity in (A10), including the boundaries at x ¼ 0 and x ¼ 1, for D ≃ 4. On the other hand,
substitution of D ¼ 4 into the integrand of (A10) just gives 0. So, the integral should be OðϵÞ, irrelevant in our calculation.
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The integration for the other part, m ≤ jk0j < ∞, is written as

1

ð4πÞ2
�
4

ϵ
þOðϵ0Þ

�
1

π
mD−4

Z
∞

1

dx½f1ðx; 1Þðxþ 1ÞD−4 þ f2ðx; 1Þðx − 1ÞD−4e−iðD−4Þπ�: ðA11Þ

Since f1;2ðx; 1Þ → Oð1=xÞ for x → ∞, the integral (A11) is apparently divergent forD ≃ 4, but again the integrand vanishes
at D ¼ 4. We therefore expect that integral of (A11) gives a finite result as ðD − 4Þ × 1

ðD−4Þ.
Let us calculate ðxþ 1ÞD−4 part of the integral in (A11),

I1 ¼
Z

∞

1

dxf1ðx; 1Þðxþ 1ÞD−4; ðA12Þ

first. By decomposing f1ðx; 1Þ as C=ðxþ 1Þ þOð1=ðxþ 1Þ2Þ, where C is a function of D, the integrand is written as

−2D2 þ 14D − 23

8
ðxþ 1ÞD−5 þ ð−2D2 þ 18D − 37Þx2 þ ð4D − 17Þx − 3

8x3
ðxþ 1ÞD−5: ðA13Þ

The first term gives a divergence. By using

Z
∞

1

dxðxþ 1ÞD−5 ¼ −
2D−4

D − 4
; ðA14Þ

it is

−
1

8ðD − 4Þ þ
1

4
−
1

8
log 2þOðD − 4Þ: ðA15Þ

The second term behaves as 1=x2. One can therefore
evaluate its finite term by substituting D ¼ 4. The result is

1

16
þ 1

8
log 2þOðD − 4Þ: ðA16Þ

By adding (A15) and (A16), we obtain

I1 ¼ −
1

8ðD − 4Þ þ
5

16
þOðD − 4Þ: ðA17Þ

Next, we calculate ðx−1ÞD−4 part of the integral in (A11),

I2 ¼
Z

∞

1

dxf2ðx; 1Þðx − 1ÞD−4; ðA18Þ

where the factor e−iðD−4Þπ will be put in later. Although we
are going to removeOð1=ðx − 1ÞÞ part from f2ðx; 1Þ as was
done for f1, we have to avoid generating a singularity at
x ¼ 1 by this subtraction. For this purpose, we split the
integration region into 1 ≤ x ≤ 2 and 2 ≤ x < ∞. The
former integral gives

1

64
−
1

8
log 2þOðD − 4Þ: ðA19Þ

For the latter integral, we split the C=ðx − 1Þ part from
f2ðx; 1Þ. The integrand is then written as

−2Dþ 7

8
ðx − 1ÞD−5

þ ð4D − 17Þx2 þ ð−2Dþ 13Þx − 3

8x3
ðx − 1ÞD−5: ðA20Þ

The first term gives

1

8ðD − 4Þ þ
1

4
þOðD − 4Þ; ðA21Þ

by using

Z
∞

2

dxðx − 1ÞD−5 ¼ −
1

D − 4
: ðA22Þ

The second term can be calculated in D → 4, giving

−
5

64
þ 1

8
log 2þOðD − 4Þ: ðA23Þ

Summation of Eqs. (A19), (A21), and (A23) gives

I2 ¼
1

8ðD − 4Þ þ
3

16
þOðD − 4Þ: ðA24Þ

By inserting (A17) and (A24) in the integral (A7), we obtain

∂I0

∂q0
ð0Þ ¼ 1

ð4πÞ2
�
4

ϵ
þOðϵ0Þ

�
1

π
m−2ϵðI1 þ I2e−iðD−4ÞπÞ

¼ 1

ð4πÞ2
�
4

ϵ
þOðϵ0Þ

�
1

π
m−2ϵ

�
1

2
−
iπ
8
þOðϵÞ

�

¼ 1

ð4πÞ2ϵ
�
2

π
−
i
2

�
þOðϵ0Þ: ðA25Þ
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The integral I0ðqÞ of Eq. (A1) is hence

I0ðqÞ ¼ 1

ð4πÞ2ϵ
�
2

π
−
i
2

�
q0 þOðϵ0Þ: ðA26Þ

All of the UV singular parts of the loop integrals
involving nμ, which appear in Sec. III, can be evaluated
in the same manner. As another example, we calculate
the UV singular part of the space components of the
integral (26),

IjðqÞ ¼
Z

dDk
ð2πÞD

1

ðjk0j þ jk⃗jÞðkþ qÞ2
−kj

jk⃗j
: ðA27Þ

Its UV-singular part should take the form a1qj with a q-
independent coefficient a1. In this case, we differentiate
IjðqÞ by qi,

∂Ij

∂qi
ðqÞ ¼

Z
dDk
ð2πÞD

−2ðki þ qiÞkj
ðjk0j þ jk⃗jÞjk⃗jððkþ qÞ2 þ i0Þ2

: ðA28Þ

Again, by introducing an IR regulator mass m and
factorization (A3), and taking the limit q → 0, we obtain

∂Ij

∂qi
ð0Þ¼

Z
dDk
ð2πÞD

−2kikj

ðjk0jþjk⃗jþmÞ3ðjk0j− jk⃗j−mþi0Þ2jk⃗j

¼ 1

D−1

Z
dDk
ð2πÞD

−2jk⃗jδij
ðjk0jþjk⃗jþmÞ3ðjk0j− jk⃗j−mþi0Þ2

:

ðA29Þ

In the second line of Eq. (A29), we replaced kikj by
jk⃗j2δij=ðD − 1Þ by using the (D − 1) dimensional rotational
invariance.
The UV singular part of Eq. (A29) can be calculated in

the same manner as that of I0. The final result is

IjðqÞ ¼ 1

ð4πÞ2ϵ
�
−

2

3π
−
i
2

�
qj þOðϵ0Þ: ðA30Þ

APPENDIX B: TRANSVERSE AND
LONGITUDINAL CONTRIBUTIONS TO ΠμνðqÞ

FOR GENERAL qμ

The UV divergence of the gluon self-energy iΠμνðqÞ for
general qμ is separated into TT, TL, and LL parts as

iΠðbTTÞ
½00;0j;ij�ðqÞ

���
div

¼ CAg2
1

ð4πÞ2ϵ
�
5i
3
jq⃗j2;− i

3
q0qj;

i
3
ðq0Þ2δij þ 9i

5
jq⃗j2δij − 31i

15
qiqj

�
; ðB1Þ

iΠðbTLÞ
½00;0j;ij�ðqÞ

���
div

¼ CAg2
1

ð4πÞ2ϵ
�
−
16i
3

jq⃗j2;
�
10i
3

þ 4

3π

�
q0qj; −

8i
3
ðq0Þ2δij þ

�
8i
15

−
16

15π

�
jq⃗j2δij þ

�
−
4i
15

þ 8

15π

�
qiqj

�
;

ðB2Þ

iΠðbLLÞ
½00;0j;ij�ðqÞ

���
div

¼ CAg2
1

ð4πÞ2ϵ
�
10

3π
ðq0Þ2 − 74

9π
jq⃗j2; 8

9π
q0qj;

22

9π
ðq0Þ2δij − 86

45π
jq⃗j2δij þ 68

45π
qiqj

�
: ðB3Þ

In contrast to the qμ ¼ ðQ; 0⃗Þ case (49b), the TL contribution (B2) has both OðiÞ and Oð1=πÞ terms.
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